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PREFACE TO TPIE FIRST EDITION 


My reasons for expanding the Adams Prize Essay for 1923-1924 into the 
present book are sot forth in the introduotoiy Chapter. Now that the book 
is finished it will bo found I liopo to bo developed on a plan not too dis- 
creditable for 1920, but hardly one which would bo adopted to-day. This 
is a fault hard to avoid, and I still hope that a systematic exposition of 
Statistical Mechanics, such as this book attempts to give, oven if its tone 
is antiquated, may bo of some value to students. I have therefore been at 
some pains to provide a reliable index of subjects. I hope that any matter 
which is treated in the book can bo traced via the index with no more 
searching than is reasonable. 

There remains only the pleasant task of thanking tlioso who have helped 
mo. The task is a heavy one, for without a number of collaborators the 
book could never have boon finished, The greatest assistance has been 
given mo by Prof. J. E. Lonnard-.Tones who has contributed Chapter x 
on a subjoot of which ho is a master, and has also road many chapters in 
manuscript and proof. could not have otherwise achieved a Chapter x 
of this completeness. Dr D. R. Hartreo undertook for mo the whole of 
the laborious calculations on which Chapter xvi is based, and provided 
similar material else whore in the book. Mr J. A. Gaunt wrote lor mo the 
greater part of the more elaborate discussion and development of iCobyo 
and Hiiokol’s theory of strong oloctroly tes, and lias road the whole book in 
proof. Mr W. II. MoCroa has in the same way provided for mo most of 
the material for the analysis of the specific heats of gases. 'To him also 
and to Dr L. IT. Thonms I am grateful for reading proofs. I am deeply 
conscious that such merit as the book may have is largely duo to the 
original work of those collaborators, started with the object of helping mo. 
The contributions that I have gratefully taken from Mr II. D. IJrsoll and 
Dr P. M. Donnison stand in the same category, I have also honofltod by 
Dr P. A. M. Dirac’s criticisms of tho last chapter, and Prof. J, E. Little- 
wood’s mathomatioal assistance. IBosides tliose primary helpers I have 
been generously given valuable information on various subjects by 
Dr S. Diishman, Prof, 0. W, Richardson, Prof. A. Fowler, Prof. N. Bjerrum 
and Mr A, Egerton, to whom I ofEor my host thanks. 

Of my obligations to Prof. C. G. Darwin 1 oan make no adequate 
acknowledgment. Tho whole book is tho outcome of my collaboration 
with him in which tho revised method of approaching statistical theory 
was worked out. 

Finally I must express my gratitude to tho Cambridge University Press 
for their unfailing helpfulness and patience 'with a somewhat rutlilcss 
proof corrector, 

R.H.F. 


September 1028 




PREFACE TO THE SECOND EDITION 


I have been glad to take the opportunity provided by this edition to ro- 
arrango part of the subject-matter and to make other changes, described 
in the introduction, with the objoot of bringing the book more up to dato. 
Numerous mistakes in the first edition have boon pointed out to me by 
correspondents and reviewers to whom I am deeply grateful. I am particu- 
larly grateful for this help to Mr E. A. Guggenheim, Dr T\ E. Sterne and 
Dr J. D. van der Waals, Jr. I belie vo that alt the important mistakes in tho 
first edition have here boon eliminated, but naturally one can scaroely hope 
that tho second edition has osoapod its own now crop. In preparing this 
edition I have received essential assistance from Dr G. B. B. M. Sutherland 
(Chapter ii), Mr R. A. Buokingham (Chaiiter x), Mr E. A. Guggenheim 
(Chapter xiii) and Dr S, Chandrasekhar (Chapters xv, xvi). Without their 
hell) this edition would still bo far from completion, if or soino very recent 
matter incorporated at tho end I have to thank !Prof. J, H. Van Vloek 
and Prof. H. Eyring; also Dr H. Grayson-Smith for invaluable help in 
reading tho proofs. 

When tho first edition was written, Statistical Mechanics was still in 
process of being translated from olassioal to quantal language, and many of 
tho features of this translation wore still quite obsouro. Since then this 
process has boon oomplotod, and no obscurities of prinoiplo remain, I)o- 
volopmonts in tho near futiiro seom likely to consist mainly of applications 
to more and more complicated models, whloh are designed to account for 
more and more subtle properties of matter in equilibrium. Some recent 
examples of suoh developments are considered in the now Cliaptor xxi of 
this edition. 

R, II. P. 
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TABLE OE THE VALUES IN C.G.S., CENTIGRADE AND ELECTROSTATIC 
UNITS OE THE COIHMONER PHYSICAL CONSTANTS USED 
IN THIS MONOGRAPH 


Charge on the electron, — € 

Planck’s Constant, li 

Boltzmann’s Constant, h 

Avogach’o’a (Losohmidt’s) Number 

Molecules 236r mole, N 

Molecules per c.o. in a perfect gas at 0° C. 

and 1 atmosphere 

Mass of an atom of atomic weight 1 

Mass of H-atoin ... ... 

[atomic weight l-OOSl] 

Mass of electron ... 

Eadius of lat Bohr orbit in H , 

Bolu'’s magneton, jUjj (org/gaaiss) ... 

Mechanical Equivalent of Heat, J (erg/oal.) 

Gas Constant, R (cal. /mole) 

Velocity of light, o 

Electron-volt or volt 


6 = 4-770 X 10-10 
A= 6-647 X 10-2’ 

1- 371x10-10 

N = 6-064 X 1023 

2- 706 X 1010 
1-649 X 10~2'i 
1-662 X 10-2^ 


9-036 X 10-28 

0- 628 X lO-o 
/x;a = 9-174x 10-21 

J' = 4-186x 10’ 

1- 986 

0 = 2-998 X 1010 
1-690 X 10-12 


These values are taken from Birge, Revims Mod, PAi/s. vol, 1, p. 1 (1930) ; 
he has given supplementary discussions in Pliys. Rev, vol. 40, pp. 230, 
319 (1933); vol. 43, p. 211 (1933); vol. 48, p. 918 (1936), but no complotoly 
satisfactory sot of numerical values can yet be given. [Atomic weight of 
H corrected according to Oliphant, Kempton and Rutherford, Froc, Roy, 
Roc. A, vol. 160, p. 241 (1936).] 



CHAPTER I 
INTRODUCTION 



§ I'l. From iliQr Inlroduction 0 / 1028. In attempting to study tlie physical 
state of matter at liigh tomporatiirea on the linos siiggostocl by the notice for 
the Adams Prize Essay for 1923-1924, it was at once apparent that the 
problem demanded all the available resonroos of prosont-day statistioal 
mooli allies. These have been somewhat iiicreasod in recent years, and the 
whole aspect of the kinetic theory of matter, at least in full statistioal equili- 
brium, has been steadily altered by the develojimont of the quantum theory. 
As a result there is no recent aystomatio oxxiosition of tlio equilibrium theory 
of statistioal meohaiiios,* envisaging throughout both oltissioal and quan- 
tized systems, to wliioh one may appeal in the further applioatioiis that it is 
proposed to make hero. Prof, !Darwiii and I have been fortunate onongli in 
recent years to have developed a method (now in this coiinootion) whioh 
enables a systomatio exposition to be iindortal^ou with, wo would submit, a 
sufftoiont degree of ologanoo. It has, at the same time, boon possible to apply 
the results to a problem more immediately related to that proposed — that is 
to a theoretical study of the state of matter in stellar reversing layers and in 
the interior of gaseous stars, 

These were of course the main problems with a view to whioh the essay was 
first written, but, for the ],’oa8onB just given, it was thought best not to oon- 
oontrato entirely on applioatioiis in the essay itsolf but to begin instead with 
the systomatio survey of the equilibrium tlioory whioh was tlioii nooded and 
porJiaps is still not siiporfliious. The essay, aocordingly, from the first took 
the form of a monograph on the Equilibrium Theory of Statistic alMoohanios. 
Originally the applioatioiis of the theory were mainly astropliysioal, but it 
has been a simple matter to oxjmnd tlioir so ope. My object was to inohido 
all types of application of the equilibrium theory, so that, liowovor in- 
adequately, the monograph should oovor the whole field. In the end, how- 
ever, I have made no attempt to apply the theory to surfaces, or to liquids 
beyond the theory of dilute solutions; my knowledge of those branolios of 
the theory is still too meagre to justify an exposition of tliom. 

The standard results of the equilibrium theory havo long boon classic ah 
They are hero derived from tlie fundamental liypo theses in the systematic 
way mentioned above. The jproaontation lioro lias been revised and to some 

* More aooumtoly, no buoU exposition oxistod In 1024. Tiioro wore in 1028 at loaat two whioli 
sliouUl bo montloneds ll'or/Cokl, “Kiiiotiaoho Thoorio dor Wdi'ino'* {Milller-Pouillcls Lehrbveh dar 
Physikt vol, 3, part 2), and Smokal, "Allgoniolno Grundlagon dor Quantonatatlatlk \md Quanton- 
thcorio” {Encydopddie mdlhmatischm Wmenschdjten, vol, 5, part 8, No, 28), 

FSM 
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2 ' Introduction [ 1*1 

extent remodelled, and now forms, I hope, a connected account of th< 
greater part of the equilibrium theory of statistical mechanics, so far as thii 
has yet been developed. In general, the theory and its simpler praotioa 
apphcations have been developed concurrently to avoid too continuous i 
sequence of unapplied theorems. The more complicated applications forii 
the subject-matter of the later chapters. 

At every stage the theory is developed for classical and quantized system) 
indiscriminately. It is therefore necessary from the start to be absolutely 
clear what is to be regarded, for the purposes of the theory, as tho preson 
logical position of the quantum theory. Though the quantum theory had it) 
origin in Planck’s statistical discussion of the laws of temperature radiatioi 
and in the breakdown of the theorem of equip artition, it should bo regarde( 
as a piiirely “atomic” theory — that is, a theory applying directly to in 
dividual atoms and other connected systems, but not primarily connectec 
with the statistical behaviour of large ooUeotions of such systom.s. It i) 
founded on the theory of spectra, and its laws must primarily be sought fo: 
by the study of the properties of individual atoms and moleoules, and the 
interactions of pairs of such, or rather in those phenomena which can niosi 
certainly be referred back to snob individual systems and interactions 
Among these phenomena spectra stand first. The laws so derived for in 
dividual atoms, just as the laws for classical systems, are then at our disposa 
to use in discussing the statistical behaviour of large collections of such atom) 
and systems. If wo can make use of them thus, the derived laws of tempera 
tine radiation and specific heats are then available for compari.son wit) 
experiments on radiation or material systems in buUc. We thus ascortaii 
whether the laws of atomic systems and the general hypotheses of statistioa 
mechanics are adequate to account for such molar properties as we are abh 
to compute. This complete divorce of the quantum theory from its historioii 
setting seems to me to be essential to a grasp of its present logical positioi 
and to a properly proportioned view of tho theory of statistical mechanics .... 

In these developments [therefore] we have deliberately used a non- 
historical deductive method. S o far as possible the theory has been presentoi 
as a finished struotui'e, with some attempt at logical completeness, not visibly 
oonatructed to fit the facts. Results have been deduced at each stage from 
the general theory, and cheeked by comparison with experiment. 

Conforming to this method, the distribution laws for classical systems arc 
• derived by a limiting process from the similar laws for quantized systems 
It is not difficult, I believe, to justify this somewhat unusual procedure, ir 
which the laws for Planck’s oscillator are fundamental, and the rest of the 
theory, quantized and classical, a generalization from this starting point 
In the first place it is undesirable in a systematic exposition to regard botli 
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classical and quantized systems as fundamental. If wo are so to regard one 
only it must bo the latter, for wo cannot derive the laws of quantized systems 
from those of classical systems. Secondly, it may at least be claimed that 
there is a gain in elegance and physical reality, lor classical systems are the 
exception rather than the rule in atomic physics. This is not to say (of course) 
that we do not use classical mechanics, so far as wo can, to derive the quan- 
tum mechanics of atomic systems by a process of generalization. But once 
the laws of quantum mechanics have thus been guessed, as they largely must 
be before we can discuss the theorems of statistical mechanics, quantized 
systems naturally come lirst. [In 193/5 this attitude hardly needs apology, 
and from here on no further presentation of the point of view of 1928 will 
bo given.] 

§1*2. The generaUly of staliaiical Iheorems. The equilibrium theory of 
statistical mechanics, as presented hero or in any similar inanner, is strictly a 
theory of the distribution of energy (and sometimes momenta) over systems, 
and of systems over phases, and derives these and other distribution lav's 
by general arguments, making no reforenco whatever to the pai’tioular 
mechanisms of interaction which bring about the equilibrium between the 
individual systems and the difl’oront phases. If the fimdamontal hypotheses 
of the theory are accepted, there seems no osoape from this conclusion. Tims, 
for oxamplo, Maxwell’s law for the distribution of velocity among the mole- 
cules of a gas in statistical equilibrium with classical statistics, or the oorre- 
sponding inodiflcations with Fermi -Dirac or Einstoin-iBoso statistics, must 
bo true whatever be the laws of collisions between these and any other tyres of 
molecule in the gas. 'Ilio tlicorom.s of statistical mechanics thus appear to 
have something of the same generality as tlio laws of thermodynamics, 
'.riiey have necessarily loss than the full generality of the latter, for tlioy 
contomplato and refer to a particular molecular structure; granted this 
limitation, however, it seems that they must bo granted also the universal 
cliaraotor of thermodynamical thooroms, with its advantages and dis- 
advantages. ^J’ho fact that a particular mechanism loads to a state of com- 
l)loto equilibrium in agreement with oxjjori mental facts is no evidence for 
the particular mechanism discussed. It is merely ovidonco that the laws of 
this mechanism liave been correctly and consistently Avritton down I Any 
other meohanivsm would give the same result.* 

Partioular mechanisms of interaction li],’8t become relevant in the study 

* Tliifi Jb poi'liaps an ovci’Htatomont. la tlio tlioovy of impoi'foat gusos, foi' oxamplo, wo assinmi 
a jHutual potemtial onovgy for oaoh pair of partiolcs and clorivo an ixpiation of fltato (Uipcndlng on 
that potonkinl onorgy. If tho laws of olasBlcal mooluvnioH nro ohoyod hy tho oncountor, tlion tho 
potential onorgy snniccs to dotorinino all its details as a moohaniam for tho oxcliniigo of energy nnd 
niomcntnin. But those dotaila are not relevant to tlio study of tlio orpiilibrium state itself and 
might conceivably bo difforont witliout ailootlng It. 
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of non-equilibrium states, such as states of steady flow. Finally, of ooxirso, it 
is these mechanisms of interaction, for example between atoms and radiation 
or atoms and atoms in collision, that are of supremo interest; it must l)o 
regretfully admitted that the study of complete statistical equilibrium 
cannot by itself ^vovide any information as to any particular process, ft does, 
however, provide a rigid form to which all possible mechanisms whatever 
must conform; that is to say, any possible mechanism, left to act by itself, 
must set up and preserve the laws of statistical equilibrium. This idea, which 
is well known in the classical theory of radiation, has proved of groat import- 
ance in general statistical mechanics, following a lino of thought oi)oned up 
by lOein and Rosseland.* It appears in general that a particular process can 
never be Supposed to be able to act alone, unaccompanied by a corresponding 
reverse process; only the two together form a possible single mechanism. 
The next step forward from the purely equilibrium theory of statistical 
mechanics is obviously a systematic survey of possible mechanisms, working 
out the laws that they must observe in order to fit into the equilibrium 
theory and preserve, as they must, its distribution laws. Wo attempt to 
sketch such a survey in the concluding chapters of this monograph. 

§1'3. /Scope of this monograph. The scope of this monograph may now be 
more exactly indicated. At the close of this chapter avo specify the funda- 
mental assumptions on Avhich the theorems of statistical mechanics are to 
be based. These are put on record in dogmatic form and all but the most 
superficial discussion of their foundations omitted. In Chapters ii— iv av(» 
develop the equilibrium theory for all the types of matter commonly trcatca l 
in this Avay such as perfect gases, crystals, and any general body obeying 
classical laws. We include also a similar treatment of radiation, but oxcludc 
aU cases in which dissociation or evaporation occur. Chapter iix contaiuK 
applications to the specific heats of gases, and the latter part of Chapter :i.v 
lo the properties of simple crystals. The theory is goncrali'/-('d 
in Chapter v to include all types of dissociation and evaporation, a.nd in 
Chapter vi the connection between the equilibrium theory of statistical 
mechanics and the laws of thermodynamics is considered in detail. Wo point 
out the close analogies which allow certain functions of the state of tlio 
bodies we discuss to be properly interpreted as the temperature and ontrojiy 
of thermodynamics. Tins chapter concludes with oritici,sms of the com- 
moner ways of introducing entropy into statistical mechanics, which, it is 
claimed, are either obscure or misleading, and certainly unnecessary. 

Chapter vu returns to applications, now in the region of very low tem- 
peratures. Its subject is Nernst’s heat theorem and the chemical constantH 

* Klein and RosBelnnd, Physik, vol. 4, p. 40 (1021). 
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— entropy at the absolute zero. It is possible to obtain a clearer under- 
standing of this, theorem and of the chomioal constants from the standpoint 
of statistical mechanics than in any other way. A comparison Avith experi- 
ment is also desirable at this stage of the theory, and can bo most con- 
veniently obtained in this lield . The hold of validity of Nornst’s heat theorem 
and the precautions necessary in apx)lying it to experimental data can now 
be accurately specified. In Chapter vni wo extend the general theory to 
include, so far as is xiossible, imperfect gasos, allowing also for the possibility 
of electrostatic charges, and in Chapter ix ajiidy tho theory to a discussion 
of theoretical and somi-ompirical equations of state. Chapter x, Avhich Avas 
contributed to tho first edition by Prof. Lonnard- Jones, gives a general 
numerical survey of intormoleoular forces so far as those can bo derived by 
analysis of the equations of state of imperfect gases* and from tho properties 
of allied crystals. It is interesting to find that one and the same huv of force 
will account satisfactorily for so Avido a range of properties. 

Chajiter xi attempts to cover tho Avholo hold of thermionic x>honomona, 
so far as these can bo related to states of equilibrium. Pho most important 
part is the theoretical formula for tho vaxiour density of free elootrons in 
equilibrium Avith a hot metal,, including the ofTect of tho space charge, '.riiis 
is of primary importance for further axqdications, because it involves tho 
chomioal constant of tho electron and experiment eon firms the theoretical 
value. This chajiter also includes a formal account of tho sinqhor parts of 
the theory of electronic conduction in metals and somioonductors. Its close 
relationship to thermionio theory excuses the fact that conduction cannot 
strictly bo olasscd as an equilibrium property of matter. Chax)tor Xti deals 
Avith tho magnetic and dioleotrio jAhonomona of matter in bulk, the most 
imi)ortant part being a semi-dosoriptivo theory of ferromagnetism, Chapter 
XIII attomxits to carry tho theory on to describe tho properties of liquids, but 
nothing is aohioved beyond a development of tho theory of dilute solutions 
including tho theory of strong electrolytes. Chapters ix-xiii iuolusivo and 
tho greater part of Chapter viii are additions to tho scope of tlio original essay. 

Chapters xiv-Jivi deal with applications of the theory to tho high tem- 
peratures found inside and outside stars, tho aiqilications xu’oposed by tlio 
examiners for tho Adams Prize. In Chapter xiv the equilibrium theory of a 
gas of highly ionized atoms is developed as far as tho methods available 
liermit, inoluding tho effects of tho sizes of tho ions and their oloctrostatio 
fields. For many purposes approximate forms are nooossary whioh may bo 
expected to be qualitatively valid over Avido ranges of conditions. Such forms 
are jirovided. These axiproximations are mainly required for Chapter xvi> 
Avhioh makes a start on the study of the properties of stellar material in the 

* ICviclonco from viacoalty is also usod. 
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interior of a star. It would be out of place to carry these calculations to groat 
detail or to trace their repercussions on Eddington’s work in this monograph, 
In general they confirm the values of the physical constants of stellai 
matter Avliioh he uses, particularly for the larger stars. Chapter xv, mean- 
while, has dealt Avith such problems of the atmosphere of a star as can be 
treated by means of the formulae of the equilibrium state — the more 
important are the elementary tlieory of the rise and decay of absorption 
lines Avith the rising temperature of the reversing layer and the theory ol 
the rate of escape of molecules from an atmosphere. A summary is given ol 
some of Milne’s beautiful Avork on the calcium chromosphere, but here o\u 
connection Avith the equilibrium theory is getting very weak. The outward 
flux of radiation, Avhich is an entirely trivial perturbation of complete 
equilibrium in the stellar interior, is noAV 'becoming the controlling feature. 

The next group of three chapters, xvrr~xix, contains detailed studies ol 
the laAvs to Avhich actiial mechanisms of interaction must conform in ordoi 
to preserve the equilibrium laws. The laAvs of material collision proce.sHe.^ 
betAveen free atoms and molecules and free atoms and solid surfaces arc 
discussed in Chapter xvii and applied in Cliapter xviii to tho kinetics ol 
homogeneous gas reactions. The Iuavs of radiative processes are discussed in 
Chapter xix. Chapter xx contains for completeness an account of tho forma] 
oalculus of fluctuations, and applications of some of these theorems to the 
study of opalescence, BroAvnian movement, the shot ellect and kindred 
phenomena. Chapter xxi gives an account of some miscellaneous very rccenl 
Avork Avhioh could not conveniently be incorporated in the otlior chapters; 
the most important sections give an aoooimt of cooperative phenomomi, 
particularly the theory of order and disorder in alloys Avhich has received 
such a successful start at the hands of Bragg and Williams* and Bothe.'l 

It Avill be seen that the content of this monograph is not slricily con lined 
to equilibrium states of matter. We have ventured outside into rogioin 
dealing Avith steady rates of change (states of flow), but only whore the 
application of the laAvs of the equilibrium state is immediate. When tlu: 
changes are such, or the accuracy required is so great that the equilibrium 
laAvs can no longer be used without modification, as in tho grand theory 
of transport phenomena in gases, the more advanced theory of eleotronic 
conduction in metals, or of the formation of stellar and nebular spectra, 
Ave must bo silent, Nor can Ave do justice here to the phono mona ol 
very high vacua. But Avhere the direct application of the equilibrium laAvi- 
themselves is relevant or sufficient, as in the study of unit mechanisms or in 
thermionics, wo have endeavoured to press the theory forAvard. 

* Bragg anU Williama, Proc, Roy. Soc, A, vol. 145, p. 099 (1934). 

t Betho, P)'oc, Roy. Soc, A, vol. 160, p, 652 (1936), 
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§1*4, The fwukimenlal assumptions of statistical mcchauics. In my 
opinion any thorovigh diaonsaiou of liho fonndatioiis of atatiatical niechanioa 
is utterly unsuitable as an introduction to the study of this branch of theo- 
retical physics, Ono might properly attom])t to close this monograph with a 
chapter or chapters expounding the foiindationa as they now ai)peai.' in 
quantum me(5liaihcs, thanks largely to the work of von Nouiuann.* But 
such an exposition to bo of any value must bo somewhat lengthy and would 
form a portion necessarily quite out of tone with the rest of this monograph. 
Statistical mechanics may really he regarded as consisting of two almost 
distinct subjects: the theory of the oquilibrinm projiertios of matter based 
on the usual assumptions as to the calculation of average states, assumptions 
which can be introduced in a way which makes thorn a priori ominontly 
reasonable, and the deejicr theory of these assumptions themselves, '.riiis 
deeper theory will bo entirely omitted hero, and would form the subject- 
matter for a substantial monogra])h by itself. 

Though no thorough discussion of tho Ibiindations will b(5 attoinjited 
here, it is iiono tho leas desirable to begin the exposition by (ionsidoring 
shortly the usual bases, and specifying as clearly us possible tho ono selected, 
indicating tho ronsona for its (ihoieo. 

There are two distinct starting points from which wo may build u|.) with 
ecxual suceeaa a theoretical model to ropresent the material sy.s terns of (nir 
more or leas direct experience — tho tlibbaian onaomblo and tlio general 
conservative dynamieal system. Of tlioso tho Gibbsian onsoniblo has porluiim 
the advantage in logical ])reoiHion, in that the rvholo of the noeessary assump- 
tiouH can bo ex])lloitly introdueod in the initial formulation of tho “(janon- 
ical” onaomblo. Jfor this reason it should perhaps bo preferred, and is 
Xwoforrod by some thoorotioal i)hysieiHt8. But to others somothing more than 
success and Jogioal rigour a] ) pears to bo noeessary For the iKKioptanec of a 
model which is to aocoimt to our aosthotie satisfaction for tho proportios of 
matter. A eortain “sanity”, or i)hyHieal reality, may bo domanded in the 
initial x) 08 tulateH and in tho dobails of the model, pa-rtioularly in so far as 
they are to reproduce the well-known pro])ei’ties of matter. 'To those others 
tho Gibbsian onsomble appears to bo weak from this aspect, and they arc led 
— ^in spite of logical and analyticial ineom]>letcmeHH — to ])rofor tho con- 
servative dynamical system, of many dogreos of IVoodom as tho more satis- 
faotory model Irom wliich to dorivo (or atteinj »t to derive) tlio ]n'o])ortioB of 
matter. This is the model, generalized Itoui olassical to quantvim moohaiiies, 
which will bo used in tliis monograph. 

Wo have of oourso to deal in general with dynamieal systems wliioli are 
collections of largo numbers of similar atoms, moleoulo.s, or electrons . It is 
* von Noniimnn, Mailmuiliftchp, OrUndlugm de.r Qumlenmechanik, .Ikn'lEn (1032). 
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oonvenient to introduce a consistent noraenciatnre for the A^'■h()lo cmII*- «• 
and its constituent parts. We call the collection which composeH thr > ' ■ ' ’ 
plete dynamical system an assembly, We call its constituent ah)niH rf- ' 
any part of it wliioh for the greater part of time has praotuudly 
dependent existence, a system. The model we propose to use will 
called an assembly of systems. The motions and interactions of thosi' 
are controlled hy the laws of quantum dynamics, and the asHoiuhlv 
whole is conservative. 

We now ask the questions, ivill such an assembly attain in any « 
state of equilibrium and there exhibit permanent oharaoteristicH u’hi I’b ii'i-aiiSl-i 
be identifieclby analogy with similar properties of matter dotorinimal 
mentally? And if so, how are such permanent innperties to bo (!(un}mt!ir«l ' 
If and only if these questions are answered can we claim to posHi‘w in 
degree “a theory of the properties of matter in equilibriuin”. WIm? 
ordinarily oall the observed properties of matter, e.g, the prossurn ^ 
may be regarded as “short-time averages"' of its instantaneous 
It would he natiu’al therefore to ask for the computed short-tinu^ avrjtsigse 
properties of onr assembly and to require these to correspond to the 
properties of matter in equilibrium. 

We have naturally no means of computing such time avorngCH w il ls if ifli) 
logical rigour short of a sufficiently detailed solution of the general <iy 
equations of the assembly. Equally naturally we lack this 
whether the assembly is classical or quantal.* It is necessary to aasumf’ si?.®* 
general form that the solution will take — the best Imown suoh 
for olassioal assemblies was that of Maxwell, the assumption rif 
continuity of path. It is extremely probable that this assumption iw 
untrue; it is, moreover, insuificient and at the same time unn(M*nmi9rtif^ 
reatriotive for the purpose in hand. But some similar assumption iiih®i 
made in its place. Its object was to entitle us to assert that the 
time average properties may be correctly calculated as if they ^vere a vr»r«.§'*» 
over the whole phase spacef of the assembly subject to the oondit lrni iJlwa 
the assembly has the proper energy, and perhaps momenta, and 
that the different elements of the phase space are “weighted” in the 
way. Even then it was necessary hy an extra assumption or investigaltfejfi^ 

* It seDiHB to bo ossontial to posacea o-n adjoctive wliioh is tho antithesis of “ olasslciir*. t W&ssw**- 
\iBage gives ua "quantum moohanical” for this purpose, a phraao which is really soiiinwhai!! 
nant to English grammar. It is of course perfectly correct to use "quantum ” Itself for lhfe» 
tivo and it is habitually so used with tho nouns theoiy, number, dynamics, meolinnlcs. 
this usage, one should undoubtedly eliminate "quantum mcohanioal" either by 
"quantum” everywhoi'o or by use of some correot adjectival form. I liavo attoinpt«>il 
monograph always to use "quantal” for this adjootive, when I felt that “quantum'* «*»■ )m 
appropriate. 

tSoo§l-B. 
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(but no such was over given) to identify the ‘‘long-time average*' so oal- 
oulated with the "short-time averages" which are of physical signihcanco. 

The modern quantum development is in many ways simpler than the 
classical which it has superseded. We shall assume that the reader is familiar 
with some standard exposition of quantum mooliaihos.* Wo may tlion 
enunciate the assumption replacing MaxAvolhs hypothesis of quasi-con- 
tinuity of path as follows: The observable equilibrium qwopertiea of any 
assembly are to be calculated by averaging over all Ihe slates of the assembly 
which are accessible under ihe given conditions. All assomblios whose equi- 
librium states can be discussed are necessarily enclosed assemblies. An 
unenclosed assembly to which all space is accossiblo does not in general 
130SS0SS an oquilibrhim state about which anything signifloant can be said. 
Enclosed assoml)liea obeying the laws of quantum mechanics possess only 
disorote states of definite discrete energies, any one of those onorgios 
belong a certain number of linearly independent wave lunotions for the 
assembly. Bach such distinct wave function represents a distinct slate of the 
assembly. TIio averaging required is averaging over all these states, without 
fear or favour, provided only that the assembly can occupy the state. With 
this meaning of " state” we are to average ovoi’ all aocosBiblo states, assigning 
the same (unit) weight to oaoh. 

It is ooiivoniont to have a distinctive name by whlolr to dcsoriho those 
distinct accossiblo states of unit weight, and they will bo oalled complexions. 
This usage of the term oomploxion is a natural rofineinont of its traditional 
usage in statistical meohanios. 

Wo can make no attempt in this monograph at any detailed justification 
of this prooeduro. Once this procedure has been adopted, the rest of the 
derivation of the equilibrium properties of an assembly is quite straight- 
forward and can bo oarriod through with logical rigour — simjrly for a simple 
assembly and with inoroasing difficulty and oam]3lioation as the assembly 
gets more elaborate. But the critical stop is so fundamental that we cannot 
pass it by entirely without oommont, and thoroforo proceed to some such 
comment now by way of introduction. 

The assignment of tlio weights for averaging is frequently spolcon of as an 
assignment of a priori iwobabilitios. If this is taken at its face value, tlio 
behaviour of the systems in our assembly must bo according to the laws of 
chance, and cannot bo oontrollod by dynamioal (or any other determinate) 
laws in ordinary space and time. This is a possible hypothesis, but in the end 
hardly a satisfying one. lit is equally repugnant to olassioal or to quantum 

* I’d* oxaiTiplo, li'i'onkol, Wnw. Mechanics, i nml ir, Oxford (1032, 10!M)i Coiulou ivnd Morse, 
Quantum Mechanics, Now York (1020), or for a nioro fundainontal troivUnimt, Dirno, Quanhm 
Mechanics, od. 2, Oxford (1035). 
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mechanics, To avoid an appearance of definitely accepting this hypothesis 
we me the neutral word “weight’’ instead of the commoner “a piori 
probability”, although in effect (though not in origin) they become synony- 
mous terms . Por the purpose of the ensuing calculations we require to know 
or assume the relative times (out of a long interval) during which the 
assembly occupies two given states. It is these which determine the relative 
weights. It is assumed here that these times are equal. Since each quantum 
state of a system of s freedoms corresponds to an element of classical phase 
space (of 2s dimensions) of extension tills assumption reduces in the 
classical limit to assigning a weight to any element of phase space pro- 
portional to its extension. This prooedm-e is consistent with, but by no means 
a deduction from, Liouville’s theorem (§ 1’6). 

It is usual to proceed from this basis by the calculation of values of 
maximum frequency of occurrence (most probable values) rather than 
average values. The results are, of course, identical — the mathematical 
machinery is not. Average values are as naturally as, if not more naturally 
than, most probable values identified with the observable properties of the 
assembly, They have besides an overwhelming advantage in ease and rigour 
of mathematical presentation; in particular the usual indiscriminate use of 
Stirling’s theorem for large factorials can be entirely avoided. 

No attempt has been made in these paragraphs to minimize the logical 
incompleteness of this development of statistical theory from the chosen 
starting point. It will be only too painfully apparent, and is of course the 
same for all variants of this development, I confess to a belief that it is 
unavoidable and may continue so for a long time. It can only be said that 
the assumptions made have a certain inherent plausibility and are justified 
by their success, and that, in spite of these lacunae, this starting point is, to 
some tastes, physically preferable to the Gibbsian ensenable. 

One further step can be made, which, while it does not fill the logical gaps 
indicated above, yet goes a long way towards giving us confidence in our 
conclusions and warranting tlie belief that the average properties wo 
calculate are really “normal’* properties of the assembly, which it will 
always to our senses possess. This step is the calculation oi jluctuaiions. 
Just as we calculate the average value of any quantity P, say, and find it 

is P, so we can calculate the average value (P-P)^ of (P— P)*. If we do 

this, we find that in all oases (P — P)^:^P. It follows that the average 
deviation of P from its average, and therefore normal, value P is of the order 
and if P itself is large the deviation is insignificant. We can interpret this 
by saying that out of any time interval only an insignificant fraction in 
general can be spent in states in which P differs effectively from its normal 
value P. This very greatly consolidates the whole theory. 
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We have need here the word “normar* aa a aynoiiyin for ^‘sliort-tinio 
average’’ to recall the connection with the definition of “normal” adopted 
by Joans. * In Jeans ’ language a property is a normal property of an assembly 
if that property is possessed by the assembly witli ncgligiblo error in the 
whole of accessible phase space except for a negligible fraction. It is obvious 
that any “normal” property will bo an equilibrium property of our assembly 
whoso equilibrium i)roportios are caloulatod by averaging over acoossiblo 
phase space by tlio rule lioro adop ted. ConvorHoly any one of our averages is 
a normal property if its fluctuation is small. Ifor all practical purposes the 
two methods of defining equilibrium properties are equivalent. 

§1*41. Oonclnding the Inlroduclion of 1935. In revising this monograph 
in 1933-5 it has boon possible to retain the main framoworlc. Ifho old cson- 
eluding chapter on quantum statistics has naturally boon iiioorpovated into 
the exposition from the start, but otherwise there lias boon no change of 
struoture. A few now subjects such as forro magnetics and seini-conduotorH 
have been added, but the main changes consist of revision and modornlza- 
tion of both theory and experimental data. Thus tliooryand oxporimont now 
agree about tlio spooifio lieats of the simpler gases. But in 102H tlioro was no 
agreement at all oven for diatomic gases duo to the very slow rate of intor- 
change of vibrational and translational onorgios, as a. result of ^vhioli tho 
observed values did not refer to the equilibrium state, Again, tliero is now 
substantial agreement in tho field of ohemical oonstants and oquilibrivim 
constants for diatomic molecules duo partly to improved data but hero 
mainly to tho improvomonts of theory whioli have enabled tho states of suoli 
molecules in gaseous and solid phases to bo oorrootly Gnumoratod. 8oriou« 
errors have been removed from tho old aooounb of tho theory of metals and 
of dilute solutions which now, it is boliovod, survive in an aocoptablo form, 
and minor errors have been removed ^passim. It is too inuoli to Iiopo tliat 
tlieso have all been detected and that no now ones have been introduced . 

The concluding section of this chapter is obviously a survival from a 
jireoeding oi^ooh, but has intentionally been loft in place. As wo liavo already 
insisted, no systematio examination of the foundatif)ns of statistical 
mechanics has been or should ho under taken in this introduotory oha])tot’, 
But to say no more than wo have said hitlierto is somewhat ruthless and tho 
best compromise appears to bo to give boro a short account of tho classical 
use of Liouville’s theorem for classical assomblios in justifying (partially) 
our averaging rule for such assemblies. 

§1*6. Conaervaiive classical dynamical systems. Wo close this ohaptor by 
enumerating briefly the chief properties of consoryativo systems, which 
oonfirm tho hypotheses of statistical moclianios, filio state of the assembly, 
* Jeans, Dynamical Theory of Qam, cd, 8, pp. 7<l sqq. 
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which is tile conservative system hero in question, is fully deflned by 
specifying the necessary N Hamiltonian coordinates and N conjugated 
momenta It can be conveniently represented geometrically by a jioint in 
space of %N dimensions, whose rectangular cartesian coordinates are the 
N ^j’s and N q'%, Tins space is called the phase space of the assembly (already 
referred to) and the point its representative point. The equations of motion 
of the assembly are 

dH . dB ... 

dq,’ ^‘~dp, () 

where H is the Hamiltonian function. It is usually only necessary to con- 
sider assemblies in the formulation of which the time does not mccur ex- 
plicitly, so that B is the total energy JUJ expressed as a function of the p’s and 
g’s. Through every point of the phase space passes a definite trajectory of the 
assembly satisfying (1), and confined of oourse to the surface B^^B, con- 
stant, and perhaps to other surfaces defined by constant momenta as well. 

We have mentioned above that no logical justification has ever been 
attempted for the assumption tliat the average values oonoerned in observa- 
tions aro equivalent to the long-time average properties of the assembly. 
Attempts, however, to justify identifying these long-time averages with 
averages over the accessible phase space, though far from sucoessful, Imvo 
led to interesting investigations, wliioh tend to confirm the proposed choice 
of the weight for eaoli element of phase space in this process of averaging. 
As the first of these we may cite Liouville’s theorem, 

Let T be the density of a “fine dust” of representative points in any 
element of phase space. Then Liouville’s theorem states that Z)r/Z)^=0, 
where BjDt is the mobile operator of hydrodynamics (generalized), giving 
the rate of variation of t for a given group of points as we follow them along 
their trajectories. Consider a fixed volume element in the phase space 
bounded by 533., Pii-dpi; ffivj of extension dQ.( = dpx, ...,d<7jv)* 

The representative points crossing the face , of area dSy have a component 
velocity j)g normal to that face, and so the rate of increase in rdO, due to 
motion across this face is / .x ji o\ 

, ^ vPsd^jjjg • 

There is a similar rate of loss / • ^ as 

due to motion across the opposite face, and so a net rate of increase for this 
pair of faces 7\ 

Summing for all the 2W pairs of faces, it follows that 


^ 9 - , ? ( 
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Till 8 is Liouvillo’s tliGorom. If wo oonsidor it in torms of an olomont of iihaao 
sjiaco moving with tJio dust of roprosontativo points, it states tliat the 
extension of any sucii olomont is oonsbanfc throughout the motion. This is of 
courso easily provod directly, 'fho rate of inoroaso of vohiino is 


Js 1 

wliore (IjS is any element of the bounding surface and {1^, AJ tlio direction 
cosinos of its “normal". But tJiis is oc^ual to 



by Green’s tiioorom, and so vanishes, 

Tile content of Liouville’a tiioorom relevant to tiio basis of statistical 
mechanics is that the density of a group of roprosontativo points remains 
constant along their trajeotorios. .if at any time they are distributed witli 
uniform density in the phase simco, tiioy will for over have uniform density, 
^J.’Jioro can tlioroforo bo no eventual crowding togothoj:' of tlio points into 
favoured regions of the phase siiaco. If "normal " properties are to bo deter- 
mined by averaging over blio phase space, they must be properties true of 
almost all the phase space, and not properties W special regions, unless 
various regions are solootivoly ivoighted in this averaging. Again, the 
tlioorem suggests that no such selective weighting oaii ho legitimate, for 
tlioro is no natural crowding into one region rather than another, and there- 
fore no 0X011 so for soleotivo weighting, fn short, it suggests that the only 
reasonable ohoico of weight is the one aotually made in statistical moohanios, 
namely a ■weight proportional to the extension of the region. 

We can perhaps make this choice of weight oloaror by a rather diflerent 
iwesontation (of essentially the same argument). To each olomont of phase 
space (IQ wo can certainly assign a time iaa during which the rejiresontntivG 
lioint will lie in dO, out of a total interval U\ and oaii thereby doflno a funotion 
of position in the phase spaoe 

w 

-i J 

It seems reasonable to assert that this limit exists. It represents the “pro- 
bability", delinod as a limiting frequency ratio, that the representative 
point lies in dO. at any spooilled opooh i, and is from its definition Indopendonb 
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of t. This fits in with onr physical preconception that such probabilities “ 
cannot depend on the epoch of observation. 

The function W might be expected to depend on the particular trajectory 
chosen, No doubt it does so depend for any dynamical system, but it 
clearly cannot do so in any way which would malte any difference to observ- 
able quantities, or consistency would vanish from physios. We therefore 
assume that there is some W, a definite one-valued function of jjosition in 
the phase space, such that for any trajectory, or at least on the average for 
all trajectories, constant) 


represents the frequency ratio with wliioh the representative point lies in 
dQ. for an arbitrary choice of epoch t. On this basis the frequency ratio with 
which the assembly has the property P is 



■where 0^ is that part of the whole phase space 0, in which P holds. Normal 
properties of the assembly are those for wliioli (6) is effectively unity. 

That such a W really exists for any actual assembly is largely a pious hope, 
but granted its existence its form can be fixed, and we can show that for any 
Hamiltonian assembly W may betaken to be independent of the coordinates 
and therefore may be put equal to unity. For since KW dO. is the frequency 
ratio for the falling of the rej)resentativo point in dQ, the total number in dO. 
out of a ‘ ' fine dust ” of representative 2 )oints will be effectively JC W dCl. This 
is the T of Liouville’s theorem, and by repeating his argument we find that 


Therefore 




Tliis is the general partial differential equation which any possible W must 
satisfy. Obviously a solution is ]F= 1. 

The form of (6) shows that IF is a Iasi multiplier* of the system of differen- 
tial equations (1) which specify the trajectory, and it can be shown that the 
actual choice of last multqilier satisfying (6) can make no difference in 
statistical calculations, For if M and N are two last multipliers and a func- 
tion /is defined by/=N/if, then/— a is a uniform integral of the equations 
of motion (e.g, the energy integral itself), andN/if will be constant through- 
out the whole of the accessible phase space to which our calculations extend. 
The function / can therefore be absorbed into K and ignored in all caloula- 


* See, for oxaoiple, Poreyth, Dijfenniial Equations, od, &, § 174. 
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tiona. Since W = 1 is one solution of (0) and the simplest, wo may legitimately 

Kcia {K constant) 

to be the weight to bo attached to the olomont in all statistical ealonla- 
tioms. SiiiGO in any contact transformation the extension of any olomont of 
phase space remains nnaltorod,’'* the constant K is genuinely invariant and 
iudepoudont of the system of coordinates, j)r(Jvidod only tliat they are 
Hamiltonian. 

* iSco, for oxainplo, noltainami, La (hdoric den Onz, vol. H, p. . 'I'liiH invariftiiw uinlor a roiiEaot 
transforinatjoii is tlio most gcmoml UHRortion wo liavo mado alioiil; rfU, Ifc iiioliuloH il« ooiifltaiioy 
(hiring the motion, aiuco tiio motion of nny Hamiltonian nyHt«ni may ho rogardod an a HUodu union 
of infiniteftimal oontnot traimformatioim. TIiih altoriintivo proof of Lionvillo'H thooroiii in that uhwI 
by Boltzmann, he, eil. 
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THE GENERAL THEOREMS OF STATISTICAL MECHANICS 
FOR ASSEMB-LIBS OF PERMANENT SYSTEMS 

. § 2*1 , We sha-U establish in this chapter all the usual theorems of statistical 
mechanics for assemblies of permanent (non-combining and non-dissociat- 
ing) systems, quantized or classical, wliich are in the highest possible degree 
independent of one another. These are, of course, the assemblies most 
amenable to exact treatment, about which most is known. They naturally 
include perfect gases and crystals, but it is convenient to postj)one the 
actual calculations for crystals (and teinj)erature radiation) to Chapter iv, 
though they are fully covered by the methods here developed. 

The highest degree of independence is attained when it is sufficiently 
accurate to assume throughout the calculations that the energy of the 
assembly is the sum of the energies of the individual systems and contains 
no part depending on the coordinates of more than one such system. On 
this assumption, universally -if sometimes tacitly made, some comment is 
needed. Such an assembly is, of course, an ideal limit to which an actual 
assembly may approximate but can never attain. For it is essential to the 
whole idea of an assembly that it should form a connected dynamical system 
with a single energy integral but not a number of separate ones. If, indeed, 
the energy were really entirely independent of such cross terms, winch 
represent the interactions of the systems, the systems woul^ never interact 
and the assembly would not be connected. We have therefore to assume that 
some such interactions do occur, but in this limiting case so rarely that their 
contribution to the total energy of the assembly may be neglected. They still 
suffice to I>reserv6 connection and ensure that only a single energy integral 
exists. This is an example, of course, of the general assertion underlying 
the whole theory that, wliile there must exist mechanisms of interaction, 
their mere existence is sufficient, their nature being irrelevant to the laws of 
equilibrium. 

§2*11. The analysis of weight. We have stated in the introduction that 
in averaging to determine the equilibrium state we shall attach a weight 
unity to every distinct accessible state, that is complexion, of the assembly, 
each complexion being defined by a wave-function linearly independent of 
all others so used. This means that the average value Q of any quantity Q is 
to be calculated by the equation 

(?) 

The summation is taken over all complexions, and is the value of the 
quantity Q for that complexion of the assembly. 
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S-11] Weights of Accessible States or Complexions 


This formula can often bo further rearranged. In the first place a number 
of difl’erent complexions may for many purposes possess indistinguishable 
properties, o.g. the same value of Q. Wo can then regroup the summations 
of (7) so that it roads ^ ^2^0^ = ^AQ<r ■ (8) 


It will often bo logitimato for ooncisouess of expression to spoak of this group 
of complexions, between whoso properties avq cannot or do not oaro to 
distinguish, as a statistical state of the assembly and of as the weight of 
the statistical state cr. 

Wo next recall that our assemblies aro always to be regarded as ooileotions 
of praotioally independent systems, between wliicli to an approximation 
usually suffioiont there are no interactions, Wlien therefore wo construct 
Sehrb dinger’s equation wliioh determines the wave-funotions and eiiorgies 
of the states of the assembly^ it can immediately bo separated into equations 
for the distinct systems. TJie wave-function Y for the assembly can thorefoi’e 
bo constriioted out of pro duets of the wave-functions 0 for the systoras (see 
§ 2*23). Now to any one value of the energy of an individual system tliero 
may belong a number of distinct wave -functions for the system, between 

whoso in’oporties wo need not distinguish. Wo speak of as the weight of the 
system in the given state. It, is convoniont to use the term degenerate to 
describe states for whioh w.j.> I and norh-degeneraie for =* 1 . If the assembly 

consists of M such systems and in a particular state of the assembly there 
aro % , ttj , . . . , . systems in states of weight OTo , Wj , , . . , to,. , , . . , and if no 

special limitations of accessihiliiy arisoy then it is clear that the weight 
of this group of complexions is given by the equation 

lip 11(7) . (H) 


Wo can thus (sometimes at least) attach tlio oorreot weight 0^ to the group 
of complexions by attaching suitable weights to the system states. But 
it must bo romomborod that suoli system weights have a statistical meaning 
only when they are recombined by nvnUipUcatioii over all the systems in the 
assembly. Striotly it is only the weights of the complexions timt have a 
statistical application. 

Tile same distinotion was relevant in the older classioal form of tlio theory, 
’J?ho olassioal average is taken over the whole of accessible phase space for 
the assembly attaching a weiglit 

If (#1. . .dg,)t (#r • (10) 


to any olomont of phase space, K being constant, Tiiis can bo aohiovod by 
attaoMiig ft weight K'^,...Aq, (11) 

to any element of the phase space of each system, but the weights (11) only 
have a moaning when posterior romultiplication is assumed, 
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Assemblies of Permanent Systems [ 2'11 

The conventional weight we attach to the cell or state of a system cannot 
bo interpreted as proportional to the time which the representative point of 
the system spends in tliis cell, as can the weight attached to a coll or state of 
the assembly. Interpreted so it is definitely wrong. For if the weight for the 
cell of a classical assembly is given by (10), and if for simplicity we suppose 
that the energy function contains only square terms, then the average time 
spent by a selected system in a selected cell can be shown by integration to be 

where is the energy of the system in {dpi,>.dqg)i, and K" andy are con- 
stants. The conventional weight applied in this sense is wrong. We could if 
desired talie this accurate value instead of the conventional weight, and on 
re-combining for the cell of tire assembly we should obtain 

, Jqs)i i^Pv -AqAM, 

01’ . .dq,)^ (di?!. . .dq,)j^ 

as before, since j 0, a constant. The factors are thus irrelevant, 
Tlus digression should inalce clearer the extremely conventional use to be 
made of the weights of the system states. As wo have said, it is only the 
weights of the complexions that have a direct statistical interpretation. 

§2*2. Weights of simple systems and the connection with classical phase 
space. Let us start by considering the simple case of an ideal linear harmonic 
oscillator. If its mass is m and its classical frequency v, its classical Hainil- 
tonian function is , 


The constant E is the total energy wliich, by solving the corresponding 
equation of Sohi’odinger 

is known to have one of the values 


| + = (13) 


E=^{n + \)hv (w = 0,l,2,...). (14) 

To each such value corresponds just one wave-function. 

Now consider any possible orbit in the classical phase space whoso equa- 
tion is given by (12). The area enclosed by this ellipse is easily seen to be 
Ejv, Any such orbit is a classical possibility but quantum mechanics restricts 
the possible values of Ejv to {n + 1) h. Now an important feature of quantum 
mechanics is a correspondence in detail between classical and quantized 
systems by which the two become indistinguishable in the limit for large 
quantum numbers (or for h~^0). Symbolically 

Lt (Quantized system) = Classical system. 
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It is oonvenioiit to rofor to this as tlio Umiling principle,'^ By tins prinoiiJlo 
it is easy to seo that for largo n, Avlioii tho ponnittocl orbits aro close together 
but still separate off areas 4, an oloinont of phase space of extension h oorro- 
sx)ond8 to each possible quantum state. Tho rule Ihr averaging attaches 
the woiglit unity to oaoli pormittod Amine of W for this system. To conforin 
to tho limiting i)rinoix)lo tho rule siionlcl thorohn’o attach tlio Avoight unity 
to an element h of phase space if and Avhon the system onn ho treated as 
clns-sioal — that is tho Avoiglit dpdq 

~ir 


to tho oloinont of xihase apace dpclq. 

ifhis result is general. To conform to tho limiting iirinoijdo Avhenovor A\m 
can treat a system of s freedoms as olassieal avo must attach tho Avoiglit 

(Ifi) 


to tho oloinont of phase space dpy,,.dqt^. Wo shall not attempt to give a 
formal jiroof of this result.t It Avill bo HuflieiGnt to illustrate it A\'itli some 
selected special oases. 


§ E'21 . )¥ eights of the stales of isolrojdo oscillaUm m more thin one ilwim- 
sioii. A tAV 0 “ dimensional isotrojiio harmoiiie osoil later is sui table for tho 
next ilhistration of Avoight oounting and of the limiting iiriiiciplo. Its 
olossioal Hamiltonian is 

(lo) 


Tlio contoiit of Pi in pi'lnoiiilo in tlioUnot from ktuit of Pin nuioli wiilnr OoiTOHiioiMlniiiio IMiicIpIo 
(liohr) wliioh aroKO front ib aiuhvliinli ivaH finally HiijioL'Hndnd liy blio proriHO loliitinnKliliJH of quanUiin 
mooliaiilcH. Ihib Piotio dovnlnpinnnkH liavo rotainod Pm ditdllni^ liritmipio iinlnnialrod. 

t In tlm older qiianUun theory fclieflo wplghts wem (to Homo exlont) hy tho theory of 

«fh'«ifdic invavmifo. pJohr, Pm'„ (Jamh, Phih Son, iSii]i|d. 11121 or Heil./, Pfiyxik, vol. IS, p, 117 
(10211), Van Vloolc, " Quantum PriaoIpIeH and Lino Hpooki'a", Ntil, /frw. Oonwil JJirK, (102(1) or 
Horn, Vo>'lmin(/en ilher Alommr.cJtanik (li)2fJ). Tho tliooiy tvaH ho^jun hy tlhronfoHt.J Tlio ^^onoriil 
form of tho quantum eondltioim takon tho foriil 

whoro tho ./’h aro aotion varlahlos ami tho «'h o.'ftornal pammoten-H. If tho n'n aro wlmvly varied 
during tho motion, tho J'h remain in gonomi invariant. tUni'goi'H, Gom. Phjjft. Lnb, LciV/flw, Moh, 
l‘lC-6(} iSuppl, die, (I, c or Proc., Sect, ScU Amsimlamt vol. 2fl, pp. Sdfl, t) IS (It) 1(1), p. lOflfJ (It) 1 7); 
l)lrao, Proc, J?o//, Soc, A, vol. 107, p. 725 (11)2{5}.J .By varying tlio a'n oim hIiouUI ho ahio to traiinform 
“adiahatloally " any ono systom of s Irotalonm into any otiwr. »Siiieo an olomcnt of phaso apaoo 1« 
invariant for a contact traimformatiou 

... dr/, Jd,/, ... 

whoro tho affl aro angle variahloH ranging frojn 0 to 1 along any clnaoloal orhifc along wliloJi tlio Pa 
aro coDHtant, Tho invariant quantum couditiona thcroforo cut up tho pliaso ajiaoo Into olomonts 
of invariablo oxtension, ami tlio naaignmont of any other woiglita than tlioao in tho toxt would bo 
inconsiatont with tide intortranaformabiiity of tlio di/Torontayatoma, which oxtoiulo oven to djlToit'oiit 
atatos of tlio aamo ayatom. [Bohr, Bamke Vid, Sehk, Shrijtcr, vol. 11, p. M (1018).] 



20 Assemblies of Fermanent Systems [2*21 

Tlie corresponding wave eq[uation is 

3^0 ^ ov) I /iMv 



This equation of course separates in a; and y. The possible values of the 
enorgyare B^{n^\)hv (« = 0, 1,2, (18) 

and the oorresponding independent wave-functions are 

T* = (% f ?t2 = ?t), (19) 

where are the wave-funotions for an oscillator in one degree of 

freedom. To any value of E speoified in (18) there correspond therefore -l- 1 
distinct wave-functions, or ?t + 1 distinct states. The weight of the ?ith state 
is therefore ri-M. Now the classical phase space {Xyy,jp^ ,pj,) enclosed by the 
condition ^ = (w 4- 1) /ir is « ^ p 

extended over the region for which 

1 .w 

This is a familiar Dirichlet's integral, whose value is 

4:fn _ 

r(3) 

The extension enclosed between the surfaces B = (n+l)?i,v and B=nliv is 
therefore + 

in agreement with the limiting principle, and the weight (16) attached to 
the classical phase space. 

In the same way the number of distinct wave -functions which correspond 
to the energy value IS s= (w 4- f ) Kv for a thi’ee -dimensional isotropic oscillator 
is equal to the number of ways in which positive integral or zero values can 
be assigned to Wg j % so that 4- Ttg 4- Wg == n. The weight of the wth state 
of such a system is therefore \{n 4- 1) (w 4- 2), It may again bo verified that 


f(6) f 

J ,..J dxdydzdp^cl^^&p^ 


over the region for which 


m 


(n + 1) hv < -^ (Px^+pZ+pf) 4- (27rv)2 ~ {x^ 4- y® + < (?t + f ) hv 

is i/t*{(?i 4 1)® - (w 4 1)^}, in agreement with the limiting principle, 

The number of distinct wave-funotions belonging to the energy value 
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]i) — {n^\s)hv for an s-dimonsional isotropic oscillator is equal to the 
number of positive integral or Kero solutions of the equation 

that is (20) 

w!(5- 1)1 


§ 2*22. Weights of the states of a rigid solid of revolution {dialo^nie mohc^de) 
with or without axial spin. Anotlior oxamj^le is tlio rigid rotator ‘vvith an axis 
of symniotry biit no spin about that axis, wliiob has important applications 
to tho specifio heats of gasos. The motion of tlio centre of gravity separates 
and can tlioroforo bo igiiorod hero, 

Lot A bo the transverse moraont of inertia of the molooule, and d, (jf tho 
usual sphorioal polar coordinates of its axis. Thou 

pQ =yld, p^ ==* A siu^ oft 



(21) 

Tho oorresponcling wave equation is 


~L- ^ ( sin W ^ 4- — t/j = 0, 

sin d 30 \ 30 / sin® 0 8^® 7t® ' 

(22) 

The possible values of the energy are 


7j3 

(23) 


and tlio oorresponcliiig wave-fimotions are the 2w + 1 sphorioal harmonies 
of order namely 

P/*(oo3d)c^^"*^ 1, .,.,^i). .,,..,(24-) 

Tho weight of tho ? 2 .th state is therefore 2?t+ 1. 

It is easy to show that tho j>haso space integral 


dpQdpxdOdft 

^ b 0 b 0 


subject to pf 0 ^ is equal to ^rr^AB, Wo can thus again verify 

tho limiting priuoiplo and tho assignment (16). 

When tho molooule has axial spin lot At G bo tho transverse and axial 


moments of inertia, and Oy f and x usual Kiilorian coordinates. Tho 
angles 0 and f must bo taken to hx the direotion in space of one end of tho 
axis, indopondontly of any directions of rotation since tlio two ends of the 
axis may bo difforont, 'l.’hon 


Pff^A^y (7oos0()|;+^qos 0), C'(;(;+^oosd), 

(26) 


24sin‘fl ■^20 
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The coiTesponding wave equation is 
1 1 JA cob9 

sin0 90\ dO j mi^6d(l>^ \G^sm^6jdx^ 


„ I 

+ — 7^ ptj) ■ 




0 . 


.(26) 


The possible values of the energy are 




8M 


?i(W4-l) + 


Stt^ 


\(7 AJ \(t( 



(27) 


and the corresponding 'wave-fnnotions are of the form 

0(cos/9)e^V»-f^V, 

where r, t’ are integers and 0(oos d) is a polynomial in cos 0 which is uniquely 
determined when n, r and r' are given, n being not less than the greater of 




It) and |t'|. Thus there are 2wH-l distinct wave-fimotions for each value 
of E in (27), which is the weight of each of these states. 

Tlie verification of (16) and the limiting principle is in tliis case slightly 
more intricate and is a good illustration of how the general argument must 
go. The extension of phase space for which if < 


dpod/p^dpydddjidx, 


which oan be shown -without difficulty to be 

We may compare this with the number of values of E(n,r) given by 
(27) for which i?(%,T)^ JJo, each pair {n,T) being counted 2?i,4- 1 times, Tho 
relevant pairs (?i,t) are all points of positive integral n and integral r for 
which I r] ^ and Ein^r) < Eq . They are therefore all points of integral 
coordinates which lie within the shaded region in Kg. la or 16 bounded by 
two straight lines and the conic (27). Since we are only concerned with 
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asymptotic equalities for lai’go n aiKl r, wo iway negleot tlie difioronco 
between and n^. By oaloulating tho extension of tlio shaded mm 

with tho weighting factor 2n 1 wo find that tho number of points of integral 
coordinates which it contains (with tliis repetition factor) is asymptotically 

as required by (16) and the limiting principle. 

Otlior oxaraples will appear at various stages throughout this monograph. 

§ 2*23. The accessible stales {complexions) of simple asseinblies. It is no- 
CG.ssary next to consider in greater detail how to oiiinnorato complexions 
in terms of tlio states of tho component systems of an nssonibly. It is hero 
and only horo that an important divorgenoo is possible between tho classical 
and tho qimntal eniuneration.s. Wo will oonsidor first for simplicity an 
assembly of M permanent systems which interact only weakly (or ocoa- 
sionally) with each other. It is convenient to recall Jioro in rather more 
detail than before tho properties of Sohrodinger’s wave equation. 

Lot us oonsidor first a single conservative isolated system whoso classical 
Hamiltonian function would bo IT{(l^p)^ and energy integral 

Tho variables p are to bo taken as a shortened form oiq^q'yq", i>> 
p '\ . . „ being any suitable sot of Lagrangian coordinates and their conjugated 
momenta. TJion in order to disouss such a quantum system wo form 
Sohrddingor’s diiforontial equation 

= .(28) 

in which fi == hj^-n. Ail tho properties of tho system are dotorminod by the 
function ^js and tlio condition that \j} must bo bounded* and ono-vaUiod in 
tho (/-space (configuration epaoo) of tho system. For an onolosod system tho 
pormissiblo values of i? aro nooossarily disoroto, though if tho oiiolosure is 
a largo one tho values of S may lie so oloso together over some part at least 
of their range that they may bo treated by a limiting inooess as a continuous 
distribution. TTioso permissible values will be supposed to be onuinorated 
by a suffix taking tho values 1, 2, . . . , so that no two values of IS with different 
suffixes aro equal. Corresponding to any possible value of IS, there exist 
one or moro proper solutions of equation (28). Tho nuinbor of such in- 
doponclont solutions is denoted by ra „ , tlio weight of this state. If the system 
is dogonorato (TOj^s)=1), wo can often reduce it to a non-dogonerate one 

* Mqi'o Qorrootly, that taken over any finite pavt of tlio configniatiou simco bUouUI 

oxiafc, and tliat t/j should bohavo suitably at Infinity, tho proolso behaviour thoro clo2JOiidiiJg on 
fchd nature of tho system. 
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1) by inolucUng suitable perturbing fields, if it is convenient to do so 
for purposes of discussion. 

Let us suppose next that our assembly is built up of two suob similar 
systems with very weak interactions, so that to a first approximation the 
Hamiltonian of the pair is the sum of the separate Plain iltonians. Then the 
complete wave equation is 



It is obvious that the equation separates into two parts and that the per- 
missible values of JS ore + e^, and the corresponding solutions 

= ( 30 ) 

where and are possible values of HI in (28) and 0^, corresponding 
proper solutions. Such values of JS are called characteristics or eigenvalues 
and the corresponding solutions oharaoteristio functions, or eigenfunctions, 
or, in view of Sohrodinger’s interpretation, wave -functions. It is of the 
utmost importance to observe that in the limit of vanishing interaction the 
pair of systems is essentially degenerate except when cr = r even if the single 
systems are not degenerate. l?or if o-q: r at least two wave-functions 

obtained by permuting the individual systems, correspond to the eigenvalue 
■® = €o. + e^. If the single systems are degenerate {Wg,Wj)i then obviously 
the total number of distinct wave-functions corresponding to is 

Ccr=i=r) or (c^r). 

The argument is quite general. If the assembly consists of M weakly 
interacting systems, the complete wave equation is 


(31) 

To the eigenvalue = (32) 

no pair of the suffixes tr, t, . .., w being equal, there corresponds a set of ilf^I 
wave-functions obtained by permuting the systems 1, 2, M among the 
suffixes of the eigenvalue a, t, . . ., co . A simple wave-funotion is 

= Mdi) •Arfe) • • ■ • (33) 


For degenerate systems the total number of wave -functions corresponding 
to the eigenvalue (32) is 

If finally we consider the completely general eigenvalue 

( 34 )’ 



2*23] JSnumeration of Distinct Wave Functions 25 

where the individual eigonvaliiea are equal in groups of Ug, ivhon 

there are seta of ][,r\ 

-r-^1 ......(36) 

a^\ ttgl . . . a;! ' ' 

distinct wavo-funotions obtainable by perinutatioiij of which 

= ••• ••• (3Q) 

is typioal. The total number of distinct Avave-fiinoOions in the dogonorato case is 

M f TO W *^2 , , , T7I 

jr-t, I w j lUj, , , ■ 

a^a,^>..ai\ ' ' 

This is a first and immediate generalization of the elementary onumoration 
used as an illustration in § 2'H. There wo grouped together the complexions 
for which each separate system has let u.s say a given energy but may bo in 
a state described by any one of w corresponding wavo-funotions. Hero wo 
are grouping together not merely all such oomx)loxionfl, but also those in 
which the same numbers of systems, but not the same individual systems, 
have a given energy. When we form the group of complexions sj)Ooified hero 
and enumerated in (37), we are not conoornod to disoriminato betwoon states 
wluch have the same distribution of energy over the oomponent systems 
as a whole. 

If to the assembly thus oonstruoted wo add another sot of similar systems 
distinct from the sot hitherto considered, wo obtain obviously a now sot of 
wavo-funotions similar to (36) each of whioli can bo oombinod by miiltiplioa- 
tion with each one of (36) to give an indei)endont wavo-funotion of tho 
oomxfioto aasemhly. Wo may not of course permute a i)air of distinct systems, 
for Ave do not so obtain a solution of the wave equation of tho assembly, 
Thus for an assembly of two distinct sets of similar systems tho number of 
oomploxions corresponding to tho eigenvalue 

F^(XiG„-V (38) 

i, (39) 

All those formulae are identical with those that have long boon classical 
in statistical mechanics. If tho introduction of weak interactions between 
systems of tho assembly or betwoon tho assembly and tho outside Avorld 
alloM'S the assembly to i^ass from a state described by one of these wave- 
functions to any other, tho forinulao (37), (39) and similar gonoralizations 
juust bo nsGcl os in classical theory and wo Shall see no change Avill appear in 
tho results. But tins may not be so. It has boon shown, principally by 
Heisenberg,* to whom wo oAve the first appreciation of the importanoo of 
this exchange degeneracyy that the Avavo-funotions (36) of a sot of similar 

* Hoisonborg, ZeiLf. Physik, vol. 88, j). ‘ill (1020). Soo also Dirao, Pro6, Poy, 806, A, vtil, 112, 

p. 001 (1020). 
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systems j after reorganization into suitable linear eombinations, necessarily 
divide into a number of groups, A, B, S, These groups contain between 
them all the wave-functions belonging to all the eigenvalues, and they 
possess the extremely important property that no interaction between the 
aijsteins of whatever type or strength or between the systems and, the ontside 
world, so long as it is symmetrical in the coordinates of the similar systems can 
ever change the assembly from a wave-f^mction of one group A to a wave- 
function of any other grou 2 > B. Thus if the assembly is originally represented 
by a wave-function of group A for one set of systems, it will forever be con- 
fined to wave-functions of group A. Only these states are accessible. 


§2*24, Existence theorem for non-combining grou^ps,^ The general form of 
Sohrbdinger’s equation for assembly of M similar systems to the zero order 
of approximation in which interactions of the systems and external per- 
turbations are neglected, and from which the operator djdt has not yet been 
eliminated, is 


-a|-) + -*4] 0. 

m 


The wave-function T must here retain its time factor j-tjs presence is 

recorded by the affix t. The solutions of this equation are expressions such 
as (33) (with the time factor), or, since the equation is syinmetrioal in all the 
systems and linear in any expression wliioh can be derived from (33) by per- 
muting the systems and taking linear combinations of any of those permuta- 
tions. Any such wave-function we will denote for shortness by '•F^( 1 , 2 , . . . , ilf ) , 
the order of the suffixes of the systems being in general significant. 

If equation (40) were exact, the assembly, once represented by a given 
wave-function, would remain so represented for all time. Owing however to 
interactions and perturbations this permanence does not exist and will 
pass from (approximately) one zero order form to another or rather 
to one of a number of other forms in a manner which can be best specified 
by certain probability coefficients. It is not necessary to enter into this hero 
beyond observing that the exact '^F* has to satisfy exactly an equation of 


the form 



(41) 


* A proof not involving explicit appeal to group theory woe Arab given by Huncl, Ze,iL f. Phyaih, 
vol. 43, p. 788 (1927), See also Heisenberg, Zeit.f, Phijsik, vol. 41, p. 239 (1927), ami ospooially 
Wignor, Zeit.f, Pkysik, vol. 40, pp, 402, 883, vol, 43, p, 624 (1927), These detailed investigations 
of the structure of the non-combining groups ato required for the theory of tiie structure of atomic 
and molooulai' spectra, but arc not necessary to us hero, where all that we require can bo obtained 
very simply as suggested by Ursell, Proc, Camb. Phil. Soc, vol. 24, p, 446 (1028), ampliftod by 
Sterne, Proc, Camb, Phil, Soc. vol, 26, p, 99 (1930). 
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where H inchidea ike interaclion and perturbation terms and is completely 
symmetrical in all the systems. 

Lot P be any operation of permuting tlie systems in a given wave- 
function and taking given linear combinations of these 

permutations, and lot PT^ bo the result of the operation. Then since H is 
coinplotoly synnnotrical is also a Avave-funotion. Supjjoso that at any 
given time t = t() PY^mO, the symbol m denoting identity for all values of 
tlio space variables Qi, Then, since H is an operator in the space 

variables only in whioh the time enters if at all only as a parameter, 

so that d(PY^)jdisO. If now avo may assume that H and PY^ are analytic 
functions of t for all real values of I, it follows that Ave can prove, by repeated 
applications of this argument, that 

(. 12 ) 

for all n and therefore that PY^^ 0 for all time. This is all that is required to 
establish the oxistenco of non-combining groups of Avavo -functions. Wo say 
that T is symmetrical in the systems aj , Kg , . . . , oc;\ if T does not alter when any 
one of those numb ora is interchange d, For exam ple, if 
T(l,2,3,....il/>H^(2,1.3,...,.M), 
then T is symmetrical in the systems 1, 2. If 

T(l,2,3,4,...,jl/):=T(2,l,3,4,...,il7)==T{l,3,2,4,...,il7), 
then 'F is symmetrical in the systems 1, 2, 3 and so on. .But then Po'F = 0, 
Avhoro .Pfl is the operation of iutorohanging 1 and 2 and taking the dilforenco 
of those Avavo-functions, so that the Avavo -functions representing the 
assembly if they are over symmotrioal in any pair of systems must ahvays 
bo symmetrical in that pair. In the same Avay we say that is anlisymmeirical 
in the systems a^, ..., if ^F ohangos to -Y when any pair of these 

numbers is interchanged. It then folloAvs as before that if ^F is over anti- 
symmotrioal in any jiair of systouAs it is always antisyminetrioal in that pair. 
The difloront non-combining groups can be spooifiod by the various groups 
of systems in whioh they are symmotrioal or in which they are anti- 
symmetrical, but avo need not oxainino the struoturo of these groups hero, 

§2*26. Phe symmetrical and the anlisymmeirical group. From among the 
various non-oombining groups two stand out, oonspiouous for the simplicity 
of their properties and their matlioniatioal form. One is the group of Avavo- 
fuiiotions Adiioh are symmetrical in all the systems, T'his group wo shall call 
simply the symmotrioal group S, Tlio other is the group of Avave-funotioiis 
Avhioh are antisymmotrioal in rd/ tho systems. This avo shall call the anti- 
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symmetrical group A, These groups are unique hi that for iion-dogenorato 
systems they alone contain at most one wave-funotion for any given eigen- 
value S €„, There is always exactly one member of the S group, and there 
is one member of the^ group if all the cr’s are different or if all the are 0 or 1 , 
and otherwise no member. This is easily verified if we observe that the anti- 
symmetrical wave-function must take the form of the ilf-row determinant 


Ml) Mi) 


m 




while the symmetrical wave-function is the same expression with all the 
signs taken positive. 

These very simple enumerations for assemblies of non-degenerate 
systems can be generalized directly to degenerate ones. Eor example, if 
the other uj’s being 1 os before, there are just two alternative ijtfa 
which may be used in constructing There are therefore in the A group 
clearly 1, 2, 1 or 0 wave-functions according as 0, 1, 2 or % > 2, In the 
S group there are (% + !)!/%! or %-bl wave-functions instead of 1 as 
before. The general formulae can be given, but it is simpler to pass from non- 
degenerate systems to degenerate ones at a later stage. General formulae 
are therefore omitted here, and we shall confine attention for the present to 
non-degenerate systems. 

We know as yet no a'priwi reason why wave-fimctions of only one grouj) 
or of one group rather than another should he found in nature. To determine 
the proper group we must appeal to observation, and the proper group may 
vary from system to system. When the systems are electrons or protons 
(hydrogen nuclei) it is certain that the proper group is the aniisymmelncal. 
Tor electrons this follows from the fact that the laws of intoraotion of 
electrons must embody Pauli’s exclusion principle which is fundamental to 
the interpretation of spectra. According to this principle, as we know, two 
electrons in an atom may never possess the same sot of quantum numbers, 
or as we should now say may never have the same wave-function. The 
group A is the only group of wave-functions of the assembly which possesses 
just tlxis lu’operty, that it has no member whenever two systems have the 
same wave-function, Since the wave-functions for the electrons in any 
atom belong to the group A, one must suppose that this is due to the nature 
of the electron and that the wave-functions for the electrons in any other 
assembly will also belong to group A. For protons the evidence is not so 
extensive, as it depends only on the interpretation of the hydrogen band 
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spootrum and tlie theory of the speoifioheat of hydrogen at low teinperaturos 
(§ 8‘4). It is however sufficient to he oonvinoing. More coniplioated systems 
suoh as atoms or molecules may require the use of either groiq]! A or group 8^ 
but discussion of sucli cases is postponed to Chapter v. 

§ 2‘26 . The aGcessihle stales {com'plexioris) of a simple assembly {concludeA ) . 
The foregoing considerations must now bo applied and tlie onunciation of 
complexions coinj^leted. There are two typos of simple assembly to consider 
for one of which the syinniotry requirements modify the count, while for 
the other they make no difleronoo, 

Type I. Consider first an assembly containing a set of M similar linear 
harmonic oscillators, which have fixed positions in the assomlbly. TJiey may 
for example be thought of as electrons suitably bound to the atoms of a solid. 
The 'wave-funotions for elootron p bound to atom <x and in its ^t-qnantum 
state of oscillation may bo ^vritten . When , . , , , are the numbers 

of oscillators with 0, 1, . . . , i quanta of vibration rospootivoly, wo can make ui) 

M\ 

«o!«i! •..«/! ^ ^ 

distinot wavo-funotions of the 6yi)o (36) belonging to the statistical state of 
the group. In all those wavo-funotions each electron belongs to the same 
atom and they are not antisymmotrioal in the electrons. But by permuting 
tlio oleotrons p among the atoms « wo can make up exactly one wave- 
function from each of those enumerated in (36) which is antisymmotrical in 
the electrons so that the oniunoration in (36) is correct though it ignored 
symmetry requirements and treated the electrons as permanently attached 
to their own atoms. Wo shall discuss suoh short out methods of onumoration 
more systematically at a later stage in § 6*11. 

if'ype II. Consider next an assembly containing a sot of M electrons (or 
other systems all similar) free to move about in the same enclosure of given 
volume. The wave -functions now lose tlioir distinctive affix «, When now 
ag % aro again the numbers of electrons or other systems in states of 
given quantum number* n, wo can still make up unsymniefcrized wavo- 
functions of typo (30) to the luimbor (36). But now when wo attempt to 
construct a ^vavo -function for the assembly antisymmotrioal in all the 
electrons, wo can construct only one if ^ 1 for all t and otherwise none; and 
if wo attempt to construct a symmetrical wave -function for another typo 
of system, wo can always oonstruot just one, as shown in § 2‘26. 

The diflorenoo arises from the loss of the distinctive affix aj physically the 
electrons or other systems now all belong to the same region of space. It is 

* Horo n oaii bo taken to bo an abbiwlatlon for tlio wliolo sot of quantum nnmboi'fl «i, ... 

dofinlng tlio stato. 
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no longer physically significant to assert that an n- quantum electron is here 
and an n' -quantum eleotron i/icrc, whereas for a set of localized oscillators 
such statements are significant. The correctness of the two types of enumera- 
tion is best seen by considering simple examples, for instance one in wliicli 
CTo — 2, ai==l, and wave-functions are required symmetrical in the 
three systems. In the first case the 3!/2l l! = 3 symmetrical wave-functions are 

(i) '/V(^i) 'Pi (^’i) + ’/V{®3) 'P(fM 

+ M^i) 'Pii^s) + 'PoH^i) PA^2) + 'PfM 'PqH^z) 

(ii) tjjfixs) + 'Pi^i^a) 'PiK^i) 'Po^M 

+ 'Po^i^z) 'Pfi^s) + Po^i^i) Px^i^a) pQ^i^z) Po^i^s) PiH^z) P(fi^i)> 

(hi) ijjfiXa) + Pi^{x^) PoHx^) poHxj) + pj^{x^) PoHxf) po^x^) 

+ PoH^i) Po^i^a) "t PAi^i) Pffi^a) Po^i^z) + Pi^i^a) PoK^z) Po^i^i) * 

in the second case the only symmetrical wave-function is 

'Ao(^'i) '^ 0 (^ 2 ) Pii^a) "h Pq{Xz) PdiXs) Pii^i) + Poi^s) Poi^i) 

The result of these restrictions is tliatin enumerating the accessible states 
of a group of similar non-degenerate systems which belong to one and the 
same locality in the assembly wo have to replace the classical number of 
complexions 

«olai!...aJ’ 

which is still valid when the systems are separately localized, by 1 when the 
wave-functions are all confined to the group S, and by 
1 [at ^ I {all t)], 0 [a^>l (some/)] 


when the wave-functions are confined to the group A, 

Tor degenerate separately localized systems the more general (39) still 
gives the correct number of complexions. 

Tor simplicity of exposition we shall consider first simple assemblies for 
which the formulae (36) or (39) correctly enumerate the comploxion.s. Wo 
proceed in the following sections to develop a general method for oalculating 
average values by equation (8) for suoh assemblies. We return in § 2*4 to tho 
more complicated calculations required to deal with assemblies in which 
(36) must be modified in the way detailed above. These modifications apjfiy 
to any assembly eontaining a gaseous phase. 

The distinction between these two cases is strictly apparent rather tlian 
real; it depends rather on a difierence in the convenient first approximation 
than on anything more fundamental. We shall be able later on to trace the 
conneotion between these two limiting oases. 


§ 2* 84 A simple case of Type I. An assembly of two sets of simple Jm'monic 
linear oscillators. Tor simplicity of exposition we consider first this special 
case which will serve to bring out all the distinctive features of tho problein 



31 


2*3] Assemblies of Harmonic Oscillaiors 

and the method. Lot ns sup^joso that the assembly consists of two largo sots 
of linear liarmonic oscillators A and of total numbers M and N. As we 
have seen each oscillator has a series of stationary states of weight unity in 
wJiioli its energy takes the values or + and (?*- 4* 1) Arg or 

Wo may emphasize once again that in assigning individual 
stationary states and energies to the systems separately we tacitly assume 
that they are practioally indopoiidont systems, oaoh jjursuing its own motion 
imdistiirbod for tho greater part of time, ^Jliis is essential to tho energy 


of largo numbers of practioally indopoiidont systems. At tho same time wo 
must assume that oxchaiigos of energy between the oscillators aro possible 
and do occasionally take jilaco, othoinviso the systems will not form a con- 
neotod assembly and obviously cannot possess unique equilibrium distribu- 
tion laws. In tho prosonb very special case wo may tliink of tho oxchungos of 
oiiorgy as elTeotod hy a few free atoms in an onclosuro containing tho 
oscillators — so few in numhor comjiarod witli the oscillators that wo may 
ignore their energy altogether. (Later on avg shall bo able to inoludo tho 
energy of any numhor of suoh atoms or molooulos in our discussion, as v''g 11 
as tho energy of tomporature radiation. U’Jio latter can then also bo regarded 
as an agent of energy exchange.) 

For tho x>urposos of tho proposed proof avo must suppose that e and n} aro 
oommonsurablo and shall therefore suppose that they are integers Avikh no 
common factor. This amounts to making a special choice of tho unit of 
energy. 'I'he removal of this rostriotion by a limiting process Avill bo con- 
sidered at a later stage. 

It is our object to dekormino the distribution Iuavs of this assembly, that 
is, tho equilibrium or average distribution of tho oscillators among the 
various states of Avhioh they are capable, T’his is its only normal property of 
importauoo. A spooifioation of tins distribution — equilibrium or not — ^may, 
as we have said, bo referred to as a spooiiloation of tlie slalisiical alale of the 
aaseiMy, T’liis convoys correctly the idea tlmt it is only tho niaoroscopio 
state of tho assembly that really interests us, not tho mioroscopio skate. If 
for Gxamplo 47 systems A have the onorgy De, avo are not interestod in Avhioh 
of tho M systems those 47 may be. At tho same time since tho systems are 
localized a statement that sucli and sucli of the syefcoma are those 47 is 
significant. 

An accessible statistical state of tho assembly can bo spooifiod by any sot 
of positive intogora* subjoot to tho conditions 

^rr€a^-h'^gSr)bg=tJ^. ...,..(44) 

In the third of equations (44) avo have omitted the |-quanta of energy on 
♦ 1,0, poHitivo or sioro. Wo iiso Ihia couvonllon tliroiighout, 
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each oscillator {thezero’point energy) ^ so that B is the energy of the assembly 
ill excess of its minimum value, the zero -point energy. Only energy differ- 
ences are physically significant (at least in non*relativistio theory), and for 
any assembly we can always assign the energy zero at will. Here wo have 
assigned it so that the least energy the assembly can have is zero, but this is 
not always the most convenient choice. It is further to be understood in 
(44) that denotes the number of systems of type A in the ?'tli state of 
(extra) energy ?‘e and the number of type B in the sth state of (extra) 
energy st). The conditions (44) express the facts that there are M H*s and 
N in all, and that the total energy is B, Since the assembly is of typo I 
and the system weights are all unity, the number of complexions corre- 
sponding to tliis statistical state is 


M\ N\ 

ao!%! ’ 


( 46 ) 


The total number of complexions 0 is given by the equation 

summed for all 6 ^ 0 subject to (44), 

The equilibrium distribution laws for the assembly are to be obtained by 
averaging over all complexions. We can therefore find at once an expression 
for the average value a,, of ay, or of any similar quantity, for we have, as 

■'er.* « fv, I I I ' * 


C'a.-X 




The most important such quantity is B^, the average energy of the systems 
J., This is given by 


^ “'V aolaj... 60I61I...’ 


.(48) 


Both these summations are of course over the same range of values as (46), 
A rapid and powerful method of evaluating these sums is essential to the 
elegance of this development, and is provided by expressing them as contour 
integrals and evaluating the integrals by the method of steepest descents, 
How the general term of 

expanded in powers of 2 is 




H! 

hol6i!,.. 






and similarly of 
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By multiplying these series togofclior it follows that the coeffloient of in 

Ml N\ 


IS 




summed for all positive values of the a’s and 6’s subject to 
Sgigi^iVand also + J?, in short tho oonditions (44). Thus 0 

ia the coefficient of in 

( 60 ) 

Similarly, observing the extra factor in (48), we find at onoe that is 
the oooflioiont of in 

(1— + (61) 

for operating with z dfdz introduces in the terms (49) just tho required extra 
factor Tho expression (61) can be put in the alternative forms 


1*^(1 

(1 - 2')-" (Z - I - if* j^log(l - . 


,(63) 


,(63) 


It thus appears that tlie required sums are tho coefficients in certain simple 
power series, and, as we shall see, this oonolusion is capable of immediate 
extension to general looaliKod systems, Ifow the most oonvoniont expres- 
sions for suoli oooffloionts are complex integrals taken round a contour 
onolosing tlio origin « - 0. Thus we And 

dz I 


0^ 


j_ f 

27TtJy2''«(l-2')"(Z-2’)''’ 
-Mz^hg{l~z’) 


GB. 


■Jl. f IL 


.(54) 


(56) 


I'lio oontour y may of course bo any oontour lying within tho oirolo of oon- 
vorgonoo of those power series (radius unity) and oiroulatiug onoe counter - 
olookwiso round 2 *= 0. ^ 

Wo oan determine a similar formula for Ga ^ . Wo have 

(ilf-l)t 

summed over all positive a, b subject to 




S,. w if - 1, Sg 6a « Bf, s,. rccHy 'h Sg srj6g = - re. 


F9M 


.<5 
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This reduces at once to 

dz 


Ga, 






m 


These integrals are exact and hold for all values of M, N and E. They are, 
however, only physically signifioaut when ilf , and are very large, since 
all assemblies that we can observe contain a very great number of systems. 
We therefore require primarily the asymptotic values of these integrals 
when M, N and E tend to infinity in fixed ratios. This means, physically, 
that we require the limiting properties of the assembly when its size tends 
to infinity without alteration of its intensive properties (oonstitution, etc.). 
The properties of the finite assembly will be shown to deviate only trivially 
from these limiting properties. These asymptotic values can bo rigorously 
established here and hi the general case by the method of steepest descents. 
It wiU tend to clarity first to sketch this method and the results, and to 
compare the results with those of other developments. 

Consider the integrand on the positive real axis. It tends to infinity as 
and 2 -> 1, and somewhere between, at 2 : — h-, there is a unique minimum. 
For y take the circle of radius -9’ and centre the origin. Then for values of z 
on y , 2 : = say, is = ^, a = 0 is, when ilf , N and E are large, a strong maximum 

of the modulus of the integrand. Owing also to the fact that the differential 
coefficient of the integrand vanishes at a == 0, the complex terms there are 
trivial and the whole effective contribution to the integral comes from very 
near this point. This remains true so long as there are no equal maxima 
elsewhere, which cannot occur when e and tj have- no common factor. It 
remains true, moreover, when there are extra factors such ae 

and in effect such extra factors may be taken outside the sign of integration 
if in them we replace z by -O-. The result is that ^ is the unique positive 
fractional root of 


or 




By comparing (64) and (66) we find 


.(67) 

.( 68 ) 


d 
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Similarly, 


wliioli satisfies the essential equation — + These equations deter- 

mine the partition of energy, among the two sets of osoillators in a largo 
assembly. 

It is already suggested by those formulae that ll 'is a function of the state 
of the assembly with the properties otiem'peratw'e, and it turns out later that 
■O' may be taken to represent the temperature on a speoial scale. It bears the 
relation 




(Gl) 


to the absolute temperature T, where k is Boltzmann’s constant. If wo use 
this result in advance, then 



ilfe 


( 02 ) 


Avhioh is the familiar result duo to Planok. In the same way, by comparing 
(54) and (CG), wo find — 

(03) 


This result, in tlio more usual form 


Up _ e->'e/*2’ 



is also olassioal and due to Tlanok, 

Logically the relation (01) must be deduced from the second law of 
tliormodynamios, by which alone the absolute tomporature scale can bo 
defined. But wo may anticii)at6 this, if it is proforrod, by assorting that iix 
the limit in which and so e->0 the moan energy of a simple linear 
osoillator must bo hT, This assertion then defines T on tlio basis of the 
theorem of oquipartition of energy for olassical systems whioh wo have not 
yob iH’ovod (see § 2*02). It then follows from (59) that 


*2'= Lt 

logl/D’ 

which is (01). 

Wo give the niathomatioal tlioorems in the next section, and sliall there 
see that the full proof of (02)-(04) avoids all the apparatus of factorials 
approximated to by iStirliug’s theorem whioh disfigure the usual proofs, 
TJio use of this theorem is both cumbersome and, at least suporfioially, 
lacking in rigour, for it is often applied to 01 and 11, 


3-3 
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§ 2’ 31, Application of the method of steepest descents. We base the proof of 
the foregoing results on the following; 

Theorem 2'31. If 

(i) is a regular analytic function of z expressible in the foi'm 

where the a*s are positive constants ^ integral after multiplication by P, and the 
fizfs are power series in z which start with non-zero constant terms and have real 
positive integral coefficients and radii of convergence unity; 

(ii) Not all theindices in all thef{zys containa common factor other than unity ; 

(iii) P{z) is a regular analytic function with no singularity in the unit circle 
except perhaps a pole at z=0; 


(iv) y is a contour circulating once counter-cloclcwise round «= 0; 
then 

[m? 


mj, * gTTj 


2jnJ, * [27r»V"(WW]* 

where is the unique positive fractional root of 

d(f>{z) 


{Fm + 0{1IM)} (GB) 


dz 


= 0 , 


..( 66 ) 


We have not aimed at maximum generality, but only at a theorem suffi- 
cient for the purpose in hand. For example, the coefficients of th6/(») need 
not be integers. It is sufficient to suppose that/(«)-;^oo as z I . Nor need 
the radius of convergence be unity for the purpose of the proof. But both 
these conditions are always satisfied by quantized systems. 

Consider the funotion 0'(«) for real positive z. The equation 

(f>{z) 


-«0 . «l/l' OC2/2' 


m 


determines ^'( 2 ). Consider the behaviour of y=>zfflf^, This function y by 
(i ) takes the value 0 for 2 = 0 and steadily increases to + 00 as 2 increases to 1 , 
For if ff^z) = 2 z ’’^ , we have 


The numerator of zy' is I which is always positive. 

Therefore either y-^co or y^ A, a finite limit, as 2 -^ 1. But the latter is 
impossible as it implies that f-fz) is bounded as 2 1 , which is contrary to 

hypothesis, Thus the expression 

is zero for 2 == 0 and steadily increases to + og as 2 - 5 - 1 . It therefore takes the 
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valuo cco once and once only, for 2 ;= •O' say, wliioli is then the unique root of 
(66). It follows also that ^''(0) > 0. 

The method of steepest desoents proceeds hy making tlio contour y pass 
through the col, (f3'{z) = 0, in such a direction tJiat tlie valuo of the integrand 
falls oil along y from a maximum valuo at the ool at the greatest possible 
rate. This is here aehiovod (since <l){z) is real for positive real z) by taking for 
y the circle |2] =1)’. On this circle (or any otlior) the maximum modulus of 
the integrand must occur for positive real z on account of (ii). It is easy to 
show rigorously that when E is largo all parts of the contour except that in 
the immediate neighbourhood of « = {)' mako contributions oxponontially 
small oompared to this critical region. If we pu 1 2 ; e^“, then when a is small 

whore K is some function of .O'. When E is large we may suppose that E^a 
ranges offeotively from -- 00 to -)- 00 , while a and all terms suoh as remain 
small. Thus 


xT" I- O(oc^) + H- 0(AV)} 

I —00 


the error in taking the range of integration with rospoot to a infinite instead 
of some small number suoh as being exponentially sinalh Odd terms 
in a vanish on integration and 





2rr 




E!d^"{d’)lcl>{Q) 


.(08) 


J -00 


■00 

J --CO 


Honoo the theorem. 

The theorem applies at onoo to the assembly of two sets of linear oscillators 

{MIE^N/E oomtmii). 

All our conclusions hold with, in particular. 


0: 






(09) 


Since wo always suppose that the assembly is very largo {E large) we shall 
in all formulae omit the factor [1 + 0(1/^)] which is always present, and 
2 )resorvo only the limiting aayjnptotio form, which gives us all our results, 
We must bo careful, however, not to overlook its presence in any formula in 
which the loading terms oanool. 
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The expression can be simplified. Since ^'('{)') = 0 it is 

eq[ual to 


®(4)“log^(^) = M|[-l + 


d 






+ 


J’ 


.(70) 


if E is regarded as a fiinotion of '9' determined by the relation (68), that is, 

Me Nt] 


E^ 




Tiiia relation (70) is valid generally. 

Knally, condition (ii) is inessential. If it fails, all integrals such as G and 
CE^ are apparently j8 times as great as before, •where ^ is the common factor 
in the indices of the/(»). This is true because the function F{z) is always 
composed of a selection of terms from the series in (f>{z). From each of the 
f equal maxima of \(l>{z)\ on the circle | 2 :| s::!! we get areal, positive contri- 
bution, equal to the contribution from the main maximum on the positive 
real axis. But it is easy to see that tliis extra factor is only formal, and 
that Qy for example, is unaffected by changing the unit of energy so as 
to insert or remove a common factor /S. Thus no physical result is affected. 


§ 2* 32 . Generalization to an assembly of any localized quantized systems and 
to any number of types of system. Nothing in the preceding work depends 
essentially on the fact that we are discussing simple harmonic linear 
oscillators. Suppose instead we have two sets of localized systems A and B. 
Systems A are M in number; their sequence of stationary states has energies 
^0 j 6i , . . . , e,. , . . . , weights Wq, wi, . . . , uj,. , , . . , and a statistical distribution 

specified by c^o, a,. Systems B are N in number; their sequence 

of stationary states has energies • • • > weights Po > Pu • • • > Ps > • • • j 

and a statistical distribution specified by .... We assume for 

the present that all the e’s and ly’s are expressible as integral multiples of 
one basic unit of energy (and for simplicity not all expressible in the form 
a+rfi,^> 1). Then in this case the total number of complexions representing 
this statistical state of the assembly is 


ilf ! N1 roo«o . . . 

summed for all positive a, b subject to 


(71) 


S,a,=ilf, i:,b,=Ny I., €,a,+l.,ri,b,^E. .,....(72) 

We have here to form the functions 


f{z)~WQZ^o-\- TOj^Z^i + WiZ^i y (73) 

(74) 
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whiGh from their special properties in tlio development of the theory wo call 
functions. They are equivalent to the functions introduced by 
anok under the name Zmtmdsimme, and are the transcription into the 
quantum theory of Gibbs' phase integrals. 

Just as 111 §2-3 it follows from the miiltinominal thoorem that G is tho 
coefficient of in [/(j)]" [/'(«)]ii, it fojiowB at once that 


(7B) 

and, similarly, that ^ 



C^v 

Theorem 2*31 applies to these integrals Avith pro- 

vided that tho partition fiinotions converge for \z\ < 1. If the sequence of 

energies can bo expressed as hero supposedanddoe 0 notterminato,thosorios 

must converge for \z\ < 1. ITor, if the system is of s degrees of freedom and 
non-degonorato, tho tu’s are all unity and the radius of oonvergonoo must bo 
unity. If the system tlion dogonoratos until tlio energy depends on only 
u(<s) independent quantum numbers, the now partition fimotion can bo 
formed from tlio old by the grouinng together of sets of terms whoso onergios 
are no longer distiuot. This cannot alter tho radius of oonvorgonco. Wo find, 
thoroforo, that -9’ is dotor'minod as tho imiquo root of 


7 !;=»llog/(h)+fsrfl.^Jog/'(ft), ( 78 ) 

and (70) 

^ ( 80 ) 

Tlioro are similar formulae for systems J3. 

Obviously tho rostriotion to tAvo typos of system is trivial. Witli any 
numbor of typos of system tho arguments are unaltered. Wo find for tho total 
number of weighted comploxions 


Wr .,....( 81 ) 

TJiore is a unique 9- determined by 

(82) 

and (83) 

( 8 i) 
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The partition function f{z) is presumed to refer to the whole motion of 
the localized system, It should be observed that, in the important special 
case in which the motion splits up into two or more parts entirely indepen- 
dent of one another, the partition function f{z) must factorize into functions 
of the same type, which refer separately to the independent motions, A 
particular case of this factorization occurs for the translatory motion and 
the internal motions and rotations of a free molecule, but in general free 
molecules are members of a gaseous phase and their complexions req^uire an 
enumeration of type II. 

We may properly comment at tliis stage on the properties of the para- 
meter D which, wliile mathematical in origin, is obviously fundamental in 
describing the state of the assembly , and should be identifiable by analogy 
with some physical property of the assembly. We have ali’eady stated in 
advance tliat measures the temperature, We can now see reason to justify 
this identification, though not of course the particular relation between 
and T, For -O' is a parameter helping to define the state of our assembly which 
must have the same^ value for all sets of systems in the assembly. This is the 
precise property which distinguishes the temperature from other para- 
meters and justifies the identification.* 

It is natural at this stage to consider a few examples of special systems and 
construct their partition functions. 


§2*33, Partition functions for two- and three-dimensional isotropic har- 
monic oscillators. These are localized degenerate systems. The two-dimen- 
sional oscillator has (as we have seen in § 2*21) 


Wn-n'hl, €,,= (^4* (?2-+ l)e, 

and therefore, f{z) = z® + . . . 

s=»®(l (85) 


By a different choice of energy zero, eliminating the zero -point energy, the 
extra factor is eliminated from every term and from f{z). The three- 
dimensional oscillator has + 1) ^ + 1) (?t -}- 2) so that 

/(«)«2:^«[l + 3 «®-f 62^®+ ... ■f|-('^+ 1) (?^+2) 

= (86) 

The zero-point energy can again be eliminated. These are simple examples 
of weight counting. Thus in these two oases 




2M€ 

3'-«-l 




me 




(B7) 


which fit in exactly with the expected requirements of two and three times 
tlie mean energy of a linear harmonic oscillator respectively. 

* Seo, for example, Born, Phys, Zeif, vol. 22, pp, 218, 249, 282 (1021), 
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iiarinonio oscillator of s degrees of freedom has a partition 

(88) 


and a mean energy 8 times that of a linear harmonic oscillator. In fact, for 
most purposes it ia precisely equivalent to s indoiDondent simple harmonic 
linear osoillators. 


§2*34, Partition functions for rigid rotators with or iQiiliout axial spin. 
The weights and energies for the states of a rigid rotator are given in § 2- 22. 
TJius for a rigid rotator without axial spin and transverse moment of 
inertia A 


f{z) « 1 + 32:2. + ^ ^ ^ (2w-h 1) (89) 

Tliis function can be used at once to determine the distribution laws and 
energy content of a sot of such loealiised rotators in an assembly. Idle 
rotational energy of such a sot will thorofore bo 

and their oontribiition to the s%miflc heat^ 

dW] ( r? \ 2 

Iog/(9.) (DO) 

If 


¥ 


A2 




log 


and ilf refers to one grammiolooulo so that ilf/jca i?, the gas constant, then 








( 01 ) 


Praotioal applications of this formula to the spool fio lioats of dia tomio gases 
are made in §§ 3- 3-3 <4. 

Wo find similarly for a rigid rotator with axial spin that 


/(2!)= y: Tr 

rm 


whore 


6 S 3 


8M' 


, ( I 1 


)■ 


Por an isotropic rotator A ^ 0, and thGn/(«) reduces to 

BttM 
f I 1 


/(«)*= 51 (2?i-h 1)2 ;g’dni-i)ff / 
n »*0 \ 

In terms of the variables 


)■ 






^7r%T 


(1 JL\ 


( 02 ) 

(93) 

(94) 

.;....(06) 
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these functions become 

CO n 

/(<7,a')= S S (96) 

n^O “» 

and when A^G /( ct) = S ( 2?^ + 1 e~n(w+i) a, (97) 

?i=0 


These formulae will be applied in §§3* 3-3* 4 to the speoifio heats of the 
more symmetrical types of polyatomic molecules, where asymptotic 
evaluations of the series will be given valid for small a or large T. 

A still more general model can be discussed — namely a rigid body with 
three unequal moments of inertia containing an internal spinning gyroscope 
representing electronic orbital or spin angular momentum,* Since however 
closed formulae for the energy as a function of the quantum numbers cannot 
bo obtained, we shall not consider it further here. 

§ 2'4. A simple assembly of type II, with two sets of systems confined to a 
common enclosure. We shall now develop methods for calculating the equi- 
librium state of an assembly when the complexions must bo enumerated in 
the manner detailed in § 2*26 for assemblies of typo II. Tor simplicity we 
shall consider an assembly containing systems of two types A and B, M and 
Win number, all of whose states are at first non-degenerate, with eigenvalues 
of the energy 

€i, eg, ..., e;, T7i, Vh ••• 

respectively, all expressible as integers in terms of a suitable unit of energy. 
The number of systems in the states belonging to these eigenvalues will bo 
specified as usual by 

O'l) ®2, •••> cii, ^1, b^, ..., 6/, .... 

This set of numbers completely specifies a statistical state of the assembly. 

In place of the expression (46) for the number of complexions corre- 
sponding to this statistical state, we can embody the rules laid down in 
§ 2- 26 by using the formal expression. 

Il^y'(6;). (98) 

This expression embodies the whole of the rules for non-degenerate systems 
if we define the y’s as follows: 

(i ) The assembly wave-functions must be antisymmetrical in all the systems 
of a given set; thenfoi' these systems 

y(0) = l, y(l) = l, r(a) = 0 (a^2). (99) 

Assemblies of such systems are said to obey the Fermi-Dirac statistics. 

* ICramors, Zeii.f, Physik, rol. 13, p. 843 (1923) j Kramors and Ittmann, Zeit. f. Phijaik, vol. 63, 
p. 663 (1920). 
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(ii) The assembly wave-f%mciions must be symmetrical in all the systems of 
a given set; then for these systems 

y(0)-l, y(a)=:l (a>l). .(100) 

Assemblies of such systems are said to obey the Emstein-Bose statistics. 

It will not necessarily be true that the systems of various typos in an 
assembly require the same y’s. Wo have therefore distinguished thorn in 
(98) by using y and y' for the two sets. For all systems yet hnown to occur 
in nature the y’s of either (99) or (100) are required. The formal development 
will bo seen to bo more general and to require only that the number of 
oomiiloxions for a given set of a’s and 6*s (statistical state of the assembly) 
should bo expressible in the faotorizod form (98). It may bo noted that the 
olassioal oxiu’ossion (45) oonfornis to this form (apart from the constant 
factor JfliVI) if wo take y(a)=lla\. (101) 

Assemblies of suoh systems will bo said to obey the classical statistics 
when it is necessary to contrast thorn with the other types. 

To find the total number of oomploxions G wo have now to sum (08) 
subject to the oonclitions 

( 102 ) 

so that formally . 0«S(«.fc)lV(a^)lV(6/). (1<>3) 

In § 2*3 wo faced a similar problem, but there wo woro abb to use the 
multinomial theorem so as to satisfy antomatioally two of the equations of 
condition. Wo then satisfiod tlio third by tho introduction of a selector 
variable z. Hero no short outs are x)ossiblo, but wo can still evaluate (103) 
by using three selector variables ju, y, z, one for oaoh of tho oonclitioiiB (102). 
Tlio required expressions for O', and similarly lor Orq, ofco,, will thou bo 
obtained as oooffioionts in triple power series which can still bo expressed 
ns multiple integrals and evaluated by tho method of stoopost descents. 

Lot 118 form tho oxin’ossion 

y(ff,) irW"* IWih) (104) 

whore the summation is over unroatriotod iiositive (and zero) values of nil 
tho a*H and 6’s. This series oan bo partially siiinmod at once. Wo write 


g{Kz^i)^ 


» y{n) 

«Bl0 


.(106) 


(108) 


».^o 

Tho g-funotions are defined entirely by tlio y's and may bo oallod the 
generating functions for tho systems. Thon tho oxprosaion (104) roduoos at 

(^ 07 ) 
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Let us now return to (104) and from it seleot the coefficient of 
It is easy to see that this selects just those values of the and which 
satisfy all three conditions (102), and each coefficient so selected is one of 
the terms of (103), It therefore follows that G is the coefficient of x^y^z^ 
in (104) and therefore also in (107). Using Cauchy’s theorem three times 
over we therefore find 

f (108) 

It is necessary to assume that all the radii of convergence of the power series 
concerned are non-zero. We shall verify later that this condition is satisfied. 

We have next to construct a similar expression for 0^, where ^ is the 
average number of systems of type A in their rth state. By definition this 
average value is obtained by modifying (103) by the insertion of the extra 
factor in every term. Thus 

lify'ibf), (109) 

We then proceed to modify (109) as wo modified (103). In place of (104) we 
form a similar unrestricted summation in which only the terms in a^. are 
different, by an extra factor , thus : 

^(a.b)^fyM (i lO) 

This expression reduces at once to 

I ^ ny{n)xH^^Xu^^g{xz^t)U^g\yz^ 

\»«o ) 

which is |a;l^(a:^;«r)| Ui^^gixz^t) Htflyz'^t), ......(111) 

It follows at once that Ga^ is the coefficient ofx^y^z^ in (111) and therefore 
that 

( 112 ) 

On comparing (108) and (112) we see that (112) contains in the integrand 
the extra factor ^ 

If therefore, as we shall shortly establish, a theorem analogous to Theorem 
2*31 applies to these multiple integrals, we shall find that 

0 

«f=='^^logf7(Ae‘"r), .(113) 

where A, /i, ^ determine the unique minimum of the integrand of C? as a 
function of the real variables «, y, g. 
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Corresponding formxilao for other average values can bo derived in the 
same way, Tluis _ ^ 

lf«S,.a;.=A^S,logfir(A€'H GLi) 

an equation whicli in this simple assembly servos to dotorniino A in terms 
of M; similarly „ a 

(HD) 

]?or systems of the other type, 

^ 



S;={»~S,log 0 f'(f*S’ir), (117) 

(118) 

It is obvious that these formulae can be extended at once to assemblies 
containing any number of distinct sots of systems, 


§2’41. Degenerate ayaiems, SpecAal forms of generating function. Xho 
equilibrium properties of the assembly have been sliowii to depend only on 
the function logp(AD'^d so far ns concerns each sot of systems. It is therefore 
now easy to remove the restriction to non- degenerate systems, by allowing 
the energies to become equal in groups of to,, , If now the systems A have 
energies ej, and weights toi, w^, to,., then 


‘a,«TO,,A-^^log(/(AO«r), 

(Ill)) 

M ® Jog {/(AD *^0) 

(120) 


(121) 


The speoial forms udiioli tlioflo formulae take ^vl^on tlio proper values of 
the y’s are inserted must now bo recorded, 

(i) Asaembly wavefmctiona anliaymmeirical in Ike aysle^na, FermLDirao 


sialiaiics. For such systems 
Thus Uf « TO,. 


{/to) «1 

TO,. 

mo^'"riT/(A¥^7)^ 


( 122 ) 

(123) 


td 

or in terms of T a- «= -r • 

The equation whioli dotorminos A is 




e«^*'''7A-!-l’ 


(124) 

..,...( 126 ) 
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It is important to examine the form taken by ( 126) when in general ej^jhT > 1 , 
that is when 0. It is clear that A must have such a value that -> 0 
for the M states of lowest energy (degenerate states being counted multiply) 
while e®r/*2’/A-»'00 for all higher states. If therefore we write 

A=e’7/*2’, ,(126) 

then 7} is determined as a function of T by the equation 




VJy 

(^er~ij)lkT 


(127) 


moreover k) has the important property that as 0 

given by the equation h (128) 

ep<«* 


In many important oases we shall find that over a long range of 
temperature, so that we shall frequently use (124) in the approximate form 




Q(e,~e*)fkT^ 1 » 


(129) 


a form which of course is exact if we allow e* to be a function of the tem- 
perature. 

(ii) Assembly mvefunctions symmetrical in the systems, Mnsiein-Bose 
For such aystema i/(i_ j). ( 130 ) 



or in torma of ( 132 ) 

The equation which determines A is 



It is clear that we mxist always have 

e"»^*2YA>i. 

It follows therefore that as 0 


or when M is large, to sufficient accuracy 

(134) 

(r>l). (135) 
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(iii) Emimemtion of complexions for classical or localized systems. It is 
interesting to verify that the more general formnlao of this eection rej)rodnco 
the results of §§ 2 •3-2* 34 when we use the proper function g{q), I’D!' such 


g[g)^d>. (130) 

Thus = 

or in terms of T ( 137 ) 

'The equation wliioh determines A is 

(138) 

whore f{T) is the usual partition function (in terms of T), Combining (137) 

and (138) .YO find (139) 


wliioh is the former result, (80). All other results wliioh depend on fclio ratio 
of two integrals suoh as (108) are lilcewise lumffooted. But from all the 
enumerations themselves avo have omitted factors suoh as Af ! iVl comiiarod 
Avith the similar enumerations of §2- 32 and all individual integrals such as 
(108) should ho smaller by this factor than the corresponding (70), 

It is interesting to verify that this ratio is preserved by the approximate 
evaluation of G by the method of steepest descents. By Theorem 2*31 and 
its analogue Theorem 2*42, whioh avo shall shortly prove, tJio only term of 
importance in log G is log(intograncl of 0) evaluated at the col, Using (75) 
for G for localized systems, this is 

M\Qgf{^)^vE\o^f'm-E\og%, (140) 

Using (108) Avith //((Z) ~i/'(f/) - it is 

W) + /^f(fJ)-~A’logl)-iflogA--iV'log/x (141) 

But by (138) jI,7'==A/(3), iV‘K/i/'{0-), so that (141) reduces to 

M >1* N-^E log 3' M log{j),f //(3')} ~ E log{A^//'(D‘)}, 
or to tho required ao curacy 

^^log/(3’)-l-A^logf(3)~AMog0~Iog(JfliVI) 

as wo Avishod to verify. 


§ 2*48 . Proof of the result o/ §§ 2* 4, 2 ■ 4 1 , Wo noAv give a proof of the rosu Its 
of §§2*4, 2*41 Avritton out explicitly for tliveo variables a*, z. The proof 
lioAA'ovor Avill bo so arranged that it is easily seen to bo general and to hold 
for similar integrals in any mimbor of variables, so that tlio restriotion to two 
sets of systems in §§2*4, 2*41 is immaterial and tlio results all liold for 
asspmblios of any number of sots of systems as in § 2* 32. 

The form of the integrand of G and tho analogous integrals is that of a 
triple (multiple) power florles 

=» ( 142 ) 
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in whicli the arre all positive and the a, h, c (integers) start at negative 
values and j-un to + oo, The domain of oonvergenoe of the series (142) in our 
actual problem must be examined, but for the moment need only be assumed 
to be non-zero in each variable. Tor our proof we require certain properties 
of ® whioh are obtained in the following : 


Lemma 2*42, For real ‘positive values of a ^ y, z the f miction has an absolute 
mini'rmm at A, p, 11 which is the unique solution of the equations 

3 ( 1 ) 0 ^) 80 


in this domain. 


dx dy dz ^ 


(143) 


(i) Since (b is always positive, and since it may be assumed from the 
physical origin of the that (b + oo as a*, y, z tend to their boundary values 
(i.e, 0 , 00 or 0, 1) in any manner, (b must have an absolute minimum value (I>o 
whioh it assumes at some points of the domain of real positive values 
a;, y, z. At such a point A, /a, ^ equations (143) must of course be satisfied. 

(ii) That A, /u, •b is the unique solution of (143) in the real domain will 
follow at once if it oan be shown that any stationary value of (!> must bo an 
absolute minimum — that is that, if Og is any stationary value, 

for the whole domain, equality being only possible when a;=A, g-D'. 

If we write x — e^,y^e^iZ=i then 

and, hy Taylor’s theorem, for any stationary value (bg, 

0-®o=i[(X-X„)>|^,+... + 2(JS-AV(r-ro)3|^], 

(144) 

an expression in whioh all the partial differential ooefQoients are to be 
evaluated for some particular set of values of Z, Y, Z, It is therefore only 
necessary to prove that the expression on the right of (144) is' a positive 
quadratic form, 


(iii) The proof of the lemma reduces therefore to the proof of the essential 
inequalities 


020 

9X2 


> 0 , 


020 

920 1 

>0, 

020 

02(1) 

02® 

0X2 

0X97 

0X2 

0X07 

0X0.2 


02(D 


08(b 

02® 

02® 

dXdY 

072 


1 9X07 

072 

dYdZ 




02® 

02® 

02® 




0X0^ 

0702 

0^2 


> 0 . 
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[For more variables the series of inequalities is correspondingly oxtonded.] 
Firstly jiau) 

for every term is positive, Secondly 


92(1) 

dX'^ 

02(1) 

0X07 




02(1) 

9X0,r 

02(1) 

072 





If wo colleot togotlior all terms containing QmoQa'b'o'* deter- 

minant reduces to 




a2 

a'b' 

+ 

a'2 

ab 

, ab 

b'2 

a'b' 

62 


TJio tonus in { } aro formed of all possible ponnutations of tho da shod and 
plain letters, and reduce to 

la 


a6' 

a 

a' 1 


a' 

a 

SS5 

a 

a' 


b 

b' 


b' 

b 

1 

b 

b' 


The summation is over all possible values of a, 6, c, a", 6', tho spooiiied 
permutations being excluded. Since every term in S' is positive, tho second 
condition is fuUillod. Finally, an exactly similar argumont shows that 


{H5) 


02(1) 

02(1) 

02(1) 




0l2 

0X07 

dXdZ 

/0(I) 

0(1) 

0(r)\ 

02(1) 

02(P 

02(1) 

J OX 

07 

0^5 1 

■0X07 

072 

070;^ 

“■'V— 

7 

z) 

02(1) 

02(1) 

02(1) 




LY0^ 

■070^ 






Qa'b'c' Qa’‘l}' 




r-i-c")/ 1 


a a' a'' 
b b' b" 


X). 

This oomplotos the iwoof of the lomma which can obviously bo extended to 
any number of variables. 

I'lio integrals ^vhioh avo dcsiro to study asymptotically aro all of tho form 


1 


4> 


dxdydz 

xyz~ 


(UO) 


Wo roquii’o in general only to evaluate the ratio of two such integrals in 
which tJiG (p's dih'or only in the coejJlcwUa of one (or more) of their component 
factors. On tho contours of integration tho maximum value of the modulus 
of tho integrand occurs vOion all tho variables aro real and positive, and, as 
wo shall see, if the contours aro arranged to go tlirough tho roal-valuo 


I'SM 


4 
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minimum of C>, it is only the contribution from this neighbourliood which 
need be considered. 

Strictly speaking this neighbourhood rnight bo only one of several making 
contributions of the same order. If certain relations are satisfied between 
the a, 6, c, there might be other points on the contours at which the phases 
of all the terms are again equal, so that the same maximum value (of the 
inodulus) of the integrand is repeated. The same difficulty occurred in § 2*31, 
when z was the only selector variable, where we showed that repetitions of 
the maximum are without effect on the value of the integral and can in 
fact be avoided by a proper choice of the unit of energy. 

Per the particular (D*s that occur Jiere, built up of factors of the form 
where + l/(l_g), e», 

it is not difficult to see that no repetitions of the maximum can ooour except 
those which are identical with the repetitions of §2*31 and tlieroforo of no 
significance. To attain the maximum modulus of $ each whioli is of given 
modulus on the contours of integration, must be real and positive. This will 
occur at points at which the amplitudes of y, z satisfy the relations 

+ 0,-0 (Mod 277) {allr), 
ey+rj, 6 ,mO(Mod 27 r) {allr}, 

The first set of these equations asserts (i) that the are of the form 4- wCr > 
where n and are integers, and (ii) that 

- 27rs ^ —2775 ' ^ 


The second set asserts (i) that the are of the form where n' 

and If are integers, and (ii) that 



— 2775 ' 

n* 


■Vq 


(O^s^cn'J, 


It is easy to see that if n, n'>l these relations may permit a number of 
subsidiary maxima, The energy zero can however always be defined so tliat 
eo~% = 0. Subsidiary maxima therefore only occur for real it’s, t/’s or ^’s, 
They are identical with the subsidiary maxima of § 2*31 and can be removed 
by a suitable choice of the unit of energy which will eliminate all common 
factors from n and n' and therewith all possibility of non-zero values of 
Even if these subsidiary maxima are allowed to remain, every integral (146) 
can only exceed by a constant integral factor the value derived from tlie 
primary ool on the real axes, and this extra factor is without signiflcanoe. 

We have not yet determined the general form of the functions such os 
n,. for systems of type II, but the e,. for such systems always contain 
terms for the traiislatory motion of the system as a whole in an enolosure of 



2-42] ISnumialion of Main Theorem 61 

volume V, We shall find that the integrals (146) with which wo have to deal 
can always be oast into tlio form 

dxdydz 


1 r/'j' 

(27rO®JJ, 


Jtw 


Avhere 2^ and T are independent of X, 7, i? and also of V to a sufiioient 
approximation, so that what we require is the asymptotic value of this 
integral as X, Y, hJ, V~^oo in fixed ratios. TJie function 
with or without the factor 72 represents the former <h and obeys the condi- 
tions of the lonnna, Then the results Avhich we have given in anticipation aro 
Gonaequoiioes of the following 

Thoormn 2*42, If satisfies tlie conditions of Lemma 2*42 and the 

structural restrictions just discussed and if further when X, y, E and V are 
large infixed ratios <I> has the differentiable asymptotic form 

logO-yiogT+logiJ-Zloga;- Y\ogy~-M\ogz, (147) 

tohere Y, JR are functions of x, y, % independent of T, E ami V, and if y is 
a contour circulating once cotinieT'-clochmse round the ot'igin within the circle 
of convergence of each variable^ ifien 

, dxdydz i2(A.p,ll) {Y^A.|a.^)}^ ^ 


{tui) 


y*)' yj* y 


(1) 


xyz 


(148) 

where A, /A, -O- is the unique solution on the positive real axis of the equations 



(140) 


(160) 


(161) 


A, is a positive junction of A, g,, -O', dependent only on Y a'ud the ratios of X, X, 
JS and V, 

Oorollary 1. If I and I' are two suck integrals foi' which logO and log<I>' 
differ only in Ihe term log 72, then 

J _ 72(A,/*,6) 

r 


(152) 


lV{\p,Vi' 

Gm'olki/i'y 2. If satisfies analogous conditions^ then 

1 f f .^ dXi.,.dx,,dz 

(2W)«+^Jy*"jy 

i2(Ai...,A„.S.)rF(A„...,A„,^)rr , n\i 

where the notation is a nalw'al extension of that of the main theorem. 


4*3 
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The proof of this theorem and corollaries may now bo easily coniplotod. 
The extensions to Corollary 2 are obvious and will not bo niontioned again. 
The integrand satisfies the conditions of Lemma 2-42 and therefore has a 
unique miiumuin on the real axes at A, jit, D- which are given with sivlfioionfc 
accuracy by equations (U9)-(161) whose roots depend only on the ratios 
of Z, Y, B and F. [A, •O- are intensive parameters.] When the three circles 

of integration are made to pass through A, fi> !)■ respectively, the point A, /t, 
itself is the only point in the domain of integration at which the integrand 
attains its maximum modulus in view of the structural restrictions on fi). 
It remains only to show that the contribution of this neighbourhood itself 
is effectively of the order of |fi)(A,/a,^ )| and actually to evaluate it. Wo write 

X = Ae^“, y ~ z = -O-e^y, 


so that in the neighbourhood of the col («, jS, y small) 


9 9 9 ^ 

= •S{A,g,5) + ^ 








- + • • ■ + log 'I' + + 0{F(«,^,y)’‘}' . 


The quadratic form in the last exponential is equivalent to (144) witli sign 
changed and is therefore essentially negative and reduoiblo to the sum of 
tluee negative square terms. If Z, 7, B and V are largo, it follows by the 
arguments of § 2*31 that the variables a, y in the quadratic terms may bo 
supposed to range from -co to +co while all other terms remain Hmall. 
When the quadratic form has been reduced to a sum of three squares by 
linear transformation, the exponential can be integrated with re-spoct to all 
three variables, when it wiU be found that 

JjJ ■'” expj - -W‘7- 




los'V ihd^dy^l—V A- 


A is the discriminant of this quadratic form with the factor - | omitted. 
It is easily seen to be equivalent to J /FO, where J is given by ( 146), and has 
already been shown to bo positive. 

Proceeding with the evaluation, the terms of odd order in oc, y vanish, 
on integration and those of order (oc,j8,y)® or F(a,j0,y)i^ leave an error torni 
0{1/F). The rest of the range makes a negligible contribution, hence the 
theorem. 
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IMio form in wliioh we have i)rovGd llioorom 2-42 is not restricted to throe 
variables. It extends at once to any number of variables with similar 
functions O obeying the analogous restriotions. We can therefore at once 
suppose all the results of §§ 2-4, 2‘41 extended to assemblies of any number 
of types of systems. It is important to observe that in terms of the intensive 
parameters A, /x, the results for any sot of systems are entirely in- 
dopondont of the constitution of the rest of the assembly. 

§ 2 * 6 , Slruclureleas 2^artide8i moving in a volume V, The important 
formulae of §§ 2*4, 2- 41 become still more useful when the distribution of the 
for tlio free motion of a particle in an onolosiiro is explicitly introduced. 
Sohrddingor’s equation for a structuroless particle of mass in a field of 
potential energy W is o o,., 

VV'H^(i?-W)./r = 0. (153) 

An enclosure is suflioiontly well represented by assuming that Pf = 0 inside 
the enclosure and W ->00 rapidly as we pass the walls.* If V has the form of 
a rootangular box of edges a, b, 0 , the determination of the is simple, 

If ijj is to be a possible wave -function, it must bo one -valued and bounded 
in V and vanish over tlio walls.f The possible forms of i/t are obviously 


, . 87TX . trrij . uttZ 

\k ~ sin — sm * 7 ^ sm . 

ah c ■ 


.(154) 


' Hm\a^ 


where 5 , t, u are positive integers (not zero), corresponding to the eigenvalue 



There is only the one ijjf for each eigenvalue. Any weight factors other than 
unity enter only in virtue of the internal structure of the systems. 

On referring back to (120), (121) wo see that the important series to be 

S,,w,,log,7(A««0. (ISO) 

l.'f AO'^'' or Ac-^r/^a' jy iggg unity for all e,. the logarithm can be expanded 
in iiowors of A, and the expression (156) can bo rearranged in one of the forms 


Anlisymmetrical 

Symmetrical 




1 


-A^(S,.to,,c-^V*^'), (167) 


.(168) 


21 

♦ li'or Ions or olootrons w thus ignore tho oftoots of fchnii* oliargoa. If tho nssointly os a -wliolo is 
a iioutral mixtnro, tliis is probably a valid biifc rougli first approxinmtioi» and is in common uso, 
t '.I’lio boundary condition on tho walls can bo oatablishod thus: consider tho woll .'i}=0, near 
whioii, as If totijr r-j I|'0, ny M'oll.lcnown inotUoda [o.g. Jo/Troys, Proa, Lonil, Mulh, Soc, vol, 2J1, 

p, 428 (1024)J It follows that log d: J* If^ rf<v. Wo must suppose that for a local boundary iloM tho 

integral docs not oonvorgo as a; 0, Honco oithor ->• 0 or yli m, Tho lattor is imposstblo if 
is to bo bounded or oven if only / is to exist. Honco on tho boundaryi 
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according to the proper form of g{q). Here therefore we have to sum 
which ou using (156) breaks up into the product of three series 


of which 


S exp 
8=11 




(159) 


SmaWf j 

is typical. This series is practically a •h-funotion and its value when 
jh^j{8ma^kT) is small, as it is for all the important terms in (167) or (168) in 
all ordinary applications, can he obtained as accurately as may be required 
from the transformation theory. We have in facf** 


9'3(v,r) 1 + 2 S oos 287TV, 


S e 

n«-co 


— “(v-hn)* 


.(160) 


Putting v = 0, and rji-jh'^l(BTrma%T)y wo find from (160), with great 
accuracy for small values of rji, that 


S exp 

5e«l 


: _ 1 = i 1 f V - 1 ' . 

Bma^lcT j 2 [ \ j | ’ 


Bma^lcT 

which is sufficiently nearly equal for all ordinary values of a and T and 
early values of j to {2^mhT)^ a- 


h 

Thusf 

Por sufficiently small values of A 




J 


I* 


A ntisymmetncal S,. log p (AO'®'-) = -^^^3 V S 


( 151 ) 

(152) 

(_)M 


n'5 




^ ^ (153) 

Symmetrical S,. log (7(AO'®0 = V S ( 1 6 d) 

ft ja 


The conditions under which the foregoing formulae hold are ih’st that A 
shall be sufficiently small for the expansion of the logarithms; on this condi- 
tion we shall defer further comment . The other condition is that h^f{ STmaVc T) 
shall he very small even when multiplied by any integer j which yields a 
significant term in thoj-expansion. This condition asserts that the spacing 
of the energy value is very small compared wdth hT, and is fulfilled for all 
ordinary enclosures and ordinary temperatures; for if a = 1 cm., 2 ’=a 1 °K,, 
and m the mass of an electron, the value of this ratio is 1*4 x 10 "^^. 

* Tannery and Molk, ElUpHc Funciiom, vol. 2, pp, 262, 204. 

t This result is really Independent of the shape of the box. For a similar indoponclonoo theorem 
see Woyl, Ma.ilt, Ann> vol. 71, p, 441 (1011) or Courant, CtoU, Nachr, p. 266 (1010)} MaiK ZeU, 
vol. 7, p. 14 (1020). 
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In order to oombino these formulae into oiio valid for either statistics it 
is convenient to introduce tire cooiiiciont which is ( -- in the anti- 
symmetrioal case and 1 in the symmotrioal, Wo shall use in what follows. 


§2' 61. The value of X and the approximation to classical statistics . The 
value of the foregoing expansions dej)oncls on the size of X which must now 
bo examined. By equations (120) and (163) or (101) for struotuvoloss par- 
ticles the molecular density v is given by 


{27rmhT)^ ^ 

’’~T P ■ Aj*'' 

It follows at once that X is small if 


(106) 


vh^ V 

, or 5-2xl0-a^ ' . 

{27TmkT)i {TM*)^ 

is small, where M* is the molecular weight on the (ohomioal) oxygon soalo, 
Tflius even for molecular hydrogen at 1°IC, and normal oonoentration, 
1 ^= 2*7 X 10^”, X is still leas than 0*1 and the series in (106) reduces i>taotioally 
to its first term. A fortiori for heavier molecules and greatei.' temporaturos A 
is still smaller, or as small up to higher concentrations. Thus in all applica- 
tions to actual gases wo may assume that A is small and that (105) and similar 
series reduce to their first terms. The only exception will bo elootron gases 
at the concentrations at whioh one would expect to find free olootrons in 
metals, about one per atom, = 10’*^. Suoh assemblies are still non-olnssioal 
up to temporaturos greater than 2000® K. The expansions are then valueless, 
When A is small the assembly is indistinguisliable from a olassioal one, in 
which no account is taken of the symmetry requirements of the assembly 
wavo-fu notions, so that the enumeration of wavo-funotioiis for looalizod or 
non-loo ali zed systems is the same. Tliis limiting identity holds for any 
statistics in which = 1 . I^or if wo use olassioal statistics wo can oinjiloy the 
preceding analysis with g{q) = in which case our series for logj 7 (<jf) reduce 
identically to their first term, ai=s 1, = 0 (^ ^ 2). Equation (106) roduoGs to 

( 100 ) 

and the distribution law (110) to 

'a,^Xe~^r^^'^. ^ (107) 

Tdiose are the same results as wo obtain for either symmetrical or antl- 
symmetrioal assembly wave-fimotions if we neglect all but the lowest power 
of A in (166) and corresponding aeries. 

Equations (166) and (107) are equivalent to Maxwell’s and Boltzmann’s 
distribution laws, as wo shall show in §§2*6, 2*04:. It is, however, hardly 
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satisfactory to be content with only sucli a sophisticated derivation of those 
familiar classical laws. Having shown that quantum restrictions on acces- 
sibility are usually irrelevant for systems in the gaseous phase of an assembly, 
and that the spacing of tlie charaoteristic energies is very small compared 
with hT even down to we are justified in deduoing Maxwell’s dis- 

tribution law and similar classical theorems in a classical manner ah initio. 
Such deductions are still of great value in providing physical insight into 
the formulae, and we proceed to give them in the following sections. The 
reason why in general gaseous assemblies are effectively classical in spite of 
the quantum restrictions may be expressed thus, that the phase space of a 
system in the gas has so many cells of extension or the assembly so many 
accessible wave-functions, that it is extremely improbable that any pair of 
systems will attempt to occupy the same oeU or to possess the same wave- 
function. It does not then matter how those configurations are enumerated 
in which two or more systems occupy the same cell. 

We return to the exact quantum discussion in § 2-7. 


§2’6. Assmblies containing free molecules or other systems treated classic- 
ally. In order to discuss classical systems classically as simply as possible 
by the foregoing methods it is clear that some limiting process is essential, 
for we can only deal directly with a set of discrete oommensurable energies. 
As in fact all motions are subject to the law's of quantum meohanics and all 
systems are really quantized systems, we are concerned in this limiting 
process only with questions of teohnical convenience. We shall now show that 
this can be done very simply, Questions os to the validity of this limiting 
process are postponed to the next chapter. For simplicity we shall suppose 
that the assembly consists of M localized systems of any type explicitly 
quantized, with partition function f{z), and N atoms of mass m moving 
freely in a volume V whose energy is solely Idnetio energy of translation. The 
whole discussion api)lies equally well to any number of types of classical and 
quantized systems; internal motions and rotations of the free atoms or 
molecules can be included among the latter. 

The phase space for a free atom is specified by the six ooordiiiatoa , . . . > qa , 
and is divided up into small cells, 1, 2, ..., of extension 


{dpy..dqfii 

and, by the rules of § 2’2, weight 8^ given by 

A3 


(168) 


To take account of the confinement of the systems to the volume V we start 
with the atoms in an external field of force of potential energy W which may 
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finally bo reduced to the local boundary field of the walls » Then there ia an 
energy ^ associated with the iftli coll given 

(i«») 


W is a function of (?3 only. 

Consider an artificial assembly in which the colls are small and the energy 
anywhere in a cell constant and equal to h. Then all the and e’s can bo 
8up2)osed chosen so that they are commensurable and expressible as in- 
tegers with the proper unit of energy. The artificial assembly is composed 
of systems witli discrete energies only, and can bo made to represent the 
actual one to any assigned standard of ai^proximation. In the artificial 
assembly wo have at once the partition fimotion 


(170) 

and the distribution laws are given at once by the old formulae of §§ 2* 3-2 • 32. 
To obtain the distribution laws for the actual assembly ‘vvo must proceed to 
the limit by making the extension of every coll tend to zero. Wo construct 
in fact any soqiionoe of artificial assemblies for each of which we can deter- 
mine the distribution laws, and which has the actual assembly as a limit 
(8<-> 0 for all <). Wo must then prove that these laAvs have a unique limit, and 
that this limit represents the distribution laws of the actual assembly, 
evaluated, that is to say, after wo have proceeded to the olassical limit. This 
point is postponed to §3- 8. Wo really carry out some such process in any 
classical discussion of the olassical distribrition laws.* 

Now by the definition of an integral, when 0 {all /), 




logl/g 

~ivV' 


2wrP) 


...(171) 


the integration being extended over all values of . I?ol’ an assembly 

in a volume V avo again represent the walls by siq^posing that IT ~ 0 in V 
and that lT->-oo rapidly near the wall. ^I?hen provided that the real part of 
log Ijz is positive (|«| < 1), 




logl/t 

2 «i 






{%7rm)^V 

A«(logl/#* 


(172) 


For the important point « = D *= this yields 



(172a) 


Cf. Joans, /oc. c«7. ohniJS. nr, \ ^msaiin. 
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In the formulae for the distribution laws of the artificial assembly, lh'{z) and 
perhaps other differential ooelfioients occur. It is easily proved directly that 
V{z) has the limit P'{z), etc. Thus the laws for the sequences of artificial 
assemblies have a unique limit which will be the laws given by the formulae 
of the preceding sections if we use (172) for the partition function of the free 


motion of the atoms, For example, 

i;= log ^ logllog 1/5^]-^, 

= tW/[log !/«•] = lATiT. (173) 



This is Maxwell’s Law. 


Finally we observe that it is possible to replace h{z) by B{z) formally in 
0 and the other integrals, if y is fixed as the circle }«] although the 
interpretation of the integral as a coefficient in a power series now fails, and 
the integrand is no longer single -valued. If H{z) is taken to bo real for real 
positive Zy these formal integrals give all the correct results. It will be sliown 
in § 3'8 that this is always true, 


§2’61. MaccwelVa distribution law with' mass motion {classical treatment). 
It is easy to extend the argument to the oase of mass motion by introducing 
an extra variable for each of the additive integrals of our systems which is 
conserved in every interaction in the assembly. Consider for simplicity an 
assembly of any number of types of classical systems. Let be the energy, 
and fx^ any component of the momentum, associated with the ^th coil of the 
first set of systems. Then 


aoUil... ’ 


(176) 


summed over all positive values of a, 6, . . . subject to 


(176) 

( 1 * 77 ) 

and 'Zfaifxii- (178) 


where G is the total component of momentum of the assembly. There is a 
similar extra limitation for each component of momentum or angular 
momentum which is conserved. To sum (176) we introduce the partition 
function (179) 
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and the value of G will be tlie coeffloient of in the double series 




l!'his is given by the double integral 


1 rr 

(27ri)aJJ 




Similarly, it is easily sliown that we must have 


(180) 




M r 

f dzdx 

(27rl!)®J, 


i f 

r dzdx 

to 

BO 


^ f 

’ f dzdx 

(2ni)‘J 







[iMf •••> 




..., ...(181) 

(182) 

(183) 


where and Qj are the energy and component of momentum of the first 
set of systems. These double (and similar multiple) integrals can all bo 
evaluated by Theorem 2- 42. The resulting distribution laws can be reduced 
to those of the actual assembly by the limiting process of § 2-6. 

The formal deduction of MaxwelVs distribution law with mass motion by . 
this method is very simple. Wo treat the case in which G and fj^i aro the 
momenta, in the direction of qx, of free molecules in a volume F, so that 
Then 







(27rta)^F 

“;»“(iogi/i«)4 M 2 log I/d' 


(184) 


The distribution laws depend on two parameters and ^ which form the 
unique relevant root of the simultaneous equations 


I . . ) = ^ (»-0A "/■ • • ) = 0. 

reducing in the limit to . 

/(«■,!) + ..., (186) 

0= JWf i log//(ll.f) +6r^^log ./(6.C + (186) 
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We derive from (182) and (183) 

§ = 4log7/(«,?), 


21ogl/3''^2(logl/D')2’ 


m{hg^y 


(187) 

(188) 


Since O^JM is the mean g^j^-momentum per molecule of the first set, equal 
to w/Uq say, it follows from (188) and its analogues that the bulk-velooity 
'Uq must he the same in equilibrium for every set of systems in the assembly, 
and from (187) that the mean Idnetio energy of translation per molecule is 

ITinalJy, from (184) 

exp{im(log Ij^) Uq^} (189) 

Prom ( 1 8 1 ) we find a^^MSi (-9',^) , 

"" T ( 2 ^)^ dx.„dw expj - — (^H w ^) + ww log ^ ^ m^o^j , 

JH / 7Tb { ‘TTl ) 

"" 7 ( 2 ^) + + (190) 


wliioh is Maxwell’s Law for this cose. We may observe that the parameter ^ 
which arises from the second selector variable has a simple physionl inter- 
pretation.for logf =,»„/». 

where Uq is the common bulk-velooity of all sets of systems in the assembly. 


§2*62. The theorem of equipa7iiiion, The most important classical dis- 
tribution law which we have not yet included is the theorem of equipartition. 
Tins is often stated as follows — if we have any set of M classical systems in the 
assembly each of s degrees of freedom, whose energy [in Hamiltonian foimi) 
consists of the sum of t squai'e terms (5 2s), then in equilibrium the mean 

energy of the set is Mt{\hT), or ^hT for each sqiutre term in the energy. The 
present method enables us to give a very simple proof of tliis theorem, and 
to indicate its full range of validity, including, for example, the rotations 
of a rigid body, which some current proofs do not. 

Suppose the equations of motion of the system do not contain the time 
explicitly. Then its Hamiltonian function is the energy and is the sum of 
(a) a homogeneous quadratic function of the p’s whoso ooeffioients are 
functions of the g^’s, and (b) a function of certain of the gf’s (the potential 
energy). We will now suppose (1) that the potential energy is a homogeneous 
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quaclraiic function of t -- 8 of the q^s tvhose coefficients may he functions of the 
other (2s—/) (2) (hat the coefficients of the quadratic ^'^-lerms arefiincliom 

only of these (2s - /) qfs which do not contribute directly to the qjoteniial energy 
under (1). We can then show that the mean energy of the set is Mtfl/cT)y which 
is the theorem of equipartiiion in Us most general form. 

TJio olassioal partition function for those systems is 


H{z) = p J . . . J s-dog (191) 

whore e is tlie oiiorgy in Hamiltonian form. The limits of integration of tlio 
(2s — /) (/’s which j)i’oviclo no sguaro terms in e will bo determined by tho 
geometry of the system, Local boundary fields such as those dofiniug the 
walls of a containing vessel can he regarded altornativoly as goometrioal 
oonstramts defining tlio limits of integration of certain <7 *s. The other variables 
are to bo integrated from — 00 to H- 00, Tlio liomogeiiooua quadratic function 
of tho p’s can bo expressed by a linear transformation as a sum of s squaros 
with positive ooolHoionts, 




Wo ohango tlio variables from^i > * . < > jps ^’1 > • • * > integrate witli respect 
to those from —00 to -too. Then 


where /x is the Jacobian of tho {p — r) transformation, and W tho potential 
energy, Wo oaii now find a linear transformation of o';!, (7/„„ which oasts 
W into tho form ^ ^ . 


Wo ohaiigG tho variables from ,, ,, qi_g to Wd . By Jiypobliosis (i, 
tho a*s and tho jS’s do not depend on tho w'a and are functions of tho “geo- 
jnobrioal” variables only. Intograting with rospoot to tho wo find 


thoroforo 

H{z) 


T-JL-t'i f‘“'" -iL_* 

Ll0gl/«J 7cJ ■■■! 


...(iff,, 
(102} 


where (f is the Jacobian of tho {q — w) transformation. Tho integral iji E{z) 
depends only on tho geometrical limits, and is independent of z. 

'^flio mean energy for a set of Jlf of theso systems is 

= -jK'a-^iog[iogi/»]H 

=i«/[iogi/a]=Ji/<{iX!y), 


( 193 ) 
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which is the theorem stated. It is clear that the theorem cannot be true for 
non-relativistio Hamiltonian functions under conditions wider tlian those 
given here. 


§ 2’ 63. Classical rotatio7is, A special case included in this proof is that of 
the rotations of a rigid body. General molecular rotations must therefore 
contribute ^kT) to the mean molecular energy, and pure transverse 
rotations of a body with an axis of symmetry and no axial spin 2{lhT) . Tliese 
results are in common use, and we shall refer in the next chapter to the 
classical values M, {E==Mk) here obtained for . We shall later want 
the complete expressions for these two partition functions, and it is con- 
venient to insert the calculations here, 

For the transverse rotations, moment of inertia A, 


BmOddd^f 

0 


+ 


2^' 


2Asin2d 


^dpodp^dOd^y 


H[T)^ 


1 27rA 
AHog 1/2. 

877 M 
log 1 / 2 ' 

. 

A2 ‘ 


( 194 ) 


For the general rotations of a rigid body, moments of inertia -d, H, 0, 

1 ' 
e = ^ - sin 0 sin rjjpoy 

~ «/- -t sin 0 cos ifjpo^ + ^2^>p^'> 

= J exp( -elog 1/2) dpodp^dp^dddfjidtfi, 

the limits of integration for 0, ijj being (0,7r), (0,2'?r), ( 0 , 27 r). The energy can 
be expressed in the integrable form 


I ooB^ip 


) + (s - 2) i 


A +'T"j 


~ + ~B’ 


( 194 - 1 ) 
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Integrating with resjDoot to Po) Pifi oi’^or, wo find 

, 1 {SirUJBG)^ ^ ^ ^ , 

^ Srr^ {SMBG)^ ^ 

" (iogl/# ’ 

B{T) ^ ~ i87TUBGJc^T^)K 


(loe) 


§2*64. Boltzmann'' 8 distribution law {classical statistics). This law is the 
oomplemont of Maxweirs for classical systoina, and ,was originally asso- 
ciated with tlio distribution in external Holds of force. .It can bo stated 
generally as follows: 

For any set of classical systems, the average numbers in any itvo equal 
elements of their phase space are in the ratio 

^ % e= : e“«a/fc3'^ ( 1 90) 

where and eg cire the energies of the systems in lime elements of their phase 
sjmce. 

This law follows at once from previous theorems, for 


aj^=SiLT)'^^///('0), S2i)®fl//7('0), S]L=sSg, 

It applies of course to localised quantized systems in tho form 

ai’.a^" OTj : TOg (107) 

also a oonsoquenoo of preooding theorems . Tho law oontains no tiling not 
already given, but is inserted here formally for ooinpletoiioss. 

Boltzmann’s law has, of oourso, numorous important applications and 
important spooializocl forms. If wo ooiisidor two olomonts of tho physical 
space aooossiblo to tho systems, in whioh their dynamical state is tho same, 
^0 that tho Hamiltonian energy function dilTors only in tho diiloront values 
of W, wo can integrate over all possible momoiita and obtain 

= (198) 

In (198) Hi and % are the average total numbers of systems without regard 
to their Idnetio energy in equal volume elonionts of physical space. T'liis 
leads at once to the density law for an isothermal atmosphere of perfect 
gases. Since n is' proportional to p, the mass density of tlio gas, equation 
(198) can bo written ...,..(109) 

If V* denotes tho gravitational potential in the atmosphere per unit mass 
(inoluding any field of “ centrifugal force ”) and m is the mass of a moleoulo, 


then 




......( 200 ) 
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This is tile atmosplierio density law^ commonly known as Dalton’s. Since 
F* is the same for all molecules and m varies from molecule to inoleoulo, 
equation (200) describes the well-known settling of the heavier molecules 
to the base of the atmosphere — tlie most prominent property of an atmo- 
sphere is statistical (i.e, isothermal) equilibrium. 

The potentials here considered are primarily potentials due to bodies 
external to the assembly to which the systems of the assembly itself make 
no effective contribution. This restriction is removed in Chapter viil. 

We have no space to enter here into further atmospheric problems such as 
the nature of convective equilibrium and the rate of escape of molecules from 
the boundary of the atmosphere. Such problems belong more properly to 
thestudy of steady non-equilibrium states and require tho explicit introduc- 
tion of mechanisms of interaction, but escape is a border-line problem and 
of particular interest wMch wo shall discuss in Chapter xv. 

The validity of equations (196) and (197) is completely general, but that 
of (198) and (199) is not; they must bo confined strictly to the field specified 
ill their enunciation. For example, we cannot always apply (198) to elements 
of volume belonging to the system in different parts of the assembly which 
are different jp/iasas in the thermodynamical sense. More refined considera- 
tions are then necessary on which we embark in Chapter v. We must also 
be cai’eful nob to restrict in any way the range of the integrations with respect 
to the momenta. For example, if wo apply Boltzmann’s theorem to the 
number of/?‘ee electrons in the neighbourhood of a fixed positive charge, wo 
mean by free those which have sufficient Idnetic energy to escape altogether. 
The relative numbers of these in two volume elements are not given cor- 
rectly by (198). It is necessary to return to (196) and observe that tho 
integration with respect to the momenta must be taken only over tho region 


for which > 

Thus in this case the constant quantity is 

g-TF/fcr 


lf>0. 


1 f% 


which reduces easily to give 




e~^xmx : e~^x^dx, 

J-)VtlkT J~-W»lkT 

( 201 ) 

Equation (198) would of course continue to give the relative numbers of 
electrons both bound and free, were it not for the limitations imposed by tho 
quantum theory on the bound electrons. 

Though not strictly relevant to this chapter it is best to point out hero ■ 
that this classification of electrons into free and bound has another similar 
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effect.* We have seen in equation (I7D) that the average kinetic energy of 
any separate classical system in a gaseoUH aHseinbly is ^h'l\ and wo shall see 
later in § 8*2 that this is still true when there are foreos acting botweon the 
l)articles. But hero wo arbitrarily classify an olcetron as free in a region 
M'hero its potential energy is negative only when 

-‘2viW >0, 

Its partition function in such a region is thoroforo no longer given by {172) 
but beoomes instead 


//(D) f f f 

JjJ -ajiur 

Tlieroforo in this region 

(202) 


, - 




~W{k'i' 


This ofToot illustrates the oaro nooossary Mdion sueli a olaHsilloation has to bo 
employed. 


§ 2*66. Analogies ivith Gibbsian jiliase inta{p'ah. The analogy with Gibbs’ 
develoinnont can be clearly soon at this stage, 'il.'ho partition fimotion for a 
moleoulo of a porlbot gas in an external field of Ihroo, in which its potential 
energy is W, is, in terms of T, 


JI{T) 


(0) r ~ 


1 r 

'pj 


djix (^Pe dy dZi 


and the partition funotion for iV snob niolooules (olassioal statistics) is this 
integral N times repeated, or 

Now this integral N times repeated is oxaotly ('libbs' intogmlf for this 
assembly of N moleoulos of a porfeot gas over “ an onsoinblo of such assem- 
blies oanonioally distributed in phase”. Gibbs dofinos a funotion ijj by the 
equation ^ au ^ 

e-'A/0 = ... rfpi , . . dq ,^ , (203) 

J }}lia« 0 H J 

so that hero —iV'01og//(i/'). Gibbs’ 0 is proportional to J’, and hia \}t is 
shown eventually to bo equivalent to the tliormodynainio potential U — TS, 
an equivalence established directly for our partition functions in Chapter vi. 
What wo have done hero may, if it is preferred, be regarded ns a goneralissation 
of the Gibbsian phase integral so as to iuoliido quantized systems in fclio 

* MoOroft, Pm. Oemb. Phil 800, vol. 20, p. 107 (1030). 
f Qlbbe, Elmentar]/ Principles in Slatislical Mechanics, p, 33, oq, 02. 
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assembly . Our semi-logical dynamical foundation can be discarded, without 
altering the results, for the hypothesis of canonical distribution in phase. 

We may observe here that whatever be the form of W the 
integrations can be effected, giving 

(25^^111 e-“'W<fady(fe (204) 

Thus the partition function or phase integral splits into two factors for the 
hinetio and potential energies, which can always be discussed separately for 
classical systems. When IT = 0 except for boundary fields the factor for the 
potential energy reduces to the volume 7. The form of both factors remains 
essentially Gribbsian. 

§2.7. Further theorems in quantum statistics for free particles m a vohmic F. 
Systems ivith internal structure. After this classical digression we resume tlio 
development of the exact theory for free particles, and start by generalizing 
§§2*6, 2*61 to systems which, besides being free to move in a volume F, 
possess internal struoture. It is a sufficient approximation to assume tliat 
the boundary fields do not affect the internal motions of the particle so 
that its translatory motion and internal motion and the oorrest)onding 
Schrodiuger’s equation separate as if it were completely free. The eigen- 
values of its energy and the corresponding weights are therefore 


Cg €j, tOg 'UJ.f , 


where the ej.’s are those of §2*6 and the to^’s are the eigenvalues and 
weights for Schrddinger’s equation for the internal motions. Any may bo 
combined with any . Therefore 


^ = Sg Wg log uT.,.log 5 r(Al)'*r+fT), 


= S^A^(S 

_ (2777n7cT)^ 
¥ 


V S ...(206) 


It is convenient to use a special symbol Z for this important sum. 

The classical form of (206) or its limit for small A is therefore given by 


Z 




.(206) 


where /(^T) is the partition function for the internal motion of the system 
(e.g. free molecule). It follows from (120) and (121) that in this case M=^Z 

E^kT^dZjdT, 

= Z{^hT + d Jogf(T)/dT}, 

=-M(jkP-i-kT^dlogf(T)/dT}, (207) 
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Prom (207) one can dediico tho sxieoilic lioat at constant volume (c?7^/d7% , 
One sees that it is made by addition of soparato ooinpononts from the 
translatory energy and tho internal motions (including rotation). 

It is perhaps of interest to give one ox ample of tho exact form (205) 
applied to systems with speeifled structure, Lot us assume that tho free 
systems are symmetrical rigid rotators without axial si)in. 'J'lion using in 
anticipation the results of § 3-1 and assuming that for all important values 
otj and T je^<^hT, wo find 

Then, with sufficient ao curacy, 

7 (27rm)S(87rM)(M’)n'^ “ aj,, 

^8 log p(A3'^^) = > L -I A? . 




Tho classical fonn or tho limit of tlio exact re, suit for small A is therefore 

{27rm)^ (SttVI) {kT)^' V 


¥ 


A, 


as can bo directly verified by combining (172) and (IDf). 


§2’71. Space disivih^Uions of mass-poinU in exlcrml jldds of force. In 
the olassiottl version of Boltzmann’s distribution law wo hiivo obtained 
formulae for tho average distribution of froo particles in space under the 
action of an oxteiaral field of force. Ifho distribution laws of cpiantum 
meolianios howovor are primarily concornod only witli distributions over 
the eigenvalues of tho energy. At tho same time those must imply some 
means of deriving tho average number of systems “present” in a given 
volume element (not too small) of ordinary space, 

The moans required are provided by tlio properties of the Avavo-fimo lions 
themselves . Wo interpret thoso wavo-f unctions so that |f//,,|^dF is tho 
probability that a given system ^vith this normalized wavo-funotion Avill bo 
found in tho volume olomont d V at any time. The avorugo numbor n of 
inolconlos “present” in the volume olomont dV is thoroforo given by 


?i./dFwil,.a7|'ArP> (208) 

( 200 ) 


Wo must now study tho appi’oximato forms of tlieso wavo-fimo lions when 
tho systems movoin a field of force in whicli they possess the potential energy 
We must restrict ourselves to wave equations for A whioh separate in 
tho variables a;, y, z, so that W « io^(a!) -|- w^{y) -VxofiF}' Aotually tliis restric- 
tion proves not to bo serious since with a more general W we can always 

* Mo lit, Proc, Gmnh, PUl, Soo, voJ, 2<A, p, 70 (1028), 
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limit the assembly to physically small portions of the gas in which W is 
sensibly of this form. The eq[uation for the .'e-faotor in i/;, namely 

+ = 0 = ( 210 ) 

is then typical of all three factors, It must be solved with the boundary- 
conditions ^{0) = i/f(a) = 0. For convenience wo shall assume that 2 ^ 1 ( 0 ) = 0 
and that dwi{x)jdx > 0, but these conditions are inessential. Since ic is very 
large we can apply the analysis developed by Jeffreys* for such jn’oblems. 
He has shown that if , 

f 

nen the two solutions of (210) approximate very closely to 


(*x 

[^8 “ exp- ± k [wi(a;) - 
Jo 


.( 212 ) 


Since jc is large the condition (211) is satisfied for all but a very few of the 
possible except near a zero of — where there is a range very small 
compared with the total range 0, a in which the condition fails, 

We now choose that solution vanishing at a: = 0 or a; =3 which can also 
be made to vanish at a; = 3 a or a; = 0. There are two oases. If Cg — zajL(a’) > 0 
everywhere in the range the required solution is 

[e,-«i(ai)]-lain|*: j* (213) 

The eg are then those values for which 


K j [eg — W’i(a!)]^ rt!a; = nir, 
Jo 


where n is an integer. If eg ~ w^{x) = 0 at a; = a^o in the range we may take that 
solution which, when approximates to 

[Wi(a;) - eg]-i exp] - k [Wi(a;) - eg]^ dx \ , 

for this solution decreases very rapidly as a; inoreases and may be taken to 
be zero for a: > as^ , and so at a; =3 a. When a; < a:o this solution has been shown 
to approximate to 

[fs-''W'i(i»)]“^cos- ~j 7 r+/c r [€g-V)i{x)]^ dx -. 

I Jx t 

These values of eg are determined by 

- Itt + /c I [eg - dx s= w V, 

. Jo . . 

* Joffroya, Pw, Lojid. Math, Soo. vol, 28, p. 428 (1924). An indopendont dfsouesion liaa boon 
moife reoontly given by Kramera, Zeit.f, PTiysik, vol. 39, p. 828 (1920), and by other authors, in 
vhioh numorical mistakes in Jeffi^eys’ form-nlao have been corroptod. 
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whoro n' is an integer. Since the period of the oscillating function is very 
short compared with the distances of appre(3inblo variation in tho 

normalizing divisor for tliis wavo»funotion is 

and for the other typo the same with .rp replaced by (c> 'fho interval botwoen 
two eigenvalues is given by 

« * k.i-i " ~ 


so that ai^proximately, if - Ss.,.i — 

f<Nfid€gf=7r, 

Tints the normalized wavo-fnnotions are approximately 





sin G 




= 0 {«s < 

where sin 0 oscillates very rapidly vOion oithor or x varios. d'horo aro 
similar factors in y and z. 

Wo now insert these values in tho series in (200), and avorago over a 
small volume clement dV ( = dxdydz) so that factors such as siii^ G may bo 


replaced by Wo find for this series 






dcffd^id^m 

E{^a ~ (!«)} {«/ - V>M} {e« - 


(cj. S'* "I* ff/H' i(21<l) 

summed over all r such that 

> lOiix), €( > io.i{y)y > w^iz) , 


Using the substitutions oto. and obvious approximations, 

this sum can be replaced by tho integral 


” log wK««i dudvdtu (216) 

0 

Therefore 

A ^ JJJ log j;(Ae~l**'^d»i(u»ii)HitfW 2 ') diidvdiv, ..,(210) 

The Ui Vy V) are tho exact analogues of tho volooi ty oomponenta of tho olassioal 
particle. Idiiis (216) gives us tho spaoo distribution law in its form integrated 
over tho volooities, By returning to (2M) and taking only those terms which 
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oorreapond to specified velocity ranges we obtain the comxDlete volooity- 
space distribution law in the form* 

%{\byV,WiX,yiZ)dudvdwdV 

^ A^log dudvdiodV, (217) 

which is the exact form of the M'axwoll-Boltzmann distribution law. When 
A is small the log reduces in all statistics to 


On carrying through the integrations in (216) we then obtain 
n \2mn,kTf .^ 


which, A being constant, is the classical result. 

It is useful to express (217) in terms of the resultant volooity or total 
kinetic energy and the direction of motion. We can then put 

«= dudvdw^c^dodait 
where dca is an element of solid angle, so that 

(218) 

On integrating over aU directions, we find an expression for ii{g) do, the 
average number of systems per unit volume moving with velocities between 
c and c + dc, ^ 3 ^ 

,i(c)(?c==^A^logg(Ae-<’^+i«‘»)o3^ (210) 

Expressed in terms of energies (^c^^Je) this reduces for the range e, 

6 + detO 7i 

n{€) de = ~^P~X~log (220) 

§2'72. Distrihdiofi of mass-points between different phases or enclosures. 
The foregoing result can be obtained under more general conditions by a 
Somewhat different method of treatment which does not contemplate in 
one survey the whole space Y accessible to the systems, but starts instead 
by brealdng it up into parts and treating each part as if it were a i^raotioally 
independent enclosure. The suitability of either procedure depends on what 
18 the best type of idealization of the actual assembly to be investigated. 

Consider for simplicity an assembly of two slightly oomieoted enclosures 
in each, of which the potential energy of the systems is constant. In one 
enclosure it may be taken to have the value zero, but in the other a different 
constant value Wt which may of course be of either sign. In the former the 

* A factor 8 drops out from (217) beoauao only positive values of u, u, w ivore oontomplatod in 
(210), while tlio actual u, v, to may liave either sign Independently of oaoli other, 
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□igenvalnes are those already given in (155) with the cjorroHponding Hpaoing, 

We thus find, using the same groupings and trail sfonnatioua that lead 

to (220), 27 rf 2 ??ii^ r*® 

S,.logi;(A0.^r)=_^-!!iL ..(221) 

In the latter enclosure the 'wavo equation is 
and the eigenvalues are given by 

Sm\a> 

AVo therefore find instead of (221) 

S,, log {/(AD' V) = Y' log g (;\fl- (ir-( eVAii') de. . . . ( 222) ' 

If we oonstruot the usual expression for the miinbor of oornploxious of this 
two-onolosure assoinbly, we have 

('2^ / j IT,. 

and tho average numbers of systems in tho two oneloMuroH will bo given by 

Ag^ Al,log{/(AD'"r), )^,Iog{/(A0V). 

On using (221) and (222) wo see that those oxpresHions are oipiivalont to 
(210) which wo obtained by disoussion of tbo Avhole asHoinbly with a siiunio 
form for W. 

Wo may note in eoiiohision that tho dependonoo of (221) and (222) on T 
can bo shown in a simplo form by tho Hubstitution cflcT^^x. Wo then find 

log {/(AD '^r) « r log {/(Afi'^ ■»'/* dx, ...(223) 

which when 0 doponds on T only through tho outside factor and A. 

Whothor or not tho systoms aro praotioally olaasioal in oithor of tho on- 
olosiiroa will dopond on tho valuo of It may haiipoii that A is small 

(classical statistics) while \h vory largo (tight-paelcod systoms). This 
happens iu applications to thormionics. 


§ 2*73.^ mghhj degenerate assembUea {of eleotrom), li’or nssomblios in 
which A is not small, wo require fresh moans of ovaiuating tho integrals of 
tho last sootions. Series expansions aro now usoloss. As wd have already 
shown in § 2-51 such assemblies in praotioe aro only assomblios of olGotrona, 
^ that wo may oonfino attention to tho generating funotion jiroper to tho 
Formi-Dirao statistics. It was moroover shown in §2'fl,tiuvt it is only for 
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tliis statistics that A can become large. We must also remember that tlio 
electron has a spin with two orientations, so tliat in the absence of external 
magnetic fields it is a degenerate system of weight 2 whatever its trans- 
lational motion. 

Before applying our theorems to assemblies of electrons we mnst recall 
that onr assemblies have to be composed Of practically independent systems, 
while electrons act on each other with long range fields. It is not possible 
that these long range fields shotild be entirely without effect on the eigen- 
values of the assembly, but if the charges of the electrons are neutralized 
in each volume element by the charges of suitable associated positive 
systems, as in fact they are, it does seem reasonable to assume that the 
charges of the electrons can be neglected in constructing a valid approxima- 
tion of zero order to the wave-function of the assembly. If wo make this 
approximation we smooth out as it were the atomic structure of the charges, 
80 that their only remaining effect from the point of view of the electrons is 
to create a region of uniform negative potential energy in which the electrons 
move almost freely. This is the model whioli (following Sommerfeld) we 
shall later apply to explain the leading features of metallio conductors* and 
of the interiors of ultra- white-dwarf stars. 

3?or an assembly of electrons so treated we find on adapting (223) that 


^«S,ro,Iog(7(A3^), 

If IF = 0 for free space, then IF < 0 for the interior of a metal. We shall V'rite 
shorten the algebra by writing 

...'...(225) 

We can remove the logarithm if desired by integration by parts, so that 

x^dx 


\^_ J27rmhT)^V 4 r«__ 

3^/77 J 0 1 

For this group of eleotrons 




_^dZ_^ {27mhT)^V 2 p x^dx 






a/ttJo 


(226) 


(227) 


...(228) 

W^e ieq[uire a means of evaluating Z asymptotically for large ja. Consider 
the integral factor in Z in the form 

+ (iS = log/a). 

♦ Sommorfold, Zeil, /. Physik, vol. 47, p. 1 (1938)} ya<«w»s«..vol. 15, p. 826 (1027). 
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By breaking the range atx~^ this reduces to 

I Vtt/ = f ^ - x) dx + f ^ - 2 /)i log( 1 -t cri>) dy 

Jo Jo 

+Jo {^'Vy)^log{l-Ver^i)dy. 

Ill either of tiiese integrals tlie logaritlims oan bo expanded and tho resulting 
series integrated term by term. Thus wo get 

5 Jo JO 

This is exact, When /S is largo the square roots in those integrals oan both bo 
replaced by ^/3 to give tho dominant terms. Tho range of the first series of 
integrals can then bo extended to infinity without sensible error. '!l?huH 


.1- + 2^^ S 




The method can easily be oxtonded to show that tho error term is 

or to give a general asymptotic expansion in powers of Wo find tlioroforo 

that 


Z = 2 L,,p„g^)K|.^?(log^)K|.0(I^ ,,.(220) 


aJtt 


Besides (220) wo need only tho distribution laws of §§ 2-71, 2-72 wliioh hero 
take the spooial forms 


n{U)V,iv,x,yyZ) dudvdivdV = 2 

«2 



ilV dndmlw 


dVdmlvdxo 


* I I 


...(230) 


nG)dcdV 


<t7r(2m )8- ^^dadV 



Wo postpone applioation of those formulae to Oliaptor xi wJioro wo shall 
examine more oloaely the conditions under whioh log/x^ 1, required for tho 
validity of (220); the modifloations introduced by tho relativistic variation 
of tho mass will bo considered in Oliaptor xvi. 

§2*8. External reactions of the assembly. In addition to tho foregoing 
formulae for tho distribution laws ive require fornuilao for the average 
(equilibrium) values of the forces exerted by tJie assembly or its sets of 
.systems on the bodies whioh oontrol tho external fields. TJio most important 
example is tho formula for tho pressure of a gas. 



74 Assemblies of Permanent Systems [ 2*8 

We may assume that the states of any system in the assembly (or of the 
assembly itself) are determined by solving Sohrodinger’s equation Avith a 
potential energy W Avhich is itself a function of certain parameters a'j , a’g , . . . , 
defining the positions of all the external bodies. The energies e,. of the pos- 
sible states of any system are then functions of a'j , .a’g , . . . . The Avoiglits Wj. are 
hoAvever constants, as they are necessarily merely the number of indepen- 
dent solutions for a given value of the energy and given a^s. They could at 
most only change discontinuously for certain values of the .r’s, and if W is 
a continuous function of the .t;’s this is impossible. 

It wiU be observed that we have here classified the universe into Wo 
parts, the assembly in Avliich Ave are interested, and the rest of the universe. 
This is an essential part of any discussion of external reactions and of course 
Avhat part of the universe Ave call the assembly can always be chosen at our 
oAvn discretion. Noav the assembly and any one of the bodies Avhioli lAroduce 
the external field also form together a quantum system, whioh if un- 
perturbed is a conservatiVQ one. When therefore a relevant paramotor Xg 
defining the position of this body is allowed to change by an amount dXg , 
the system in the original assembly remaining in its original state r, energy 
must be conserved. The energy of the state Avill have increased by Sc,, and 
we express tliis conservation by saying that the system has done tvo7‘k on 
the external body to an amount — 8e,, . This is more conveniently oxin’essed 
by saying that the system exerts a generalized force oomponGut i/ on tho 
external body such that in any infinitesimal displacement in AAdiich the 
system remains in its original state r (reversible displacement) the Ai,''Oi'k 
done is i/ S.r^ , where ^ 

ar; 

There are similar generalized forces for other states and other parameters. 
In any state of tho assembly it foUoAvs that the total generalized force Xg 
duo to one set of systems and tending to increase the parameter is given by 



The average value of this force whioh the assembly will exert in its equi- 
librium state is therefore . , , 

= ..,..:( 232 ) 

A detailed verification of these general considerations can be given, for 
Avhich reference should be made to Avorks on quantum meohanics.* 

* Por adiabatic (i.o. alow roversiblo) variationa in quantum mochanios seo horn, Zcil.f. Physik, 
Tol. 40, p. 187 (1926), Seo alao Born and Pookt Zeil.fi Physik, vol. 61, p. 166 (1928). 
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The equation (232) can be ainipUIied. Using (119) it bocomea 


75 




^'(AO-r) 

' lofi l/9' ’ 


-■(-S 


.(233) 


log 1/9' 

In this form wo can immediately extend the formula to an assombly of any 
number of groups of systom.s. I’ho general result is obviously 

1 


-Y - - 


(231) 

(235) 


wlioro Z = H,, TO, 7 log //'^(Afl-^r'^) , 

the affix r specifying the various groujjs of systems. 

In the special ease of free atoms or molecules in an enclosure in wliioh tlm 
solo external fleld is the local boundary field of the walls equation (233) 
reduces in the limit to 

p^hV ^ S,, ro, log i 7 (A(r'r/*»') = /c2' || (230) 


l.’liis is tliG standard equation for tho partial pressure exerted by any con- 
stituent of a porfeot gas. It is most easily derived from (233) by regarding 
any small area co of tho wall of tlie onelosuro as a piston free to move 
normally, whose position is fixed by tlxo paramo tor aq . Jllion by 

the definition ofp, and oidx=dV, 

Wo can apply equation (230) to a gas (or gaseous oonstituent) of free 
moleoule,s using (205) for tho sum Z. Wo then see at onoo that p = hT'/jIV, 
By (121) of which (228) is a spooial ease tho average energy of tho molomdoH 
is hT^dZjdT, This inoludos both internal and translatory energy. If wo ask 
only for 'Bm. the average kinotio energy of translation, wo must operate 
witli hT^djdT only on the e,. terms in Z in (205) and not on the . Tins moans 
operating only on tho 7'^ faotor. Tdioroforo 

= (237) 

This result holds in all statistics, including tho classical, for an ideal gas or 
gaseous constituent. 

In tho classical limit (or with olassioal statistics), equation (230) reduces 
to p=xhT},dH{T)ldV t whore B{T) is tho partition fiinotion for tho free 
moleoulos in an enclosure V, i\,t tlio same time Z reduces to A//(7 ')j ^wid by 
(120) Z^M^XEitV). Thus 

y=.Jft2'^Iog//(2’). 


(238) 
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Since for ordinary free particles in a volume V TI{T) doponds on V only 
tlirongh having V as a factor, it follows from (230) or (238) that 



MhT 
V * 



the classical equation of state of an ideal or perfect gas. I'his result ( 5 Jiu also 
be obtained at once by combining (237) and (173). 

Equation (239) without the introduction of the varialdo T u'ould luivo 


been obtained in the form 


p=i¥/(Flogl/9). 





Tliis equation can be used if desired for a preliminary doilnition of tho 
relationship between ^ and the absolute temperaturo, if tho latter is (hdliiod 
so that for a perfect constant volume gas thermometer p cc T, But aa wtv 
have said before the absolute temperaturo can only bo logically introduced 
with the aid of the second law of thermodynamics, 




CHAPTER III 


ASSEMBLIES OF PERMANENT SYSTEMS' (coni,), TIDfl SPE0I1?IC 
HEATS OF SIMPLE GASES* 

§3‘1. The inoparties of perfect gases. iSpecific heats, Purtlior dovolopmout 
of tho general theory without some dotailod aj^plioatioii to exporimontal 
data would bo somewhat arid. Wo pause horo, theroforo, to coinparo theory 
and exporimont for perfect gases, Since actual gases aro not perfect tho 
properties of perfect gases cannot strictly bo said to bo obsorvod. They must 
bo obtained by extrapolation to zero coiioontration from tlio actual obser- 
vations at ordinary concentrations . This prosonts no serious difTioulty and 
introduces little uncertainty into tho results. In this ohaptor wo shall 
suppose that tho necessary corrections have been made. Tho mothods of 
doing this will bo reviewed in Chapter ix. 

Wo have seen in Chapter n that classioal statistics can bo used from which 
wo have doducod or can deduce: (1) tho equation of state pV«»MkT^MT] 
(2) BJhxwoll’s velocity distribution law; (3) formulae for Cy , for any given 
molecular model. It is hardly necessary to discuss tho field of validi ty of the 
equation of state of a perfect gas. It is suffioiGntly a oonimonidaoe that 
pVf^^MhT is accurately tho limit of tlie actual equation of state for all 
pormanoiit gases or gas-mixtures at all tomporaturos 6xcei>t very near to 
tho absolute zero, when Pormi-Hirao or Hinstoin-Boso statistics must bo 
used, with results given in § 3' 7 3. Per most of the simpler gases the equation 
of state is already very near to its limiting form at normal prossiiros of tho 
order of one atmosphere oven if the tomporaturo is low. Maxwell’s law 
onahlos us to oaloulate the numbers of events, such as oollisions of a dofinito 
typo, which occur per second per unit volume of tho gas or per unit area of 
tho surface of a ’irall. Results of this typo are of groat importance in surface 
phenomena and ohomical hinotios and are ob tained and used in Chap tors 
XVII and xviii. Hero wo shall be content to ooiniiaro tho thoorotioal and 
experimental values of tho specific heats of perfect gases, f 

Prom the definitionsl of Oy and OJ, , namely 



* I am (looply ludobtod to G. :B. B, M, Satkorlaud ibr Jiolp hi rovislng tliis oliaylor, 

'I Tho nioro important goiioral autliorltios for tho older oxporlmontal data iiaod in tJioao oom. 
pariaona nroj Partington and Shilling, J'Ac apaci/h hmla of gases, Bonn (1024)| JSiiokon, Ml./. 
Physik, vol. 20, pp. 1, 30 (102d)j Lowia, A syslm of physical chemistry, vol, 3, chap, iv (od, 1010),- 
Joana, he, cit. oliap, vir. Thoao authora, oapooinlly tho hrab two, contain a groab quantity of well* 
digoatod information. It liaa, Jiowovor, rooontly appeared thab tho rate of adjiwtinont of tho 
vibrational onorgy ofaomo moloouloa ia alow, ao that many of tlio older moasuroinouta donobrofor 
to tho true oquilibrium atato. Wo ehall rofor to tlio inoro niodorn moaeuvomonta whon wo dlaousa 
partioular gaaoa, t Sco, for o.xamplo, Planolc, 'Phmnodynamik, od, 0, §§ 81, 82, 
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it follows at once that for perfect gases 

(7^ -- =s i? = 1 ’ 98 oal./gm . nicfl» ( 2( ii } 


This relation is well tnown to be obeyed aocxiratoly bo that i b is only niictoH * 
sary to disonsa Op. or y { — Oj^jOy) whichever is the more oonvwuenb. iiy 
(173), ormore precisely (207), the contrihntion of bho traiiHlaUuiml Uiiielio 
energy to C^ia fiS in all cases. Any excess of Gy ovoi* this value nruHt eoi»ui 
from internal motions of the atom or moleoule, that ib, from rotatiouH of tlu? 
molecule, from vibrations of the atoms in the molooulo or from elotdironu^ 
rearrangements. Any defect of Qy below fi? muab bo duo t(» quantmii 
statistics and only occm*s at extremely low temporo-turos. 

§3*2. ilfonalom«c gases. A free atom possesses olnBsioal kinetic energy of 
translation and the internal energy of its eleotronio Bynton;. '.Pl\e oiuu’gy step 
^aooiated with the change from the normal state to tlio neavoHb ex(u te4 Htnte 
is very large, for all atoms ordinarily capable of oxiBting an alomu in Urn 
free state, and the internal energy oaji contribute nothing to Uy except at 


Table 1. 

Observed values of y for momtomiG gases, correcled for (hmalumjrum 

the perfect gas laws. 


Gas 

Temp. °C.- 

r 

He 

18 

^180 

1'660 

1*073 

Ne 

19 

1*04 

A 

16 

-180 

1*66 

1*69 

Kr 

19 

1*68 

Xe 

19 

1*66 

_.Hg 1 

276-SS6 

1*666 


Aubiiority 


jj- Soheol and J-foimo’'' 
Kamsayf 


Kundt and Wavbnvgt 


• Sm Pwtinsiott and Sliilling, w!! 
t Lftndolfc and Bfttnstoin, Tuhelhn (1923), No. 204, 

8.6D><10-»r.Tto#rieoftheo«W 

the firet (normal) Ln 

7“ “ir 
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fill jnonatomio gases at ordinary teinperatiiros. I'ho oxporiniental values of 
y are in satisfactory agreomont. 

Many free atoms, for example thallium, not ooinmonly oxporiinontcd 
with as vapours possess however a noj’inal state ■which is the lowest state of 
a multiplot. If or such atoms the smallest oxoitation energy may bo com- 
paratively small, and the internal energy makes an important contribution 
to the speciiio heat. TJiough such cases are not yet of practical importance 
we shall assemble the formulae in § 3* 7, as they are of general utility. 


§3’3. Diaiomio gases at tnoderale ieiuxteraiures. In addition to the typos 
of motion and energy content which they share with free atoms, diatomic 
molecules possess further typos of motion. The atomic nuclei can rotate 
about tlioir centre of gravity to a first approximation like a rigid body, and 
can vibrato along the lino joining them to a first approximation like a 
simple harmonic oscillator. If the nioleoulo is nearly rigid, so that the 
frequency of those vibrations is high, the rotations and vibrations are nearly 
indopondent of each other. IVl'oroovor, at fairly low tomporaturos thoniioloar 
vibrations will not contribute to Gy for the same reason that the olootronio 
struoturo does not contribute, and the wliolo extra motion reduces to tlio 
rotations of a rigid body. The non-vibrating nioleoulo must indeed strotch 
under the centrifugal forces, but for stilT molooiilos of high vibrational 
frequency this oiTeot will bo small for moderate rotations — that is, at low 
tomporaturos. Just as for atoms the lowest olootronic state of the moiceiilo 
may ho multiple -with a small energy of oxoitation. Important Gxamx)los 
actually occur among simple permanent gases (o.g. NO) and are dtsoussedin 
§§3'71, 3*72. 

Partition functions suitable for rotations when Jack of rigidity and oloo- 
tronio excitation can bo ignored wore specified in § 2-34 and tlioir oln,ssioal 
form was given in §2* 03. It must bo shown next that the quantum forms 
satisfy the limiting xn’inoqilo. The forms of (91), (00), (07) and similar finio- 
tions for high tempera turos (!Z'->co, ff->0) can bo ostablisliod by a variety 
of methods. Porlmps the simplest is to oomparo the sum, for cxamxfie (01), 


2 (2?H-l)e“‘^«(«-i'^) 

n«»0 


witli the corresponding integral 





It is easy to show, by breaking up tlio sum and the integral into two parts at 
the maximum of the integrand which is then monotonio in oacli part, that 
they differ at most by a term of the order of the largest term In the series. 
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This term ocours for the value of n nearest the root of the eqitation 
(2w + 1)2 = 2/cr and is of order a“^. Hence 


S {2n + 1) r ( 2 . 1 ; + 1) 0 

Jo 


& 


— i“i 

Similarly S (2« + T (2a; + {2U) 

0 Jo a® 


0 ~n 


roo r® 

~ j {2x + 1) ^ dx dy 

Jo J -® 

2 r ^ 7T^ 

=.f Z ... 

O’J 0 aia + a')'^ 




§ 3*31. More exact evaluations, A more exact treatment of these relation- 
ships is not without importance. We have seen in §2*6 that the series 

CO 

2 e-'>^‘^<^ oan he expressed in terms of ©-functions, and an exact discussion 
1 

can be given by using the transformation theory of those functions. The 

series « » « 

2(-)«(2w-M)e-<«+«^'^ and 2 ( 2 w-i- 
0 0 0 

oan also be expressed as ©-functions, but the most important of these series 

2 {2n + though closely allied, is not a ©-function and the trans- 

0 

formation theory does not apply. A special investigation**^ shows that 

S(2n + l)a-<’‘+B’»=l + i+4K»+0(cr2), (2<i6) 

Q or 0:OU 

so that, for the partition function /(a), 

2 {2n -f- 1) e“»(n4-i)cr ^ |i + i -f ^ cr + Oip^) ■ (247) 

The limiting form of this partition function when T -> oo, c 0 is therefore 

1 %MhT 


in agreement with (94) as required by the limiting principle. By repetition 
of these arguments it is easily shown that this asymptotic relation oan be 
differentiated any number of times. Thus 


,72 


{T .,,,,.(248) 

* Mulbolland, Proc. Camb, Phil, Soc, vol, 24, p. 280 (1028). This paper gives a gotioral aayinp- 
tiotio expansion of tiio function in (246) for small a. 
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again in agreement witli the limiting principle . Using Mnlholland’s aayinp- 
totio expansionf we find more exactly for small o- 

(249) 


Thus the classical value is approaoliod niiioli more rapidly than one would 
Iiavo anticipated. It is obvious that 


or more preoisely that 


(2C0) 

(or^>CO). 

Similar resixlts are obtained from the more general expression (90) when 
G 4, A. Inhere is then a range of values of T for which a is practically zero bub 
h^j^ir^ChT) still very largo, so that only those towns of (96) are relevant 
for which |t| lias its least value. This least value is zero ibr the simple model 
of §2-34, but to allow for elootronio orbital or spin angular momentum the 
same formula may sometiinos be usable as an approximation with values 
of |t| proceeding by integers from a non -zero luiniinum value t*. The corre- 
sponding changes of n have no offeot on the asyiuptotio form of the partition 
function, whioh is then 

(t*“0), 


SttUIoH' 


2 




(-r*> 0). 


liquation (248) liolds unaltered for this range of values of T, In differ- 
entiating with respoot to o- one need nioroly romomber that a' [a is oonstant, 
IS'or all diatomio gases not containing a hydrogen atom A. is at least as 
groat as 10"'^®gm.om,^ and l/o- at least ]:T' ordinary values of T are 
“largo” for suoh gases so far as oonoorns cr, and “small” for cr', sineo Oh at 
most yl /1 0,0 00. Wo shall thorolbre always find I'lio extra ihotor 2 

agrees with the limiting principle, for it allows of the two possible dirootions 
of axial spin. 


§3*82. Asymptotic fonnulac for (90) and (97). The partition function 

qO 

f(cr) <=> >1 (2?t -I- 1)^ e'-’iOt i-Otr ijoing roduoiblo to a 0-funotion is easily evaluated. 
0 

We find at once ,7 » 

/(ct)= y: (251) 

(let ^ 03 

Thosoriosin (261) is 0a(O,r) if woputr = w/tt. By the transformation tlieoiyj 

©a(0,io-/7r)«^ri-H2 2 (-)«e-'"*»V<r1. 

t Thifl oaloulaOon woe l«ooiTOofcIy given In the l.ntrocUtotory note ^to Miilholia-ntl's paper, 
j 'I'annoi'y and Mollc, AV/jpP'a i'wiclionst vol. 2, pp. 2C2, 20‘1, 


P8M 


6 
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It follows at once that 

+ (2H2) 

The corresponding formula for the rotational spocifio boat is 

= i + (253) 

the classical value | being almost exact for small cr. 

The partition function 

71=0 T«i~7l 


can be evaluated asymptotically, when a, a' are small in a fixed ratio, l)y a 
double appKeation of the Euler-Maolaurin summation formula,’** provided 
that a' > 0, that is G<A, It has been shown that 


^ M- cr')^ U ff + ff * ® '^^(o- + 0'')2\32 ^ 12 * inJJ 

-l-0(a,a')8 (254) 

Since aja' is independent of T^ we may m-ite a' « ^o> so that 


ga 

This formula gives after reduction 


n I T> n I cr^a*^ 

C',oi/J?=ir+ Jg + 0{(!,a')». 


.(2BB) 


t w / ■ , 

Pormuka (248) and (266) show how tha oomapouding qu.nknn Ibr^uilnn 
the approach to tha classical limit m from above ns T~^oo. In nil oimoH 


^rot~^0 


§3-4. SotaM specify %eat o/H, at low tempo, mtm. TJio rmodioteci 
variation m tha rotational apaciflo haa^an intoaso from Im a Tl 
amparatoas to classical vdnas at high-has been obsorvod fc hyta 
(^H, and recently D,) alone among diatomic gases. Tho bast obsorvatimia 

for Hg are shown plotted in 2 Thfl I. 4.^1 owsorvabiojiH 

tu.sbe.ow40^K..,and/.JiihXgl^^^^^^^^ 

♦ Mi88 Vinoy, Proc. Gamb, Phil. Soc. vol. 20 n 142 , 

t investigations of aavmctQtjftfnr^r.v, , «M8tako conootod, ibid. n. <107 

J. GAem. Physics, vol. 1 , p. 57Q (1033). n«Jogous to tJjoao Jiavo boon jnaclo by Kflaaol, 
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3-4] 



is cojuplotely accoiiutod for if ^\''o nmy idontify tho varijtblo part of Oy ■\vith 
^7rot apply tho foregoing thooiy . Tho valnoB of tho toinporatnro for which 
tho change occurs fit in with indopondont ovidonco as to the moment of 
inertia of the hydrogon moleciilo. Xiiis explanation, originated by Ijlhronfost, 
has long been universally aoooptod. 

It was only in 1027, liowovor, that ooinpleto agreemont in cUlail botv^oen 
theory and observation was obtained. Donnison* * *** then sliowod tJuvt tlio 
data for tho normal state of hydrogon, derived from tho analysis of its band 
si:)ootrinn, yield iwooisoly the observed values of Oy wlion properly axd>Uod. 

As we Iravo said, tho straightforward ajxplioation of (xnaiitnm mechanics 
to tho rotational states of a rigid rotator •without axial si:)in yields the 
partition function (Dl), approximated to in (247), 



This set of weights and onorgios is confirmed by tho analysis of simple 
infra-red band spectra such as tlioso of HCl, HBr, CO and CN,t and no 
theoretical modification is x)OSsiblo. No sufiiolont agreemont, however, onft 
be obtained with the observed ourvo of Tig, 2 for any value of If -d is 

* Doiiniaojj, Pfoc. Poy, 8 qc, A, vol, llfi, p, d8!3 (1027), A full clUauBslon of tlitiorJos provloiiB to 
tho work of Donniaon is glvoii by Vftii VJoolt, Phya, Ihv, vol. 28, p. 080 (1020), 

t B. H. .Powlor, Phil, Mag, vol. <10, p. 1272 (1020) j Komblo, ZtiLf, PhyBih, vol. 88, p. 280 (11)28), 

Tho latter has mi morons roforoncos to oxpcrimoutal data. 


6>2 
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ohosen to give a good fit at low temperatures, the best that oaii be done is 
shown ill Mg. 3,* 

The mistake in this attempted application of the theory lay in applying 
the partition function (266), which appears to be correct for a hoteropolar, 
or more strictly heteroiiuolear, 
molecule formed of two different ’ ‘ ^ 

atoms, to a homonuolear molecule 
formed of two identical atoms, ^ 
without examining whether the 
homopolar character is signi- o*e 
fioant. It is necessary to consider 
in detail the forms of the wave- o*6 
functions for the rotator with 
regard to their behaviour when ^ ^ 
any pair of identical parts are 
interchanged, t just as we ex- 
amined wave-functions for the 
assembly in §2*23 and the fol- 
lowing sections. This has been c 
done in detail with special refer- I'ig* 8. The spooifio heat of a rigid rotator 
ence to hydrogen by Hund.J In aocorduig to (260). 

such a case, in which there are two like nuclei to considei’, the wave- 
functions for the rotation break up into two distinct groups, those which 
are symmetrical and those which are antisymmetrical in the nuoloi. Wave- 
functions for a rigid rotator without axial spin are syniinotrical for n even 
in (266) and antisyminetrioal for n odd. Mirther, if the two nuclei are 
absolutely indistinguishable there is no interconnection whatever possible 
between the symmetrical and antisymmeti’ioal states and only one oi’ other*, 
but not both, can be expected to present itself in this universe. This is in 
beautiful agreement with observations on the band spectrum of helium 
(emitter Heg) which has for some time been recognized to possess only half 
the expected number of lines in each band, alternate lines being oomiffetely 
absent. The antisymmetrical rotational forms do not occur. The bands of 
Hg on the other hand show alternating intensities and no missing lines . Both 
symmetrical and antisymmetrical rotational forms are present and the 
alternations are accounted for, as has been shown by Hori,§ if the mole- 
cules with antisymmetrical wave-functions are three times as numerous as 
the symmetrical ones. This, however, is exactly what we should expect if 

* Dieko, Phymfi, vol, 6, p. 412 (1926). 

t Hoisonborg, Zeit./, Pfiysik, vol. 38, p. 411 (1926)} ibid. vol. 41, p. 239 (1027) 

$ Hund, Zeit. I Phyaik, vol. 42, p, 03 (1927). 

§ Hori, Zeil f. Phyaik, vol. 44, p. 834 (1027). 
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the nuclei have spins like the electrons and if only wave-functions which are 
antisymmetric al for the nuclei can occur when account is taken both of 
their orientations and their rotations. Hori has also shown from the spec- 
trum that tlie normal state of the moleoule has no axial spin, so that the 
spin-free rotator is a legitimate model, and that its moment of inertia must 
bo 4*67 X gm. cm.^. 

Those results reciuiro that wo shall take for tlio partition function for the 
normal Hg-moloculo not (266) but 

/(a) == :S (2?i+ 1) 3 21 (2w -I- 1) 

(257) 

Partition functions such ns this worG tlierefore oxaininod by Pliind,* but 
wore found to give curves bearing no resoniblanco whatever to the ob.sor- 
vations of Pig. 2. To apply the theory properly one further point must bo 
made. While Hori’s work loaves no doubt whatever that the possible states 
are correctly enumerated in (257), it is also assumed in (257) that interchanges 
between all the states of (257) take i^Iace freely, so that the distribution laws 
of the observed state are oorrootly given by (267) oven at very low tompora- 
tures. But it is necessary to ask whether those intoroliangos can ooour freely 
at ordinary and low temperatures; they must all ho able to ooour in a 
vacuum-tube disohargo, but oven then interchanges between tlie syjn- 
motrioal and antisymmotrioal rotational states are rare and no corre- 
sponding intercombmation linos are observed in the speotrum of the 
discharge. They would never ooour if the nuclei had no spin, and ooour with 
a frequency proportional to the perturbation of the energy values by the 
nuclear spins — much less frequently tlian intorohanges between the states 
of 2 )ar- and ortho-holiiira. It is thoroforo reasonable to assume that in 
ordinary hydrogen gas interchanges hot ween the syjnmotrioal and anti- 
symmotrioal states only occur in times very long compared with the time 
of an experiment. Iflio speoillo lieat measurements are thoroforo not made 
on a gas in the true equilibrium state governed by (267) but in a inotastable 
equilibi’ium in Avhioh the gas behaves like a mixture of diflieront gases, one 
of them the symmetrical and tlie other the antisymmotrioal jnolooules. By 
analogy with a terjninology adopted for the states of the Ho atom tho molo- 
oulos with tlie antisym metrical (rotational) states are called ortholiydrogen 
and with the symmetrical parahydrogon. 

Wo therefore proceed as Ibllows. We introduce tho functions , 


S (2?h- l)e-«tHU)(r^ (268) 

f^{cr) = S {2n -I- 1 ) ...... (269) 

* Hnml, loc, cil. 
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Tlien -bhe rotational specific heat of the syinmetrical gas (by itself) is given by 


R 



log/5(o-)> 


and of the antisymmetrioal gas (by itself) 


R 




log/aW- 


That of the actual 3 : 1 mixture will bo 

f72 

( 200 ) 

We have to replace the (3/„+/^) of the true equilibrium by {fafs)^' '^he 
result of using (260) with-i4 = 4'6<t x 10“^^ is the set of xDoints shown by crosses 
in Kg. 2. The agreement with observation is all that can bo desired. 

In maldng these calculations an asymptotic formula similar to (247) is 
convenient. This is easily established, for the difference of /ji and /g is a 
0-fimotion which vanishes exponentially when o-->-0. Therefore with 
sufficient accuracy as ct->0 

= + ^ + ( 201 ) 

It follows tliat the rotational specific heat approaches its classical value as 
5^ CO in exactly the same manner as for a simple rigid rotator, in particular 
from above. 

Researches by Bonhoffer and Harteok* and by Euoken and Hiller f have 
show that the two modifications of Hg, first postulated to explain the 
specific heat curve, do in fact exist. They have demonstrated that the slow 
change over from ortho- to para-hydrogen does take place even at low tem- 
peratures if sufficient time is allowed, with consequent changes in the 
thermal properties of the gas. In order to accelerate the change it is neces- 
sary to keep the gas at high pressure or better still to Ireop it over oharooal. 
At ordinary pressures and in glass-walled vessels the change from the 
metastable to the true equilibrium state requires times of the order of 
several days at least, just as was postulated for the explanation of the 
specific heat curve,| 

The metastable equilibrium of Hg has further imj^ortant oonsequonoes 
to which wo must return in Chapter vu in disoussingHernst’s Heat Theorem. 

* Bonhijffor and Harfcoolc, ZeiUf, fltysihal. Ghem. vol. 4, p. 113 (1029). 

t Euokon and Hillor, ZeU, f. fhyaikal. Chain, vol. 4, p. 131 (1929), 

t For a recont aoooimt of tlio many intoreating foaturos of tho orfcho-para liydrogon oquilibrium 
see Farlcaa, lAyhi and Heavy Hydrogen, Gam bridge (1936), 
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Tlianks to the discoveiy of heavy liydrogoii two other diatomio moleoulos, 
HB and Bg, are now known whoso rotational specifto heats oan bo studied 
at low temperatures. 

For HB the simple partition function (260) should yield the oorroot 
speoific heat since this heteronuoloar inoloculo has no rotational symmotry 
requirements. Fig. 3*1 shows this curve and tho observations of Clusius 
and Bartholom6.* Tho agreement is excellent; in iJartioular tho existence 
of the maximum is clearly shown. 



For Bg symmetry requirements return. It is found that the nuclei have 



* ClufliiiB and Bartlioloindj ZeU.f, JSleklroehm, voK .iO, p. 02*1 (1084). 
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a spin nnity and tliat tlie complete wave-functions must lie symmetrical in 
the nuclei, The complete partition function is therefore now* 

/(y)==6 2 3 S (2 wh- 

n=0,2,4, ... nal,3,fi, ... 

The moments of inertia of Hg, HD, and Dg ahsorhod in cr are of course 
different, being in the ratios of {m + or : 1. The observed value 

of the rotational speoifio heat will normally correspond to a constant mixture 
of the two sets of Hg molecules in the ratio 2 : 1, instead of the 1 : 3 ratio for 
Hg. The theoretical value and the observations of Clusius and .Bartholom6 
are sliown in Big. 3- 3. The agreement is again excellent. TJie brolseii curves 
correspond to other spin weights. 

As a final illustration we show in Big, 3’ 3 the rotational specific heats of 
pure ortho- and para-Hg, ortho- and para-Dg, HD, and the metastablo 
mixtures of ortho- and para-Hg and Dg drawn to the same temperature 
scale. The names ortho- and para- are used in both cases for the states which 
are respectively symmetrical and antisym metrical in the nuclear spins. 



The theoretical temperature at which should have an assigned value 
is proportional to 1/A, since A and T occur in /(cr) only in the combination 
A T, The moment of inertia of Hg is smaller than that of any other moleoule 
* Tor furtlier explanation see § fi-31. 
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and is effectively unity for Hg above 300*^ K. and offootively zero 

below 40'’ K. These temperatures can be divided by three for the liotoro- 
ntioloar HD though its inoinont of inertia is only iuoroasod by the factor . 
Wo can therefore see at once tliafc for example in 0^ must bo unity m 

soon as the tomporaturo reaches 300/16 or SO'^K.j the niioloi in Og being at 
least as far a])art as in Hg . Observations of available are therefore 
impraotioablo for all diatomio molecules whioJi contain no H-atom. Even 
the halogen hydrides have moments of inertia too largo, that of !HC1, for 
example, being five times* that of Hg, so that is normal above OO'^K. 
The absence of other examples of this variation among diatomic gases is 
tlioroforo in accordance with the theory. 

This analysis has required a broadening of the olassifioation of the states 
of a rotating homonucloar molooulo with wliioh wo shall bo further concornod 
later on. Wo have hitherto treated our atoms, still more our atomio mioloi, 
as structureless points, a treatment wliioh has just proved inadequate. AVo 
may not even treat all nuclei as structureless mass-points. The proton— the 
H-nnolous — lias two possible orientations and so must be assigned a Avoight 
twice as great as that which svq ha'\'^e hitherto used for struotnroless points, 
The hydrogen moleenlo therefore should have a weight four times that of a 
struoturoloss rigid rotator, duo to the orientations of tlio nuoloi. [In the 
normal state no furtlior factor is introduced by tho orbits or spins of the 
electrons,] This extra factor 4 however is roduood alternately to 1 or 3 by 
tlio requirements of symmetry in tho nuclei, aird tlioroforo offeotivoly to 2 
at high tomperatures, Filins reduotion from 4 to 2 is tho quantum analogue 
of tho introduction of the symmetry niimbor ct of olassioal statistios-t 


§3*5, Diatomic gases. Vihraiional energy, Tho next approximation to a 
real molooulo is to abandon the assumption of rigidity and allow for tho 
vibration of tho atomic nuolei along tho lino joining thorn . Besides tho 
translations and rotations already dealt with, no other motion can con- 
tribtite effectively to tho partition function at tomperatures below .10,000° IC. 

Lot b{T) bo tliG partition funotion for the vibratiojial and rotational 


energy, roforrecl to its own state of least energy as zero of energy, If tho 
binding forces are very strong so that tho molooulo is nearly rigid and the 
frequonoy of vibration high, v/o may suppose to a first approximation that 
tho vibrations and rotations do not affect one another; to this approximation 
b{I ) will faotorizo into b{T)'=sr{T)n{T) 


the partition functions for tho rotations and vibrations rospootivoly. To tho 
samo rough approximation we may suppose that tho vibrations ai*o like 


* Soo Table 13, p. 328. Also Imos, AslrophijA, J. vol. 60, v. 261 (lOlO)j Colby, Ph»a. Itcv. 
vol, 8d, p, 03 (1029). 

t ISluonfcBfc ami Trkal, Proc. Sect. Sci. Amsterdam, vol 28, p. 102 (1020). Soo also Obap lor v. 



90 The Specific Heats of Simple Gases [ 3*5 

those of a simple harmonic oscillator of frequency v, but that as an energy x 
will dissociate the molecule not more than states are possible in which the 
molecule remains a molecule. Then 

1 „ a~phvlkT 

V{T)^ 


where phv is of the order of x* [Actually tins foiun is some way from the 
truth. The energies of the vibrational states tend to ^ as a limit.] If x 
phv are fairly large compared with hv^ there will be a considerable range of 
values of T for which is negligible compared with 1 oven if 

is not. For such temperatures 

(262) 

apjiroximately, and in this region (262) will be an equally good apin’oxi- 
mation to more exact forms of the vibrational partition function. The 
contribution to tlie specific heat is then 




^Jiv/kT 


(263) 

(204) 


We shall write this B ~ P(0 /T) (0 ~ hvjh ) . 

When livIhT is large the contribution is zero. If v is so large that hvjkT is 
large at room temperatures, then for such diatoniio gases we shall have 


Gy^^i y~l- 

Otherwise exceeds! by the amount given by (263). These predictions 
are in good general agreement witli the facts shown in Table 2. 

Table 2. 


Observed values of y for diatomic gases. 


Gas 

Tomp, ”0.. 

Y 

Authority 

Value of 0 
^hvjh from 
spootrum'*' 

' 

10 

■fl 

' 

0008 

Na 

20 



3368 


^181 




Oa 

20 

1‘398 


2228 


-76 

1-411 


. 


-181 


■ Scheel and Hoiwof 


CO 

18 



3080 


-180 

1-417 

■ 

* 

NO 

16 

1-38 


2710 


-46 

1-39 




-80 

1-38 

J • 


HCl 

16 

mssm 

Parfcingtonf 

4208 , 

HBr 

— 

— 

— 

3728 

HI 

— 

— 

— 

3200 


* Anthoritiea for hvjk are Imea, loo, cit. for tlie halides, Jevoiis, Jtfpovl on Spectra of dialomie nioh' 
culci, App. ir (1032), down to HBr inclusive, and for HI, Salant and Sandow, Phya, Pev. vol. 37, 
p, 373 (1031), This value is provisional only, being dorivod from the Raman BpGOtrum of tho liquid. 
I See Partington and Shilling, loo, cU. t See ibid, Table B. 


f 
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A iH’oper study of tlio vibrational a]}ooifl(j boat of any of those gases 
requires observations at rather higli toinporaturos. A moro aoourato formula 
may tlion be necessary than that provided by the sojjarato contributions 
ofr(fOand?;(T). 


§3*6I, S^iecifio heat of hl'a at high temperatures . A fairly satisfactory 
theoretical account of the spooifio lioat of H 2 at high toinporaturos has boon 
given by IComblo and Van Vlook, who disoussod an elastic rotator with a 
particular law of force according to tlio classical quantum theory, I'hey 
used values of A and uq, however, adjusted to flt the specific heat curve. 
Ifroin the point of view of statistical theory it is not necessary to go bach to 
a mechanical model. It is sufficient to take the states of vibration and 
rotation of the normal Ida-moloculo as Giinmorated directly from the band 
spectrum by Hori, to construct a somi-ompiriaal partition function with 
tlioir help and to use this funotion to evaluate and 6 ^ 11 , . Tliis has boon 
oarried out successfully by MoCroa.'" At those higher tomi)oratiires the 
difloronces between symmetrical and antisymmotrioal rotational states are 
unimportant, and wo may use without serious loss of acouraoy the one 
partition funotion „ o, 

,103 0 

wlioro is tho vibrational and j the rotational quantum niimbGr and 

+ + + + ...( 200 ) 


'J?ho functions of A, B, ^ are tabulated by B'oii. It is oasily verified that 
for our purpose /3 may always bo neglootod, and that at tho tompeiuturos 
ooncorned 

(207) 


^ (2j + 1 ) e-fmnmmmr « 

' hoB{nA'i) 

with suffioiont acouraoy, It remains, tlioroforo, only to computG tlio sories 


2 yjl^e~fioA(n-\i)jkr (208) 

and its first two dlft’erontial oooifioients. For tho values of 'f ooncornod not 
moro than four or five terms are roqnivod, so that observed valuGS ai’o avail- 
able and no extrapolation is neodod. Tho results are given in tho following 
table. .Partington and Shilling state tliat tho best ropresontation of the 
observed total speoifto heat between 278® K. and 2278® K. is given by 

(7,,«4*069 + 0'00070T'. (209) 

The agreement is satisfactory especially at the liighor tomporatures ivKore 
it would fail but for those theoretical rorinomonts, 

* MoCi'oa, Proc, Gumb. Phil. Soo, vol, 2*1, p, 80 (1028), and einoo fchon by numovoiiB ofchoi' in 
voatigatora in this Hold. 
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Tablib 3. 

Bfttifie heat Gy of Hg at high temperakvt'GS , 


Temp. ’’K. 

Oy obs. (269) 

Gy calc. 

000 

6*08 

4«98 

800 

6-22 

6-04 

1000 

6-30 

6-10 

1200 

6'60 

6-34 

1600 

6<78 

6-72 

1800 

6-92 

6-89 

2000 

6'06 

6-06 i 

2600 

[6‘41]t 

6-37 


t Extrapolated, 


If it is desired to refer the energy values back to a model , ili is 
assume a definite law of force between the nuclei. Snob oalou 
been made, for example, by Fues.* His result is quoted box’O fo 
required. For the law of force 

where pssr/ro, the equilibrium distance apart, and 1 
fundamental frequency of small vibrations, tlie energy vn^liic 
terms omitted) are 

E{n,j)=^hvQ{^+l) [1 - Ml + + 1)] 

7>8 I a 

+ + 1) [1 - j + 1)] - ^ + 1 60g < 


where K^hl4^\A. 

§3*62, Other diatomic gases. The same considerations can tai 
applied to explain the speoifio heats of other diatomio gases , bn 
recently that any agreement has been reached between theory 
ment for temperatures above room temperature. At these 
rotations are completely olassical and it is then unnecessary as vve 
to take account of any requirements of nuclear symmetry. -A s 
accurate formula for Gy, at least for a first survey, is provided 

GyjR^l-^P{GlTh 

where P and ® are defined in (263) and (264). More accurate ooj 
can be made if desired by the methods of § 3 - 6 1 . 

Measurements of the speoifio heats of Og, Kg (air), CO and. IST^ 
those recorded by Partington and Shilling for temperatures ^roi 
300®K. do not agree at all with (273) for the values of 0 given in 
* E\ie», An%, d, Pkysik, vol. 80, p. 367 (1926). 
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The reason for tins is now unclorstood. Exoopfc in Hg the rate of conversion 
of translational or rotational energy into vibrational energy by inolooular 
collisions is unexpectedly slow,* so that unless the time scale of the expori- 
ment is long compared with the time of adjuatinont of translational and 
vibrational energy, the true specific heat Avill not be moasiirocl, but rather 
a speoific heat of a quasi-metastable state of the gas in which it behaves as 
if it had no vibrational degrees of freedom. Most of the earlier measuromonts 
were made by a veloeity of sound method wliich measures Oy,jGy and wliose 
timo-soale is the period of the oscillation of the gas in the sound wave of the 
order of 10~'^ see. The measurements hero suocessfully oomparod with the 
theory ■were obtained by a flow method of whioh the time scale was of tho 
order of 1 second, a slow time scale which proves ossontial for tho establish- 
ment of tho true equilibrium state. f 

Before passing to tho discussion of tho data, it is well to ompliasiKO tliat 
wo have hero a second example of the oare that is neoessary in doflning acces- 
sible states of an assembly, fn tho case of hydrogen at ordinary pressures 
and low tomporaturos, not in contact with any catalyzing surlaoo, we can 
only spooify the olfeotively accessible states of tho assembly oorrootly by 
assuming that tho hydrogen is a mixture of distinct gases orthohydrogon 
and parahydrogon. This speoifloation is oorroot unless wo experiment on a 
time scale of tho order of weeks or months. In the ease of ordinary diatom io 
gases analysed by sound waves of periods about 10"^ second or loss at 
tomporaturos of the order of 300-600° K, there is olTootivoly no inter- 
connection between the difl’oroht vibrational states; tho aooossiblo states of 
tho assembly are those of a mixture of distinct gases oaoli of given vibrational 
energy, and the speoifle heat Gy is given by Gyjli^^^, If, however, wo in- 
oroaso tho experiment time to 1 second, tho aocoasiblo states are olfootivoly 
those of a single gas. If the accessible states are oorrootly spooiflod, wo can 
oorrootly treat either extreme ease — tho true equilibrium state ortho porfeot 
mo tas table equilibrium state — ’by the methods of statistical moohanios and 
tho ottloulations so made may bo oomparod with tho results of experiments 
made on a suitable time scale. But tho intermediate oases where there is a 
l)artial adjustment between different typos of states can never bo so treated. 
Ilhoir treatment requires always a knowledge of rates of interaction whioh 
is foreign to pure equilibrium theory, whioh from this point of view doals 
always with assemblies whose rates of intoraotion between states may all 
bo classified as either infinitely fast or infinitely slow. 

We pass on now to oompoi’o theory and experiment, Eig. 4 sliows tho 

* Tills liaa toon oatatllBliod i;lioorotloa.lly ty tho worlc of Ilor/.folcl and Uloo, Zonoi' and ofcliora ; 
o.g. Hor/fold and Rico, Phys, Mav, vol. 31, p. 091 (1928) j JJonor, Phya, Pav. vol. S7, p. CffO (1031). 

I Tlio method is duo to BlaoJcott, Henry and Ridoal, Proo> Hoy, Soo, A, vol, 130, p, 31D (1030); 
first rosuHs deaorlbod by P. H. S, Homy, Proc. 2hy, Soo. A, vol. 138, p. <102 (1031). 
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observed values* for 0^, and air, wliioh may be regarded as Ng plus im- 
purities, and the theoretical curves calculated by using (273) with the 
values of © given in Table 2. For O 2 a more exact theoretical curve is also 
shown (broken), calculated directly from the spectroscopic values of the 



rotational and vi brational energies of the normal molecule . The agreement 
is for both molecules excellent. The older non-equilibrium values of Cy 
determined by a velocity of sound method are also shown for 0^ for com- 
parison, 


§3*6, Polyatomio mole&ules. The only polyatomic molecules which could 
possibly show less than the classical rotational energy in accessible tem- 
perature ranges are those containing only one atom other than hydrogen 
and of these only CH^i, NHs and OHg need be considered. Low toinjDorature 
observations are only practicable for CH^ (methane) and values of GyJIt 
less than 3 have actually been recorded.! Owing to the identity of the four 
H-nuclei the rotational states of this isotropic rotator will break up into a 
set of non-combining groups, three in number and an elaborate analysis is 
necessary.! At high temperatures the non-combining sets of states are 
oooupied by ^ and ^ of the molecules respectively. The complete 
partition function is of the form 


where each /(a) contains a selection of the complete set of rotational states 
and as u-^O . 

/i(o') i S (2w -fl )2 ^ JlL (274) 

* P.H, S. Henry (private communkalton)', modiernliigji fcompetature work on CO Jiaa also boon 
carriod out by Sueratt and Griffiths, Proc, Pop, Soc, A, vol. 147, p, 292 (1034). 

t Partington and Shilling, loo, cil, 

f particular problem is correctly 

solved by Villara and Sohultee, Phps, Sev. vol. 38, p. 9D8 (1931). The most profound account of 
tlie necessary enumeration is given by E, B. Wilson, J, Chein. Phyaics, vol. 8, p 276 (1936) 
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At all teinporatures in inetaatablo equilibrium 

A(cr) A(a) 

Calculations according to tliese formulae have been given by Villars and 
Sohultzo, but the observations are insuflioiont to inovido an adequate tost 
of tlio theory. 

Turning now to higher teinporatures, polyatomic moloculos must bo 
classihod into two types, linear and lion-linear^ according ns the oquilibriiun 
positions of all the nuclei do or do not lie on a straight line. For noither typo 
is it necessary to talce account of the rolinoments required by nuclear 
symmetry since the rotations are olTectivoly classical, but for tlie linear typo 
tliero are only two (olaasioal) rotations ^vhilo for tho non-linear typo there 
are three. It is of course useless at present to attempt tho analysis for any 
but the simplest molecules and as among these there are good observations 
for OO 2 , N 2 O and C 2 H 2 (linear typo); OHg, NHj,, C,IX| and 02 H,| (non- 
linear) wo confine attention to those. Owing to tho considerable number 
of vibrational freedoms a convincing analysis is only possible 'when 
spootrosoopio vibrational frequencies can bo used with oonfidonco. Nogloot- 
ing for a first apin’oximation the iiitoraotion of tlio rotations and vibrations 


wo shall liavo 

(Linear Typo), (27/5) 

Gyjli « 3 -I- Oyy^jR (Non-Linear Type) , (27(1) 


§3*61, Bpecifio heal of ammonia gas (NHj,). Analysis of tho infra-rod and 
Hainan spectra of gaseous ammonia* has shown that tho molecule lias tho 
form of a regular pyramid Avith the nitrogen nuolous at its a230x. 311ioro are 
four distinct fundamental frequencies of which two are double. It has boon 
possible to identify witli certainty throe of these fundamentals -with oha- 
raoboristio bands in tlie spectra, of wave numbers 950 and 3830 (single 
vibrations) and 1030 (double vibration). It seems highly ijrobablo that tho 
other double vibration has a wave numbor 8300 app>roximately, but this is 
not yob oomplotoly established. If wo make tlio rougli ajqoroximation of 
using Hanok terms (261) for oaohTundamontal, then suffioiojitly nearly 



Tho observed values are shown i^lotted against tho theoretical ourvo in 
Fig. 5. I'lio agreement is rather poor. It suggests either tliat tlio fourth 

* Spouor, 
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frequency is higher than 3300 or that the observations have not recorded 
the full equilibrium value of the siDeoific boat. 


Kg, 6. TJie vibrational spooiflo heat of NHj . 

ObaorvationaboIowfiOO’K. by Osborno, Stimaon, Sligli and Cragoo, Physikal, Per. vol. 6, p. 271 
(1024) j aboYO 600“ K. by Habor, Zeit.f. Plektrochem. vol. 20, jj. 607 (1014). 

§3*62. Specific heat of methane (OH^). We have already tacitly assumed 
that methane forms an isotropic rotator in which the H-nuclei lio in oquili- 
brium at the corners of a regular tetrahedi’on with the carbon at the centre. 
The normal modes have been investigated by Dennison* and shown to 
consist of one single, one double and two trqde vibrations, nine in all of 
fonrindependent frequencies. The band structure, so far as it is loiown (wbioh 
is not in great detail), agrees well with the assignment to these modes in 
order of the following wave numbers: 2916, 1620, 3014, 1304. The resulting 
specifio heat is, using observed frequencies, 



Observed and calculated values are given in Table 4. On the whole the two 
values are in good agreement and the excess of the observed values is eex’- 
tainly largely due to a stretching effect which has not yet been investigated. 
But the observations even after Euoken's discussion are hardly good enough 
for more serious comparison with theory. 

* Denniaon, AstropJ^ys. J, vol. 62, p, 84 (1926). 
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Specific Heats of OH^ and COg 


1’aulk 4. 

Vilmilional siiecific heat of OH4, caL/mole/ckg, 


Tomp. °K. 

CVib, obaorvfxl 

C^vlb » cnIculuUx 1 

Authoi'iliy 

193 

0*07 

0-04 

1 

218 

0*00 

0-10 

1 

243 

0*10 

0-20 

2 

207<fi 

0*02 

0-58 

3 

307*7 

1-08 

1-74 

3 

481 

3*34 

2-01 

3 

573 

4*0 

4-23 

2 

073 

0-3 

5-00 

2 

773 

7-0 

0-85 

2 

873 

8-8 

8-00 

2 


(1) lioimo, A7in. d, Pkymh, vol, /){), j). y(J (lOlD). 

(2) I'Jiiokon ami k’riod, Zf.U,f. Phynik, vol. JlU, ji. <11 {H)2<l)i 

(il) lOiiokon ami von Lntlo, Zp.U.f. phyaikuL (Hm>u B, vol. fi, p, <ll.‘l (ll)2U). 


§3*63. Specific heal oftvater vapour (H 2 O). Attempts ]mvo been inado to 
no count in a similar way for the spooiiio lioafc of HaO, but without siioooss. 
An analysis by Mo Cron* shows, howover, that the vory largo spocilio heat 
at Jiigh tomporatiu'os must bo aoooiintod for by dissociation of tho nioloculoH 
of wntor into H 3 and Og . 'I'lioro nro symptoms also of an ofl'oofc of poly niori na- 
tion at lower toniporaturcs. ddio obsorvational material is thoroforo not 
suitable for illustrating speoilic heat tlioory. 

SpeMfic heat of carbon dioxide (OOg). Kocoiit analysis of tho infra- 
rod band spectrum and of tho diolootrio oonstant has finally ostablishod that 
tho moleonlo OOg is a linear moleoulo with tho oxygon atoms symmotrioally 
placed so: 0 — 0 — 0, Thoro aro throe distinct fiindamontal froqiienoios iq, 
ag (double) and r^iWith wave iiumbors 1388, 0(17*5 and 2350 roapootivoly.f 
Tho approximate sx^ooific heat formula is theroforo 



Tho values of tho speoi/io boats oalculatod for this inodol from (270) did 
not agroo Avoll with older observations at modorato and high tomporaturos* 
Kooont observations by Honry| howovor havo shown that tho vibrational 
energy of CO 3 adjusts slowly to oqiii librium with its translational energy 
just as for diatomic moloculos not oontaining hydrogen, so that tho older 
observed values wore all too low. Tho agroomont of Henry’s observations 
with tho theory is shown by It’ig. 0 . Besides tho ourvo derived from (279) 

MoCroa, Pfoc, Gmnb, Phil, Soiu vol. 23, p. 042 (1027). 
f Sponor, (1036). 

i.P, H. S. Homy cwjmifMicnC'cwO. 


VSM 
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th& figure also shows a more accurate curve which includes the efieot of the 
anharmonio character of the vibrations.* 



Kg. 0. The spGoifio boat of CO^j the coiitinuoiia curve is calculated using Planck torina; 
tlic^brQlceu curve niiii crosses allowing for anharmonio terms j <?) Henry's observations. 



Kg. 7. TJio spooifio heat, Gy, of N^O; the continuous curve is oaloulatcd using Planck torins> 
tli6_^ broken curve and crosses allowing for anharmonio terras; (i) Henry’s observations. 

* Kassel, J, ^Iwier, OMm. Soc, vol. 6C, p. 1838 (1934). 


3*67] Specific Heals of NgO and OgHa 99 


§3*65. Specific heal of niiroxis oxide (NgO) . TJio s truoiuro of tliia inolcculo 
ha-s been shown to bo linear but niiayinmotrioal (hj— N— 0) by the work of 
Snow* and Plyler and IBarkorf on its infra-rod absorplion spec bruin; tlio 
latter workers give the wave mnnbors of its froo fuudainontais as » 1285, 
j ;3 = 693 (double) and vg = 2237. Using tlioso valuos wo Jnivo 


9y 

M 




(270-1) 


The specific lieat lias been nioasurod rooontly by Honry:i: and liis valuos are 
comioared with the theory in Fig. 7. Thoy are sliglitly greater than Olio 
theoretical valuesj but when the anliawnonio oifeots are alloivcd for§ the 
agreement is very satisfactory, 


§ 3»66. Specific heat of acetylene (OJig). It has bcoii knoivn for soiuo tinio 
that aootylono is a linear eyni metrical inolooulo but tlie identinoatiou of tho 
five normal frequenoios of such a niolcoulo has only rocontly|| boon aoooni" 
plished. Their values in wave niiinbors arc iqs=sl974, ra«>3372, j>aK5 3288, 
j/j = 730 (double) and (double). Tho approximafco formula for tho 

specific heat can tliorofore bo written 



(27l)-2) 

Unfortunately no acourato observations appear to have heon yet niado cm 
the specific heat of aootylono over an extended range of tGni])oratiiroH, but 
Table 6 sliows tliat the values calculated from (270*2) aro in good agroomoiit 
with the few observed values which exist. 


Table 6. 


Specific heat of acetylene, cal.jmolejdeg. 


Temp. ® 0. 

Oy oalculatocl 

Cy oxpei’imonbal^f 



0-80 


■■■■ 

E‘3«l 


If IToiiao, Ann, tl, Physik, vol. 150, p. SO (1011)). 


§ 3* 67 , Specific heat of ethylene (Oall^ ) . !;i’hG struotiire of this niolooule has 
been established as plane and symmetrical from epootroscoiwoovidenoo** and 
from a theoretical investigationft of its structui’e using tlio quantum theory 

* Snow, Proc, Jloy. Sac, A, vol. 128, p. 204 (lOBO). 
t Hylor ami Barker, Phya, Pan, vol. 88, p, 1827 (1031), 
j P. H. S. Ihnty (jirivate conmunicalion), 

§ Kaasol, J. Amer, Gham, Soo, vol. 50, p, 1838 (1034). 

11 Meoko, ZeiLf.phyaikal. Ohm, B, vol. 17, p. 1 {1932)} Suthorlaml, i%s. Ihv, vol, 43, p. 883(1038). 
** Bponor, A(okMlspeklre7i (193B). 
tt Penney, Proc, Poy, Soo, A, vol, 144, j), 130 (1034 ), 
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of directed valency. Consequently it possesses twelve normal frequenoies all 
of wliioh may be expected to contribute to the vibrational specific heat 
wlien suffioiently high temperatures are reached. The values for those 
frequencies (so far as it has been possible to determine them from infra-red 
and Banian spectra) are given in Table 6T. The frequency which corre- 
sponds to a twisting vibration of the two CHg groups relative to each other 


Table ST. 

The nmnal frequencies of ethylene‘s (CaH(t) in cm.-^. 


vi = 2988 

v, = ? 

va=:S0l9 

Vg =1623 

Vg = 1444 

Vg = 960 

v4=1342 

vio=1100 

1^5 = 3107 

Vii= 960 

V0 = 3266 

V|a= 940 


* Authorities are given hy Sponor, MolcMhpeJclmi, There is still some uncertainty regarding the 
values assigned to vq , vk and hnt the others are correct to witliin a few wave nuinhors. 

about the C — 0 axis, is very difficult to determine since it is inactive as a 
fundamental both in hifra-red absorption and in Kaman scattering, and an 
insufficient number of combination bands are known as yet from which its 
value might be deduced. If now the specific heat of ethylene is known over 
a considerable range of temperature, then from the disorepanoy between tho 
experimental values and those calculated from the sum of the olovon 
Planck terms oorresponcliiig to the eleven known frequenoies it should bo 
possible to estimate the value of provided it is not so high that its con- 
tribution in the observed temperature range is insignificant. 

Table 6<2. 


Specific heat of ethylene , cal.jmolejdeg , 


Temp, "K, 

ObsorvocI 

Caloulated A 

Calculated B 

Observer t 


8-293 

8-28 

8-29 

E. and P. 

182-2 

8-28 

8-32 

8-S3 

House 


■ 8-45 

8-44 

8-44 

E. and P. 

206'2 

8-64 

8-61 

8-60 

House 


8-68 

8-09 

8-69 

E. and P. 

231<4 . 

9-001 

9-04 

9-02 

E. and P. 

237-2 

0-02 

9-16 

9-12 

House 


9-332 

9-43 

9-38 

E. and P. 

272-1 

9-800 

9-88 

9-81 

E. and P. 

291-2 

10-14 

10-33 

10-24 

Heuso 

293-6 

10-267 

10-37 

10-27 

E. andP. 

268-2 

11-897 

12-21 

12-06 

E. and P. 


14-16 

14-46 

14-28 

E. and P. 


t E. mid P. stands for Euokon and Parts, Z^ii, /. phjaikal, Ohm. B, vol. 20, p. 184 (1033); 
House, Ann. d. Phjaik, vol, 60, p. 86 (1010). 
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Such an investigation has recently boon carried out by ISucken and Parts* 
who have shown that the value of is very probably somewhere between 
760 and 800 oin."^. Their results are suiuniarizcd in Table 5*2 in which the 
set of calculated values A was obtained by taking the values of the fre- 
quencies in Table 6* 1 witli = 803 while those marked Ji wore obtained 
Avith r, — 747 cm.~i, = 1210 0111 .“^, 1040 cin."^ and the values of the 

others as before. While the final assignment of those freqnonoios must bo 
left to the spectrosoopist,t it is clear that acourato spociflo lioat data on 
polyatomic molecules may bo of considerable service ns a help to locating 
spectroscoj)ically rather inactive frequencies of the above type. 


§3'68. Summing up this survey avo may say that the observed sjAeoiflo 
lieats for the simpler gases are Avell reproduced by tho thooryj oven Avhon the 
approximation of using Planck terms is made, instead of tho more prooiso 
observed vibrational energy levels. Por gases Avith more complicated 
molecules tliore is no doubt that similar sucaos.s can bo achieved as soon tis 
tho requisite knoAvlodge of tho vibrational modes is available. An example 
of this is inovidod by tho calculations for otliylono. Por mnlooulos which 
contain no hydrogen atoms the rate of adjuatniojit of vibrational and 
translational energy may be very sIoav so that oaro may bo nocossdry to 
ensure that observed specific heats rolbr to the true oquilibriuin state. 

§3*7. Specific 'heat contribulions for atoms from excitation of the. upper 
states of a miiUijiUt.X Por such an atom as thallium in the vapour state, tho 
normal olqotronio state is , but tho ®P|. state, the tippor state of tho 
doublet, lies not for above. 'Hie Avoights of these states are 2 and 4 rospoo- 
tivoly and the energy difference Ae=/icAp, Avhoro is tho difforonoo of 
town value in Avavo numbers. Since translational and internal motions are 
strictly separable, tlie partition funotion for such an atom merely oontaiiia 
tho extra factor 2 -j, 4 c"Ac/fta’ 


besides the partition function for a struoturoless mass -point, fii general 


this extra footer for any doublet state is 

Wi + (280) 

or if tho state is of mnltiplioity r . - 

% + ^2 H- . , , TO,. (281) 


Por a gas of atoms with normalstato a doublet avo tlioroforo find from (280) 



Ae 
1 4 - 


(282) 


* J^tiokoii ftnd Pttvfca, iSdl,f 2)hy$ik<il, Glmu U, vol. 20, p. 184 (103.9), 
t Of, (V inoi'o rocont disouBsion by Toiler and Toiiloy, J, Ghm. Soc.p, 88S (1030), 
j 1%' spootroseoplo notation boo White, Inlmluclion to Atomic SjKctm, Noav York (1085); aoo 
also Chaptor xiv. 
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This leads at once to a contribution Gqxc to Cy given by 

R \hTj + ^ 

Examples of this function are shown in Eig. 7'1. It will bo observed that 


l^ai] 

m^hTj [icT^ )' 

/A 

w^\kTl \ki 


(284) 


(e-)' 


In both limits (7^x0 vanishes and is only sensible Avhon Ae and kT are of tlie 



same order. When Ae/fc^ > 1 the upper state can bo ignored. When AejhT ^ 1 
the distinction between the two states can be ignored, and the combined 
states regarded as a single state whose weight is roj + xog . 

There are no measurements on vapours with which tliese formulae may 
be compared. (See however § 21*6.) 

§3‘71, Ooniributions from muUipUi states of moleoules. NO. As a rough 
approximation these formulae might be applied to a molooulo suoh as NO 
whose normal states belong to an electronic multiplet. The normal state of 
NO is of the multiplet But the electronic spin and orbital 

angular momentum combine veotorially with the angular momentum of 
the rotating nuclei, so that the electronio states and the rotational states are 
not strictly independent. It is better tlierefoi’o to use the more accurate 
partition function ^ 

/(ff)= 2 2je''''l'+ 2 (286*1) 

where Ae =124*4 This may be re-written os 

f(a) = 2 2je'-^^{l + 


(286*2) 
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and ifc can readily be verified that in Hul).so(][uout oalciilafcions the last tcriii 


CO 

may bo noglooted. Thus wo may separate the rotational part S from 

/•---> 1 

tlio oxcitational part 1 + Tlio former can bo proved* to load to the 


formula 


C 


rot' 


Mil 


11 .„a 


■ 16 o' 




.(28fi*3) 


while tho latter has just been shown to give 

/lAe/fc'r 

a 





. (285-4) 



Fig. H. I’iio H2 )o(4IIo hont of NO at low toiuiioratiiroB, 



Tlio contribution from (285'4) begins to bo approoiablo about 30® K. and 
after rising to a maximum of ai>proximatoly 0*8 oal./molo/dogroo near 
75“ IC. it gradually drops olf again until at room tomporaturo it is barely 
obsorvablo. jGuoken and d’Or j' have recently made an investigation of tho 
spooifto heat of NO between 130“ IC. and 180° K„ and Pig. 8 shows that 
their results provide an oxoollont confirmation of tJiis pJienomonou of tho 

* Suthorknd, iVoo. Oamb, Phil. Soa. vol, 20, p. <102 (1080). 
t Kuokoii ftud d'Or, Om, Nachr. p, 107 (1982). 
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“ oxcitational specific heat” as oaloiilated from {286*4). Johnston and 
Chapman,* whose results are shown in Tig. 8*1, have used exact spectro- 
scopic leveis for tiie calculation of the partition function. 

§ 3*72. defined theory of the sx>ecific heat of 0 ^ , Oxygon is another molecule 
with an excitational specific heat. It exists in a triplet ground state, the 
three components of which have been termed by Mulliken the and 
coupling states respectively. The splitting between these three states 
depends on the rotational quantum number, but for a particular value of K 
the jp 2 level is approximately 2 Gm.“i higher than the and levels 
which form a very close doublet (Fig. 9). In this case it is not j)ossible to 
separate the rotational from tlie excitational part of the partition funotion 
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and so equation (286*4) cannot be employed. The only satisfactory method 
IS that of computing the separate summations from the various energy 
levels. This is the method employed by Johnston and Wallcorf who used 
the energy levels deduced from spectroscopic data and then carefully 
computed the specific heat of 0^ between 0*02° IC. and 10° IC, Their results 
are illustrated in Tig. 9*1, It will be seen that the specific heat curve ex- 
hibits two maxima; the first very sharp one at 0* 12°IC. is due to the transition 
from all the moleoiiles being in the Fg state to an equilibrium between the 
numbers in theF]^ and the states, while the second smaller one is due to 
the next transition of the molecules up to the state 2 cm."^ higher. The 
succeeding increase in the specific heat is of course due to the rise of the 
rotational speoifio heat to its equipartition value. These anomalies are 
unfortunately unobservable. 

* Johnston and Chapman, J. Aincr, Chem, Soc. vol. 66, p, 163 (1933). 
t Johnston and Walker, J. Ainer. Chem. Soe. vol. 66, p. 172 (1033). 
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Lewis and Von Elbe* have detooted another anomaly in tho spooifie lioat 
curve of Og at higli tomporatiiroH duo tc) a higlier elootronio state of tho 
oxygen inolecnlo. 'Chose oxporiinonters determined tho raean spcoifia heat 



Fig, IM. Tlin l!iooroti(?al oxoitatioiml phiB lolational Bpoclflo licivt of 0| at low tompomturcM. 



Fig. 0'2. Tho inooii Bpodfio liooi, for Oj Oy avomgod from 300® K, to 
O ObHorvationa of LowJa and Von Jilbo, Tlioorotloa! oihtob, without olootronlo 

exoitatipnj witli tho obsorrod oxoitod stato at 0'07 voltj with tho dorlvod oxoltod 

atato at 0*70 volt. 

of oxygon by tho explosioii inothod up to 2600 ° 0. They found tliat thoir 
results ooiild not bo aooountod for by tlio sum of tho translational, rotational 
and vibrational speoifio heats alone, oven allowing for onhormonib odrreo- 
* Lowla and Von JSIbo, J.-Amcr^Ohm, 3oo, vol, Bll (10S8).> , , 
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tions in the vibrational specific heat. They assumed therefore that the 
additional contribution must come from some higher electronic level, the 
position of wluoh they calculated from the mean of a number of observations 
aroxind 2400® K. to be 0*76 volt above the ground level. This level has 
since been determined spectroscopically by Herzberg* and others to bo at 
0*97 volt. The agreement between the experimental results of Lewis and 
Von Elbe and the theoretical values as calculated by Johnston and Walkerf 
is illustrated in Fig. 9*2. 


§ 3*73. SmaU corrections to thepetfect gas laws for quantum statistics. The 
properties of highly degenerate assemblies of electrons will bo disoussed 
later, but as we pointed out in § 2* 61 a deviation from the behaviour of a 
classical perfect gas (A not small) might be barely observable for Hg and 
perhaps He at very low temperatures. We put the formulae on record hero. 
The statistics obeyed by all actual molecular or atomic gases existing as such 
at low temperatures is the Einstein-Bose statistics (assembly wave-functions 
symmetrical) but the formulae apply to either case. 

It was shown in §2*8 that for all statistics pV so that it is un- 
necessary to discuss the eq^uation of state. A discussion of for structure- 

less mass-points w'lll suffice. Equations (120), (121), (163) and (104) show 


that 




dT' 


where 




h 


Oil working out explicitly we find 



It follows that 


«a WMjV / 3 2 W W/7 y T 

^ V2 {2‘mnhT)^ \ 16 9^3/ \{2TtmhT)V ” J * 

( 286 ) 


-R 2L U^9f^)[(2nmhT)^ 

(287) 

These formulae are valid so long as A or, what is equivalent, '-■ ^ - ^1^ « is 

^ {2amhTf 

small. As T decreases the first effect of the quantum statistics is to increase 
or diminish Gy according as Wa 5 0, that is according as the statistics is 
Einstein-Bose or Permi-Dirao. 



* Ferzborg, Nalwe, vol. 138, p. 760 (1934); Ellia andlCnosor, Plvya. Rev. vol. 45, p. 133 (1034) j 
Salow and Sfcoinor, Nahire, yol. 134, p. 463 (1934). 
t Johnston and Walkor, J. Am&r. Gliem, Soe. vol. 67, p. 682 (1036). 
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It is inicertain whothor this caloiilattxl iiicroaso in Gy can bo disontangled 
obsoi'vatioiially from tlio oorrectiona to tlio porfoot gas laws duo to intor- 
molecular forces. 

When .7’ is oxceedinglj^ small these forimilao fail for tho JSinstoiii-Boso 
statistics, and -with thorn all formulae based on the approximation which 
roplaeo.s tlio disoroto states in Z by a continuous distribution,* bocauso this 
replacement is inadoq[uato for tho states of loaves t energy which for this 
statistics and low temperatures control 'the distribution. It follows from 
(121) and (134) that ultimately as 7’-'>() and Oy - >■(), 


§3*8, The formation ofjMrlilion functions by limiting %wocc,asea. Wo post- 
poned from the preceding chapter a discussion of tho dilhoult points in tho 
formation of partition functions for classical systems by a limiting process. 
It will bo sufficient to consider tho i)artition funol;i(,)n Ibr tho translatory 
motion of froo atoms in an onolosuro of volumo V using olassical statistics, 
which is a typical and important case. 

In tlio earlier discussion, whore no limiting prooess was involved, it was 
oonvoniont to ohooso a unit of energy to fit tho assembly, so that all tho 
energies wore measured by integers Avithout a oommon factor. Hei’o this 
implies a oontimial ohango of tho unit of energy as we proceed to tho limit, 
which is apt to obsouro o.ssontial features. Wo tlieroforo fix tho unit of onorgy 
01100 for all and assiimo that for tho artifioial assomblios of tho socpionco tho 
are chosen so that whore the and r are integors, and r ehanges 

from 0110 HoquGiioo to aiiothor, As wo proocod to the limit t -> co . 

Tho partition funotions for tho atoms in the artifioial assoiubly may still 
bo taken to 1.0 /,(*) = S,8A 

and wo req^iiiro tho cooffioionts in, say, 


and similar exprossions. fl.'ho powers of z in li{z) aro now fractional and 
represents the partition funotions for tho rest of tlio assembly. If wo 
write A(,^’)M^; oto., those coeffioionts aro tlio eoaffioionts of 


in 




and thoroforo 0 =- 2 -y [;»(»)]« |:i(a')f. 

On ohanging back to tho variable z ivo find 


(288) 


(289) 


* Ulilonboolc, Over Btalislische Melhoden in de il'heork dcr Quanta, Ijiaug. Dlaa., Loidon (1027).- 
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hi "whicli t}i 0 contour ry means that the integral must now ho taken r times 
round the circle y. Wo have to study the asymptotic form of (289) when 
r-^oo. 

The following arguments, are incomplete in detail, hut shou'’ how the use 
of Ii{z) in place of }i{z) in all the integrals and the derived distribution laws 
may he justified. The details can be filled in without much trouble. 

Let (290) 

where is the extension of that set of points in 6 dimension.s in which 

~ {{<ixM%) in yy 

An 3 ’^ other jiossihlo ]i{z) will differ from this only by terms of order 1 / t . Then 

'‘“Sj = Y (t ’ 

= ( v)' 

It is found that the dominant contributions come from the first term in { }, 
Thus, approximately, 

= (203) 

mid any other }i{z) will 1 likewise approximate to (293), In (280) and ^( 2 ) 
are uniform functions of 2 , and so is when it i.s summed for all the r 

circles. TJiiis wo can write 


,(294) 


Avhere ^3 =i V , 

(20fi) 

In (296) it is supposed for definiteness that cm{z)=^0 for real z and that 
U'm{z) lies between ± tt on the circle y. The series in (296) can be expanded in 
thefom _^_r r(|g+.) r(jjf+2r) -1 

the other terms vanishing on summation. When t^oo 

r(fiIf + rT) 


(rr)! 
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Thereforo as r~>oo 

ww; 43 [I ’ 

( 21 ) 0 ) 


Tho factor 1 /t will bo iiTolovtiiit, an it will ooour siinllnriy IiiaU fcho in tog nils. 
It can thou bo shown that wo oaii work out a-ll tlio distribution laws using 
q{MyZ) in tlio orcUnary intogmls iia jdtioo of nnu|no distribution 

laws so obtained in tornis of qiM,z) will bo thoso obtaino< l by luncooding to 
tho classical limit before oalciilatiiig avorago vahi<?H. 

In order to soo tliat this form is the saiuo as tluit obtained by pi'oeooding 
to tho classical limit aftorwanls ns in §2'(h wo oxaniiiK^ tlio form of ir/(,il/,3:) 
for largo M, For real z it can bo shown at ono<i l)y (jfmi[)aring tho series 
z -h H- , , , with 


j. 




J::(W \ 

\ (logi/#-'V' 


that tho dlft’ei’ouGo is negligible for largo M , \ t follows that as M->co 

r (W}jF 

UA“(iogi/3)L 




(297) 


A closor discussion of tho sorlea for eomplox z allows that, for tho purposo of 
substitution in tho integral (2IM), q{MtZ) can ho roplaoerl by (297) for all 
vahiGs of z provided that l()g(I/s:) is real for real z and that \am{z)\<Tr. 
This argument, when tho details are llllodin, is fcho full jimtilioation of tho 
procedure of §2 ’6. It shows that fcho order of tlio oporatioiiH T' >co aiul 
li'-vcois indift’eront^ and that, with tlio prepor convcmtioii as to /t(z) luaj'' 
bo replaced by B{z) in the iuiogral for O. Similai' arguinonts apply to tho 
other integrals, to didorontial oooflloiontH of h{z} and JI{z), and to other 
classical systems. 

A somewhat similar limiting proooss is required for sets of quantizod 
systems when tho energy cjuanta are ineaninumHuraljhq but tho arguments 
are simplor. Wo form a seqnoneo of artilicial UHHOinblioM ivitli oominonsinublo 
energies, whoso limits are tho aotual ouorgios of tho real aHHombly. A pro- 
cedure wliioh uses tho limiting partition funofclons until a properly dollued 
range for am(z) is justified by the same arg union fcH, We sliall net find it 
necessary to refer again to such limiting jiroeossos. We shall iiHsmna that, 
where necessary, they have all boon carried out. 


§3’9. Fluctuations, We have hitherto ignored all qiiGsfcions of the 
fluctuations of a quantity about its inonii value P. As we poliitoci out in 

the introductory chapter a proof that in gdnorai fP — m O(P’) is essential 
to tho oomplotoness of the theory, to guarantee that nn average property is 
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one wliioh. the assembly may be expected actually to have. We shall show 

in Chapter xx that asymptotic formulae for the general fluctuations (P — Py 
can be calculated for all integral values of s by a simple extension of the 
analysis of this chapter. We sliall not stay to consider these here, but 


content ourselves with proving that 

(P^^=0(P) (298) 

in all the important cases that arise, We observe tliat 

(299) 

Consider a typical assembly of localized systems for which 




and consider the case P = . Then, by the arguments of §§ 2'3"2'32, 

(30i) 

If we evaluate this we find 


We have also 






[1+^(1) 


(302) 

(303) 


It is here necessary to include the 0 -terms, for the leading terms in the 
fluctuation will cancel. Thus, combining (302) and (303), 


j i + 0 




Si 


■(i)i' 


l + O 


(*)i^ 


It follows that IS + 

= 0(Wj, (304) 

which is the relation required. 

The fluctuation of, say, can be calculated in a similar way, Wo have 


and = ...(30B) 

Evaluating this we find 

1) KK)“/{/(*)}a |l + olijj , 
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^J'hus {ciy “ — {ayYJM -|- 

^0®, (306) 

whioli is tho relation required. 

TJio method is quite general. .For oxamj)lo, for assemblies of seta of 
systems confined to a oommon enclosure as in § 2*4 wlion quantum statistics 
is necessary we have similarly 

(308) 

Those formulae load immediately to a repetition of (304) and (300). Wo shall 
not usually refer to such questions again except in Chapter xx, but shall in 
all oases leave it to the reader to siqqjly fluo.h ijroofs as are necessary to 




'The omitted proofs are always extremely simple. 

There is, however, one point of some iinportanco whioli should, not bo 
overlooked. All our arguments can bo' used to dotormino P, oven when P is 
not largo for values of 74 whioli are largo enough to make other moan values 
such as Q ofTeotivoly normal properties of the assonibly. This does not in any 
Avay invalidate the calculation of Q or T\ .It merely moans that P itself is 
not yet, owing to i ts smallness and relatively largo iluotiiations , an oiFootivoly 
normal property of assemblies of this si'/o. 


CHAPTER IV 


PARTITION FUNCTIONS FOR TEMPERATURE RADIATION 
AND CRYSTALS. SIMPLE PROPERTIES 01^ CRY STATES 


§4‘1. Temperature radiation. In addition to tho ouoi'gy of tho inatci inl 
systems in our assemblies, there will be energy of radiation in ociuilUji'inm 
Avith the matter. It is desirable therefore to construct a })artition fuuolioii 
for this energy, to enable us to include it in a general discnsHion of 0 (|\n~ 
librium laws. This will be especially true of very hot nssoinblies, in wliivU 
the energy of radiation is comparable to tho energy of tho inattor. It in not 
without interest to observe that, if we treat tho aether in any oneloHuro a.M 
an approximately independent dynamical system, obeying the lawn of 
quantum meohanios, then Planck’s well-known laws of toinporaturo radi- 
ation follow at once from the equilibrium theory of statistical moidiaiiU's. 
This is in itself trivial, for of course the laws of tho olnssioal quantum tlicn n'y 
and all later improvements were constructed to give it. What is of woinu 
importance is that we thus deduce Pfanok’s law of toinporaturo radiatioii uk 
a tlieorem of the pure equilibrium theory, without appeal to any oblu'r 
fundamental principles or to the mechanisms of tho procosHOS of absorption 
and emission. Such an exposition was first attempted by Dobyo. 


§4-a. The normal modes of a coniimious medium. In order to ooUHtru cjt a. 
partition function for the energy of tho aether, regarded as amdogouw to a 
material system, it is only necessary to find suitable coordinates by wliioh to 
describe its motion and to apply the laws of quantinn moclianicH, 'J'hiM iw 
mily done. We must start by analysing tho number of degroos of fi’codoiu 
of a conhnuoua medmm-^fov the sake of generality this may bo tho aobli(U‘ 
or an ideaUzed gas or elastic solid. f The gas, the aether and the Giasbio »c,Iid 
are ideally merely continuous media capable of transmitting roapoctivoJv 
of botHi^^'es^ oscillations only, transverse osoimionB only or osoilkfciriim 

The possible motions must all satisfy tho general wave equation 

(3o»> 

in which a is the velocity of propagation. In (300) has various nioanijiiJH 

*VGbve A d Pk -u ^ ^ ' being the velocity compononta of 

mhye,Ann, d, Physik, vol. 33, p. 1427 (IfiJO) 
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fclie nieclmm. For oomi^ressioiial wavoa thoro is only ono indopondent tyj^o 
of solution. For transverse aether waves if the components (X,r,iJ) of 
the electric vector all satisfy (309) then so do the oompononts (/1,J3,C7) of 
the magnetio vector and, moreover, 

V, d-S: 

There are therefore here just two independoiit typos of solution. For the 
torsional transverse waves of an elostie solid 


^ a'r ' 


0 , 


so that thoro are just two indej)ondont tyi)os here also, or three in all for an 
elastic solid inoluding the ooinproasional waves. 

Consider for simplicity an onolosuro of the shape of a rectangular box: 

.r=0, {« = <x, 

2/=0, 

«=0, 

and a solution ^ of (309). l^et bo the value of <l> for I « 0. Then assuming 
the possibility of an oxi)ansion of <^o multiiilo Fourier series wo have 


CO ao 00 
f«0wi«0»«0 


cos., , cos inOOS t 


sill 

Similarly, if is the value of ()(/)Jdt for I » 0, wo oan write 


.(310) 


CO 00 00 

: S ^ S A[ 

IraO flraO 


/mn sill 


COS, , OOS loOOS , 

miry I ^ ^iirzly. . . .(311) 


Sin 


Then it follows that the solution of (300) is 

A' 

" Imii 


00 00 oo 

</>=« X S X 1/1 

jwwO ii*»0 


Imn 


ooapt ■ 




■sinpi 


OOS, , OOS mOOy I 


sin 


whore 




,(312) 

.(313) 


In eaoli of (310)-(312) thoro are eight jiossiblo terms and eight indopondent 
cooflioients A, A' for given /, ?», 7i. 

Wo must now consider more closely the boundary oonditions, For sound 
waves ill a gas {<j) volooity potential) wo must have 9^/9»as0 on every 
boundary j that is, 9f^/9.'V= 0 at .u ==» 0 and .r = a, oto. Tliis oan only be efiootod 
by retaining only the cosine terms in </>, so that 


«a 00 OD 
?m0 jww'O Jt“»0 


w?rw mrz 

itmi V OOS OOS OOS ■ 


oos^j^ + — sin jpi I cos — oos 


r 

(314) 

8 


I»3M 
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Thus to each Imn there corresponds here just one possible normal mode of 
the system — one degree of freedom. For compressional ■waves in an olastio 
solid tlie dilatation) we must have ^ « 0 over the boundary, only the sine 
terms can oooiu’ and there is just one normal mode as before. 

The transverse aether waves and the torsional elastic solid waves are 
similar. For the former we may take We must then assume that the 
walls of our enclosure are perfect conductors, or energy will not be conserved 
in the assembly. Thus X=0aty==0,y=^, 2:=:0 and z~y, which leaves the 
two terms of type 


cos, , . rrmy , nitz 

Ittx 0^ sin — ~ sin — , 

' ^ y 


sm 


There are similar terms in Y and Z, In. X, Y and 2, however, the pure sine 
terms are impossible, or else the condition 


ox 


.(310) 


cannot be satisfied. Of the one remaining term in each of X, Y, two only 
remain independent when (316) is satisfied. There are thus 1, 2 or 3 normal 
modes per value of I, m, n in the three cases gas, aether, elastic solid. 

We now return to (313), in which a can take different values for the 
different types of wave. Since p = 2rfal\ ^vhere A is the wave length, wo have 

1 2 /„.8 

(316) 


4 _ 


The number of normal modes with wave lengths A satisfying A > Aq is equal 
to 1, 2 or 3 times the number of points with integral coordinates inside an 
octant of the ellipsoid (316) Avith A »= Aq, which has the volume 

47r aj3y 
3 Aq® 

The number of normal modes with Avave lengths between A and A+dA is 
therefore 

^l.A 

.(317) 


47Ta/9y^ (1,2,3) 


in the three oases, or 


4,rF^ (1,2.3), 


.(318) 


Avher© V is the volume of the enclosure. This result is really independent of 
the shape of the enclosure.* For the aether the number of normal modes Avith 
frequencies botAveen v and r + dr is 

,,....(319) 

where C IS the velocity of light. 

Such a classical analysis into normal modes is easily translated into 
* Woyl, Courant, loc, cit. p. Si. 
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quantum mechanics. To the sumo approximation as tlio classioal analysis 
Schr 6 dinger’s equation for the system (crystal, aotlior) can bo so trans- 
formed that it separates into a sot of equations for simido luirnionic oscil- 
lators one for each normal mode, and of the same frequenoy v. It is therefore 
easy to construct the partition function for the system to this ai^proxh nation. 


§4*3. The 2'xtrHlion fu7iclion for temperature radiation. Wo shall assume 
that tJie i5ero of energy for the vibrations of the aether is the state in A\diich 
every normal mode has its lowest possible quantum number.* The energy 
in any other state is then 

... ...), 

and each such state is of weight unity. The partition function is thus 

= 11,(1 (320) 

d^his factorization is typical of systems whoso motions separate into indo- 
pendent parts, like the normal modes of a continuous medium controlled 
by linear partial differential equations . Convorgonoy conditions are satisfied 
so long as |«| < 1. To obtain an intelligible form of (320) wo apply (310). Then 

logJ?(2!)= r^drIog(l (321) 


On proceeding to the limit avo obtain formally 

logiiI(«)= vHog{\'~‘Z^^^’)dv, (322) 

0 J 0 

To evaluate the integral u'o can use the logarithinio series and integrate 
term by term. Then 

2 


J ' 


0 


.(323) 


Since H ti-** = tt'VOO, avo find 


log !?(«) = --; 


8778F 


46a%®(logl/^)'*’ 

Consider an assembly containing radiation and N material localized 
systems of partition functions /(«) . Thoji by the arginncn tsof the proooding 
chapter 



(326) 


(320) 


where is the average value of the energy of the radiation in the assembly. 
It folloAvs that 

(327) 

Any other ohoico of tliia ssoro introclucoe an jnflnito oonatant into tho onorgy of tiio radiation 
Avhioh is without pliysical significan CO. 


8-3 
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"W yrpi. 

16GVi\\ogll^)^ 16c^h^ ‘ 


[4-3 

.(328) 


This is the Stefan-Boltzmann law of total radiation with the usual theoretical 
value of Stefan's constant. To find the energy associated with any particular 
range of frequencies we write 

SttT^ 

whore log jRi(z) — — -j- v^dv log( 1 — . 

Then by the usual arguments 


PjRl “ ^ 

SttAF v^dv 


.(329) 


c3 

In the usual notation B^dv is the energy density in this frequency range, and 
we find 


B..^ 


^Trhv^ 


.(330) 


^3 Qhvm'_i> 

which is Planch's law. 

AVe can now introduce the energy of radiation by means of its xDartition 
function P{%) into any discussion of equilibrium conditions. The limiting 
inocesses involved are of a simple type, for the final form of 12(2!) is merely 
an analytical approximation to the partition function (320), which is that 
.of a quantized system. No si)ecial investigation such as that of §3‘8 is 
necessary except to deal with incommensurable frequencies. 

Though we do not take up theruiodynamio relationships until Chapter vi, 
it is again convenient to record at once the thermodynamic consequences 
of the existence and form of the partition function It{T). The radiation 
contributes A?logl2(^r) to the oharaoteristio function, and therefore by 
equation (688) we find 

S«=MogjS(r)+*2'?l2||0, 


4 Bj, 

‘kUW 3T’ 


n^hT^\o^R{T), 
46c%3 ■“3F’ 


.(331) 


,( 332 ) 


for the entropy, and pressure, of radiation. 
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§4* 31. The equilibrium theory of radiation reyarded as idiotons or light 
quanta. For the salto of complotoiiosa wo shall now show that Planck’s law 
of toniperatiire radiation may equally well bo established by statistical 
arguments when an oxtremo particle view of radiation is adojited, xwovided 
wo apply the Einstein-Bose statistics to an assembly of ])arOiclofl of the 
projDor typo and imj)oso no restriction on the total number of such ])articlGa. 

I’roating the light quanta as particles of unrosOi'ioted innnbor in an on- 
olosnro in which no forces act on the partiolos, wo build up thGOorreaj)onding 
factor for thorn in G as in § 2*4-. Since thoir number is unrestriotod no solootor 
variable a; is required. Since they obey the Einstein- J^oso statistics 
g{q) = 1/(1 — (jf). Henco for those partiolos 

S^a7;Iog(l - .(333) 

whoro wi , €i aro the weights and energies of the ];)0S8ible states of the partiolos 
in tlio given enclosure. If wo restrict the summation to partiolos whoso 
momenta lie in the ranges pj^ , p^ -|- dpi ,p^,pz -I- dp ^ , Pa , Pa “i* 
in § 2*71 it is easy to show that 

~2plog(l-e~®/**>ipidp2dp3. .(334) 

’fhe factor 2 remains as for electrons to allow for the two states of polai-iza- 
tion of the lightq^artiole. The doduction of (334) with m^dudvdio in place of 
dpidp^dp^ given in § 2*71 is non-rolativistic and to apply to tho particles hero 
considered wo must remove this restriction; it is shown in § 10* 31 that (384) 
remains true rolativistically. 

If wo now introduce the spooillo properties of ])hotons wo have, for the 
I’olationsliip between energy, frequency and momentum, c = 7i.r, whoro v is 
the frequency, while tho momentum is a vector of magnitudo hvjc. For a 
photon therefore, when wo change to polar coordinates for the momentum, 
we find 

dpidp^dp ^ = ^ vHvd(x), (336) 


whore day is an elementary solid angle containing the direction of propaga- 
tion of the photon. On integrating over all directions of i)ro]mgation wo find 
therefore that for idiotons in the frequency interval r, v-hdr 




^TrVv^dv 


log(l-fi‘''^‘'/*2’), 


(330) 


Tlio energy content E^dv of tliese light quanta per unit volume follows 
at once in tho usual way, namely 


^ 0 ^, 

V dT~ o«' c*''/'*'*’-!’ 


( 337 ) 
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wliich is Planck's law. The avei’age numb or of light quanta of this frequency 
cannot be obtained by using the operator A d/dX, but follows at once from 
(337) by dividing by hv, and is 


STTP^dv 1 

Qfiv/iii'Zi * 


...(338) 


§ 44. AppUcaiions to crystals. The methods of § 4-3 can also be aiqdied to 
crystals. We regard the whole crystal as a single Hamiltonian system, wlioso 
classical motion may, to a first approximation, bo regarded as small oscilla- 
tions about a position of equilibrium, which we then analyse into its normal 
modes. Each of these to this first approximation is an independent simple 
harmonic oscillation. This analysis will adequately represent the motion so 
long as the general run of the oscillations is small enough, that is so long as 
the crystal is not too hot. At greater violence of oscillation terms in the 
potential energy of higher order than the squares of the displacGinonts must 
be introduced. The first effects of these on the energy and partition function 
can bo investigated by perturbation theol’ 3 ^ The quantum theory is a direct 
transcription of the classical theory. 

Apart from these high temperature deviations from simple harmonic 
oscillations the construction of the partition function demands only an 
enumeration of the frequencies of the normal modes of the crystal consisting 
of a given number of molecules, and is precisely as accurate as the enumera- 
tion. It is difficult however to make an accurate enumeration, and various 
approximate enumerations have been given, more or less based on guesswork. 
The earliest was Einstein's* who suggested tliat for a crystal containing N 
atoms it was sufficiently accurate to take all the ZN frequencies equal. This 
still remains a valuable rough approximation. It urns improved by Debyef 
who suggested that the ZP frequencies could bo taken to be the 3W lowest 
frequencies of a continuum with the same elastic propertio.s as the actual 
atomic crystal. This suggestion lias proved of great importance and we 
shall give an account of Debye's theory in the somewhat more general form 
into which it was oast by Born.J The theory is very successful in accounting 
for observed facts, so successful that it has been strained beyond its natural 
range and facts which do not fit it have been thought to bo anomalous and 
to require special explanations without due cause. It has only recently been 
realized thanks to the work of Blackman§ that Debye’s suggestion for the 

* Einetoin, .-InJt. d. Phi/aik, vol. 22, pi^, 180, 800 (1007), vol. 34, pp. 170, GOO (1911). 
t Dobyo, Ann, d, Physik, vol, 30, p. 780 (1912), 

j Born, "Atomtheorio des foston Zustamlcs ” (1023), PJncycl, Math, Wi$s, vol, 5, part 3, No. 26? 
Born and Gdpport-Mayor, "Dynamisclio Gitterfclieorio dor Krlstalle”, Handb, d. Physik, ocl. 2, 
vol. 24, part 2, p. 023 (1933). 

§ Blackman, Proa, Boy, Soc, A, vol. 148, pp, 80C, 384 (1934), vol. 149, pp, 117, 120 (103G). 
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froquenoiea of tho normal modes, oven as olal)oratocI by Horn, may bo a 
inncli less good approximation than it was formorly hold to 1 ) 0 . Considorablo 
caution is tlioroforo required before departures from Debye’s theory oan bo 
held to indicate anything more than sliglxt errors in tho assumed distvilmtion 
of the frequencies of the normal modes. 

It is nob possible hero to enter in groat detail into tho equilibrium pro- 
perties of orystals, in particular into tho doduction of their properties from 
assumed lattice structures and laws of force. Some aooount of this part of 
tho subject is given in Chapter x where the iuteratomio laws of force in 
ga.sos and in orystals are brought into a common analysis. Jlutsomo aooount 
of the very groat success of statistical meohanios in tho theory of the 
equilibrium properties of crystals should be given here, not entirely limited 
to specific heats. The field of application is of course fiir richer than for tlio 
permanent perfect gas, whose cqui lilnlinn properties are summed up almost 
completely in^>F ^MkT and tho form of 'J.’he account wo shall give in 
this eliaptor represents Debye’s approximation. Wo shall also describe 
shortly tho results of Blackman’s investigation, Durthor rofinomonts will 
bo described at suitable places in Chapters xr, xn, the latest being collootod 
together in Chapter xxi. 

§ 4*6, Tha 2 mrtilion function for a crystal. Dehye's a^^p'oximation ami Us 
refinements. In Debye’s approximation and Born’s generalization a crystal 
is supposed to bo built up of a lattice of N congruent colls each of which 
contains a atoms, atomio ions or electrons. It is not normally necessary to 
inclndo all tho electrons in every atom among tho s momhors of tho coll. 
Those Avhioh are tightly bound are efieotively tightly bound to a particular 
atom or molocular radical and belong to tliat atom or radical- almost as in 
a gas; a partition function can bo assigned to each atom, atomic ion oi‘ 
radical for its internal degrees of freedom oontributod by those olootrons. 
In general, lioxvovor, tlieso make no ofi'ootivo oonti’ibution to tlio jiroportios 
of tho crystal at relevant tomporatures any more than to those of a gas, and 
for tho same reason (§ 3*2). Important exceptions to this rule are provided 
by orystals oontainiixg paramagnetic ionic salts, such as tho salts of tho rare 
earths. These are discussed in Chapter xxr. Not all the olootrons oan pro- 
liorly bo noglooted in this way and it is necessary for generality to alloxv for 
some (or all) of the atoms being ionized, and for some few of the^eleotrons 
having an independent existence in tho cell. This description of the free 
electrons is very old-fashioned. It is however adequate for the moment 
and will bo discussed further and modernized later on. 

It has boon shown by Born* that there are, as one would expect, Ss 
distinct sets of normal modes for a crystal of 5 structural units per cell, Tlio 

* Bom, Bom nnd GiJpport-Kiayor, loo, oil. 
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distribution of the space frequencies or wave numbers i^er cm. of eaoh sot 
Tj 1, 2, 3s) can be determined generally for large crystals. The wave 

numbers of each set are distributed uniformly in a three-dimensional space 
in which spherical polar coordinates represent wave number and direotion 
of the wave normal for the corresponding wave. This is exact, but no use can 
be made of the result for oaloiilating the partition funotion until the oon- 
neotion between wave number and time frequency v is established. It is 
here that exact analysis is difficult and that the procedure suggested by 
Debye and in use hitherto has led to weaknesses in the theory recently 
pointed out hy Blackman.* The refined form of Debye’s lU’Ocedure intro- 
duced by Born is equivalent to the following. The 3s sets of space frequencies 
divide necessarily into two groups, those whose time frequencies tend to zero 
for long wave lengths or small wave number of the normal mode, and those 
whose time frequencies tend to a non-zero limit. In general if the unit cell of 
the crystal is properly chosen there are just three of the first type for whioli 

Vj^CjT'\->.. (^ = 1,2,3), (339) 

where the c’s are the velocities of sound and are functions of direotion of the 
wave normal. The other 3(5 — 1) sets of frequencies may be called by dis- 
tinction optical, and for them we have 

+ (js=4:, ...,.35). (340) 

The r/ and the c^ depend on the crystal structure and the c^ are again 
functions of the direotion of the wave normal. The correspond to the 
frequencies peculiar to the crystal determining its anomalous rofleotioiis 
{Mesiatrahlen). Equations (339) and (840) as explicitly written here are only 
reliable approximations for small values of t. The standard procedure 
however is to assume that it is sufficiently accurate to ignore the variation 
of with T altogether in (340), and to use (339) as written without higher 
terms for all necessary values of t. The number of acoustical modes lying 
within a given element of wave number space can be shown without 
diffiorftytobe 

where V is the volume of the crystal. All these general results and approxi- 
mations will be illustrated for a simple case in § 4‘71 when we discuss Black- 
man’s improvements. 

On combining (341) and (339) we see at once that for the acoustioal modes 
the number of the N frequencies of the yth «et which lie in the (time) frer- 
qiienoy range r, V'^-dv ivith their wave normals in the solid angle dm is 
asymptotically equal for large A" to 

^ ^vHvdm (;=1,2,3). (341 •!) 

* Blaokman, loa, ciU 



4*5] Normal Modes of a Crystal. Dehye\s Approximation 121 


TJie region of wave number space covered by permissiblo t*s is not a sphere; 
tile true upper limit for t and therefore for vj , say, is therefore in general 
a function of direction, as also are the c/a . The strict balance account for 
the number of normal modes is tlierofore 





It follows from (SAM) that, not too near the total number dN of 
acoustical frequencies in the range v, p-\-du is 


(IN= (brFf-i+-=+-i) vHv, (343) 

\Ci Cg'* Gq' } 

in which the c’s represent suitable moan values for direction. Ifor isotropic 
crystals or quasi -iso troihc mixtures tiiero is no dopondoneo on direction, and 
this reduces accurately to 

/2 1 \ 

= (344) 


whore Ci and C; are the velocities of torsional and compressional i\'avos 
respectively — this is the result of §4- 2. 

It is now easy to construct the partition function to this approximation, 
'.fhero is one neu' point tliat liero first needs attention — the prooiso speoilioa- 
tion of the zero of energy. One might bo tempted to dofino this as for the 
aether to bo the state of lowest ponnissiblo energy in oaoh normal mode. 
This specifioation, iiowever, of the energy zero hardly goes deep enough, if 
variations in the volumo of the crystal are taken into account, for such 
variations ^^4lioh vary the length of edge of the unit cell must alter the 
potential energy of the state of loivcst pormissiblo energy itself. I'his 
ambiguity can bo avoided by taking the energy zero as the state of infinite 
sojiaration at relative rest of all the coiisbituont particles of the crystal, oaoli 
particle separately being in some speoifiod normal state. The energy of the 
crystal in its state of lowest permissible energy is then, say, Fq{V), I'KF) is 
of course negative; its argument can usually bo safely omitted. It is, how- 
ever, only, in the simplest case of an isotro^iio orystal subjected only to 
isotropic liressuros or tensions that the argument V suificiontly dofinos its 
state. We return to the more gonoral case in § 4*9, An entirely difieronfc and 
important type of generalization is introduced in Oliaptor v. 

The energy of the state of the orystal sjieoifiod by the quantum numbers 

n,, i'^+hlniy,+...+n,v, + ...), 

the weights unity (or at least all equal), and the partition function J{{z) 

given by 3 ,^^ 

log/jr( 2 :)=.folog«— log(l -a'^V), (345) 
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This must of oourso bo approximated to by the foregoing analysis of tlio 
frequency distribution. We then find at once 

• logif(2) = ^o]ogs-FS Iog(l -«**') p2d;^~iV'Slog(l 

HiJ Jo 

(340) 

It is usually sufHoiently accurate to ignore variations of vj* and with 
direction and to define mean values vj and by the equations 


doi = 


^ dm 

J 


In virtue of (342) 




,.(348) 


If we now define three now constants of the crystal by the equations 
'kldj^hvj (j = 1, 2, 3), and replace vp by in (346), we find 


QV 3 1 cAflpoei/* 


S log(l-;s^*''/). 


Having constructed the partition function K{z) we have at once the usual 
expression for the mean energy F^. of orystal, 




In terms of the absolute temperature T, 


3 fpB f*0i/2' 3s 

log/iC(^f^)=-y^-3W S ^ log(l~e-'“).r2da;-iY S log(l 
kl y=,ib>/Jo ^—1 

(361) 

+ (352) 


The last result has been simplified after difEerentiation by an integration by 
parts. These are the complete formulae, but the 3^~3 frequencies can be 
grouped again into two classes: ^p — 1) infra-red frequencies not necessarily 
all different, and 3(s— p) ultra-violet, whore y) is the number of massive 
particles in the unit cell and s— jp the number of separated electrons. We 
can in most applications ignore the ultra-violet frequencies of the electrons 
altogether, and so find in all in (351) just 3^ terms, pN being the total 
number of atoms in the crystal. 

This view of the part played by the “free ’’ electrons in the lattice is very 
old-fashioned, but none the less adequate here. In the modern electron 
theory of metals and crystals to which we return in Chapter xi we sliould 
rather regard these electrons as an electron gas in more or less free movement 
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ill tho poriodic field of the positive ions of the lattioe, 'idio gas, however, is an 
almost completely degenerate one and nsimlly does not contrilnite appre- 
ciably to the speoifle heat. The result is then the same as for a lattice of high 
frequency. If we desire to calculate the actual contrilmtion made by the 
electrons, if and when it is signilloant, it is of course essential to use the 
modern theory. Borne beautiful examples of this electron contribution are 
already known, and will bo discussed in Chapter xi. 

If in (352) wo ignore the difforonces between 0^ and 0g, and neglect 
the terms arising from the infra-rod frequencies, wo find approximately 

iog(i -«-*)*»<&, (sra) 





x^dx 

i* 


(353- 1) 


This is Debye’s result, which wo could recover directly by constructing a 
partition function according to Debye’s tlieory. The oomploto theoretkal 
result (352) is duo to Dorn. The form was first suggested by Nornst. Wo have 
included in i'o the zero -point energy of the lattice vibrations of Div por 
mode of frequency v. It is sometimes convenient to have an explicit formula 
for this energy acoordhig to Dobyo’s approximation, using all the simplifica- 
tions in (363). In this approximation the number of modes with frequencies 
in the range v, v + dv is ^ Ny.iriu 

-4r ’ . (353-2) 


The ooiTe.spoiiding zero-point energy is tlioroforo easily found to bo 

= = (3I)3'3) 

The two ty 2 )os of term in (351) and ,(362) are often referred to as Dobyo’s 
toinns and Einstein’s terms respectively. The latter name arisoa from the 
early investigation by .Einstein of specific heats of crystals already men- 
tioned. Einstein’s terms in (361) are obviously only significant when the 
are olToctively difibront from zero, so that it is allowable to ignore the 
terms c^t. When 0 wo must finally get an additional Dobyo’s term. Eor 
example, in a two-atom lattice in 'which both tyj^es of atom are similarly 
situated and of ajjproximatoly equal masses (o.g. KOI), it is obviously bettor 
to neglect Einstein’s terms and treat the whole body as if it were built up of 
atoms of a single type. We shall thus got a better ai)proximation to the 
corpus of normal modes. 


§ 4’6. Debye's formula for Gy in theory and ex 2 )ermmt. The possible field 
of validity of .Dobyo’s formula (353) for the partition function of a crystal 
can be defined fairly closely. The formula can only bo expected to apply 
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to crystals built up out of atoms of one type, all of which are similarly 
situated in the lattice — that is, for elements crystallizing in the regular 
system, with extensions perhaps to nearly regular crystals and to simple 
compounds of atoms of nearly equal mass like KCL The unit cell of the 
lattice may then be thought of as containing a single atom, and N is the 
number of atoms in the crystal or conglomerate. An examination of the 
facts shows a remarkable agreement with the theory in the expected region, 
as will now be described. The quantity directly observed is Oj, while the 
theory gives Gy. Tlie derivation of Gy from (7^, is effected by formula (390) 


of a later section. 

Let us introduce for shortness the notation 

3 

= 

D{x] is frequently called Debye’s transcendent. Then 

Wj,^F^ + mhTD{^IT), (35b) 

= (3B8) 

Tor large values of a; 

-°<®)=^B-3e-|l + o(i)|. (357) 

(>x r® 


This is easily proved byreplacing J t)y J “J » expanding l/(e7-l) in 

the infinite integral and integrating term by term. Tor small values of x, 
by direct expansion of the integrand, 

D(a-) = l--f.'c + ^a;5i+0(a;^). 

These relations can bo differentiated. Therefore we have ai3proximately 

'^=F,+SNkT, (T^co), (368) 

15 0^ \ 

(369) 

We malce the following observations: (1) The relation Gy = SNk is an ex- 
ample of the theorem of equipartition of energy and expresses the Avell- 
knoAvn laws of Dulong and Petit and Neumann and Regnault. It should 
hold to within I per cent, for T/Q > 3. The law of Dulong and Petit states 
that the specific heat per gram-atom has approximately tlie same value 
(6’4 for Gjj , 6’0 for Gy after correction) for all elements in the solid state. The 
law of Neumann and Regnault states that the specific heat per gram- 
molecule of a simple compound in the solid state is ajiproximately equal to 




1277 ^,- pa 
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the sum of the speoifio heats of the correspondiug solid uncombinod com- 
ponents. Tlieso laws, their region or validity and the imtiiro of the exceptions 
to them are well known. (2) The relation (31)1)) states that Gy and vary 
as and at low teinperaturos, with deviations of at most 2 per cent, so 
long as TjQ <1/10. (3) TJio general form of (350) shows that Gy obeys a law 
of “oorrosponding states”, being a function of the single variable 0/T. 
(4) Equation (348) and the following definition show that 0 can bo oalciilatod 
from the velocities of sound and so from the elastic oonsfcanta of the crystal. 
Those four deductions are borne out by experiment. ^j.’ho nature of the 
agreement will now bo examined more closely for the last three.* 


'.rAiiLE 0. 

The T'^~laio for Gy at loto lemjjeralures. 


Tomp. °K. 

Gr 

108 Ov^lT 

Tomp. 

Or 

10 ® (JiAjT 

Copper (Cu) 

Iron (.Fo) 

14-51 


2-35 

|||k |Ra||||| 

0-152 

1-07 


B HI 

2-37 


0-177 

1-70 

17'60 

B raB 

2-30 


0-244 




2-40 


0-288 

BESB 

20-20 

0-1155 

2-42 

42-0 

0-325 




2-42 

40-0 

0-622 

1-71 

23’6 


2-57 

— 





25-37 

0-234 

2-43 

Aluminium (Al) 

27-7 

0-32 

9.47 






10-1 

0-000 

2-12 




23-0 

0-110 

2-03 




27-2 

0 rl 02 

2-01 

Iron pyritoM (Fo 8 ») 

32-4 

0-25 

1-06 

— 

— 

— 

33-6 

0-301 

2-00 

27-6 

0-1095 

1-76 

35-1 

0-33 

1-07 

29-8 

0-1386 

1-74 


— - 


32-0 

0-170 

1-72 


(IloO) 

35-8 


1-72 




38-3 


1-74 

70-8 


0-706 

42-2 

0-402 

1-75 

78-1 


0-773 

40-7 

0-630 

1-74 

70-3 


0-700 

61-7 

0-712 

1-74 

80-3 


0-766 

64-7 

0-844 

1-74 

82-0 

0-230 

0*760 

60-0 

0-052 

1-73 

84-9 

0-274 

0-700 


The T^’law at low. lem^peralures has been aoouratoly verified for elements 
and simple compounds, '.rypioal examples are shown in Table 0. ll'lio figures 
of the third column should bo constant when the 3^'^ -law holds. 

The laio of eoncaponding slates has also been found true for elements and 
simple compounds, Eig, lOf shows the observed values of Gy for eighteen 

* Tho following statoniontH of fact arc based on Solii’iJdlngoi', Physikal, Z&it. vol. 20, j)p. 420, 
450, 474, 407, 623 (1010), except wboi'o otherwise stated. Ifull referoaoes to the original literature 
will bo found in this paper. 

t SohrCdingor, loo. oil. 
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substances plotted as functions oi (TjfB, tbo value of 0 for each substance 
being chosen to give the best fit for that substance with the continuous curve 
whioli represents equation (366). The agreement is eminently satisfaotoiy. 
The substances and temperature ranges are specified in Table 7 below. 



Table 7. 


Data for Fig, 10, studying the law of corresponding stales. 


Substance 

Chemical 

symbol 

Tomperatuvo 

range 

®IC 

0 

Points in Fig. 10 j 
Curves | 


n 

III 

Lead 

Pb 

14-673 

88 

X 

X 


Thallium 

TI 

23-301 

96 



o 

Moroury 

Hg 

31-232 

97 



□ 

Iodine 

I 

22-298 

100 



X 

Cadmium 

Cd 

60-380 

168 



+ 

Sodium. 

Na 

60-240* 

172 



A 

Potassium bromido 

KBr 

79-417 

177 



• 

Silver 

Ag 

36-873 

216 


• 


Calcium 

Ca 

22-62 

220 

O 



Sylvino 

KOI 

23-660 

230 

V 

V 


Zinc 

Zn 

33-673 

236 

Q 

O 


Rocksalt 

NaCl 

26-664 

281 

0 



Copper 

Cu 

14-773* 

316 

A 

A 


Aluminiiun 

A1 

19-773 

398 


+ 


Iron 

Fo 

32-96* 

463 

O 



Fluorspar 


17-328 

474 

o 

O 


Iron pyrites 


22-67* 

646 

+ 



Diamond 


30-1169 

1860 

T 

T - 



* For Nft, Gu, Fe, FeS 2 , Or rises above tho curve after these tomporaturoa. 
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The calculation of 0 from the elastic conslanis (Jiin bo oarricd through very 
simply for isotropic solids and tlio vahio so oalcviUitod coinparod with tho 0 
of Table 7 which is olioson to give tho best lit in Fig. 10. '.riio clastic pro- 
perties of an isotroino solid can bo oxpros.sDd in terms of two constants, tho 
compressibility k and Poisson’s ratio a, In terms of those tlio velocities of 
sound are* 

• I «— * rr I •II j z/fr I 

(300) 


3(1 -g) 

' (H-cr)/./^’ 


^ 2(1 -h 0-) /cp’ 


where p is tho density. Fqnation (1144) shows that tho rocpiirod lunotion is 

X(<^) MK X(o} = (3 + (3G1) 

so that the theoretical moan value of 0 for use in Debye’s formula is given by 


0 


1 //(!y47rF., I //i!\'*47rK , a 




If V represents tho volume of one gram-atom or gram-moloeido, then 
Vp~Mi whore If is tho inolooular weight, and 
^^(dN\^h V^- 


\47r/ /i5(il,f/f)l{y(a)}*' 
pi 

-3'606xl0-»7~-’f;~-rrr. 
The following oxamplos ai’o given by Born tf 


(302) 

(303) 


'’TABnn 8, 

Comparison of the mhies of Q from sptecifio heat data and from direct 
calculaiion from the elaslic constants. 


Substtmeo 

1 

i 

1 

■ 

K X 10»a 

a 

X{(f) 

0 

'I, 'able 7 

e 

Bq. (303) 

A1 

2*71 

■ Si 

0*337 


308 


Ou 

8*00 


0*334 


316 



10*63 


0-370 

■ 


214 

Pb 

,U*32 

■■ 

0*440 

01-0 


73 


(file agreement is excellent. T'here is, however, a dilfionlty tliat tho calcula- 
tions of 0 have been carried out ^vith the values of the elastic constants 
determined at ordinary tom];)oraturo8, whereas it has been argued f tJuit It 
is the values of these constants at tho absolute zero which are rolovant, and 
the use of these v^uld seriously damage the agreement. Tliis objection, 
however, does not appear to mo to bo entirely valid. The elastic constants 

* Lovo, Tlmry of EkslicUyt od, 3, p. 301. 

t Born, he, cU, p. 0*13. 

t Euolcon, Verh. d, Deuisch, physikal, Qcs, vol, 1C, p, 671 (1018), 
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and 0 are of course functions of 7 for an actual crystal, and the values 
required for these calculations are those corresponding to the actual volunio 
of the crystal. The theory proceeds by imagining the crystal units at rest in 
equilibrium in their mean positions corresponding to a given crystal volume ; 
this may involve large negative pressures over the boundary, which are 
theoretically unobjectionable. On this is superposed without change of 
volume (but with change of pressure) tlie heat motion corresponding to any 
given temperature, and at this temperature the observed Qy and the Gy 
calculated from the elastic constants for this volume should agree.* The 
observed values of Gy do not in fact therefore correspond to a sequence of 
at a single constant volume, the volume at absolute zero, but to a 
sequence of varying volumes which are the actual volumes of the crystal at 
each stage at atmospheric (or other small) pressure. These are compared 
with Op, calculated for a genuinely constant volume, the volume at normal 
temperatures. The agreement in the 0 wilh largely deiDond on how the 
various parts of the theoretical curve are weighted in fitting it to the 
observations. There is a tendency to fit so that the deviations are of roughly 
constant absolute magnitude all along the curve. This will weight heavily 
the normal temperatures for which Gy is largest and would go some way to 
explain the satisfactory agreement in the table. 

There is, however, a more precise and important point of divergence 
between theory and experiment, for the values of 0 derived from the 
iT^-law at low temperatures, equation (369), should agree with the values 
calculated from the elastic constants at low temperatures. There is some 
tendency for the ^T^-law O’s to be larger than those derived from the whole 
curve, but the increase is far smaller than the elastic constants require, 
and the matter remains not fully cleared up. 

Table 9. 


Gomparisons of © derived by various methods. 


Substance 

C 

Fe 

A1 

Cu 

Ag 

0 from (7*ourvo 


468 

398 

316 

216 

0 from 2’®-law 


465 

386 

321 


0 from elastic constants at 290° K. 

— 

_ 

402 

332 

214 

0 ditto, at low temperatures 

— 

— 

488 

344 

236 


§4-7. Applications of foi'mulae for Gy more accurate than Debye's. Apart 
altogether from the basic approximations made in deriving (346), Debye’s 
formula for Gy is admittedly derived from (346) by crude approximations, 
and should only hold at all strictly for isotropic bodies. With the same basic 

* It is tacitly assumed ia tlio tlieory that tho clastic constants depend diteclly only on tho 
volume, 
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apin’oxiiiiatioiis more acourato calculations are possible in the general case. 
Such oaloulations liavo been Buocessfully carried out by Fbrstorling.f When 
1^1 < 27r the function ^/(e^ — 1 ) can bo expanded in the convergent power series 

= (30i) 

wliero the 7i,i are Bornoulii’s nmnbors. If wo now return to the original form 
of log in (346) we see that the part giving rise to Debye’s terms gives an 

exact contribution to of the form 

yni 

If 0^ = hvf^jk as before, but now a function of direction, this booomos 


\ k / J 0 ef- 1 


If we expand by (364) and diftorontiato to obtain Gy wo find a more exact 
contribution 

1 (2«)r(2wT3) 

Let us now assume that pj^cc Cj . Then 


f-T 

\h/ j Cj 


. 3 






Wo write 


3 (J>/ 'iN 1 3 






(30C) 

(300) 


Then the contribution to 6V ia 


3i\^/d 


M- L ( - (307) 


1 (2a)l(2?H-B) 

formula (367) replaces Debye’s term in Gy. The integrands of the ooeni- 
oionts can be shown to bo rational functions of tlio moasurablo elastic 
constants of the crystal, so that the K,^ can bo calculated , T'ho full formula 
for Gy is then 

ap-3iV/c|l + i ( 1) (2n)|(2ji + 3) J'“'> P ' 

valid when 7’> 0/27r, 

Porsterling has used this formula in the most accurate comparison of 

I J’ors tolling, Ann. d, Physih (4), vol, 01, p. 577 (1020); ZcH./, Physik, vol, 3, p, 0 (1020), 
voJ. 8. p. 201 (1022). 
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theoretical and observed specific heats yet attempted on the basis of (346). 
Having calculated the first term entirely from elastic data, the correct 
number of extra terms of Einstein’s type are introduced corresjjondmg to 
the Icnown lattice structure. The number of different Qfs allowable is also 
known from the structure and symmetry, These are then fixed to give the 
Ijest fit possible between the observed and theoretical Oy, and the whole 
theory is checked by comparing these ©^’s with the natural freq^uoncies of the 
crystal determined by the method of JReatstrahlen. Excellent representations 
of Gy ai’e possible among other substances for HaCl, KOI, KBr, OaEg and 
SiOg, and typical comparisons of the wave lengths of the natural frequencies 
derived from specific heats and optical measurements (Pestsirahlen) are 
shown in tlie following table, 

Table 10. 

Comparisons of wave lengths of Reststrahlen directly measured and 
deduced from specific heal curves. 


SubstancG 

Ao optical 
10"‘^ cm. 

Ao from Gy 

NfiCl 

66-7 

fi4-6 

KCl 

78*0 ■ 

77-0 

OaFa 

63a 

51-0, 34-7* 


* Optically inactive. 


§4*71. Blaohman*a discussion of Debye* s theory for a simple crystal. 
Jniroductoiy. The vital assumptions at the base of Debye’s theory and all 
its refinements which we have indicated in the preceding sections concern 
the acoustical modes, and can be sufficiently illustrated by further examina- 
tion of the simplest possible lattice, the simple cubic, with one atom j)or 
unit cell, Equation (363) should then bo most nearly valid. In deriving it 
the vital approximation is that the normal modes of the system (with N 
xmit cells in the lattice) have the frequency distribution of the continuum 
for V < V, so that there are 

9 ^ 

{v<v) (368*1) 

modes, with frequencies in r, v-i-dv for v<v and none for v > f. This assump- 
tion was based on (339) and is certainly correct in form for small v. It has 
been used, as we have seen in Eig., 10 and Tables 6-9, with great Success right 
up to r==r. If, however, we are more cautious and do not rely so implicitly 
on (339) wo can merely assert that there will be some distribution law for the 
frequencies for a crystal of N cells, namely 

g(v)dv . 
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and that as 0, q{v)~<Av^, The form o£g{v) awaits more exact examinatiou. 

Wo liavo thus rei)lttced (363) by 

logK{T)== (^(i01og(l~e-»')f?r (SOSdl) 

l^hough wo oaniiot explicitly evaluate g{v), evidence both tlioorotical and 
observational may bo adduced to show that (308*1) is Homofcimos an in- 
adecpiato ai)proximation. An excel lent example of a simple substance with 
a Gy which departs markedly from Debye’s curve, most probably booaiise 
(308*1) fails, is metallic lithium. The most accurate way of comparing obsor- 

TabijIS 10*1. 


The sjiecifiG heal of 10111111111 in cal.jdcg.lgram atom, 
and the cahulaled values of Debye^s 0. 


Tomp . " K . 


['■ Or 

&{^hvjh) 

IT ) 

0*046 

328 

20 


340 

26 


360 

30 

0*273 

360 

36 

0*413 

302 

<10 

0*673 

307 

<16 

0*770 

370 

60 



374 

00 

1*43 

1*42 

370 

70 

1*88 

1*87 

384 

«0 

2*32 

2*31 

388 

90 



303 

100 



897 

110 


3*32 

<101 

120 


3*60 

<106 

130 

3*87 

3*81 

408 

1<10 

4*08 


412 

160 

4*26 

< 1*18 

416 


4*43 

< 1*34 

<118 


4*08 

< 1*67 



4*02 




6*16 



2<10 

6*28 



200 

6*<14 

6*22 

420 

■ 280 

6*60 

6*31 

<120 

300 

6*00 

6*30 

430 


vations o£Gy with .Debye’s theory is to calculate for each temperature what 
value of 0 will reproduce theoretically the observed Gy. Table 10*1 shows 
the measurements and analysis of Simon and Swain* for lithium, and it will 
bo observed that 0 so calculated from the observations is very far from 
constant beloAv 180° K. 

Before one concludes that the figures of Table 10*1 indicate a failure of 
(368*1), one must examine alternative sources of failure lor Bebyo’s curve. 

* SiJiabn and Swnln, Zeit.f. jihysikOilt 0/iewi. B, vol. 28, p. 180 (103S). 
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There are two known possibilities: (i) The electrons may contribute effec- 
tively to the specific heat especially at very low temperatures in such a way 
as to make the specific heat larger than is calculated from Debye’s theory so 
that the derived 0 will diminish as T diminishes. This effect is examined 
in detail in §11-56 and applied successfully to explain certain features of 
the Cy-curve for nickel. It api^ears that it cannot be responsible for the 
large effect here, (ii) The lithium ions in the lattice might have two electronic 
states of small energy difference, but otherwise so alike in their properties 
that the corpus of normal modes for the lattice is independent of the dis- 
tribution of the ions over their pair of states, and this distribution is itself 
unaffected by the behaviour of neighbours so that it is identical with the 
similar distribution of gaseous atoms over a pair of states. The variation of 
this distribution will therefore make the contribution (283) to Oy. It has 
been shown by Simon and Swain that such a contribution with 1, 

Aelk—200 when subtracted from the observed specific heat leaves behind 
a specific heat which is adinhably represented by a Debye curve with 
0 — 610. The objection to this explanation is that thei’e is no reason to 
believe that the simple lithium ion can possibly exist in the lattice with two 
such states with this energy difference and in spite of its empirical success 
the explanation must be discarded. We are driven back for an explanation 
on the probable failure of (368*1). 

§ 4*72. The normal modes of a linear lattice. The further study oig{v) may 
be introduced by starting with a linear lattice. We consider therefore a chain 
of 2W atoms, each of which may be disi)laoed along the chain. Let the 
displacement of the wth atom be and so small that only quadratic terms 
need be retained in the potential energy. We may further assume (merely 
for simplicity) that the potential energy duo to the displacements dej)ends 
only on the relative displacements of nearest neighbours. Then for such a 
sj>^stem the total energy M is given by 

2jV 2iV 

S (%^i - «„)2. (368*2) 

1 0 

This expression contains displacement terms for atoms 0 and 2N + 1 which 
do not belong to the system. It is simplest to include these and to impose 
as boundary condition a condition of periodicity that ^ho 

precise form of boundary condition imposed has no ultimate effect on the 
distribution of the normal modes. 

Since we are concerned with simple harmonic oscillations classical equa- 
tions of motion will suffice. These follow at once from the energy (368-2) 

(7t= 1,2, ...,2W) (368-21) 
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Conforming to tlio poriodioity condition let ns now attoini)t a solution of 
equations (308‘21) of the form 

u,, = (30 8* 22) 


wliero is a constant and is an integer satisfying ~~N <p<iN , There are 
exactly 2iV’ distinct oxjn’essions of this type. The equations of motion tlien 
become _ ^ — 0 

and are tlieroforo all satisfied if 




15— sin*^ — *7 = vJ sni'* —^7 . 
TT^m 2N “ 2N 


(308*23) 


I’Jie freqiionoios are oqrxal in pairs for equal positive and negative values 
of If wo allow for this and write dN for tlie number of frequonoios in the 
range r, v-\-dv, we find . jir v 

1 . ( 308 - 24 ) 


The velocity of sound along the cliain is of course given by the oquatimt 
c= Ar for long wave lengths. It is easily verified from (308*22) and (308*23) 
that c = TTV^df where d is the lattice spacing. TJuis alternatively 


dv __ 2L dv 

The normal modes of the one “dimensional oontinnum, or the modes of an 
actual continuum rostriotod to plane waves normal to a given axis, have a 
uniform distribu tion dN = ^Ldvjo which agrees with the distribution for the 
lattice until v approaches vq . The ff{v) for the lattice does deviate markedly 
from that for a continuum as v-~> vq and lias there an infinite maximum, but 
no subsidiary maxima for smaller values of v, No exact oaloulations have 
been made but it seems likely that .speoiflo heat curves based on (308*2(1) 
and on dN =: 2Ldvjc restricted to 2^^ modes will not possess any striking 
difiorencos. 


§ 4*73. The normal modes of simple sq^iare and cubic lattices. In more than 
one dimension the g{v) can he more exciting. Let us consider a two-dimon' 
sional squoi’o lattice of spaoing d with 2N atoms in each row and column. 
Let 118 specify tlio atoms by the sulfixos Z, m (1 ^ m < 2N) and denote tlioir 
displacements along the rows and columns of tlio array by respec- 

tively. If now wo assume that only the interactions between nearest neigh- 
bours are sensible, the osoillatioiis along rows and columns separate and all 
the modes reduce to a double sot of modes for a linear lattice. Wo only retain 
the essential nature of the two-dimensional array if we inolude interactions 
between next nearest neighbours as well, that is neighbours along the 



I, m 

k 




1+ l,m 

(“^{i m '*^Ji 


^,W.+ 1 i+ItW+l 

li'ig. lO'l, Displacomeiils of atoma 
in the osoillationa of a sqnaro 
lattice, 
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diagonals. Tlie arrangement of the displacements is illustrated in Mg. lO'l. 
If the force constant for relative displacements of neighbours along the 
square edges is a and along the square diagonals 
is 2y, we can at once write down the total energy 
for small oscillations in the formf 

E = {Ui^m ~~ 

+ ^0 ^ {%n “■ 

+ \y “■ %n ~ )^ • 

(368*3) 

This leads at once to the equations of motion 

+ (%.m "■ '^l,m “■ )} (368* 31) 

^ hm~l) + y{iHm + %in ~~ ~~ 

+ ~ ■" + {%n ~ “■ 

+ {%n ~~ ~~ ‘^1-1, m+1 + = .(308*32) 

We can now attempt to find a solution of these equations with the 
periodicity conditions that both u and v are periodic in both I and w with 
period 22\^ by using the form 

__ /D'QUZTTVhlTTPlN-jrinnqlN) J * 

where w' and v' are constants and^ and q are independent integers satisfying 
—N<j}y q’^N, There are therefore iN^ of these distinct forms. After an 
easy reduction it is found that all the equations of motion are satisfied if 

j^..,.^V7n* + asin2^ + y^l-*cos^oos^jJw' + j^ysin^sin^^v'«0 
sin^ sin w' + - tt^vV + a sin^ ^ ^ ^ cos 


.....,(368*33) 


The period equation is therefore 
+ a + y 


...,..(368*34) 


.(i- 


ttP 

cos cos 
N 


, TTp . Trq 

ysm^sm- 


'N 


, TTp , TTq 
ysin^sin^ 


“7rVm* + asin^ 


77(7 


TTP irq^ 

OOSirirOOS-^ 

N N J 


« 0 . 


2AT+r(i- 

(368*36) 

f The mass of tlio atom^ has Ijoro heon starred to distingiiisli it from tho location paramotoi*. 
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Tiiero are two roots for eaoli given pair st) that thoro are 8iV“ dillGront 
normal modes in all, which is the correct immbor. 

TJiis doterniinantal eq uation for v vorihcs at onco lor this simple case that 
the modes are uniformly distributed over (j;, (/)-spaco or, if 

(j) = npjN, f = Trq/N, 

over (^,0) -space, covering the square — tt < i// tt. This is a particular case 

of the theorem quoted in § 4 - 5. To determine <jiv) wo have only to determiuo 
how much of -space corresponds to values of v between v and v-l-da for 
each of the two branches of roots of equation (3(J8‘ 35). There are N^jir^ roots 
per \init area of (fji,j/f)-apace for each branch, but since the froquonoios do 
not depend on the signs of (/> and 0 wo may confine attention to the positive 
quadrant, 0 < f/;, i// < tt, and take iN^fTr^ roots per unit area of that quadrant. 

Even in this simple case the function q{v) can scarcely bo dotorminod 
except by numerical computation, but certain of its properties can bo 
derived at once analytically. Regarding v as a function of (j) and »/» wo see at 
once that provided j/H=0 dvjdf vanishes if 8in<ji~0 and dv/d^j vanishes if 
sin 0 == 0. Therefore dvjdf = dv/dt/j = 0 whenever j-' fi> isin f — sin ijs = 0, that is 
at the points = 0,.r; vr.O; „,,r. 

[It is not excluded that thoro might bo otlior stationary values of v besides 
those.] At any such stationary point v~ v* fj{v) must strictly speaking have 
an infinity since the area of ((^, 1 /;) -space enolosod between the curves of 
constant v, v and v* tends to zero as v' -> v* at least as slowly as [jj' ~ 

The q(u) curve has therefore in general more than one sharp maximum on it. 
These maxima are strictly infinities, but an infinity as such is not of groat 
effect on Gy or on the other equilibrium properties which are all of the form 
!fg{v) dp. It is rather the number of modes concentrated over a “ifiiysioally 
small” range of than over the infinitesimal dv which is significant. 

When (j), i/r are both small (long waves) equation (308*36) factorizes and 
the two roots in j-’** are approximately 

== SS? SS? 

(868*36) 

Eor each root the region of (^>,0) -space for which v<v' is the positive 
quadrant of an ellipse— a quadrant of area 

V{(«+2y)2y}* 

The number of modes of both branches with frequencies between r and 
v-f for small is therefore 

,,, I i vdv. 368'37 

V{(a+2y)2y} 
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Wlien i//=7r— and j) and ijj' are small, the two roots are approximately 

(368‘38) 

There are similar values for <j>~TT — and (j>’ and iff both small. The frequency 
= (« 4- 2y)/7r®m* is the greatest of the set, When 9 ^ = tt — i/; = tt — <//' and. 

and iff' are both small, the two roots are aiDproximately 

(308'39) 

We can now see clearly how the actual g'(v) can deviate widely from the 
g{v) for a two-dimensional continuum which will of coiu’so bo given by 
(3 68- 37) for all v if the elastic constants of the oontinuiiin are properly 
chosen, The distribution of frequencies for low frequencies and for high for 
the actual lattice are governed by two unrelated parameters while the 
distribution for a continuum is a one-parameter distribution. This is most 
easily seen if y/a is fairly small. The low frequency distribution is then 
rather dense and controlled by the factor 1/y^. The high frequency dis- 
tribution on the other hand is given by the greater root of (368-38) and also 
by either root of (368-39) which here all coincide, neglecting y, This distribu- 
tion depends only on « and is effectively the same as for a linear lattice with 
the same force constant a when allowance is made for the extra degrees of 
freedom. A one-parameter curve such as Debye’s cannot possibly therefore 
always represent eflfectively the actual two-parameter curve. The fact that 
Debye’s curve is often so good in practice must be accounted as a happy 
accident. 

By numerical calculations Blackman has constructed an ai^proximate 
g{v) curve for this square lattice when y/a = 0-06, The conti’ibutions of the 
two roots of (368-36) are shown separately and also the total in Dig. 10-2. 
The infinities have been smoothed out by the numerical process adopted. 
Dig. 10-2 also shows the Debye distributions ((7(v-)ocj^) which contain the 
same number of modes ^nd (i) the same maximum frequency, (ii) the 
same low frequency density. The divergences are marked, particularly on 
account of the subsidiary maximum in g\v) besides the expected maximum 
for the maximum frequency. 

The three-dimensional lattice is naturally more complicated though it 
can be handled by the same methods. It presents a still greater variety of 
possible subsidiary maxima in g{v). After this glimpse of the possibilities 
afforded by the two-dimensional discussion it is unnecessary to analyse it 
further. If the corresponding 0 which will give the same specific heat 





JTig. 10>3. Thoorotical vai'intions of Dobyo’a 0 as a function of T, according to BJaokman. 
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according to Debyo’s approximation is computed from the more exact 
theory as it was from observed values for Table 10*1, it will in general vary 
with the temperature. Typical variations of this nature are shown in 
rig. 10*3 ooniputed by Blackman. It is not, however, possible to discuss 
actual specific heat curves according to Blackman’s theory until that theory 
has been worked out for models wliich are more genuinely representative of 
actual crystals. 


§ 4*8. External reactions for a crystal. The formulae of § 2* 8 for the external 
reactions of the assembly were worked out explicitly for a gaseous assembly, 
but apply of course nmtatis mutandis to a crystal. Since the most natural 
arrangement of the argument is slightly different here, we will give it again 
in full. 

The ciystal oan bo regarded as equivalent to the set of localized oscillators 
into which its movements have been analysed. Tlie oscillators aro not 
necessarily simple harmonic and need not be so restricted as in equation 
(346). The energy of any state (t) of the crystal may bo put in the form 

(369) 


where the numbers (r) specify the states of the various oscillators, and the 
partition function (in place of (346)) 


3sV 


log K{z ) = log 2 + S log f^{z), 


(370) 






where 

is the partition function for the Hh oscillator. In the state (369) the 
generalized reaction of the crystal on the external worldis as in § 2*8 given 
by the equation 

+ (371) • 

To find the equilibrium value of this external reaotion we oould j)re- 
viously use a/, tlie average number of oscillators of typo r in state t. Here 
there is only one osoillator of eaoh type, but a/, now a fraction, given by 
the old formula (80) with = 1, still has the same physical meaning as 
before which is perhaps now more naturally described as the fraction of 
time that this osoillator spends in this state. It follows therefore just as 
before that 

which is equivalent to (232), and therefore that 








.VJ, 
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By oomparisou with (370) it is easy to see at oiico that this rechioes to 




(373) 

In terms of 2^ (373) becomes 



X^=^hT^\ogK{n 

(374) 

and in particular 

p=hT^^hsm'). 

(376) 


§ 4*81 . Bqtiations of state for simple isotropic solids^ dedxicedfrom Debye's 
partition function. It is convenient to disonss at this stage otiior properties 
of solids whioh follow from Debye's form of the partition function. AVe 
consider in this seotion only the simplest case, in whioh with suffioiont 
accuracy 

(370) 

In (376) wo have shown 0 oxplioitly as a function of K; © must always vary 
with V according to tlie simple theory, unless independent 

of the volume. If the solid obeyed Hooke's law perfectly, so that for all 
disjilacements the stresses and strains wore siiriotly proi^ortional, this 
function would bo independent of F, for Poisson's ratio a would bo an 
absolute constant, and the compressibility k Avould bo proportional to the 
linear dimensions. But this ideal case can never hold for actual solids, and 
a F~variation of 0 must bo admitted. 

By the general formula (376) it follows at once that 

7)=-W)-3my|x>(|,). (377) 

This is the equation of state. For many isotropic bodies it is sufficient to 
assume that /I 7? 

W=-j7s+-^i;; (n>n). ......(378) 

where A and B are constants. This is the form of Fo(F) when the atoms in a 
regular crystal act on one another with central forces consisting of a strong 
repulsive field of short range of potential and a wealrer attractive field 
of longer range of potential — a/r”S and the zero-point energy may be 
neglected. In the oaloulation of Fo(F), by definition, the structural units 
are taken to be at rest in their mean positions. We cannot enter here into 
the oaloulation of A and B from the laws of force of individual atoms (see 
Chapter x). If Tq is the natural volume of the solid at zero temperature and 
preSBure. then ^ j!!i'(F„) = 0. (370) 
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I'D! the form (378) Vq is therefore fixed in terms of the constants of the 
interatomic forces by the equation 


wA _ nB 

For small volume changes we may wi’ite 

1 n{u — w) B 


and 


MV) = W) + i (F- T^»)=, 




18 
B 

m ' 


(380) 


(381) 

(382) 

(383) 


We may now introduce the usual ooeffioients of thermal expansion « and 
compressibility k by the equations (definitions) 


v[dTjjf '' V 
At the absolute zero this reduces to 



(384) 

(385) 


and by (381) and (383) we have the relation 

9^0 




nniKQ 


( 386 ) 


This important relation between the oompressibility and the lattice energy 
or heat of evaporation at zero temperature can be used to determine 7 m, or 
n when w is known as for an ionic lattice (w = 1). The actual comparisons 
are made with a calculated ^J){Fo), after fixing B to give the right scale to 
the lattice. We shall take up the general question of the specification of 
interatomic forces in CJiaptor x. 

On differentiating (377) withp constant we find that 


i’;'(F)+3«r^Ei)( 




& 

0 


a 


v> 


the latter reduction by (366). This can be reduced to the simple form 



( 387 ) 
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We see at onco that a body for whioli 0' = 0 should show no thermal expan- 
sion. ITinally, from the thormodynamic relation 


and from 



obtained by differentiating (377) with V constant, wo deduce 


(388) 

(389) 


, (390) 

TJiis formula is of groat practical importance in deducing Oy from observa- 
tions of Oj ) . It is i)rinciiDally used in certain semi-empirical simplified ft>rms, 
Those formulae appear to be in good agreement witli observation for 
many solids. In particular (387) is satisfied if the value of -- F070 is about 
2*3. A calculation of a and tc in terms of the interatomic forces would allow 
this value to bo interpreted as fixing a relation betAveen m and n. 


§ 4*9. General equations of slate of the general crystah S])eGificaiion of the 
unit cell. We have hitherto, in discussing its equation of state, regarded a 
crystal as an isotropic solid, subjected only to changes of volume by isotropic 
(hydrostatic) pressures, Avhich might bo negative. The single goomotrioal 
variable necessary could then bo the volume V as for a gas, and the single 
©las tie constant the volume compressibility, 'fhis, hoAvevor, is insu/noiont 
for even the simplest solid, since solids possess at least two independent 
elastic constants, Young’s modulus and Poisson’s ratio, and crystals of 
lower symmetry may possess many more, 21 in all. Wo are tlioi’eforo led to 
ro-formulate the calculations, to include the symmetry of the crystal 
structure and the general moolianioal and porhaiis eleotrioal stresses to 
Avliich a rigid body can bo subjected,’'* 

Wo start by specifying more closely than in §4-15 the unit cell, by repeti- 
tions of Avlncli the crystal is constructed. The cell is of course not unique, but 
we suppose a dohnito choice has been made. The coll may then bo taken to bo 
a definite parallelepiped whoso throe concurrent edges are specified by the 
vectors 8^ , 82 , 83 , Tiro volume of this cell is 








2i/ 






( 301 ) 


Hx °3l/ 

and 8 is called the lattice constant. Choosing any origin 0 in the basic coll, 
let r bo the vector from 0 to any other point, usually to one of the other 


* My knowlodgo of tlio atomic theory of crystals is derived almost entirely from .Born, Problems 
of A (omic Dynamics, Cainbriclgo, Mass. {1020), and “Atomtboorio dcs feston Zustandes”, loc, oil,, 
q.v. Tho simple account, which I have tried to give hero, not unnaturally follows Born's looturos 
olofloly. 
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atoms in the same cell. Then the vector distance from 0 to the ooiigrnont 
points in the other cells is written 

. r + r^, + + (392) 

where l^, Zg are any integers positive, zero or negative. They are con- 
tracted to I and called the ‘ ‘ cell-index ’ ’ . 

The positions of the atoins or other units requiring separate consideration 


in the unit cell are denoted by the vectors from 0, 

r;, {/j==l,2,...,s). (393) 

Any atom of the lattice is at a point specified by where 

r,/ = r^H-r^ (394) 

The vector distance between any two atoms of the lattice is 

T//- 1*/ = r/, - + = (396) 


§4)'91. Crystal statics, or energies without heat motions. We will next 
consider the form of the potential energy function when the atoms are at 
rest in their mean positions and act on one another with radial forces of 
potential energy foi’ the j^air of atoms of type Ic and h' at a distance 
r apart. 

We require of course the potential energy per unit cell and have therefore 
to calculate the potential energy of each of the h units in this cell in the field 
of all the other units in the crystal, which is regarded as infinite in extent. 
We then obtain the total energy of the crystal, omitting surface effects, by 
summing these potential energies over the h units of the cell and multi- 
plying by where N is the number of cells in the actual crystal. Every 
term would be counted twice over by this summation, hence the factor 
We shall continue to call the total potential energy of the actual crystal Fq , 

and have therefore w v a. ui \ 

i'o = [1 . (390) 

It is commonly convenient to use a different notation for the I and h sum- 
mations, calling them S/ and . We have therefore 


■^0 = ), (397) 

In (397) the summation S; runs from - oo to + oo in each of the three indices 
and the summation twice over the s units of the basic cell. All terms for 
which r = 0, that is, h~h\l=^, are omitted, 

Methods of evaluating these sums in terms of given atomic forces for the 
simpler cases are sketched in Chapter X, and we shall not consider them 
further here. 

We should observe in passing that the form chosen for the unit of sum- 
mation as a term depending on two atoms only is by no means general. 
More general forms are to be expected and are required to account for the 
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more intimate properties of crystals. For example, if we luivo in the basic 
coll three non-colliiioar ions 1, 2, 3 with appreciably polarizable olootroiiio 
structures, their mutual potential energy may bo roducecl to the form 

at least approximately, but is not expressible in the form 

^ 12 (^ 12 ) + <i^2a(^'2.a) “I" ^3i(^’3i)> 

which is the form assumed in (397). Summations more oomplioatod than 
(397) are then reqiiirod, whioh wo shall not formulate liero. 

Let us now consider the requirements of the equilibrium state, If wo 
suppose that the vectors 83 , 83 , as specified refer to the equi- 

librium state witli all units at rest in their mean positions, then tlio first 
order variations of Fq must vanish for any small variations in position of miy 
one (or more) of the constituents. Since all the colls are the same those con- 
ditions of course are not all indoi^endont, and it is easy to sec that the 
independent conditions reduce to those in whioh every coll is submitted to 
tho same variations. Such variations may ho called ho^nogeneoiis displace- 
ments and are of special importance, 

Let us now pause a moment to consider tho complete spooiflcation of tho 
geo metrical variables vOiich describe the crystal, and whioh are entitled to , 
enter into thermodynamical or statistical equations, It is no longer possible 
conveniently to use the actual volume; again, tho diaplaoemoiits from tho 
equilibrium state with tho atoms at rest and undisturbed by external fields 
of force are praotioally always small in an actual crystal. It is therefore 
convenient to take as standard tho undisturbed state of rest, and to refer fill 
other states to tliat state, iln any other actual state of tho crystal (pre- 
serving the lattice repetition) tho moan positions of the struotiiral units can 
bo just specified exactly by specifying tho general homogeneous displaoe- 
mont whioh transforms the standard state to tho required state, and this 
disturbance may usually bo regarded as small. WJion external forces are 
acting, meohanioal or oleotrioal, they must therefore be supposed to bo 
uniform over the extent of the crystal. Since the actual space variation of 
external fields is very small on tlio inoleoular scale this apparent restriction 
is a trivial one, 

Tho general liomogeneous displacements, which wo are thus led to regard 
as a suitable geoinetrioal specification of the crystal, contain terms for tho 
displacement of one sot of atoms relative to another whioh are at first sight 
not accessible to direct observation and control for the crystal in bulk and 
so not permissible statistical variables. Ideally, however, one can regard 
those displacements as directly measurable by X-ray methods, which can 
already place all the atoms in tho basic cell at least in simpler oases. Moreover, 
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in ionio lattices some at least of these displacements can be varied inde- 
pendently by external electrostatic forces. They cannot therefore all bo 
ignored, and it seems a legitimate generalization to include them all in the 
statistical description of the crystal. As we shall see, they can bo eliminated 
later from the partition function by the usual thermodynamic process as 
soon as it is desired to do so. 

Disturbances of the crystal other than homogeneous only enter with its 
thermal motion. 

The general homogeneous displacement consists of small vectoi' changes 
in 5j, Sg, 83 , rj, r^, the lattice being rebuilt out of the cells so altered. 
In greater detail we write these changes as follows, where asterisks denote 


the new values. Tor the components of 83 , 8 g 

= + ( 308 ) 

for the components of r ^ 

'^x.vVk 1, . . . , 5 ) (399) 


The displacements then consist of a homogeneous strain of the whole of each 
cell defined by the tensor , and then a displacement of the s elements of 
each cell by the vector , To exclude a rotation of the lattice as a whole as 


a rigid body the tensor must be symmetrical or 

(‘^99) 

and to exclude a translation of the lattice as a whole as a rigid body the sum 
of the $ displacement vectors must vanish or 

^fc%,a! = 9 (allic). (401) 


Let us now suppose that we can compute the value Tq* of Fq given by (397) 
under this homogeneous displacement, retaining terms in the disj^lacemonts 
up to the second order. Then 


1 ^ / asT/ \ 




JCftC 


■‘ViH 



0 


/ d^F * \ ^ 




(402) 


It is well to recall the meaning of the two zero suffixes. The suffix zero in 
Tq and Fq* denotes that there is no thermal agitation and that the terms 
refer to potential energy in an assigned configuration, The suffix zero in 
{ )o denotes that the term is calculated for zero displacement from the 
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standard configuration. By tlio conditions of equilibrium in tlio specified 
standard state / a r \ 


W) =0, (.|S!) =0. 


These equations are not all independent, for tlie oliango of potential energy 
must vanish identically when the crystal is moved as a whole or rotated as 
a whole in the absenoo of external forces. Thus 



and since in a pure rotation 0, etc., 



The independent conditions (403) thus reduce to 3« H- 3, whioh is the same as 
the number of independent disiolacoments subject to (400) and 

(401), and therefore just suflice to fix the standard equilibrium state. The 
numbers of independent variables and equations can of course be reduced 
by the crystal symmetry, but are reduced equally. 

Suppose now that the crystal is again held in equilibrium but not in its 
standard state. This is possible if external mechanical or olootrioal forces 
exist, acting selectively on the different units of the crystal cell. Wo liave tlion 
to consider a crystal element in a resultant state of homogeneous displace* 
ineiit. The solootivo forces on particuloi’ sets of atoms may naturally bo 
thought of as being applied as body forces acting uniformly through the 
body of the crystal, but the ordinary moohanioal stress tensor whioh pri- 
marily deforms the coll is in aotual practice applied to the surface of the 
crystal. One may think at first sight that in a scheme ivhich omits surface 
effects tlioso surface applied stresses cannot be included, but this difficuUy 
is only apparent. We find the same apparent difficulty in discussing im- 
perfect gases in Chapters viir and ix, whioh is oonsidored hi detail in §6' 7. 
Wg shah not go into details here, but by similar arguments the surface 
applied stresses oan bo seen to be transmitted uniformly through, the solid 
by oonsidoring the actions across suitable sets of geometrioal interfaces 
inside it, so that effectively the colls of the crystal are subjected to uniform 
body forces. In any such case of non-standard equilibrium under uniform 
Iioinogonooiis displacements we have therefore 



r/ 


(407) 


whore the functions V so defined, vanishing in the standard state, are the 


PSM 


10 
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external stress tensor and the s external selective force vectors respectively. 
This identification follows at once from the requirements of the conservation 
of energy. 

§ 4*92, G'i’ystals with thennal agitation, It is now possible to superpose on 
the distorted crystal the usual general thermal agitation, and so to construct 
its partition function. Into the details of this calculation we need not go. 
It requires calculations of Fq* to the third order in the displacements in 
order to get the frequency spectrum of the crystal correct to the first order 
terms in the homogeneous disijlacements. The calculations are complicated, 
but can be carried through. With approximations of the same type as before 
we arrive at 


\ogK{z)=:{F^-\rF^)logz- 


3W 

{kig\ jzf 


3 

s 


Ic&f* log l/a 


'ke 

Jo 


Bs 


. - W S log(l-;?^'»'i*), 

j‘=‘i 


log(l 

(408) 


corresponding to (340), but now 0^* and refer to the displaced lattice. 
If we anticipate Chapter vi as before and write (408) in terms of 'F, like 
(361), we have 


logiC(T)=-^‘’ 


F.+F. 


hT 


3 rpji j*Qj*IT 

Jo 


log{\ — Q~^)x'^dx 


3s 


•N S log(l-c“W’v 
•x,v P^X,v'^X,v\' 


.(409) 


where 0/ « 0^{1 - “ ^x,y ...... (41 0) 

Strictly speaking, the averaging for direction of equation (347) must be 
carried out remembering that and B^^y (i~l, 2, 3) are functions of 
du'eotion. This will be indicated in the equations that follow. 

The analysis is of com-se only carried through for small displacements, so 
that only the first order terms arising from the changes in the ©’s can be 
retained. When we expand (409) in powers of % g, and and indicate the 

hitherto ignored directional averaging, the result can easily bo reduced to 
the form 


\ogK{T)=-^ 


F.^F. 


hT 


3 rpz (>QJT 

-3WS^ ■ 

^=10^ J 0 


log(l— 6“®) x^dx 


Bs 1 

- W S log(l - + S, 


hT 

where, the bars denoting averaging for direction, 
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'x,y^ x,v'^x,y\> 


-(^ll) 


K‘ 


k,x ' 


(412) 


^\,y=^FhT 


jZi 


?! f 


0 


.(413) 



4 ‘ 93 ] Thermal lU^iergy for a General Crystal 147 

To blio speoifled order of accuracy this is the coinploto partition function, 
replacing (361), and depending on all tlio geometrical parameters and 
Ug.^y instead of only on V. The tomporatiiro dopondent terms have only been 
given to a first approximation in tliesO parameters. 


§ 4!* 93 . General applications . Jly tlio general formula ( 3 7^1: ) , 


?7„=*2’g^-logif(2’), 

(414) 

C4^=*2’^log2f(2>). 

(41C) 

These are the average reactions of the specified typos which the assembly 
exerts on the outside world, or the forces exerted by the surroundings 
reversed in sign, so that the external ■work done by the crystal in any 
specified displacement at the given tomjjorature is 

^, 1 / P • 

{416) 

The average energy is given as before by 



(117) 

The forms of the average reactions are found on combining (400), (407), 
(414) and (416) to be 



n -K- 

(«!>) 


Anticipating the results of OJmpter vi wo may of course apply all the 
processes of tliormodynainios to our crystal. In particular we can evaluate 
the displacements and oonstruot a now function of the other variables 
and instead of the vliioh has similar properties. H’liis is a process 
of practical importance because all observable properties of a crystal arc 
properties Avbioh it possesses for given values of tiro external foi’oes and 
not for given values of the displacements 3 , . As appears in Chapter vx 
k\ogK{T) for the crystal is the thormodynamio function luiown as Planch’s 
oliaraotoristio function, and '-hT\ogK{T) is the more usual /ree energy]' 
of IJelmhoUz, Jlf\ The funotion ^VQ requi].'o hero is 

i.m 

expressed as a funotion of Ty Uy,^y and after eliminating the from 
(420) by means of (419). l!t is as it wore a partial transformation from the 

f Also oallod the mrk Jnnclion and donotod by A. 


10-3 
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free energy of Helmlioltz to the free energy of Gibbs. By the formation of 
the visual total variation we see that 




dF^ 


.(421) 


k,x 


We have stiU to define the strength of tlie eleotric doublet p induced in 
the crystal by the displacements of type , whether they are due to 
external electric fields, to thermal agitation or to the other displacements 


We have at once 


9x = F^k^k'^k,x> ( 422 ) 

where is the charge on the ^;th unit of the basic cell. If an external electric 
field of components E^,, E^ is acting, the forces are given by the 
eqmtiona " (423) 

The may be supposed eliminated from (422) also, with the help of (419). 

We cannot pursue the theory of crystal structure in detail, any further, 
but must content ourselves with general remarks. The general equilibrium 
properties of crystals and their relationships may be illustrated by the 
following diagram. f 



Temperature 

Tig, 11, The equilibrium properties of orystala. 


The formal equations connecting these quantities can all be derived from 
the functions F or J’*, and con therefore be evaluated for given crystal 
structure and given atomic models by carrying through the calculations 
which we have indicated here. For example, the pyroelectric effect is a 

f Jfodified horo from Born, loc, ciU after Heokmann. 
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change of diiJole strength in the crystal caused by heating it, and is of course 
coupled with the corresponding inverse eleotrooaloric effect which is a 
change of temperature following on the ai)plication of an external electric 
field. The pyroeleotrio effeot appears of course as tiro production of equal 
and opposite surface charges on opposite faces of the crystal. The best known 
example is tourmaline in which the charges separate along the trigonal axis, 
Tliis effeot can be calculated by evaluating p^ >Py>Pz for zero external stress 
tensor and zero electric field. The pyroeleotrio moment so calculated corre- 
sponds to that observed, but it is not what may be called the true pyro- 
electric moment wliioli would naturally bo that for zero external elootrio field 
and zero displacements , Tlie actual displacements for zero stress 
tensor themselves involve non-zero values of (independently of the 
direct temperature effeot), and so produce a piezooleotrio moment which is 
superposed on the true pyroeleotrio moment to give the observed value. 
The point of chief interest to statistical theory is the dopondonoo of all 
these parameters on the temperature. It is not difficult to see that the intor- 
conueotions between the pyroeleotrio moment, the thermal expansions and 
the temperature are fixed by the coefficients and B^„^y of equations 
(412) and (413), At low temperatures only the Debye terms, y = 1, 2, 3, are 
important, and wq find in addition to (369) for the energy, the relations 


Thermal expansions cc (424) 

Px> Pv> Po ^ (426) 


The proportionality between the excess energy content over the zero-point 
energy and the thonnal expansions is in agreement with observation, and 
represents a law formulated on empirical grounds by Gruneisen, but the 
Xoroportionality with the pyroelectric moment is not in agreement with 
observation. The observations suggest that tends to zero rather like T 
or T^. The explanation is still uncertain, but it is probably connected with 
certain other plienomena in crystals of low symmetry to whioli we shall now 
refer on account of their striking character. 

§ 4‘ 94, So7ne properties of strongly anisotropic ci'y slats. The investigations 
of Grunoisen and Goens* on single crystals of zinc and cadmium have shown 
that these hexagonal crystals are very strongly anisotropic, all their pro- 
perties being markedly different along and across the hexagonal axis. In 
particular the frequencies of elastic vibration are very different in these 
direotions, On following through the calculations for the coefficients of 


thermal expansion it is found that 

H^ynPW^rnl^Ly (426) 

= + (427) 


* Qrunoisoii ftnd Goons, Zeil, /, Phi/sik, vol, 20, pp, 235, 260 (I02i), vol. 20, p. 141 (102<4), 
vol. 37, p. 278 (1020). 
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where P\\~fii^)> P±=fziF), (428) 

yia“y3i^9. (429) 


To a first approximation/j and/g are of Debye’s type, but with very different 
0’s. The y’s are elastic moduli, so that the ^’s are of the nature of “thermal 
pressures”. The 0’s are as usual fixed by the elastic constants and servo to 
determine sucoessfully the specific heats. 

\0^a„ 10^ aj. 



Fig. 12. Tho coofRoionts of tliormal expansion «j| and of 
zinc crystals along and across tho hexagonal axis. 


The interesting special property of these crystals is that they show for 
certain temperatures a negative value of ocj^, that is a contraction across the 
hexagonal axis on heating. But this follows from tho theory, for owing to 
the great difference in the 0’s at low temperatures has a sensible value 
while /a is still negligible. At higher temperatures both a|| and oCj_ become 
positive, for the functions /j and/g become comparable and yaa > |yi 2 l* The 
observations and theoretical calculations for zinc are shown in Fig 12 and 
are in remarkable agreement. 

In view of this result is seems possible that the observed variation of 
pyroelectric moment, which does not obey the T^-law, arises from a com- 
bination of several rather different functions of the temperature which 
partly balance each other. The crystals concerned in pyroelectric effects 
are in general strongly anisotropic. 




CHAPTER V 


THE GENERAL ASSEMBLY. DISSOCIATION 
AND EVAPORATION 

§5*1. Introductory. We now pass on to the general assembly in which 
gaseous atoms and moleoules dissociate and combine, or evaporate ('vom and 
reoondonse on crystals , Generally speaking wo may say that wo are now to 
investigate tlie equilibrium state of an assembly of practical Ij'’ independent 
systems, whioli no longer retain their individualities throughou t the motion 
of the assembly, but are able to break up and recombine in sucli a way as to 
form any sjpecilied number of different typos of independent systems. ![t will 
obviously be important to specify what wo regard as the ultimate structural 
elements of the assembly — the indivisible systems •which can ooinbino, but 
never break up further, ‘^fhe formal exposition will bo the same whatever 
the ultimate units are assumed to be, but the physical interpretation will 
be different, In the initial exposition wo shall for definiteness suppose tliat 
tlie ultimate units are the atoms of chemistry. At a later stage the same 
formulae will be remterpreted in terms of positive nuclei and electrons in 
the study of tlie properties of matter at very higli t6mpe],'ature8. This inter" 
pretation is obviously the more fundamental, and will of course include the 
former as a special case, but in practice the two fields hardly overlap. In 
most assemblies hot enough to contain an appreciable equilibrium ooii" 
centration of atomic ions and free electrons, the number of molecular species 
effectively j)resent will bo found to be always very small and generally zero. 

Previous to the formulation of the laws of quantum moohanios any 
satisfactory discussion of tlie problems of dissociation from the standpoint 
of pure statistical mechanics adopted in this monograph was based on the 
■work of Ehrenfost and Tikal.* Those authors only discuss the dissociation 
problem on semi-olassioal lines; they assume, that is, that all degrees of 
freedom of a system are either "fully excited ’’ so that the classical theory is 
adequate or "completely unexcited”, in which case they may be ignored. 
This restriction is here removed so that the discussion is perfectly general, 
and subject only in its range of applicability to restrictions of a physical 
nature inherent in the problem. Thanks to the simplifications introduced by 
quantum mechanics the method of analysis of Ehrenfost and Tikal need no 
longer be followed. Actual matter however (for example, imperfect gases) 

* Ehrenfost and Trlcal, Proc, Sect, Sci. Amatmlain, vol. 23, p. 102 (1020). 1 do not know of any 
Ofti’lior discussion of dissociation or the kindred matters of cliomical constants, “tiiormodynamio 
probability” and absolvito entropy on the liypotliosos of C'liaptor i which can bo regarded as 
logically convincing, 
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will not always be comparable to an assembly analysed into practically 
independent systems. We shall make a first attempt in a later’ chapter 
towards the removal of this particular restriction. 

' For simplicity of exposition we begin by considering a gaseous assembly 
in which a single reaction can occur. This serves to bring 

out the essential point at which the analysis of Chapter ii must be extended 
to take account of such reactions. We find that the expressions we require 
are still coefficients in multiple power series similar to those of § 2*4. After 
discussion of this simple case we give the analysis for the general gaseous 
assembly, and then the extension to assemblies containing crystals or other 
condensed systems for which we can construct partition functions. We 
include some simple examples of the interpretation of our formulae in terms 
of atoms, molecules and chemical reactions, but the main discussion of the 
results can only be profitably taken up after we have discussed tlio relation- 
ship between the equilibrium theory of statistical mechanics and the law'’s 
of thermodynamics. It -will be shown that the selector variables each have 
their pro 2 Der physical interpretation. Just as z corresponds to the tempera- 
ture, so the other variables, one for each type of atom (or other structural 
unit), correspond to the partial potentials of thermodynamic theory. 

§5‘11, Short cuts for enumerating complexions [accessible states) for a 
dmociating assembly. Before enumerating the complexions of a dissociating 
assembly it is necessary to analyse its symmetry requirements in some 
detail. At the present time we can hardly specify witli oonfidenco what 
we should take to be tlie ultimate elements of which matter is built up. Wo 
are nowadays acquainted with electrons, protons, neutrons and positive 
electrons, all of which have some claim to be considered independent funda- 
mental particles, though the last are seldom likely to be important in equi- 
librium problems, We even flirt with the idea of neutrinos. From what w© 
already know about electrons and protons we may assert with some con- 
fidence that the accessible states of all assemblies are those and only those which 
are aniisymmeirical in all the electrons and also antisymmetrical in all the 
protons, account being tahen of their spins. If neutrons are admitted as a 
third fundamental particle, then the same rule may be exiDected to api)ly 
to them. If in fact any assembly may be regarded as built uj) of electrons, 
protons and neutrons and no other particles (besides light quanta which 
we are not considering at the moment), then these symmetry requirements 
should be and are sufficient for any enumeration of complexions. But for 
the sake of treating an assembly in a way which corresponds closely to its 
physical nature, it is inconvenient and of little value to regard it for example 
as an assembly of electrons and protons when it is in fact an assembly of 
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permanent helium atoms or hydrogen inolooules. We need to use these units 
tlieraselves as qiiasifuiidamontal systems with secondary derived symmetry 
rules. 

Suppose such a complex system contains m electrons, n protons and o 
neutrons, or rather that some such analysis for definite values of w, w, o is a 
legitimate representation. Tlien since interchange of a jmir of complex 
systems means interchange of (w+^+o) pairs of electrons, protoiis and 
neutrons in each of which pairs the wave-function is antisymmetrioal, IM 
wave-function of the assembly will be symmetrical in the complex systems if 
{in-\-n-ho) is even and antisymmetrical if {m-\-n + o) is odd. Wo have there- 
fore at least these derived symmetry rules, and as we shall shortly see they 
ft-ro not only necessary but suilioient. 

We shall therefore be able to avoid the diflioulty or rather inelegaiioy 
mentioned above. When we have decided a priori from our knowledge of 
the proi)ortie8 of the secondary systems — atoms, molecules or nuclei — 
what systems can be properly regarded as the permanent population of the 
assembly in any particular problem, then wo can ai^poal to the following 

Lemma 6*1 1. It is sufficient^ in enimerating the complexions ^ that is the 
wave-functions characterizing the accessible slates of the assembly ^ to constnici 
formally i and so to enumerate^ all those linearly independent wavefunctions 
which have the correct symmetry properties in the pemianenV' systems 
{regarded as wholes) of which the assembly is composed. The wave-function of 
any permanent*’ system must have the correct symmetry properties in the 
electrons f protons and neutrons of which that system is composed, b%U the direct 
analysis of the complete assembly into the electrons, protons and neutrons of 
which it is ultimately compared may be omitted, for the number of complexions , 
is not thereby affected, 

This simplifying lemma is easily established but as a formal proof is long 
and olumsy wo shall be content with illustrative examples in which the 
argument is obviously general. It is a well-known property of Schrbclinger’s 
equation for an assembly that the neglect of the interactions between the 
constituent systems can never alter the number or the symmetry type of 
the various states, though of course it can alter the energies and therefore 
allow new degeneracies to enter. We may therefore iDrooeed to enumerate 
states neglecting interactions when and where convenient. 

For a first example consider an assembly of two electrons and t^m protons 
in a box, for which the conditions are such that the actual permanent 
systems may he assumed to be two hydrogen atoms. Let he the 

wave-function of the system electron 1 and proton I in the box, which 
describes a particular stationary state of 1 + / neglecting the interaction 
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with eleotron 2 and proton II. Under the conditions of the problem this is 
then the wave-function for a freely moving hydrogen atom in a given 
electronic state and a given state of translatory motion, and we need not 
specify it further. Let ^^(2,//) have the obvious similar meaning, '.fhen the 
assembly wave -functions describing the state, one atom in state a and one 
atom in state /3, the atoms being “permanent”, are 

and the uniq[ue wave-function symmetrical in the two hydrogen atoms as 
wholes is + (‘^^30) 

This wave-function is not antisymmetrical in the eleotrons and protons, 
but it corresponds to just one such wave-function, as the lemma requires. 
This wave-function is 


(«1) 


Of course we may not argue that to (431) correspond two functions of type 

(430) , namely the two terms in ( } in (431 ), for to admit both these functions 
denies the permanency of the hydrogen atoms. We must then regard the 
assembly as one of electrons and protons and are driven back to the unique 

(431) itself. 

For a second example let us suppose that an «-partiole may bo properly 
analysed into four protons and two electrons. It is far more likely that the 
correct analysis is into tiro protons and two neutrons but the proposed 
analysis will still serve equally well for illustration. Consider an assembly 
of eight electrons and eight protons for which we know that the “per- 
manent” systems may be taken to be two a particles and four “free” elec- 
trons. The free eleotrons may of course be sometimes bound in the ordinary 
electronic orbits of Ho"^' or He. Let ^j^(l,2,J,.,.,/F) and 0|3(3,4,y,...,TfIZ) 
represent wave-functions for the two a-oomplexes, each of proper internal 
antisymmetry in their own eleotrons and protons. Let )/fy(6), y/s(6), i//e(7), 
^j(8) be the wave -functions of the extra-nuclear electrons. The only wave- 
fmiotioiiT for the complete assembly which is antisymmetrical in the extra- 
nuclear eleotrons, symmetrical in the «-j)articles, of the given grouping in 
the a-Gomplexes, and representative of the specified state of the assembly 
(a-partioles in states a and free eleotrons in y, 8, e, ?), is 



^^(l,2,/,.,.,7F)^„(3,4,F,...,m/) 

0^(l,2,/,...,iF)0^(3,4,F„..,FiJ/) 


0y(6) «Av(7) ^y{^) 

hi^) hi't) hi^) 

m *A.(7) ^.(8) 

^^(6) ^^(6) i/f^(7) ^/^(8) 


( 482 ) 
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In (432) j|...|j represents a parma7ient i\mt is a deteriiiinant but with all its 
signs positive. It is easy to see that from any such function wo can construct 
just one Yq antisymmotrical in all the protons by summation of the terms 
PjfF with the jiropor signs over all permutations 7^ of the protons which 
make a significant change in Y (such as for oxain])lo an intorohango of I and 
F but not of I and II). Wo can then oonstruot just one Yqq antisymmetrioal 
in all the protons and all the electrons by a similar summation of the terms 
T^Yq over all significant permutations of the electrons, flho order of 
those operations is irrelevant. Conversely from the givon olomontary j/t’s 
of the electrons and j^rotons we can obviously construct only one function 
with the groupings and symmetries of (432), which verifies the lemma. 

For a third example lot us take the same assembly of two a-partiolos and 
four electrons but analysed into four protons, four neutrons and four 
electrons — probably a more correct analysis — and lotus specify the neutrons 
by the numbers 1,2, 3, 4, Then the wavo-funotions for tlie two a-partiolos 
are i/f„(/,/J,7,2) and \ls^{III,lV,S,4) and for the four electrons j/fy(l), ^^(S), 
^e(3), ^/^(I) as before. Then the only wave-function for the assembly with 
the right symmetries and groupings is 

m 08(2) 08(3) 08('i) . 

0^(411,7,2) 0^(m, IF, M) 0,(1) 0,(2) 0,(3) 0,(4) 

,//^(l) 0^(2) 0g(3) 0^(4) 

(433) 

TJiis wave-function is ahoady antisymmetrioal in all the electrons of tlie 
assembly and we shall take no further notice of the electron factor, It 
remains to oonstruot from (433) the uniq^ue Y(,o which is antisymmetrioal 
in all the protons and all the neutrons. It will be worth while to oonstruot 
Yqq explicitly as it is not excessively complicated. 

Tile wave -function Yq derived from Y by the necessary permutations of 
the protons (electrons ignored) is 

% - 0^(II4IF,5,7) + rls^{iai;U2) ilsJ,lII,lV,3,4) 

-1- ijs ^{11,111,1,2) 0^(I.IF,3,7) + ilsp(II,ni,l,2) UDIVM 
-I- 0„(II44-?,2) 0^(I4IF,5,I) + 0^(717,443) 0«(747F,47) 

+ 0„(7747F,7,2) 0^9(477,5,7) + 0^(777,7F,7,2) 0«(7, 77,3,7) 

-b 0„(47F,7,2) ^j^{XI,in,3,4) + 0^(47F,7,3) ^1^111,3,4) 

+ 0„(747F,7,3) ^^(111,1,3,4) + 0^(77,7F,7,2) 0«(7747,3,7). 

......(434) 

This Yo is antisymmetrioal in all the protons. It is at the same time anti- 
symmetrioal in the neutrons 1, 2 and 3, 7, and symmetrical for the inter- 
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change of the neutron imir 1, 2 with the pair 3, 4, If wo write as 

to indicate this dependence, then 

= + + (4-35) 


is tlie unique wave -function antisymmetrioal in both protons and noutiHJUH, 
These last two examples serve to show that the precise nature of the 
fundamental particles into which the complex systems should bo analyHt>tl 
makes no difference to the enumeration of complexions, provided of eoiirno 
that the wave-functions in terms of the complex systems thomsolvcH have 
the correct symmetry. In conformity with this principle it is possiblo iu 
most statistical problems to treat atomic nuclei as porinanout oomploxes. 
No matter what the correct analysis of nuclei into more fnndamoi'itiil 


particles may be, we may always proceed by satisfying the symniobry 
requirements of the assembly merely in all sets of equivalent nuclei and in 
the electrons (extra-nuclear). The symmetry rule for nuclei whioli iKjlds 
universally so far as is known at present is that the mve-^fimclioiia vmsl be 
ciiitisy'inmeti'icalin all swiilciT nuclei when the nuclei have an odd muss nurnhev 
and symmetfical when the mass numbev is even> The mass numbor is of ooiirso 
equal to the number of protons and neutrons in the nuolous. 

We have so far formulated the lemma for the analysis of “pornianont” 
complex systems into electrons, protons and neutrons, ))ut thoro is no 
need so to restrict it It applies equally to the analysis of ''pormaiiont;” 
complex systems X into any '‘permanent’’ secondary units T and Z. If or 
example in an assembly of chlorine atoms CPs the assembly wavo-funotioiiH 
must be antisymmetrioal in the Cps nuclei. But the assembly will offion 
consist entirely of "permanent” molecules CV^ Applying tho lemma, 
therefore, we see that the symmetry requirements of the assembly will bo 
satisfied, and that the enumeration of wave-fimotions will bo ooirect if wo 

mokoule mtisyrmmtrical in its nuoloi and 
nake the assembly wave-function symnniriml in the moleouloa, 

metv rf the syni- 

raetiy requirements of the nuclei oulVv If lA n 2^ ih (‘x d\ u ^ 

ih fi, ^ ? of nuclei, each antisymmetricalin their pair of arffumon Ls 

then the single assembly wave-function corresponding is, by 

= = (430) 


‘•^»-''J'(1.2;3,4)+:F(2,3;I,4) + ^F(3,1;2,4) 

The same analysis verifies that, for an assembly of four systems X in 
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wliiok the “permanent’’ systems are two X’s and one Xg, the assembly 
wave'-fimotions may bo enmneratod by being made antisymmotrical (or 
symmetrical ao cording to requirements) in tlie two free X’s; more generally 
in a dissociating assembly the assembly wave-functions may bo correctly 
enumerated by fullilling the symmetry requirements separately for eaoh 
species of system present in the assembly, i.e, separately for eaoh species 
of free atom or molecule which is one of the “permanent ” systems. There is 
no need to fulfill the symmetry requirements for all atoms X say, whether 
they are free or combined, provided that wo treat the oombinod jmirs as 
“permanent” systems in the sense of this section. 

§6*2. The number of comxilexiona and the equilibrium state of a gaseous 
dissociating assembly in which the single reaction + A^ zi: occurs. In 

the proposed dissociating assembly the “permanent” systems in the sense 
of § 6.11 are the atoms or molooulos A^^ A^, and A^A^. Ifor simplicity wo 
can suppose that no other systems are present and that the total numbers 
of the systems A^ and A^, free or oombinod, are and X^ rosi}eotivoly, 
Since dissociation and recombination is assumed to proceed freely, the 
mimbor of molooulos A^A^ present in an accessible state of the assembly 
may have any value whatever from zero to X^ or X^ whichever is the less, 
and all such states have to bo included in the enumeration. It is convenient 
to refer to all the states in which there are free ^l^’s, Mq free /P’s and 
N /P/P^s with Mi+N -X^^y M^-l-N-X^ as an example of the assembly. 
We can sum the complexions for each example and then for all the examples 
to obtain the desired total. 

To find the number of oomploxions for a particular example {M^yM^yN) 
wo can proceed as in § 2*4 and form the gf-funotion for eaoh of the systems 
A^y /P and A^A^, and with them construct the analogue of (107), namely 

ri, g^{x^z^<^) im 

Avhoro €fy €i^ and are the sets of energies of the three systems, degenerate 
states being counted multiply. The number of oomploxions of this example 
of the assembly can then bo obtained by picking out the oooffloionts of 
in- (< 138 ). In this way the proper symmetry requirements are 
satisfied for each sot of systems separately^ the systems being treated as 
“jjormanent”, which gives the correct enumeration by Lemma 6- 11. In 
order however to sum over all examples we must remove the independence 
of y and the rr’s, and use instead the expression 

giix^z^^^) Ui gi^ix^x^z'^i) (439) 

The total number of complexions of the assembly is then given by picking 
out the ooefiioient of in (439). This ooeflioient is clearly tlie sum 
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of all the coefficients of 032 )^ 2^111 (438) for which the equations 

of condition , if g + iV - are satisfied, Tims 



do! do32 d2 


(440) 


It will be seen at once that the difference between (440) and (108) consists 
solely in the introduction of the extra factor ri^{ 7 i^(aqa’ 22 '^ 0 > which allows 
for the extra states provided by the combined systems A^A^. It follows at 
once, by the arguments of § 2*4, that 




^ Hi S7ia(‘^’i^'a^^0 (441) 


Further if is the average number of molecules in their jth state, then 
similarly 


Qk 


. 1 rrr 


dx^ dx^ d^ 


Xj+l Xj+J 2 jJ3+1 






X {'i^2) 


Compared with (440) the integrals for Ga/ and contain respeotivoly the 
extra factors 

®i«'’a0^^1og^ia(a;ia322’?r). 

In the same way it is obvious that integrals for OMj^, GN, and 

can be constructed which contain respectively the extra faotors 

0 0 

^ 9i (^’1 ^''‘^) > % ^a j l/j,2(^’a ^2 j 

0 0 

2^S,logj/i(a3i«^r'), 2^S,logPi2(a3i.'ra2^r). 


As is sufficiently obvious from tlie notation, means the average energy 
of the free systems and the average energy of the combined systems 

AU\ 

These integrals can all be evaluated by Theorem 2*42. The unique saddle 
point Aj, Ag, O' of the integrand of the multiple integral is determined by 
equations which are most conveniently expressed in the notation 


9Ai~'aA2~90'~^’ 


(443) 


S = jZ - Xj log Aj - X 2 log A 2 - log O', (444) 

.Z = log gi(AiO'^‘') + S/ log ^ 2 (^ 2 ^"'“) + log fi'ja(Ai AgO'^O ; ... (445) 
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S is thus log (integrand of G) evaluated at the saddle point. With the values 
Ai, Ag, -O’ determined by those equations 


V = Ai~log{/i(Ai3V), 

0 

^"=AiAag^-^log//ia(AiA23%), 


^ ^ (446) 

i^=Aiis,log(/i(Aih^^^), 

N =s Xi Ag UniK Ag O’?'-), 

^ ^ (447) 

^ = h~S,,log|7dAih"''‘), 

A 

%17ia(Al Agh’^r). 


(448) 


JTor convenience of reference wo shall rewrite these equations introducing 
Gxplioitly weights for degenerate states. 1.’ho equations (446)-(4:48) tlion 
become 

^ wf log {7 i(Ai -I- log |72(A0 4- ^iPt logi/^zik Ag D’/O ; 


0 

^ ^ ^»'^Ai ^ log gi(Aih«r'), 

•j— 3 

5^ =5 p,. Aj Ag log gi a(Ai Ag 6 ^'') , 


^ ^ (460) 


0 

W— AjAg ^rPrl®i^(7ia(AiAa6’?^), 


(461) 

^ = S'^S,VIogi7i(AiS.r‘), 

1/ia (Ai Ag 6'^^) . 


(462) 

In the classical limit the equations defining Aj , Ag and D' become 

(463) 

Aa/a(^') “f" Aj Ag / 12 (h) = X2> (464) 

Aih + Agh ^ /a(h) + AiAgh^ -P (466) 

The equations (460)-(462) become in the classical limit, in terms of T, 

6;.~AiAaP,.e"^''/*^', (466) 

P-Wnin .<....(467) 

:^=A,w»3|iA(n 

111 these olas.sical equations fiiT), fz{T)i are of course the ordinoiy 
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partition functions. The complete form of the equation of mass-action 
follows at once from (467) by eliminating Aj and Ag . We find 

W SAT) • ^ ^ 

Thus the equilibrium constant of the law of mass -action is expressible at 
once, in the simplest way, in terms of partition functions. Equation (460) 
is also known as the reaction isochore. 

It is extremely seldom that any equation more accurate than (460) is 
required. But when classical statistics is inadequate a similar equation of 
mass-action can still be obtained by eliminating A^ and Ag from the equations 
(461). Only the form of the eliminant need be recorded here. On employing 


(206) to evaluate (461) we see that (461) takes in all cases the form 

'W' 

^ = 1h(\,T). (460) 

Equation (460) and the similar equations for Ag and A^Ag can be solved for 
Ai, Ag and A^Ag. The eliminant is therefore of the form 

(46i) 


which is the generalized law of mass-action, The functions etc. reduce 
in the classical limit to M-^lf^{T)i etc., and could be made to play the part 
of the activities of classical thermodynamics. 

Under special assumptions the functions \ , etc. may depend in a specially 
simple way on T, with corresponding simplifications in the form of (461). 

Integrals can obviously be constructed, which wiU enable us to evaluate 
fluctuations in these assemblies, and to prove all such relations as 

(P-T)2=0(P), 


which guai’antee the effective possession of normality. We need not stop 
over these points further here, Details will be found in Chapter xx. 

It is clear that just the same analysis applies to an assembly in which the 
single reaction is 2.4^ 5 * A^^. Equation (460) then becomes 


N fn{T) ‘ 


(462) 


where /n(P) is the partition function for the molecule ulg^ taken over all its 
accessible states, but these states must now be enumerated with due regard 
to symmetry requirements in the nuclei, which are absent for A^A^. 


§6*21. Special forms of the reaction isochore. Let us consider the conse- 
quences of (469) and (462) in rather more detail in certain special cases. 

Let us suppose that and are atoms of masses Wi and Wg whose states 
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of leaat internal energy are of weight and Wg, all other states being 
irrelevant. Lot ns define the energy zero for the assembly to be that state in 
which all the atoms of both tyi^os are free in their states of lowest transhitory 
and internal energy. It is no matter whether such a state is or is not an 
accessible state of the assembly. Then 




(27nnFcT)^V 




{27rmzJcT)^V 


while 




whore 6'(2’) is the partition funotion for the internal energy and rotational 
energy of the molecule jFA^, Relative to the assigned energy zero the normal 
state of lowest energy of the nioleoule will have an energy — It is tlierofore 
convenient to write 


so that b{T) begins with a constant ternij and is the partition funotion for 
the internal and rotational energy of the molecule referred to its own state 
of lowest energy as energy zero. If wo express (ddO) in terms of average 
molecular densities etc., we find 



^(Ig-Y/fcr tOi OTjj 


(163) 


It is oonvonion,t to collect the commoner approximate forms which (403) 
may bo expected to assume, but in so doing we shall ignore all oomplications 
due to isotopic mixtures and non-combining sets of states. Such quostions 
are examined in GJiapter vix. 

We may assume to this approximation that the rotations are independent 
of the vibrations and other internal motions so that b{T) laotorizos into 
r{T)v{T), When T~^Q b{T ) the weight of the moleoular state of 
lowest possible energy. As T increases to a range in which 
the rotations become classical and 


r{T)r.STrUhTlah\ 

The symmetry number o- is 1 for the molooulo A^A^ and 2 for or Af, 
because half the rotational states drop out as in §3‘4 owing to symmetry 
re(quireinents. In the early part of this range we shall often still have 
IcT<^ hvQ , where is the fundamental frequency of the nuclear oscillations. 
Then v{T) ~ 1 for a structureless harmonic oscillator. But if we include in 
v(T) weight factors due to eleotronio or nuclear structure we shall have more 
generally t)(5fi)-"'iui2. 

As !r increases still further the higher vibrational states become signi- 


FSM 


ir 
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flcant, and so long the effective states are nearly those of a 

simple harmonic oscillator we shall have sufficiently nearly 

In the range (if any) in which this gives approximately 

v{T)^w-^2,^cTlhvQ, 


Summing up this discussion we see that the reaction isochore takes 
successively the following standard simplified forms : 


S-f’-w) <"<•' 

(-> 




These formulae for the reaction isochore are of very well-known forms, of 
recognized validity. It is unnecessary to undertake a direct comparison of 
tlie whole of these and similar formulae with experiment, because, as we 
shall see in Chapter vn, these formulae and the general equation (1'69) 
really only differ from the formulae of thermodynamics by fixing the precise 
value of the constant factor— or in other words by fixing the “ohomioal 
constants”. The ultimate test of the theory need therefore only bo made 
by comparing observed and calculated values of these oonstants and to tliis 
we shall return in connection with Hernst’s heat theorem in Chapter vii. 


§5'3. Gaseous assemblies with any numbers of com^^ionenis and reactions. 
In view of the preliminary formulation of the simple case above, it is now 
only necessary to specify a notation suitable for the general gaseous assembly. 
Lot the different types of atoms be denoted by the affix u, molecules by the 
affix V. Then the energy, weight and number of free atoms of typo u in thoii’ 
rth state will be denoted by Wy}'' and For molecules of typo v the 
corresponding quantities are mf and af. If A^’' is the atomic symbol for 
the atom of type u, the ohemioal symbol for the molecule of type v will be 

n 

It is assumed that the molecule of t 3 rpe v contains atoms of type u. All 
possible reactions may then be regarded as contained in the sot 

or constructed out of members of this set. The actual sequence of reactions 
by which equilibrium is attained is without effect on that equilibrium, so 
long at least as reactions exist sufficient to preserve unimpaired the enumera- 
tion of accessible states. 
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Let the number of atoms of typo w be , there being i types of atom in all, 
and ill any example the number of free atoms of typo w, M^^, and of inolo- 
Gules of typo v, . Then 

2, (467) 

To preserve the correct atomic and molooular totals wo req^uiro 

S,,a,y=il4 {'24=1,2,...,^), (a=: 1, 2, 

and therefore in general 

= (^4-1,2,...,0 (408) 

To satisfy the energy equation wo require also 

\ D, -h S, a/e,," - 7i?. (400) 

To enumerate complexions subject to (407)“(400) wo have now merely to 
form tho analogue of (439) remembering that degonoraoios have been 
admitted by the explicit introduotion of tho to,.”, to,.'*'. T'ho required expression 
is obviously 

Ur ri, n, [|/«(aqV. . (470) 

The total number of oomploxions is then given by pioldng out tho coefficient 
of in (470). Wo find therefore 

O — — ^ f - _ iq n f/y f'v 

(27ri)'f'V ' ’ ’J “ 

X n„n,,(p,(a:iV...a;^<?«Vr*')r^^ (471) 

with similar integrals for Ca/^, etc., containing extra factors similar to those 
in (441), (442) and the following exiiressions, The unique saddle point of 
these multiple integrals, A^, A^, A/, H is then defined by the system of 

equations 

(m) 


(m) 

3Ai aAj 3A, 3S' ’ ^ ' 

whore E = Z-Zi]ogAi-X2logAa-...-Z,logA,-A’log3-, (473) 

i! = S„ S,, ro/Iog!7„(A„3'r") + S, S,ro/logg,(Ai''.', . .A/*'3V). (474) 

With the values of A^ , Ag , . . A/ , -O' so determined we find 


a,.” = to/^A,, ^ log f/„(A„D "''“)> (^76) 

57=ro,>Logg,(;U&'r*), = (ft=Ai«.'...A,«.‘), ..,(476) 

Analogues of (462) can easily be supplied, In the olassioal limit these equa- 
tions take tho form 

^=A„TO/e“V*/ft^, IZ^XMn (^77) 

= Ai^ . A/.V^(T), <=i4TO/e-^r*’/*74(7^}. 

......(478) 


ir-a 
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The laws of mass-action follow from (477) and (478) in the form 


[5'3 


(479) 


.(‘180) 


n„ (!/„)«." n„{/„(2’)}®'“ 

We can obtain also the energy distribution la^'s in the form 

X=X„hT^^UT)=W„kT‘-^logf„(n 

. ¥,=KtX...X(,n.T^^J,(T)^KhT^~losUT). ...(481) 

Thus all the details of the distribution lau's for such an assembly are the 
same as if it were not dissociating but had the numbers of the various species 
fixed at their equilibrium values. 

For the reaction of the assembly on external bodies we find at once as in 
§2-8 that 


dy 


)■ 


On using (476) and (476) we find easily that 

Y 

\Qg\jbiy~ dy' 

where Z is given by (474). In the classical limit this reduces to 
1 


.(482) 


7 = 


logl/D' 


s,. + S.i«„ l^log/4 (483) 


In the case of local boundary fields this reduces of course to the ordinary 
equation of state for a “perfect” gaseous assembly (in which liowever the 
number of constituents is a function of the temperature), 





.(484) 


§ 5*31 . 'A mixture of isotopes. A simple example of the general dissociating 
assembly is a gaseous mixture of isotopes of a single element in which the 
relevant species are atoms A and molecules formed from the isotopes 
A^ and A^ whose relative abundances are and Dg , Dj + 2^2 = I . There are 
tliree distinct molecular species A^A^, A^A^ and whose relative 

abundance must be determined. Equations (479), in ah obvious notation, 
give here v. : 

(Ar - ■ " 

which combine to give 


iVc 


22 


_ /82 

(ifi)2 M^M, Ah' ^h? 

•^11^22 _/ll/a2 




{A^r 


.(486) 
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The interesting case oecnrs when the atoms are i^ractically all oombined in 
molecules; avo may then take with (485) the equations 

2^+^- AX (480) 

where X is the total number of atoms. .Equations (485) and (480) are sniTi- 
eient to fix the desired ratios. 

•Tt AAuU shortly appear that in general /ii/a2/(/ia)® iB very nearly equal to 
AAu'iting it J(1 + S) avo find on eliminating andXga 

hW + Xi^- AXg Xa - 0, 

The relevant root is X{(1 + 48X>j^X2)^ ~ l}/28, since it must oloarly reduce to 
DyD^X as 8“>-0. Thus, to the first order in S, 

DAI + SX>2 «) : DA 1 + ^DA : W^D^{1 ~ KD^DA > • • W 

Since 8 is small these ratios are very nearly D {^ : D ^^ : 2Di Dq Avhioh are the 
ratios one Avould find if the pairing of tlio molecules toolc place according to 
the IaAA'^8 of chance vathout proforonco for one or other siiraoturo. And in 
fact 8 is generally so small that the departures of (487) from this laAv are not 
significant. 

Let us noAv examine Iioaa^ the isotopic difl'oronces can enter into (485). 
^4^ and have different masses in^ and VI 2 and different nuclear spins Avith 
different orientational Avoighta and • ^1-hoso difforoncos affect the mole- 
cular partition functions as folloAvs : 

(i) The translational factors {2TTmhT)^V jh^ differ in the masaos AAdfioh 
are 2^^ , 2?)/, 2 and mi H- m 2 respectively. iL'his intfoduoes a resultant factor 

r {mimj}^ T 

L|(%+%)J 

on tlie right-hand side of (485), 

(ii) Electronic states aro identical for all the molecular types and intro- 
duce no resultant factor. 

(iii) Ignoi'ing nuclear vibration, lot us take the rotational states to be, 
with sufficient accuracy, those of a rigid rotator without axial spin. The 
rotational partition functimi must alloAV for the symmetry roquirements of 
the nuclei, account being taken of their spins. In a region' of high tempora- 
ture, particularly if dissociation and recombination is occurring, there Avill 
be effeotive interchange botAVoen the states AAdiioh are antisymmetrical in 
the rotations and those AAdiioh are symmetrical, so that we have to deal 
with only a single set of rotational states. 

We must next enumerate the number of orientational states, for aiiair of 
nuclei say, Avhioh are respectively symmetric al and antisymmetrical in 
the nuclei. Let the nuclear spin Avave-fiinctions be ^hd 
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for the two niiolei. Suppose we take a imir of spin functions (jig , i/r^ . I’roin these 
we can form just one syminetrioal combined function, and there are 
pi such pairs. Suppose on the other hand we have a j>air of sxhn functions 
1^8 hot us combine with these the pair . We can form from 

these two pairs, one symmetrical and one aiitisymmetrical, 
respectively, and there are lpx(pi-D such pairs. There are therefore 
iPi(pi+ 1) symmetrical spin combinations and 1) aiitisymmetrical. 

We can now construct the complete rotational partition function r{T), 
thus generalizing §3‘4, ]?or a molecule whose wave-functions must be 
symmetrical in the nuclei we have 

n= 0,2,4,... «=1,3,6,,.. 



where •^11 is the moment of inertia of the molecule A^A^. If the wave- 
functions must be antisymnietrical in the nuclei, then 


»«0,2,'l,,.. no 1,3, 6,.,. 

(489) 

Using the results of §§3*31, 3-4 we see that both (488) and (489) have the 
asymptotic form 

0-2 T l.rp 

(iP^oo), (490) 

in agreement with the less detailed discussion of §6-21. The asymptotic 
forms for the molecules and A^A^ are similarly seen to be ros 2 DeotivoIy 


.MJ&T Srr%JcT 

F~’ p— • 


(491) 


The latter is immediate, for since there are no symmetry requirements for 
riT)^PxP% ^ (2w-M)e-«(«+i^" (492) 

w*® 0 , 1 , 2 ,.,, 

If we now combine these results for a region in which the rotations are 
effectively classical we find that the rotational factors contribute tho factor 

1 1^/22 

4 

to the right-hand side of (486). 

(iv) We have still to examine the vibrational energy and the exact energy 
zero. The partition functions we have used have assumed that all the 
molecules may be taken to have zero energy when in their state of lowest 
translatory rotational and vibrational motion. This may not bo exactly 
correct. If we take the usual energy zero as that state in which all the 
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molecules are dissociated and all tlio atoms at rest in the lowest quantum 
state, then tlio lowest molecular states will have onorgies — Xii > ■" X 22 > 

— respectively, and these y’s will not be exactly equal. 1* or example 
the zoro-])oint enoi’gy in the vibrational motion will diil'or .slightly from 
molecule to molecule. Those dilTeronces in the onorgies of formation of the 
lowest states introduce the resultant factor 


into the right-hand side of (485). 

If the vibrational quanta Ar are fairly largo compared with /()T, the vibra- 
tional partition functions introduce no further factors. But at higher tem- 
peratures for which hv*^hT <^x vibrational partition functions reduce 
as in § 6*21 to hTjhv. They then contribute the extra factor 

’hi ’ha 

to the right-hand side of (485). 

Collecting these results wo see that (485) becomes 

-^11-^22 ^ i r (WiWa)^ T -^l^aa ^{xiv\'Kn-^XnWi\ (493) 

-^1 1 -^22 — If ■■ (494) 

(-^^ 12 )^ 4U(OTi-l-m2)J fi2^ 


according to tiie tomporaturo range. 

It may generally bo assumed that the internuoloar forces and distances 
in those isotopic molecules are unalTootod by the changes of mass, When 
this condition is satisfied 


111 • I22 • Iia ~ ’ ^^^2 


'Wi-l-ma^ 


(496) 


'll • ’ha ‘ ’^12 


a/ Wi V ^2 V 


? ?^i -I- mg 


(400) 


Further, the y's will then only differ by the clifCoront zero-point energy of 
tho nuclear vibrations so that 


Xu 'f Xaa ~ 2xia P(2ria - j^u - t^a), 


or 


■ ^i-^aa \ (WiWa)^ 

(^)2 “'<11(^1 + W 2 ) 


i=iexp{^[ 



(497) 

'educe to 



1 (408) 

^ ^Jvl^ + "1 1 

(499) 
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A compact formula for the 6 of (487) is not available, but 8 is easily com- 
puted in any actual case. For example for the isotopes of hydrogen at 
ordinary temperatures (498) applies and (H^,!!^) 

S^0-943e02/2'- 1-0*27. 

This is an extreme case, For the isotopes of chlorine, masses 35 and 37, at 
ordinary temperatures either (498) or (499) give 

S ~ 10"^ 

which is entirely trivial.* An exact comparison of the observed and calcu- 
lated equilibrium for light and heavy hydrogen is recorded in Table 14, § 7*4. 


§6*4. A sinipleasaemhly with crystalline and gaseous phases. Bvaporaiion. 
We shall now show how to incorporate both crystals and gases into the same 
assembly. We shall start with a simple example, in which both the crystal 
and the gas may be supposed to be built up entirely of atoms of a single kind, 
the same in both phases; these atoms may further be treated as struotureIes.s 
massive points. In view of the discussions of the preceding chapters the 
necessary expressions for the number of complexions and for any average 
value can be rapidly constructed and no great detail is necessary. 

Suppose that in a particular example of this assembly there are X atoms 
in all, N in the gaseous phase and P in the crystalline, and lot us start by 
enumerating the number of complexions of the gas when its energy is P. 
We fold as in § 2*4 that the number of complexions is the coefficient of 
in This enumeration of accessible states for the gas by itself has 

of course been made with due regard to symmetry requirements. 

Let us now consider the crystalline phase by itself when it is composed of 
P atoms and has the energy TJ. We have constructed a partition function 
for such a crystal in §4*6, Equation (349) gives the most general form there 
found. In this equation Fj, is the zero-point energy of the crystal, referred 
to a state of complete dispersion as the state of energy zero. Pq is therefore 
tlie total heat of evaporation at zero temperature, and of the form — PfjyQ, 
where is independent of P. It follows that the partition function K{z) is 


of the form 




(BOO) 


where k{z) is independent of P, for large P, to the apiiroxiination used. It 
may be assumed that in all cases the form (600) is a valid approximation 
for large P. The number of complexions for the crystal of energy 27, con- 
taining P atoms, is the coefficient of in [k{z)Y. The partition fiinotions 
of Chapter iv were constructed without reference to symmetry require- 
ments, since the atoms in a crystal are distinct localized systems. By 


* A detailed study of tlie hydrogen isotopes lias been published by Urey and Teal, Jlev, Mod. 
Phj/s, vol. 7, p. 34 (1935); see also Parkas, LiffJU and Heavy Hydrogen, Cain bridge (1935). 
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the argumente of §2-20 this yields a corrcot einimeration of the com- 
plexions.* 

Now the crystal is merely a 8iix)or molociilo, and therefore by Lemma 0*11, 
in enumerating the comj)lexion8 of an assembly containing a crystal (or 
crystals) and a gas, it is sufficient to satisfy the symmetry ro(:[uiromonts for 
the atoms in the gas and for the crystal sex)aratoIy as if the free atoms and 
the crystal ■\^'ere joermanont systems. ^J'ho number of coiux^lexions for this 
exam^Dlo of the assembly in which there are N atoms in the gas with energy 
F and P atoms in the crystal with energy U is therefore 

[coeiT. a*%^'’ in \{y(j{xz^r)'\ x [coeif.^^-^ in [/^{s:)]^]. 

The total number of com^dexions for this oxami^le when the total energy 
of crystal and gas together is + is therefore the coefficient of 

or, on aj>X)]ying Caucliy’s theorem, 

c;v = J ( 801 ) 

As before this number has been enumerated on the aasiimxdion that the 
free atoms and the bound atoms are distinct systems. If wo allow for 
exchanges between the gas and tlie crystal (keeping N constant), then wo 
must make the wave-functions of the assembly symmetrical or anti- 
symmetrical in all the atoms bound and free together, and the number of 
distinct complexions is still given by (fiOl). 

In an assembly in which evaporation and condensation are i)rocooding 
the value of N is not fixed, as we have hitherto regarded it, but all values of 
N from 0 to X are possible. The total number of comxdoxions summed for 
all examples is therefore given by 

cXo^. 


On combining (601) and (602) we find at once 


G 


^ 1 CC dx 

(277^)VJ 


dxdz 


n,gr(.r«^r) 


1 — {.r/<:(«)}'^'‘*'^ 


.(602) 


(603) 


/ 1^xk{z) 

Since the ex^jansion of {xi<{z)Y’^'^!{y “ powers of x begins with a 

term in it can contribute nothing to tlie integral and we may Avrite 

1 rr dxdz UfOixz^r) 




■* r 

uJ*^ 


(604) 


{27Ti)^JJ xX+^z^'-'U^xk{z)' 

At first sight one might exxDeot to be able to apply Theorem 2*42 to 
the evaluation of one or other form, but this cannot oonvoniently be done, 

* A more dotallod voi'ifloation of this oquivalonco ia given by Fowler and Stomo, JRev, Mod, 
Vkys, vol. 4, p. 036 (1032), oap. Appendix I. 
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If we determine the saddle point of the integrand of (603) or (604) in the 
usual way and if, at the saddle j)oint A, O', A/c('&') ^ 1 — S < 1, all the conditions 
of this theorem apply and from these and similar integrals we can determine 
all the average values for the assembly. But it is easy to see that this 
condition also implies that the crystal is a trivial part of the assembly, for 
the factor then plays no part in determining A, O' or the value of 

log G and the assembly is effectively the gas phase alone. For the crystal 
to matter it is essential that at the saddle point (determined as usual) 

A/f(0)-l. (606) 

But the conditions of Theorem 2-42 then break downf and the results (which 
remain true) are more easily determined by another method as follows. 

§ 6*41 . Special methods for evaluating C. We can legitimately use Theorem 


2-42 to evaluate G^, or any similar integral. We find that 
log G^ = S, log^/(Aff^r) + (X - N) log «(0 ) --NlogX-E log O' 



where A, F is the unique root, in the real positive domain, of the pair of 
equations, a 

• A^S,,logj7(A0'^r)-X' = 0, (607) 

-E^O (508) 


In these equations A is a function of A, O-, and the ratios only of X, N, E 
and F, the volume of the gaseous phase, and its variations when N varies 
are unimportant compared with those of the other terras in (600) and will 
be neglected. 

The equilibrium state of the assembly is determined by (602) and similar 


equations such as __ ^ 

GN^^'ZNG^, (609) 

0 

(610) 

0 


In the last equation oc is the quantity whose equilibrium value is desired 
and is the average value of a taken over all complexions of an example 
for given N, To evaluate these sums wo start by determining the value N* 
of N which makes log(7j^ a maximum, This value X* must satisfy the 

etiuation dlogOs 31ogOj, dA 31ogO;, (M- , SlogOy „ 
dN dX dN^ 33- dif^ BN 

t The arguments of Theorem 242 wore applied to this case uiijustiliably in the first edition of 
tills book. Tlio oorreotod argument here given alters none of the results. 
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■\vhicli reduces on using (607) and (608) to 

dlogCjf OlogO^ i_CV.n.o_o 
^ -log{AK(9))-0, 


or A=l//c(0). 

Combining this with (607) we find 


( 611 ) 

( 612 ) 


Ar» = rA45;,log!/(A8Ml . (013) 

To doterniino the nature of this stationary value (or values) wo observe 
that, sinoo in (7^ A and -8 are really only auxiliary funotions of N satisfying 
identioally dlogG^ 

9A 90- 

it follows that 


dHogOjf_ d fdlogGA 1 dX 0//(D) 1 

dN^ ~M\W~)~~^\dN~~Wf'^dN ' ^ 

If wo show that this is negative, then any stationary value is a maxiiniun and 
must be unique. TJie funotions dXjdN and d^jdN are determined by equa- 
tions obtained by differentiating (607) and (608) whioh yield 


In these equations 


j 1 dX jj 1 ^ 

XdN'^ ^-dN^ /<(8-)"‘ 


AO'-rc^ A0V{AD-"'-). . 




g X^-^rd X^'^rg'iX^-^r) 
f^(A0-"r) <7(A8'fr) 


-h (Z - iV) — --.I > 0 


f?(A8-^r 


The inequalities follow from the fact that all the funotions g{q) and k{% ) are 
power series with positive ooelHoients, Solving these equations we find 


1 dX O/c 


:^(-8-) 1 \ /c(l>) / k(-8-) 


AB~IP 


which is necessarily positive if AB~dP>0. But this inequality follows at 
onoe from the form of the expressions A, B and H, It follows that (612) 
determines a unique maximum value of log (7^ which of course will only bo 
effective if the N* so determined is less than X. The general nature of the 
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argument shows that it will he possible to extend, it to more ooniplicated 
oases, 

Having shown that Cj^ possesses a unique maximum at i'?’ = (provided 
hi* < X) it is easy to show that, in the neighbourhood of hi = hi*, 0^, can bo 
cast into the form 




\{N^N*Y 


i[ 


A\\ 1 + 


oc “1- Ti,-5, p 


X 


X^ 




where Ay a, ^ are indej^endent of hi and depend only on the ratios of the 
“large” variables X, F, N* and E, We can then show, much as in §2*42, 
that the inimodiate neighbourliood of the maximum contributes the whole 
of the dominant part of G, and thus establish the following 


Theorem 5*41. If is of the form (606) and its maximum, determined by 
A/('('fl’) = 1, lies at N = iV* < X, then 

logC' = log(7^* + 0(logX). (bl5) 

If further f{N) is any slowly varying function of N suck that 

/W(iY) = 0(l/X) 

and n^^f{N)C^, 

0 


then 


S^fiN*) cjl + ofi)’ . 


(616) 


It follows at once from this theorem that the equilibrium value « of any 
quantity oc satisfies the equation 


« = (617) 

and is therefore to be determined by the follmving rule; 

Rule G, Fix the value of N at its equilibrium value hi* and determine the 
average value of a for this example of the assembly. This value is equal to the 
true average value taJcen over all complexions of the evaporating assembly. 


§5*42. The vapour pressure of a simple crystal. The first and most im-' 
portant application of this rule to (609) provides the relation 


X = iV*, (618) 

Combining this with (613) we have 

iV=rA|;S,logj7(Aa«,)1 , (019) 

This is an equation for the vapour density in equilibrium with the crystal. 
Since in general classical statistics is sufficiently accurate, (619) reduces to 

X=/(D-)/«(6-). ■ (620) 
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This equation may bo oast into a more familiar form. Lot us dofino the 
energy zero of the assenibly to bo that state in U'hich all the atoms are 
condensed on the crystal and the crystal is in its own state of least energy. 
With this convention and for a simple atomic crystal “ L Li state of 
least energy in the gas idiaso an atom imsseasos an energy y, which is the 
heat of evaporation per atom at the absolute zero of tomporaturo. [More 
strictly what we have thus assumed is that 2^x work required to 

evaporate completely a crystal of P atoms, and that y is independent of P. 
This assumption is correct for largo P when wo can ignore surface olTeots. 
The whole discussion would require modihoation when P gets small enough 
for surface effects to matter, for then 7f(f) ) = /!l( 7*,D ) 4= The partition 

function for the atom in tho gas is then given by (see equation (172)) 

(02i) 

Again from (850) it follows that 


Ou integrating again with /^(O) = 1 and Ph =» P so that (vgoi is the speoiflo 
heat of one gram-molooulo, it follows that 


log/c(P) 



Osoyir'. 


(622) 


[A more elaborate discussion in Chapter vii shows that when k{T) is suitably 
defined this specific heat can be taken to bo tho specific heat at constant 
pressure (C'j>)goi .] In addition to these formulae ^re may apply to tho vapour 
the equation of state for a perfect gas, Combining all those 

results we find 


"T^^+flog T 


dr 


This is the most familiar form for the vapour pressure equation for a 
simple atomic vapour. It will be compared with experiment in Chapter vir 
when we shall have at our disposal the corresponding thormodynaraio 
formula. 


§ 5*5. General assemblies of crystals and It is now sufficiently 

clear how the formulae of § 6*4 oan bo extended to the general case of an 
assembly with a gaseous phase and any number of crystalline phases each 
of which consists of a crystal built up out of P molecules of one of the species 
p)re8ent in the gaseous phase. 

We start by considering an example of the assembly in which there are 
s different types of crystal effectively present, containing P^, Panicle- 
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cules respectively.* The Tith of these crystals may he assumed to be com- 
posed of molecules whose formula is . If the total number of atoms 

of the uth. species in the assembly is the number free and combined in 


the gaseous phase will then beX„— S ^n''Dn' By modifying (471) to include 


n»l 


the crystalline partition functions we find that the number of complexions 
fieionging to this example is given by 

G L— f dzU^idxu Yl \a iri 

X n, n, n,, K(^)F» (024) 

This can be evaluated in the usual way and the total number of com- 


plexions is given by 


o=s,. 


.(525) 


It will not be necessary to -wiite out the rather laborious algebra of the next 
stages. It is clear that we shall find that the terms of (626) have a imiq^iie 
maximum at the values of Pj , . . P 3 which satisfy the a equations 

n„V»Vl^) = l (?i=l,...,5), (626) 


provided that the values of P so determined leave the exx^rossions 
Xy-SjiQ'/P^^ positive. Otherwise certain of the assumed crystals are not 
really present. It can then be shown that average values for the assembly 
can be determined by fixing the P’s at the values satisfying (626) and 
determining average values for this example. We find at once for example 


from (476) and (626) that 

a/ = r , ..... . (027) 

[s, ~ log ( 7 ,t(/xf)V ‘)1 . ..... . (628) 

L O/X Jn^llKni^ 

In the classical limit, always sufficiently accurate, 

K=^fni^)Ki^) (^=1,. ..,«). (629) 


An equation identical in form with (620) therefore holds for every component 
of the gaseous phase which is also effectively present in the assembly in a 
crystalline phase of its o\vn. 


§5'6i. Law of mass’action in the ^presence of cryatalline phases. The 
general laws of mass- action in a purely gaseous assembly (in which of course 
the gas is “perfect”) are given by equations (479), These can be rewritten 
in a more useful form which does not make explicit reference to free atoms 
which may not be effectively present, or may not occur in the sim^Dlest 

* It ia HOW more convonionfc to specify tho example by the numbers of moloouloa in tiio crystals 
tlian by those in the gaseous phase. 
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stoiohioinetrio formula for the reaction. Suppose that a particular reaction 
is siDeoified by the stoichioinotrio formula 

^ ( 530 ) 

«=>! 

in whioh stands for any one of the atoms or molecules present in the 
assembly and Q^^ for the number of these molecules concerned in tlie roaotioir. 
We shall take Q^^ positive for the products resulting from the reaction taken 
in a specified direction and negative for the reactants tliat are consumed. 
If has the chemical formula then of course 

= 0 ( 531 ) 

It follows at once from (531) that equations (479) can bo combined to give 

n„(^)‘>»=n„{/,.(y)}«». (532) 


The crude form of the law of mass -action of course asserts merely tliat 

n„(iuF)«»-i^’(7’), 

a function of T only. 

If certain of the molecules have a crystalline phase present 'W'o ajiply the 
corresponding equations (629). Thei^^ for all siioh molecules can thereby be 
removed from (632) and the/,^(f/') on the right replaced by which 

depends only on T. If H,/ denotes a product over constituents wliioh have 
no crystalline phase present and H,/' over those whioh have, then (632) 
booomes n„" {„„(2'))«» (633) 

and the crude form 

= (634) 

Those are familiar formulae of physical chemistry, 


§ B*52. General remarhs on the nainre of statistical equilibrium, In con- 
cluding this discussion of tlie most general assemblies whioh we have yet 
handled one should include the energy of the radiation in the assembly 
which we have not yet done explicitly for dissociating assemblies. Wo 
observe that it merely needs the inclusion of the factor 2i{z) in every inte- 
grand to take complete account of the equilibrium temperature radiation 
present. Equations such as (472)~(474) in so far as they determine T as a 
funotioii of B are of course altered, but obviously no distribution law of the 
assembly expressed as a function of T, So far as the laws of dissociative 
equilibrium are concerned it makes no difference whether radiation is or is 
not explicitly included. The equilibrium will be the same whether exchanges 
of energy take place by radiation or by collisions alone, but of course this 
does not imply that the steady state remains unaltered when the assembly 
is subjected to radiation of a different temperature from outside. We must 
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of course explicitly include R{z) when the energy E (or the entropy S, see 
§ 6*3) of the assembly is under disoussion as a function of T. 

A further application open to these methods is to include explicitly 
partition functions for adsorbed films or surface phases in general in the 
integrand of G, but this will only be taken up in this monograph sliortly 
in the supplementary Chapter xxi. These omissions will not affect our study 
of the equilibrium properties of bulk phases. 

■ §6’6. Mixed crystals. We have hitherto in this chapter considered only 
simple crystals composed of one of the atoms or molecules in the gaseous 
phase. The analysis given for this case is formally correct even if the atom 
or molecule in the crystal has a number of states of internal motion or 
nuclear orientation, but if explicit account is to be taken of such motions 
and orientations the notation of Chapter iv can sometimes bo departed 
from and the notation of this chapter refined with advantage, especially 
with a view to extensions to mixed crystals. We must attempt to take 
account of such formations constructed out of two or more components of 
the gaseous i)hase — ^possibly mixable in all proportions and possibly not — 
for important examples commonly occur. One such is a metal in equilibrium 
with an atmosphere of evaporated electrons which will bo discussed in 
Chapter xi, Another example, which we shall examine hero, is a crystal 
formed of a mixture of isotopes. In this api^lication owing to the great 
similarity of isotopic molecules the general formulae can bo considerably 
simplified. An interesting extension to metallic alloys is considered in 
Chapter xxi. 

The necessary /om«? generalization to mixed crystals is due to Schottky* 
and is very simple. It is sufficient for the present to considei.’ a crystal of two 
components evaporating separately without interaction in the gas phase. 
Such interaction can obviously be included when required . 

We may formally suppose that we can construct a partition function 
Kp^p.[z) for the crystal containing P, P' systems of the two types— this 
partition function to take account of every possible state of the crystal 
including all relative rearrangements of the two types of system. Actually 
of course only large values of P and P' will prove to be important and then 
only in a ratio which deviates only slightly from some fixed value, Por an 
assembly containing such a crystal and a vapour phase of A - P, A' P' 
systems respectively we have 

'pA^) Jl^g'ix'zA' 

( 536 ) 

* Sohottky, Am. d. Phyaik, vol. 78, p. 434= (1925). 


n „ ^ rrr dxdx'dz ^ p ,p, 
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Oi, p, oan bo evaluated in the usual way in tornis of the usual parameters 
A, y and -O-. Its inaxinuun oan then be determined by the oq[uations 

1 n 7 '*1 

which give logA^|-^^ = 0, logA' + ^gj57==’0. (630) 

These equations effootively determine P* and P'* in terms of A, A' and ol, 
just as in § 6 ’41 equation (611) determines N* and thereby P*, By obvious 
though complicated generalization of that section wo oan proceed to show 
that P*s=!p, etc., and to determine all the details of the equilibrium state 
by extending and using Rule 0. 

These equations though formally sufficient are naturally of no value 
unless the actual structure of Kp p> as a function of P and P' can at least 
no approximated to, The evaporating electron problem oan be carried 
through because then the second constituent, the metal ions, need not bo 
regarded as evaporating at all and the problem simplifies to a study of 
the partition of electrons between their states in two dilforent phases, 
jnotal and vaouum. For the crystal of mixed isotopes, tlie oaloulations can 
bo carried through because the similarity of isotopes allows Kp^p- to bo 
constructed oxiilioitly. 

§ 6*61 . Approximate evaluation of Kpp (?). Let us first return to a simple 
crystal oomposod of P similar systems and suppose that they have all a 
unique internal state so that from the point of view of crystal structure they 
may bo regarded as massive points, If for such a crystal wo eons true t a 
partition function as in CJiaptor iv, vn shall have only the acoustical modes 
of motion to oonsider and shall obtain a result of the form approxi- 

mately, j’ In enumerating the states of such a crystal we oan proceed shnply 
as in Chapter iv, whore wo regarded all the constituent atoms as per- 
manently assigned to a fixed location in the lattice, or wo can allow for 
oomplote roarrangoments, but in the latter case wo must make the rosultuig 
wavo-funotion symmetrical (or antisymmotrioal) in all the atoms and the 
enumeration of conqfioxions is unaifooted. 

Suiixjose, ho'wovor, wo now attempt to generalize this result to a crystal 
of atoms with internal struoturo and more than one relevant state of internal 
motion or nuclear orientation, but assume that the external properties of 
the atoms are so insensitive to the internal states in question that to a 
sufifioient aj)proximation the acoustical normal modes are unaffected. Suoli 
a crystal then has two sets of (praotioally) independent motions : the acous- 
tical modes with partition function approximately, and the internal 

t It is coiivonionfc to (UatinBuish a oi’yakalliiio partition ftmotion k(z) which rofors only to tho 
onOTgios and states of tiro acouelkal modes of motion by tlio sidfix a, «■„(*). 

PSM 


IS 
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motions of a group of localized systems with partition function [f{z)y 
(see § 2‘26), where /(») is the partition function for the internal motions of a 
single atom at its lattice point. Since the two sots are independent the 
partition function for the complete set of states of the crystal is as in § 2*7 

' ‘ ■ (637) 

These arguments are of course only another aspect of those of Chapter iv, 
less accurate in form, but giving greater insight into the physical origin of 
the terms. 

• Now let us suppose that we have a crystal made up of P massive iDoints of 
mass m and P' others of mass m' arranged in some definite manner among 
the P + P' lattice points. There is then just one linearly independent wave- 
function for the crystal in a state in which the oscillations in each of the 
acoustical modes have given quantum numbers — just one whether we 
ignore symmetry properties or whether wo make the wave-fuiiotion have 
the proper symmetry by permuting tlie points of mass m over their own P 
lattice points and the points of mass m' separately over their own P' other 
lattice points. If, however, we interchange any one of j}he masses m with a 
mass m\ we shall obtain a significantly different crystal with slightly 
different normal modes and energy levels. If mixing of the m, m' mass- 
points can occur indifferently in all fashions, there will bo (P -1- P')!/(Pt P'l ) 
different crystals possible each with slightly different normal modes and 
energies. In general therefore there will be a different partition function 
for each of these crystals, differing in internal arrangement of the masses, 
which we shall denote by [i=l, 2, ..., (P + P')l/(P!P'l)]. It follows 

= (638) 

When the masses m, m' are nearly equal and the forces exerted on each 
other by systems of the two types are also the same or nearly the same, then 
no matter how the two sets of particles are mixed the normal modes and 
energies of the crystal in any arrangement will be very nearly oqxial and wo 
shall have 

to adose approximation. It follows then that 

= (539) 


Now suppose finally that the two sets of systems have different sots of 
possible states of internal motions and nuclear orientation, giving rise to 
the partition functions /(?), /'(a) respectively. If as before these internal 
motions may be assumed to be effectively independent of the acoustical 
modes, then to every one of the states enumerated in (639) there corresponds 
a set of internal states which are those of P localized systems with partition 
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fnnction/(«) and P' with /'(«). The total intornal motions theroforo have a 
partition function [fiz)Y' [F{^)Y' oomploto partition function for 

the whole mixed crystal (perfect mixing) is given by 

[myu'W (O'lo) 

Still more general mixed crystals are considered in § 2.1 ‘2. 

§6‘62. A simple ilhislration of (640). It may be desirable before going 
further to illustrate the enumeration of complexions summarized in (640) 
by a simple examj)Ie. Equation (640) for example asserts that a crystal of 
3 molooules at lattice points a, b, c, two of one Idnd A and one of another 
kind J3, in a given vibrational state, when the .d’s possess a unique intornal 
state and the one of weight 2, possesses 


complexions, symmetrical (or antisymmetrioal) m the systems A, and 
scpai’ately in the systems P. Tins is easily verified in this simple case by 
explicit construction of the wave -functions which are, in an obvious notation, 
just the six functions 

{4„(1)^j(2) + ^(2)^(1)}5„>(3), 
{..!l„(l).4j(2)+.4„(2)^(l)}£„i‘(3), 

{^(1) .4,(2)+ Jj(2) 

{4j(l) 4,(2) +4j(2) 4,(l)}i?„«(3), 

{4,(1) 4„(2) +4,(2) 4„(l)}jSj>(3), 

{4,(1) 4„(2) +4,(2) 4„(1)}£,>(3). 

In this counting the crystal wave-function is symmetrized separately in 
the A's and 15*8 here regarded as distinct systems. In certain other oases 
such as when the ^I’s and ^*8 represent non-combining sots of states of the 
same molecule — e.g. ortho- and para-Iiydrogon, the crystal wave-functions 
may need to be symmetrized over the whole of the A'b and P*b, exchanges 
being allowed between all the systems. It is easily verified that this makes 
no difference to the enumeration of complexions. We still obtain in this 
example just six wave -functions which are then the permanents 



^(1) 

^«(2) 

^a(3) , 



4^(1) 

4(,(2). 

^bi^) 



ScHl) 

W) 

PM 


^„(l) 1 

1 ^„(1) ... . 

4„(1) ... 

, PfC) ... 

. W)... 

^1,(1) ... 

W ) ... 

B,H1) ... 

A(i) ... 

4^(1) ... 


1 A(l) ... 

A(1) ... 

AM) ... 

4,(1) ... 


13-2 
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§6*63, Properties of an ideal mixed crystal of two components. We have 
now shown that for on ideal mixed orystal we can use the expression (636) 
in which Kp j,>{z) is evaluated by (640). On evaluating G^^p, we now And 

PI p't ) 


xn^fir'(A'0-"r 





whore A, A' and -O- are determined by the usual equations and A is a slowly 
varying function as in (606) whose variations with P, P‘ will be neglected. 
Since P and P' are both large for a significant mixed orystal wo may employ 
Stirling’s theorem and find with sufficient accuracy 


logO,,,, = (P+P')log[(-P + J’')'<„W] + ^log^ + ^'log^^ 


+ log <7(A'9-^»-) + log g' (A'-O-V) - X log A — X' log A' — E log O' -H 0(Iog X). 

(642) 

Applying Rule Owe find that equations (636) characterize the equilibrium 
state of the assembly and reduce to 


= (MS) 

so that {A/(5') + Ay'(-0)}«„(^) == 1. (644) 

This last equation is the analogue of (612) and the remaining independent 
equation 

m) p 

A'/'(fl) p' 


gives the equilibrium ratio of the constituents in the mixed orystal. 

The density of the mixed vapour phase in equilibrium is given by the 
equations 

F= 5;,logg(A&«.). S,logg'(A'a'r'), 

where A, A' and -O- are determined by the three equations which result from 
(644), (646) and the three equations fixing the saddle point of (641) when P 
and P' have been eliminated. It is found that the vapour can always be 
regarded as classical. Then the last equations reduce as usual to 


X=A/,(6'), P' = A'//(n ......(646) 

where /^(^),/^'(l}') are the partition functions for the systems in the vapour 
phase. 
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then 


and 


Vapour Pressure of an Ideal Mixed Crystal 


AW ^ fM- 
fVP<ai^y 


.(648) 


(640) 


The equilibrium ratio of the constituents is then the same in botli phases and 
the total vapour density is the same for any mixed orystal as for a simple 
crystal of either component. When (647) does not hold, the vapour doiiaity 
depends e.ssentially on the abundance ratio ViD' (.Z)+.Z)' = 1). Since in 
general the overwhelming majority of the systems Avill bo in the orystal, wo 
shall have __ 

X' I)’' 


We then find N + N' = + (BSO) 

This equation can easily bo generalized to a mixed orystal of any number of 
components. It asserts that the equilibrium vapour density of the mixed 
crystal is equal to the moan value of the vapour densities in equilibrium 
■with the simple crystals, weighted in proportion to the abundance ratios in 
the mixed crystal. 


§5*64. Crystals with imperfect mixing. Wo have already discussed the 
limiting case of perfect mixing. In the other limiting case we must assume 
that the oompononts are so antagonistic that all the states of a mixed orystal 
liavo energies much greater than states in which each component forms a 
separate simple orystal. !lii such a case only the simple crystals ^vill form in 
the assembly. Bot^voen these t^vo extremes every intermediate degree of 
mixability is possible, and it is oonvoiiiont, if only in a rough and ready 
way, to bo able to construot partition functions for models vdiioh might 
imitate such crystals, 

The simplest way in whioh a limitation of mixing can be specified is to 
require that tlie first typo of system must bo grouped togotlxer in blocks of 
n systems each and the other typo in blocks of n', the blocks being then able* 
to mix perfectly . This is a possibility that might well bo realized in real 
crystals, The total number of possible arrangements is tlion 

{Pln+P'ln')\ 

(P/n)] {P'ln')\ 

instead of ^^r a orystal of P, P' systems respectively. 

This nnmhor of arrangements is the same as the number for a orystal in 
whioh Ifn of the systems of the first type and 1/w' of the others mix in all 
fosluons' while the remaining systems of both typos remain permanently 
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attached to their own lattice points, and take no part in the mixing. It is 
therefore convenient to introduce two mixing coefficients a, a' so dolinod that 
the number of effectively possible arrangements of the systems over the 
lattice points is («P + «'P')!/(aP)I(a'P0!. (651) 

lff{z)ff'{z) are the partition functions for the internal motions, etc. of the 
systems in the crystal and if the systems are still sufficiently alike for the 
approximate form of the partition function for the acoustical modes to be 
independent of the mixing and of the form then the partition 

function for the whole mixed crystal will bo of the form 
(«P + «T0! 

, («P)!(a'F)l 

The succeeding arguments determining Cp p. and the equilibrium pro- 
perties of the assembly follow the usual course. We find 

UP-I-oc'PV J 




/ g-F' W- 1 
Up + aT7; fi^)KaW 


(6152) 


......(663) 


(564) 


and therefore, with the classical approximation for the vapour and the 
assumption that P'lP' = XIX\ 


N- Y 


.( 666 ) 


( 666 ) 


When at least one a is zero there is no mixing, and equations (666) and 
(666) both reduce to an equation of the ordinary type Ws«/^(a)')//('8 )/c„('9') 
for the vai3onr density of a simple crystal. The total vapour density is then 
the sum of the two vapour densities for the separate crystals and has 
approximately twice the value of the vapour density when a = a' = 1, when 
there is perfect mixing. 

§5*7. Internal stresses. We have so far defined the pressure only in such 
a way \:hatpd8dn is the average work done by the boundary field on the 
assembly when an element dB of the boundary is moved a distance dn normal 
to itself. Then the pressure (or other stress) so far refers entirely to the re- 
lationship of the assembly to the outside world, The general formula for such 
a stress for an assembly containing a vapour and a crystal phase has the form 


7 = 1 


log 1/^1 


d 


-K 9 


/ n (-D-) + Sj, Wy log /v(l)') + P log K (•O') I , 

(667) 



6-7] 


Internal Stresses 
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the classioal approximation boing used as in {48ii) for tho vapour phase. 
Pressures at points or across areas inside tho assembly, or in general internal 
stresses are as yet undefined. Definitions of those quantities will often bo 
required. 

The average stress per unit area across any imaginary surface inside tho 
assembly is defined to be the resultant force per unit area exerted by systems on 
side A on systems on side B, together with the momentum transferred per unit 
area %>er second from A to B by systems crossing the surface from A to B and 
B to A. The stress exerted by side A on side B is necessarily equal and 
opijosite to the stress exerted by B on A so long as the forces obey Newton’s 
third law. 


Tho stress so defined is of course in general a symrnetrioal tensor of the 
second rank of nine components Pyy, Py, (=Pcj/)j Vax 
Pxv ( ~Pvx)' any gas (or fluid) in equilibrium it roduces nooossarily to tho 

simple form =pyy ^p^^ , Py^ =^p„,y = 0. This simido isotropic stress per 

unit area, always normal to the surface across which it aots, is defined to bo 
the pressure. Tho verification of this simplification and the explicit caloula* 
tion of tho pressure across any internal surface is immediate for porfoot gases. 
The forces between tho systems are negligible, so that, for example, p^.^. is 
the rate of transfer of a*-momontum across a unit surface normal to tlio 
jc-axis. Molecules with tho a;-oomponont of velocity between u and du 
carry a-momontum mu across tho surface, and tlie number of such molooules 
oroBsing unit area in time dt is the numbor of such moleoules in a volume udt. 
Both other velocity oompononts ax’o entirely irrelevant, merely fixing tho 
shape of tho volume udt. Thus by Maxwell’s law tlio number is 


and 




“(si)*-'— 

=T(si)‘j::-— 

m \^(2hT\^7T^__N 
^ V \27ThT) [m I 2 


Similar values are found forpyy andp^j, . Porp^j. , which is the rate of transfer 
of gj-momentum across unit area normal to the a!-axis, we find similarly 


= 0 . 

This oaloulation is of course merely one version of the classical pressure 
calculation of the Idnetio TJieory. ’ , 

We have so far considered the ease of a single set of systems and oaloulated 
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the “paftiar* stress which they cause. Obviously for perfect gases the 
stresses are additive, and reduce as above to an isotropic pressure given by 
the equation _ 

+ ( 668 ) 

In (668) the values of and are local values in the neighbourhood of 
the internal point considered. If there are only boundary fields, then the 
pressure is constant throughout the gas and equal to the pressure on the 
boundary previously otherwise defined. This result of course continues to 
hold generally, e.g. for imperfect gases, in which connection wo return to it 
in Chapter ix. 

The surface across which we calculate the stress may bo an interface 
between two phases. It follows at once that the pressure on a solid phase is 
equal to the pressure in the surrounding gas phase evaluated at its surface. 

We are now in a position to examine the form of (667) for boundary fields. 
By definition of the external pressure p, Y dy and from the geometry 
of the assembly dV =dV^-\-dVgi where 1^, Vg are the volumes of the solid 
and gaseous phases. Hence 

Ydy=^pdY,-\r^dYg. 

But by (667) Ydy ^p.dV, -{-PgdVg , 

where pg are the expressions obtained by applying the general pres- 
sure formulae of §§ 2*8, 4*8 to the two phases in their average state as if they 
were separate assemblies. Such an application will therefore always give 
the correct equal pressures in the various phases. 

We may notice also that the equilibrium state of statistical mechanics as 
calculated on our general hypotheses is a state of mechanical equilibrium of 
the matter in the assembly. No element of it has any mass motion relative 
to the enclosure containing the assembly, and in the absence of external 
fields the pressure is everywhere constant. 

The final result of these paragraphs may be expressed by saying that 
the stresses on any volume element or any phase of the assembly 
may be calculated by applying the general laws to this element or phase 
with its average constitution and energy as if it were itself a separate 
assembly. 

It is possibly more significant to start hy poatulaUng that the general laws 
of statistical mechanics apply not merely to the assembly as a whole but also 
to its constituent elements and phases as if they were separate assemblies 
with their average constitution and energ}'". We can then work backwards 
and deduce the constancy of the pressure and the existence of mechanical 
equilibrium. 
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§5*8, Dissociative eqtiilibrium in an external field, of force. The formulae 
of the preceding sections refer to gaseous (and other) assemblies subject to 
no external fields of force, except the local boundary fields. This restriction 
oan easily be removed for the gaseous i)art of the assembly, for which alone 
it is of importance. We will supj)oso for simplicity that all the gaseous com- 
ponents are confined to the same volume F, and that classical statistics 
may be used. Then the F-factor in the partition functions must bo replaced 
by T'^(3'), where 

VJT) == J J J (659) 

is the potential energy of the atom or molecule of species a in the external 
field. The equilibrium laws for the tvhole gaseous part of the assembly are 
then unaltered in form. It is however now necessary to consider also the 
equilibrium laws for any physically small element of the assembly, 
since the distributions are no longer uniform in space. 

The function V^{T) is strictly the partition function for the potential 
energy, and has all the properties of a partition function (see Chaj)tor vm). 
If n^'', n^ are the average numbers of the atoms n or molecules v in the 
volume element ST^, then, by general formulae such as (477) and (478), 


V=^.<3-’W'8FJ1{,(T), (600) 

;5^=^fe-»VM-8FJF,(7’). .(601) 


Besides being obtainable directly from the properties of 1^(7’), these formulae 
can of course be obtained from (477) and (478) by summing or integrating 
for all variables except the positional coordinates < 72 > (/a • whole 

gaseous part of the assembly the laws of mass-action (479) take the form 


V^{T) F^{T) , , . 

(602) 

in which the F'e are the partition functions without their volume factors. 
For the volume element ST^ they take the form, after reduction by (602), 




F,{T) 




g— 0*0— WfDIkJ' (?; = 1 j 2, I . . , ^' ). 


.(663) 


In general, therefore, the equilibrium constant might be expected to be 
a function of position in the gas, varying from place to place according to tlie 
equation (663). In actual fact there is no such variation in any known con- 
ditions. For there will be no variation provided 


(664) 
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that is, provided the potential energy of any system or group of systems in the 
field is unaltered by dissociation and recombination. But this proviso is in 
general satisfied in actual conditions. Actual fields are usually combinations 
of gravitational {ineluding inertial) and electrostatic fields. Let be the 
gravitational and Y the electrostatic potential, Q^hen 

11^, = + e^, T, (606) 

where m^i and are the masse, s and charges of the systems u. But 

total mass and total charge are conserved by dissociation and recombination. 
Therefore ^ 2, q/m,, , e, = S,, qfi e,, , 

and qfi W,, = {m^ - S„ qfim,,} O + - S„ = 0. 

Thus in all such cases 

n..{v/87>““n.,{j’„(y)}v‘’ ' ' 

and the equilibrium constants for all volume elements of the gas are the 
same, and the same as that for the whole gas, without external fields,* The 
total amount of dissociation, however, in the whole gas will in general have 
been altered by the external field. 

This constancy does not necessarily hold for magnetic systems in magnetic 
fields, which require further consideration (see § 12' 8), 

It is interesting to verify that the equilibrium laws of the assembly still 
contain tlie laws of mechanical equilibrium under the influence of external 
fields (gravitational, inertial, or eleotrostatio). Equation (668) still gives the 
pressure in the gas if MfiY is replaced by n^fW^ and NfiV by n.jfijW^ . As 
functions of portion andw/ are given by (660) and (661) and and 
by (666). Hence 

tm 




= - ^ {(^« V) d^ + (S„ «« n^^) 

■ = (667) 

Since p and a are the density of mass and charge in the gas, equation (667) 
is the usual equation for fluid equilibrium. 

* Por tlib intlopondonco of gravitabional forces see Gibbs, Oolhcleil Vapm, " 'rhonuoclynainica ”, 
pp. 144, 171 j for tlio extension to eleotrostatio forces, Milne, Proc. Camb, Phil, Soc. vol, 22, p. 403 
(1924). 



CHAPTER VI 


THE RELATIONSHIP OF THE EQUILIBRIUM THEORY 
TO CLASSICAL THERMODYNAMICS 

§6*1. In tlio piGcoding oliaptors "vvo have obtainod all tho distribution 
laws of the oq^nilibmnn state of any assembly for whioli wo can cdnstruot 
p)artition functions. Except for the extension to imperfect gases wliioh is 
tho subject of Chapter viix, this iuoludos all types of assembly commonly 
treated in statistical mechanics. We have obtained all these distribution laws 
without any reference to thermodynamical ideas except to specify tho exact 
relation between '8' and tho absolute temperature, where it will bo seen that 
such an apjmal is logically essential. It is fair to claim this feature for a 
merit in tho present method of exposition. The ideas of thermodynamics are 
entirely foreign to tho foundations of statistical mechanics which are mainly 
dynamical. The proper course is to prove that tho laws of thormodyuamics 
are true for tho assemblies of statistical moohaniosifwo use suitable analogies 
to interpret their properties.* Such proofs are given in tho succeeding 
sections, and it will bo seen that the direct introduction of tho laws of 
thermodynamics in this way is satisfactorily simple. Wo definitely discard 
Boltzmann’s hypothesis relating entropy to a probability too often ill- 
definod, and introduce tho entropy in Just tho classical way in which it is 
introduced into ordinary thermodynamics, 

WJion tho truG relationship between the equilibrium theory of statistioal 
mechanics and thormodyiiamios has thus been made apparent by showing 
that our assoinblios in equilibrium are thormodynamio systems, it is natural 
to enquire into other methods of exposition in which an early introduction 
of entropy plays a loading part. Tliis is the more natural, since many writers 
have contributed such expositions, and it cannot be maintained that logical 
clarity has often boon aohiovod. Detailed criticism is out of place, but for 
completeness a short survey is included. 

§8*8. ^emperaiure, Wo have already in anticipation idontiflod -8 with 
i>ho temperature on some empirical scale, but we may conveniently re- 
capitulate the argument here, I’ho legitimacy of the identifioation depends 
solely on tlio possession by 8 of properties strictly analogous to those 
assigned to the "empirical temperature” in a rational formulation of the 
foundations of thermodynamics. f The basic fact of thermodynamics is that 
the parameters specifying the state of any body can be so chosen that wheii- 

* Tliia is iwado abundantly cloai by Gibbs, JSlcvicntari/ Princij^lcs in Staliskcal Ilechanics, 
oimpa, IV and xiv, 

t Soo, for instance, Max Torn, Physikal, Zeit. vol. 22, pp. 218, 240, 282 (1021). 
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ever any two bodies are in equilibrium in thermal ooiitaot one of tho para- 
meters for eaoli body has a common value for both. This parameter is defined 
to be tho empirical temperatme, but of course on an arbitory scale, and 
any convenient body may be chosen for thermometer. On tho statistical 
side we have shown in Chapters ii-v that when two assemblies or sets of 
systems in an assembly can exchange energy, so that there is one oommon 
energy total for the whole, then their equilibrium states are defined in terms 
of a oommon value of a parameter -S'. The analogy is exact, and we are 
therefore logically justified in identifying -O’ with the empirical temperature 
as defined in thermodynamics. 

It was shown further that it was iDossible to prove that by 

postulating the properties of perfect gases, using a perfect gas for thermo- 
meter, and asserting that the temperature shall be proportional to the 
pressure of the perfect gas at a constant volume; but this appeal to tho 
properties of an ideal substance is illogical (though often convenient) and 
inessential. In thermodynamical theory the absolute temperahwe is defined 
in connection with the second law, and can only be defined in this way. We 
wish to show that the assemblies of statistical mechanics obey tho laws of 
thermodynamics (or from our assumptions to prove the laws of thermo- 
dynamics), and so we must not postulate a knowledge of tho absolute 
temperature but define it in connection with entropy, just as we do in 
classical thermodynamics. 


§ 6*3, Entropy and absolute temperature. In classical thermodynamics tho 
“heat” dQ taken in in any small change is defined to bo tlie increase in 
internal energy plus the external work done by the assembly.* Thus for our 
general assembly ( 608 , 

The second law of thermodynamics asserts that there exist functions T and 8 
of the state of the assembly such that T~f{^), where ^ is the empirical tern- 
j>erature,and dQ^l'dS. (608) 

Except for a certain arbitrarily assignable constant multiplier and an 
additive constant these functions are unique. 

Por the assemblies contemplated in § 6* 3 F and E are given by (482) and 
(472)i These equations, written explicitly, give 


,dZ ^ . dZ 1 1 In tT 

where Z is given as a function of {)•, the A/s and implicitly of tho y^s by (474). 
Consider the function S given by (473) in the form 
S 5= ^ X^log Aj — J?log -fi. 

* Born, loo. cit. 


( 671 ) 
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Then using (670) 

dS = j^dZ - S, || dA, - ^ d^] + log l/» dE, 

= S,||dy,+Iogl/»dA’, 

= log + ^-®J> 

— log Ij^dQ. 

Thus log Ij^clQ is a perfect differential and our assembly obeys the second 
law of thermodynamics. The i)ostulated functions T and 8 exist and are 
defined by the equations i/*2>=logl/«., • (072) 

8-S^=lcZ. (073) 

The constant /o, Boltzmann’s constant, is of course fixed by fixing tlio scale 
interval between two standard temperatures, and 8^ is essentially un- 
determined. It is almost always oonveniont to put Sq~0. 

M^e may note here that 8 is closely oonneotod to 0, the total number of 
complexions which represent accessible states of the assembly. It is easy to 
show further that this total number of complexions does not differ signi- 
ficantly from the number of complexions which represent nearly average 
states of the assembly, I'he value of G for the general dissociating assembly 
defined by (471) oan be evaluated at once by Theorem 242, Corollary 2 and 
Is thou found to satisfy i„gO=s+0(iogX). (074) 

Terms of order logZ are negligible compared with the main terms of order 
X ill h. Combining (673) and (674) with 0 we obtain the fundamental 
i-elationship ^f=i,logC, (67C) 

where h is Boltzmann’s constant. Wo may describe this relation by saying 
that the entro 2 iy is equal to k times the logarithm of the integrand of G evaluated 
at the saddle ptoini (A,!)). We may also express it by saying that the entropy is 
equal to h times the logarithm of the number of complexions belonging to states 
which differ only insignificantly from the equilibrium state. 

Wo have so far considered only a gaseous phase, but the same results liold 
true for a crystalline assembly or for one containing both a gaseous and 
crystalline phase. To begin with a simple crystal of P moleouleSj tlio equa- 
tions (360) and (373) of Chapter iv show that equations (670) for E and 


continue to hold for a Z given by 

^ = PlogK(0). (676) 

It follows that (672) and (673) remam true if now 

S = Plog«(3')-Plogll. .....,(677) 
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Pinally for the most general mixed assemblies considered at the olose of 
Chaj)ter v we can apply Rule C of § 6*41 and evaluate all their equilibrium 
properties {including the enumeration of the complexions belonging to 
states insignificantly different from the average state) after first fixing the 
number of molecules in each crystal at its equilibrium value P and the 
number of each type of atom (free or combined) in the gaseous phase at 
Though we have not yet given them explicitly, it is easy to verify that for 
such an assembly equations {670) hold good in the form 




dZ 




(i578) 

where ^ = S ^ S,. log S,, log . . . A/««''0'^r*') 

+ S,log/fWD'). (bVD) 


In {679) denotes summation over the different species of crystal i)resont 
and K'^(p'){^) the partition function for the rth species containing its 
equilibrium number P^. of molecules, or if a mixed crystal its oquilibi’ium 
number ... of all the molecules it contains. It follows at once that 

{672) and {673) are true with 

S = Silf,,tlogA„-^log9'. (680) 

i(=i 

It will be recalled that and are determined by equations of the form 
c)S/9P,. = 0 so that they need not be varied in forming dZ, 

It is evident by inspection of (671), (677) and (680) that the contributions 
to S of the gaseous and the crystalline phases are additive. This is further 
true of the different components of the gaseous phase, Ror 

and therefore the free atoms of type w contribute to S 

2,.to/log {/„(A,iD '^’‘) - log Am - ^log 9- (681) 

and free molecules of type v 

S,. log log log 3- (/A = Aj^k^ . . . Apv') (682) 

These forms hold whether or not there ai*e orystalline phases present. They 
contain redundant variables and either M^^ or A„ may be eliminated by 
means of (476) and (476); may also be eliminated by expression in terms 
of H and or A,j. . 

On account of their importance we now summarize these results in the 
form of contributions to the entropy in the following theorem, assembling 
therein the various important forms. 
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Theorem G'3. The entropy defined by (678) loilh of an assembly 
consisting of {ideal) gaseous and crystalline phases is the sum of the following 
contributions made by each component in the gaseo^is phase and by each crystal- 
line phase: 

For each gaseous component, ivith partition function f{^ ), 2 nese 7 ii to the 
average number M with average enei'gy content E and immmeMr y. 


log g{y,b^>-) ~ 1/ log /Lt ~ 7^ log D], (583 ) 

which can he expressed, in the classical limit, in either form 

b[fi^ log (684) 

7^[iflog{/(3)/Jf} + F~¥log{)J, (686) 

For each pure crijstal pirese^it with an average mmiber ofmolecules T\ 2 ^(f>riUion 
function per molecule ^(■Q’), and average energy W 

h[P log /f{l>) Flog 9]. (686) 


^rmch ideal mixed crystal of two co^npone^its present to the average numbers 
P, P' with paction fimctmis per molecule /('D) and 

average energy E 

h[Plog f{b) /^„(^)) -H Flog f'{%) ,f„(8-) - Jlog^}. 

+ (P + F)log(PH-P')-^"IogP-P'logP']. ...(687) 

Fev mdialion *[Iog S(S)} - I^log a] = 

Porniulao for E are so important that avg shall record lioro for reforoiioo 
further forms obtained by elimination of E and substitution of T for -O-, Xt 
will be observed that (683)-(688) and all the succeeding forms are homo- 
geneous functions of degree unity in the extensive variables V, M, P and E, 

AUeiuative forms for the contributions to the entropy 8, Qaseous component. 

^•-/Alog^^~«log^)-g^J (^ = S,xiT,logflr(^^r)); ...(689) 

Z~lt.\ogH-^ + T^\ (2=S,ro,logff(f4C-'#»’)); .,,(690) 

or in the classical limit, 

*[/(2'){,.-^.log^} + f,2'®]; ,...,.(691) 

M[log/|) + l + yM]. ......(692) 
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Pure crystal, hP ^log /c (-O-) ~ log -O' J 5 

i)P[log/.(J’) + !p5^5^]. ..,...(604) 

Formulao (693) and (694) hold also for the contribution by any sot of 
N localized systems of partition function ic{^) if P is replaced by N. 

It is to be particularly noticed that Theorem 6*3 determines explicitly 
the dependence on i¥.* This is because, for the assemblies discussed, M can 
be made (by dissociation, etc.) to vary reversibly — that is, a seq^uence of 
natural equilibrium states can be found, in which M varies. A groat part of 
the controversies about entropy in statistical mechanics has centred round 
the determination of the variation of S with M, ignoring just this point, 
that such variations can only be relevant, and therefore determinable, 
when M can change reversibly. This has naturally led to great confusion of 
thought, t only avoidable in some way equivalent to the foregoing. 

The forms of (683), (686) and (687) suggest at once that the connection 
between partition functions and the functions of thermodynamics can be 
simplified by the use of Planck^ s characteristic function as the primary 
thermodynamic quantity. T is defined in thermodynamics by the equation 

r^S-^EjT) ......(696) 

it is thus merely a modification of the Helmholtz’s free energy :j; P, It has 
the properties 

^(='F + ir2i, r,= r|i ,.(696) 

In terms of T the foregoing theorem can be rewritten as follows: 


Theoi'em 6-31. Any particular species of free molecule contributes to the 
characteristic funct%on ]cMi^og[f[T)IM] + 1}; ......(697) 

any pure crystal hP\o%ii{T), (698) 

Any one of the equivalent forms (683)“(694) has an analogue here. 


We may conveniently recall here the further property of 'F as a thermo- 
dynamic potential, that for any assembly at given temperature and given 
volume (or generally given parameters yl) the equilibrium state is deter- 
mmed by the equation (699) 

for all relevant variations. It is easily verified by differentiation of 'F that 


* Striotly ilf. But since it novoi- mnttoi'S 'vvliofchor wo are dealing witli a fixed M or an average 

M we shall usually omit the boi' in future over symbols representing numbers of systems of a 
given type unless the context requires it for clarity, 
t Sec Ehronfest and Trlcal, loe, cit,, for a oritionl exposition of this confusion, 
i See Planck, Warmestrahlung, ed. 6, p. 127 (1023). This function is also called the work funotion 
and Bomotimea denoted by ..1 . . 
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the geneml laAvs of mass-aofcion, etc., which wo have detormined directly in 
Chapter v aro equivalent to this equation. 


§ 6*4. The iyicreasing property of entro^yy. Wo aro now in a position to 
complete our account of the tliermodynamic proiierfcies of our assombliea 
by showing that the function S which avo have identified Avith the entropy 
possesses the characteristic increasing properly. Wo have to show that, Avith 
such conventions for the arbitrary constants that Avhon an 

assembly in equilibrium is separated into tAvo by an ideal Avorkless process 
such as the closing of an ideal door, then on junction by a similar process 

+ (000) 

S‘ and ;S^'' are the entropies of the tAVo assemblies before junction or after 
separation and 8 the entropy of the combined assembly. Since the joining 
together of two gaseous assemblies is essentially irrovorsiblo, only a conven- 
tion can settle the values of the various entropy constants. A sulFioiont 
convention is to take 8^ — 0 in (673) — that is, to take 8 as given com- 
j)lotoly by Theorem 0*3. 

To establish (600) it Avill bo sufficient to consider a single type of assembly, 
for example the most general gaseous one. 'Hie proof for other typos is 
similar. If then avo distinguish all quantities referring to the two soiiarato 
assemblies by single and double jirimos, avo have 

^7/c! = z(r,y,A/,. ..,v) - Ay log A/ ~ A''iogr , 

== . . ,A/') - A/' log A/' - W log h", 

8lk - Z{ r + F",D-,Ai, . . .,A,) - (Ay A/9 log A^ -- + IP) logH-. 

In formulating the terms in Z in these expressions avo have used the fact 
(see ( 163) or (221)) that each of the terms in ^ contributed by the states of 
each type of free system depends on the jiartloular enclosure only tlirough 
tho volume V Avhioh enters as a multijilying factor. Thus 


Z{r H- w',^-,Ai,. . .,A,) = i^(Fy)A,...,A9 + ^(wy)A,. . .,a,). 

But it Avas shown in Theorem 2*42 that -O', A^', Xz* •••j define the unique 
minimum of the function 8', so that 

equality being only possible when 

= A/=Ai,...,A/=A^. 

Similarly /S"(0-",A/',...,A/') < ^"(0-,Ai,...,A9, 

equality being only possible when 


= Ay=Ai,...,A/'-A^ 

We see therefore at once that 8' -b 8'* < 8, equality being only possible when 

= a/==A/'=^Ai,...,A/==A/' = A/. 


FSM 


13 
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Since and the A’s as determined by (472) are intensive paramotors, blio 
necessary and sufficient conditions are 

y-n = = (001) 

which are equivalent to asserting that, if there is no change of entropy on 
junction, the separate assemblies must have had equal temperatures and 
concentrations, or rather temperatures and partial potentials (§ G'5). 


§8‘5. ThephysicalmeaningoftheX's, The paramotors Aj , A^, which \vo 
have been led to introduce by the nature of the mathematics, play suoli a 
natural part in the preceding discussions that one is led to expect tlioni to 
possess a natural physical interpretation, just as -Q' may be interpreted as 
the temperature. This is the case, and we can relate them in a simple wiiy 
to the partial potentials of the various constituents in the assembly, as is in 
fact already obvious from the form (691). Just as -9' was identified with tlio 
temperature because it is a parameter which has the same value for every 
component part of the assembly, so A,( must be equivalent to the parbinl 
potential of the uth constituent because it is a parameter whioh has the 
same value for every component part of the assembly in which the 'lUh 
constituent occurs. 

Thermodynamic partial potentials may be defined by tlie equation*!’ 

dE + ^{Y^dyt = TdS + }x,^dM,* ; (002) 

in forming this variation we are to suppose that the total masses | of 
the various constituents in our assembly or in any phase or part of it aro 
varied, as well as the temperature and the geometrical parameters , If 
we form the variations of (671) in this manner we obtain 

TdS^dQ-YJcTlogXJX,,. 

Now is the total number of atoms of type u and is tlie mass of tho 
?4th independent constituent in gram-molecules. Therefore 

^„ = i2TlogA„. (603) 

This is the desired relation between A,j and the corresponding partial poton- 

tial. If we evaluate A,, by means of (166) for a structureless particle in fcJio 
classical limit we find 


[ij MT = log Vy - 1 log T + log • 


.(004) 


’(27rm„/ij)'8’ 

which is consistent with the usual value of for a perfect ga8,§ 
t Bryan, Themodynamica, p. 162. 

tJZ'rr ^ «>» of f^o atom. M or 

tno total m the gaseous phase 11/,/ of § 6-3. hi-uoib jm „ or 

§ Bryan, ho. cU. p. 120. * 
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If in a similar inannor wo imagino an addition to tho assembly not of free 
atoms, but of dNy* gram-molecules of the molecule v, then 

and tlie partial imtontial fiy of the -ytli molecule is given by 

fly ~ RT \i > 

fiJRT=>logVy~log{fy{^)IV}, (605) 

which is also consistent with the usual thermodynamic value. Wo can thus 
see that the j)artial ^Dotontial of the molooulo v in tho equilibrium state is 
equal to tho sum of the partial potentials of its oonatituont atoms. This is 
the usual relation between partial potentials necessitated by the existence 
of a ohemioal reaction.’!* It is another aspect of tho usual theorem that the 
partial potential of any constituent must be the same in all phases in which 
it occurs. 

Fmally lot us consider the more general case of an assembly containing 
a mixed crystal dealt with in § 6*0. Tho contribution to the entropy by the 
mixed crystal is 4=J;[log^p,,.(a)-^loga']. 

It follows at once that 

by equations (530) this reduces to 

TdS^ --dQ^- hT[log A + log A' dP], 

whero A and A' are tho partial potentials of tho constituents in tho gaseous 
phaso in equilibrium with tho crystal. The relationship between the A’s and 
tho thermodynamic ja’s is thus repeated. 


§6*6. Thermodynamic necessity for the invariance of the weights. The 
preceding discussion, establishing the existence of jS', has proceeded on tho 
assumption that 




= t (606) 

log l/D' dyt 

This however is only true because the weights to/, wf do not depend upon 
the y^B and are therefore what are called adiabatic invariants. Since in the 
present theory the weights are by definition integers specifying the number 
of solutions of Sohrbdingor’s equation for a given eharaoteristic energy they 
must vary disoontmuously if at all, and in fact can never vary. Equation 
(606) is therefore justified. But in earlier presentations of the subject this 

t Gibbs, Scicniijlo Papers, “Equlltbrium of Hotorogonooua Substances”, pp. 07-70, 

TVS 
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was not yet clear and it was of some importance to establish the invariance 
of the weights by showing that such invariance was also necessary for the 
existence of the entropy.* On account of its historical importance the 
argument is reproduced here for a classical gaseous assembly in dissociative 
equilibrium. 

When the weights depend on the 2 /’s (606) fails and (classically) must bo 
replaced by 

' logll^dy^ logl/^-L ‘ ' "dy, ” " ' ' J 

Therefore the general form of log Ij^dQ will be 

dS ••*)“' • * • ) dyi — . . . , (007) 


where 

^TTT ^7n ^ 

We may suppose that the independent parameters that define the state of 
the assembly are jS, y^^ y^y .... Then the conditions that (607) should be a 
perfect differential contain the equations 




.(008) 


for all values of S (or 0 ) and the 2 /’s. They must also hold for all Z’s and 
however many types of atom or molecule are present in the assembly, 
Consider first the simplest case in which only the -itth typo of atom is 
present in number . Then 

and (608) reduces to 9//i/01> = O. Now is of the form 
therefore if it is a function of the y’s only we must have 

s {K /^1 - «7i) = 0 •9’) 

or = ^i(?/i, . . . ) = ajb^ {all n^y^y . . . ) , 

That is to say, we must have 


dWy}^ 




K„ = ^^l0gOT,,«, 


(600) 


where depends only on the y*&, Thus the to/ may have a common factor 
fhe resulting change in S would be - log <o„ . This would not 

affect any physical result for such assemblies. Similar arguments hold for 
assemblies of a single type of molecule . 


* Boltr, Proc, Camb, Phil, Soc, Suppl, p. 17, and proviously Ehronfeafc, Phyaikal. Zeil. vol. 16, 
p. 600 (1014), havo attempted to show that tho weights must bo adiabatic invariants. It wili 
appear in the course of tills section that, thoiigli tlioir results arc offoctivoly correct, their arguments 
hardly wont sufHoiontly deep. 
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Returning now to the general gaseous assoinbly wo should have 

and the extra terms in log Ij^ dQ rocluoo to 

“ An/,j('0) d log Ai^"* . . . ) d log 

i J-U CU,J » 

The oiy being functions of 2 / 1 , z/a> •••» these extra terms oan in general 
only be a perfect differential if 


d\o% 


CO, 


n w 


7^=0 {allv). 


(010) 


ITor the extra terms are of the form 


and can only be a perfect diUerential if for 2/x , 2/a > ' • - 




" 9D- dy^ 

Since dAyjd^- =}= 0 and tlie Af& have in general no spooial relations between 
them, those relations oan only be satisfied if dBJdy^=^0 which are the 
equations (010). It follows j therefore, that the weights can contain factors 
dependent on the 2/i> Z/ 2 > ••• provided that 


co^ otj, , 

where the a’s are absolute constants, l^hus the non-invariant factors w„, if 
they exist, must persist with the atom through every combination into whioli 
the atom oan enter. They are therefore without signifioanoe in any physical 
problem and can be omitted without loss of generality, and apart from these 
trivial factors the adiabatic invariance of tlie weights is established. TJio 
conclusion holds good for the most general assemblies so far clisoussod, 

§ 6'7 . The inverse relation betiveen speeifie heats or average energies and the 
weights and energies of the states of an individual system. In the foregoing 
chapters we have shown how to determine the average onei'gy and specific 
heats of any system or set of systems, when the weights and energies of the 
permitted states of one system are hnoAvn so that the partition function may 
be constructed. We have had in fact the relations (classical statistics) 

E=MhT^~Mf(n 


/(y) = S,ro,e-<.», 


whore 
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It is desirable at some stage to pause and attempt to answer the question 
whether given B or Gy^ and so the form of the function f{T)y wo can deduce 
the and e,,, and in particular whether such values, if they can bo derived, 
are unique, It appears that the theoretical answer is “yes". The tu,. and e,. 
can be derived and are unique, with the exception of trivial constant 
factors, which arise as the constants of integration in determining /(T’) from 
(611), The practical importance of this answer is (as will be seen) limited, 
but its theoretical importance is still considerable. 

The most convenient variable to work with here is r where r^ljhT. Then 

6'^ = »T=(|:)'log/(r), 5= -ilfilog/(T), 

0 

A knowledge oiGy det6rmiues/('r) except for trivial constants of integration; 
the problem is to derive from this /(r) the w,. and e,. . For this purpose we 
express /(t) as a Stieltjes' integral in the form 

/(t)=Jo (012) 

where dw{6) represents the weight corresponding to the energy e or the 
range e, e + fZe, and it is indifferent whether we are concerned with quantized 
systems or with classical. In all oases w(c), the integrated weight, is an 
increasing function in the wider sense, which has simple isolated dis- 
continuities if the system is quantized or contains a quantized part. 

Now it has been shown that (612) can be inverted so as to exjDross w{€) as 
an integral of/(r),* It may be supposed that «a(e) is a monotonio increasing 
function of e for all values of e considered, which has only a finite number of 
simple discontinuities or steps Wi in any finite interval. Tlie function la^(e), 
derived from w{s) by the removal of the discontinuities, has a differential 
coefficient Q. which exists and is continuous, except perha2)s at a finite 
number, of points in any finite range, and is bounded in any finite range. 
These conditions will he referred to as conditions W, Then wo have the 
following 

(‘00 

Theo7'em 6'7. Jf w{€) satisfies conditions W, and if S and c?e 

converge for r=yQ, and if 

/(T)-r (613) 

J —a 

* Por a proof sea R. H. Powlor, Proc, Roy, Soc, A, vol. 90, p, 464 (1021). A deeper varflion of tlia 
Sftmo theorem Jias been given by Burldll, Proc. Camb. Phil. Soc, vol. 23, p. 360 (1026); Proo, Land. 
Math, Soc, vol. 26, p, 613 (1020). 
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ihenfU) i^ holomorphic function of r in the half -plane It{r) > yo, and 

1 dr 

|{ty(e + 0)-hw;(e-0)}-w(-(-0=^J /(T)e'’‘“, (614) 

where y > yo> y > 0, and the infinite integral in (614) is evaluated as 


fy-fiF 

,Tjt I 

F— >-co J y~iV 

It is clear that the theorem theoretically must apply to the physical 
problem in liancl, and therefore, given /(t), the to,, and (and any classical 
part) are unicpiely determinate. But it is not practically applicable unless 
our knowledge of /(r) is so j)rocis6 that we know it not merely numerically 
but formally, as a function of the complex variable t. I'his difiioulty can bo 
turned by a method duo to Sohwarzsohild,* but as it is still doubtful 
whether oven so the method would give results of practical interest, wo 
shall not pursue it further. 

In the case, however, of radiation (or the linear liarmonio oscillator) wo 
believe that wo do know the exact form of/(T). It is then of interest to see 
that the weights must be of the form assigned. Bor if we demand that 




hv 

I > 


SO that 
then 


/(r) ~G{1~ ( G constant), 

i{»(e + 0) + «,(. - 0)} = ^ J 


.(016) 


Now ( 1 ~ = 1 + + . . . -I- + Q~{p-\-l)hvrl^ I „ g-7n-T) ^ 

Ohoosep SO thatp< e/Ar <^ + l. Then 

^{ic(e + 0 )-i-'W(e~ 0 )} 

/j, -j dr 1 /’y+^w p[e-(P'i'l)hv]r dr 

(7. S--~ e(c^hv>r^,LJL ^ 

lo ^Trijy-im T 2mJy^iao l~e~'^'"^ r 

= G{p-\-l-^J), (616) 

By an application of Gauohy’s theorem it is easily shown that / == 0. It 
follows that the weights must be G for ^~rhv and zero for all other «. No 
other sohomo of weights can be admitted. 

If alternatively we demand the average energy 

b=mI 


then by simple integration 

/(t) = . 


Qhvlh'l' „ 1 




Ge^iVT 
I _ o—hvT 


{G constant). 


(617) 


* Sco Fowlor, loG. ciU p. 470, 
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The weight function oan be evaluated by the same arguments and wo find 
that the only admissible weights are weiglits C for e = {r + 1) hv and zero for 
all other 

If we accept the general basis from which we liavo developed the eq[uili- 
brium theory of statistical mechanics in this monograph, then tlie experi- 
mental laws of temperature radiation may be taken as demanding that/(r) 
for a simple linear harmonic oscillator shall be given by (615). It then follows 
that the weight function must bo determined by (616), that is, must be that 
assumed by Planck. It is of course possible to oall in question the general 
basis, but not, accepting this basis, Planck's assumption.* 

A dheot analysis of the Stefan-Boltzmann law by this method is also not 
'without interest; the value of/(T) is 

/(r)= C'exp((7F/T3). 

Prom this it follows by further applications of Cauchy’s theorem that 


w>(-0) = 0, w;(e)=c|^l + ^^ 




(aF) 


2.^0 


21 


£ W 

31 


1 


The. xoeight function therefore imist have a discontinuity G at 0. The slate 
of zero energy must have a non-zero weight Por other energies the function is 
too complicated to give us much information, but the non-classical naturei' 
of the weight function is already evident. 


§ 6*8, Entropy and thermodynamic probability. It is not in general our 
purpose in this monograph to attempt critical discussions of alternative 
presentations of statistical mechanics, but rather to develop the theory on 
a single consistent plan in a manner as logical as possible. It is not, however, 
possible at this point to pass by entirely in silence other methods of intro- 
ducing entropy into statistical mechanics, without giving some indication 
of why the very strict analogy to classical thermodynamics has been 
preferred here. 

Entropy is usually introduced into statistical mechanics by means of 
Boltzmann’s hypothesis relating it to probability. We cannot do more than 
abstract the various arguments here; for the best systematic account the 
reader should refer to Planck. | It will be assumed that ho is familiar with 
Planck’s account. Boltzmann’s hypothesis is based in general on the fact 

* Tins disousaion contains the wliolo substance of Poinear^, J, de Physique, vol. 3, p. 6 (1012), 
but much simplified and rendered more rigorous by tlio use of the maohinory of tlio present 
niotliods, The hypothesis and conclusions ai;o essentially the same, 

f See the classical paper by Ehrenfest, Ann. d, Phyaik, vol, 30, p. 103 (1911), whero just this 
point is ostablislied by reasoning essentially the same. The present methods again allow of great 
simplification, 

t Plan ole, Wdmeslrahlmg, 3rd Ahsohnitt, ed, 6 (or later). 
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that on the one hand tlio assembly tends to get into its most probable state 
(wliioli is eq^nivalont to the average state with which wo work here), while 
on the other hand its entropy tends to increase, so that a fuuotional relation 
between the entropy and the probability W of a state 

^^=/(T'r) 

may be postulated by a legitimate analogy. The analogy is of the same typo 
as that by which wo have postulated functional relationships between O’ and 
T and the A’s and the //’s. The argument then jn'o coeds somewhat as follows, 
Suppose we oan assign the numerioal value of W for the probability of the 
state of any assembly . If therefore avo have two such assomblios wliioh arc 
entirely independent, tlien by a fundamental principle of ]n’obability the 
joint x>robability is the xn’oduot of the two separate xu’obabilitios or 

= (018) 

On tho other hand, by the second law of thermodynamics the joint ontrojjy 
is tlie sum of the separate entropies (with suitable adjustments of the 
additive constants) and so 4- 

The functional relationship must then bo 

^-/dogF, 

k being a universal constant. We have still to assign a dolinito way of 
specifying W for any statistical state of any assembly, T’or use as W in this 
connection the quantity “thorjnodynamio probability^’ is introduced and 
defined to be equal to tho number of complexions ooiTOJ3X)onding to tho 
specified state. This number W is then made a maximum subjoot to tho 
condition of constant energy — tho assembly is then in its most probable 
state — and tho maximum value of /ijlog W so obtained is equated to tho 
entropy S. The entropy JS so defined has been shown in § 0*3* to agree with 
the entropy of classical thermodynamics, and in general j)ossess 0 s tho 
fundamental inoreasing property. It should be observed that there are two 
quite distinct stejts in the argument after IK has been equated to tho 
tliormodynamio probability, In tho first tho determination of tho maximum 
fixes the most probable state of the assembly by itself. In the second the 
assembly is related to the outside world by determining its ontro])y by (620). 
ilinally, tho absolute temj)eratnre scale is introdiioed by tho relation 
Z8ldE = llT:\ 

Unfortunately, there is much to be criticized in this argument, In the 
fii’st place there is some vagueness as to what precisely is happening in the 

* A slight oxtonsion of § 0*3 is roquirod to show that TKumx IKtot aro offootivoly tho sumo, 

,Tho oort'ootnoss of <S' is easily voriflod directly In simple oases, 

t Tills abstract is intended to do proper justice to tho argument closoribod, which Is in any oaso 
ologant and attractive, Tlio reader should supplement it by roforonoo to 14anok (loo. cU.) atlonst, 


( 010 ) 

( 020 ) 
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building up of one assembly out of two to yield equations (618) and (619). 
The addition of entropies can usually only be realized by some foi*m of 
thermal contact, and is then true in general only when the temperatures are 
equal. Eut both these conditions require that the assemblies shall not be 
independent. So it is only possible to give a meaning to (619) by making (618) 
invalid or at best not necessarily valid, which destroys tlie a priori nature of 
the argument. Por example, it is argued that follows dii'eotly 

from the second law. It is hard to see how this can be derived except from 
the equation dQi^^dQ-^ + dQ^ which is true neglecting surface interactions. 
This then leads to dS^^ = dS-^ + dS ^ , and so to (619), only if the temperatures 
are equal.* It is not maintained that this criticism could not bo turned, but 
it disposes at least of Planck’s example of a composite assembly consisting 
of any body on the Earth’s surface and an enclosure of temperature radiation 
on Sirius. 

In the second place, the probability W of any statistical state of an 
assembly requires of course precise and careful definition in such a way that 
(618) holds a priori. The definition of W actually used, thermodynamic 
probability or number of complexions, makes W a large integer and not a 
probability at all (which must bo a proper fraction); thus (618) cannot bo 
maintained by any appeal to the theory of probability, for, frankly, that 
theory is irrelevant. On the other liand, genuine probabilities such as the 
ratio of the number of complexions representing any statistical state to the 
total number of complexions do not lead (straightforwardly) to the right 
result. 

It is well known that actually the “thermodynamic probability” does 
lead to the right value of the entropy, and it is perhaps worth while to pause 
and enquire how the criticism just formulated is to be satisfied. If we take 
the genuine probability, in so far as we have to calculate the most probable 
state for given energy the total number of complexions G is constant, wo 
are concerned only with the equation 

S'--8"^Jc\og{W'IW'% .(621) , 

i.e. with ratios of If, and so the argument is unaffected. But when in the 
second step we attemjDt to determine the value of the entropy itself from 
(620) with we find in all cases the trivial result ^8= 0. It is a simple 
consequence of the arguments leading to (675) that or 

If(av6rag6 stato)/C' 

is always effectively unity, expressing the fact that the possession of the 
average or most probable state is a normal property of the assembly. 

* It is just at tliis stop that an important logical obscurity enters. Wo have no right to dorivo 
from ilS^^=:dSi-\-dS^ without an exfilicit recognition that wo have inaclo a spooial 
choice of tiie additive constants in the entropies. 
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It is tlius clear that the straightforward process is useless, and if wo are 
to retain a relation between entropy and probability wo must find a way of 
justifying the omission of the denominator C. As long as wo consider the 
assembly as a whole this is impossible, for G depends on T and cannot bo 
ignored when variations of temperature are contemplated. In fact the 
usual arguments are attempting an impossibility, for tlioy attempt to 
determine the entropy of an assembly, which determines its relation to the 
outside world, by consideration of the assembly by itself. I’ho difficulty can 
be overcome, therefore, only by considering the assembly in (question as part 
of a much larger assembly. Consider, for example, a group of M localized 
systems immersed in a bath of a very much larger number N of other 
localized systems. The statistical state of the whole is specified as usual by 
S I 6o > > • - M the numbers of systems in the permitted states or colls. 

The probability of the statistical state speoiliod by ftp) ia 




whore Sj, denotes summation over all 6’s such that E — 'ZySyap, 

Comparing C and Sj, we see at once that 




Since N is very largo compared to ilf, Theorem 2- 31 shows that approxi- 

G mr' 


whore -S- is fixed by 




Thus 


lF(ao >%,*.0 = 


Jlf ! 

aolai!... (mF: 


( 022 ) 


IDquation (622) shows that the true probability W is projiortional to t)io 
thorinodynamio probability provided E^, the total energy of thoU/ systems, 
is fixed, but oven now not otherwise unless the temperature of the largo 
assembly is practically infinite, -8 = 1, If Vo wish to maintain the relation 
between the entropy and probability, it seems as if we can only justify the 
use of ‘'thermodynamic jDrobability ” by considering a group of systems as 
part of a very large assembly at a very groat temperature. If we do 
this, then it is easily verified that Wi 2 =iWiW 2 for any two parts of such 
an assembly (whether or no the temperature is very great) and the first 
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cliffioulty is also turned. This treatment woixld be perhaps artilioial but 
not illogical. 

We can cast (622) into an alternative, more illuminating form. .For the 
natural contribution of the M systems to the entropy of tlie assembly in 
eciuilibriumis 7c{j|f log /({)■) -^!„ log »}, 

which we may call . Therefore 


W(aQ,aj,. 


ciq \ I • . • 




(623) 


which shows at once that Wmax== 1 before, and that, defining entropy via 
probability, we arrive at 

= (624) 

It is only in some such sense as this that a meaning can be assigned to 
Boltzmann’s hypothesis, but then it must be noted that it survives in 
Boltzmann’s own form S-S'==klogWlW'. (626) 

The whole development has thus beoome rather clumsy, for the entropy 
itself is a function only of the group and its temperature, but has to bo 
derived for the group in relation to an infinite assembly at infinite tempera- 
ture. It would appear to be much bettor, if a direct definition of entropy is 
rec[uirod in terms of complexions and not via the classical form dQ = TdS, 
to abandon all reference to the theory of probability and define the entropy 
simply as h times the logarithm of the number of complexions, that is by 
(676). This definition must then of course be justified by direct comparison 
with classical thermodynamics, not by the a priori arguments which we have 
been criticizing hero. It is a definition which has much to recommend it, 
especially as it enables the definition of entropy to be extended to cover 
non-ec[uilibrium states. 

As yet no reason has been given against the introduction of entropy by 
(626) or in the more general way just suggested, if such a way is still preferred. 
It must be observed, however, that there is no hope of a logical definition of 
absolute entropy by such an equation as (626). This is as it should be. Much 
has been written of absolute entropy in the belief that in this way a basis 
could be found for Nernst’s heat theorem. We shall show in the next chapter 
that this theorem takes its natural place in the equilibrium theory of pure 
statistical mechanics, and can be formulated without reference to entropy 
at all, still less to absolute entropy.* Even if entropy is defined by (676) 

* Even in 'the 6th edition (p. 110) of his W S/rmestrahlung Planolc stvys: "As opposed to (.Boltz- 
mann’s liypothesifl (026)] wo assign to the entropy S a quite definite absolute value, Tliis is a stop 
of essential import, whioh can only be justified by the verifloation of its consoquonoea. It leads, 
as wo shall see later, of necessity to the quantum hypothesis, and thereby on tlio one hand, for 
radiant heat, to a definite laAV of distribution of energy for black radiation and on the other for 
the heat of solids to Nernst’s heat theorem," It should be romerabored that Planolc is thinking 
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there is still nothing really absolute about it. Wo can never know whether 
onr analysis of complexions is really comi)lote. At one stage v/o may omit 
all reference to nuclear spin and its orientation. Then we generalize the count 
to include it. But why should this be the last stop? 

There is, however, yet a further difficulty in the introduction of entropy 
in this way, logically founded on its increasing proi)orty. I'ho identification 
of iS and /ijlog W is based on an analogy, correct enough so far as it goes, but 
insufficiently deep. Tor it is tacitly assumed tliat tho entropy is the only 
fiinotion of tho stato of tho assembly which has this increasing property. 
Tills, however, is untrue, for I, = S+bEy whore b is any constant, also has 
tho same increasing property, and wo liavo no a priori reason for preferring 
one value of b to any other. If wo take tho general value ^ for tho ontrojpy 
we find for tho relation between T and D' 

l=|| = Hogl/«- + 6 , 

which does not detorinino a unique temperature scale. In fact we can only 
see that 6 = 0 by a direct appeal to tho second law dQ = TdS) which will only 
hold with 6 = 0. The use of functions with the increasing property can 
apparently never load to precise results without an appeal io dQ. If this 
appeal has to bo made in any case, tlio method of approach by tho increasing 
property loses any jiossible advantage over the classical method adopted in 
this monograph. 

The difficulties pointed out above occur for the simplest non-dissociating 
assemblies, and render unsatisfactory, oven for these, tho introduction of 
entropy via Boltzmann’s hypothesis. When wo come to general dissociating 
aasomblies the difficulties become still more pronounced, because tho logical 
determination of the proper dependence of the ontrojjy on the number of 
systems of any typo present is almost impossible by this method. These 
diffloultios have boon pointed out by Bhronfost and Trlcal* and wo need not 
stress them hero, Tdioy again arise in what is virtually an attempt to deter- 
mine the dependence of S on N or M without reference to any reversible 
method by which N or M may be supposed to bo varied, and as such are 
doomed to failure. 

§ 6‘9. Position of Boltzmann* s hypothesis in the present theory. Tho very 
general form of (624) or (626) makes these equations important instruments 
of investigation especially in complicated assomblio.s for which explicit 

primarily of tho fact that in tlio oltissioal theory tiio entropy of a solid would not remain llnito 
as iP— >0, and tlio roquiromont that it should remain flnito demands tho quantum theory, kvon 
. allowing for this, it is imiiossiblo to accept his statomont fully. It will ho inaintainocl iii this 
monograph tliat Avhatovor tho practical convonionoo of tlio idoa of absolute entropy (often groat) 
it is of no thoorotical importaiico whatovor. 

♦ Ehronfest and Trkal, loc. cit,} i'owlor, Phil, Mag, vol, 45, p. <197 (1023). 
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forms for the partition function may be difficult or impossible to construct. 
It is important, therefore, to fix their position in the theory as here developed, 
a position of course not that of a fundamental hypothesis but of a general 
theorem, ■when our definition of the entropy S is suitably extended. We have 
sho-wn in equation (676) that for the 'whole assembly S~hlog 6*. We can 
extend our definition of S, in conformity with the usages of classical thermo- 
dynamics, so as to apply to any physically separable part of the assembly 
by the convention that the entropy of the part may be calculated as in 
§ 6-3 as if the part were a separate assembly with specified energy and con- 
figuration. This convention is obviously self-consistent. Special adjustments 
of Sq are of course implied to make the entropy additive in equilibrium. Wo 
then recover (626) as a general theorem, valid at least for any small part of a 
large assembly, if ratio of probabilities means simply ratio of representative 
complexions. 

In order to provide a priori for a connection between entropy and pro- 
bability we were logically compelled to discuss a part of a very much larger’ 
assembly, and have formulated (626) in this connection. The large assembly, 
however, is irrelevant to the truth of (626) as a general theorem in statistical 
mechanics. It is easy to verify that (626) applies at once to any specified 
configurations of the whole assembly or of the whole of any parts into which 
we choose to divide it. We can calculate the entropy of each part as sj)6oified, * 
and it follows at once by (676) that for each part ^S^/ijlog (7'. The total 
number of weighted complexions representing tlie specification is therefor© 
n (6^') taken over each part and therefore the probability is proportional to 
exp(S Sjh). When the specified state is the equilibrium state for the, whole 
assembly S S reduces to the usual S and 11 (C") effectively to G, For the 
ratio of the probabilities of two such specifications we have therefore 
exp{(S#7— which is (626). We summarize this conclusion in the 
following 

Theorem 6*9 {Boltzmann's hypothesis). If the entropy S of any assembly or 
its part is defined as iw § 6-3 {with suitable additive constants), and if as usual 
the probability W of any specification of the assembly is proportional to the 
number of representative complexions, then 

B^S'^hlogWjW'. (626) 

The theorem as proved refers only to specifications of the assembly or its 
parts in which molar variables alone are concerned. If the speoifications 
become so detailed as to be molecular, then our S ceases to have a meaning. 

shall not he concerned to use 8 in such oases, hut if an extended definition 
to cover such oases is required it can obviously be provided by the equation 


* Subjoob to tho conditions specified each part will be in its owji equilibrium state. 
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j8=^hlog G, whioli we have already seen to be valid in all oases in which a 
thennodynamic S exists. 

Problems arising in coinplioatod systems such as liquids or far-from- 
perfeot gases, particularly in conneotioii with fluotuations, can sometimes bo 
handled with the help of ( 020) and the theorems of olassioal thorinodynamics, 
when a direct treatment would fail for lack of power to oonstruot or handle 
the coinplioatod partition function. A well-known example is the theory of 
density fluctuations and the opalescence of liquids near their critical point.* 
A formula is required for the relative frequency of volume fluotuations of 
specified range in a given small element of volume, This frequency is given 
of course by the 17 of (02G), which can bo used in the form 

{a constant), (027) 

If, however, the volume fluotuations may be thought of as isothermal — 
legitimate certainly for a small element of volume out of the largo assembly 
— this can bo oast in a form which is easier to use. Por then, since 

where JP is Helmholtz’s free energy (work function), and since for the 
volume element and the rest of the fluid H {J\JP) = 0, we have 

(028) 

where D (AP) denotes the maximum work that the assembly can bo made 
to do in returning isothormally and reversibly to its equilibrium state. 

Wo should not close this chapter without a reforonoe to the ideas 
put forward by Cr. N. Lewis,! with the help of which ho propounds a 
goner alized form of thorniodynamios incorporating the laws of fluotuations 
whioli are more usually regarded as a deduction only from statistical 
moohanics. It would however take us too far afield to describe his 
arguments hero. 

* Eiiiatoiu, Ann, d, rhysik, vol. !)3, p. 1275 (1010), Soo also Ohaptoi’ xx, 
t G. N, Lowia, J, Aimr, Ghm, Soc, vol, 63, p. 2678 (1031). 



CHAPTER VII 

NERNST’S HEAT THEOREM AND THE CHEMICAL CONSTANTS 


§7'1. The vajpour ])ressure equation of classical thermodynamics. As an 
introduction to the main subject of this chapter wo must compare the 
formulae of classical thermod 3 Tiamics and statistical mechanics for the 
vapour pressure equation {§6 -42), Later on we must do the same for the 
reaction isoohore (§ 6>3). Por convenience of reference we start by giving the 
thermodynamical formula for the vapour pressure and its deduction, which 
enables us to make clear the necessary assumptions and approximations. 

Consider an assembly containing originally a gram-molecule of a con- 
densed substance, at a temperature and pressure pg wliioh is its natural 
vapour pressure. The vapour is assumed to be an ideal gas so that for one 
gram-molecule of vapour pV = IiT, (i) Allow the condensed phase to 
evaporate completely at temperature S’g and iDressure^jg . This is aroversiblo 
process in which the energy absorbed is Ag and the gain of entropy Ag/7g , 
(ii) Now expand the vapour isothermally and reversibly, doing work, to 
pressure The heat absorbed is RT 2 log{^zM> oqnal to the work done; 
the energy does not change and the gain of entropy is IHog ) . (iii) Lower 

the temperature at constant pressure until condensation starts, ‘Super- 
cooling not being allowed to occur. The assembly loses 

and entropy Gj^^dT'jT', Hero is the specific heat of the vapour at 
J S’, 


energy G^^dT 


constant pressure jpi, but since the vapour is ideal is indopendont of 
and may be written simply G^y (iv) Compress the vapour isothermally 
until it is entirely condensed at temperature and pressure The 
assembly loses energy A^ and entropy , (v) Heat up the condensed 
phase from fo ^ 2 > keeping the pressure at its equilibrium value for 
each temperature, so that evaporation is always just unable to occur. The 


assembly gains energy 


fir, 

(Q))aoidT' and entropy 

J 2'i 



In 


this integral is the specific heat of the condensed phase under the 
conditions specified, that is at a pressure always equal to the vapour pressure 
for the temperature, and the integral must include all the heats of transition 
(melting is one such transition) if any transition points occur in the range. 
The cycle is reversible and the entropy change vanishes so that 


•^a 


-^+Miog^-r [q, - ((7^). J dT'ir = 
•*1 J 1 \ 


0 . 
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This expression obviously reduces to an equality between two expressions 
one depending only on Tj, the other only on f/g; each must therefore be 
constant and we iind, dropping suffixes, that 

log2>= -;^+ + (029) 

where i" is some constant. The energy changes also must vanish so that 

A*-Ai=r[6^-(q,),„,](22''. (030) 

Classioal thermodynamics has nothing to say as to whether the integral in 
(630) should converge as 2\'->0. Biit in fact it does so converge since 
(^)floi = 0{T^) and Gjy~0{l), It follows that, letting 7\~>- 0, 

A(J’) =f’[G,-(O^U]dr + A„ (031) 

On using this value of A{T) in (029) wo obtain 

logy = - [q, - (q,).oi] dr + + i". 

On rearranging the integrals by integration by parts this becomes 



It is convenient to break up the specific heat of the vapour into two parts 
(Ojj)q and (Q,)i of which (CJ,)o is a constant part (constant over the tem- 
perature range which may be in question) and a variable part. It is a 
quantum result that this can always be arranged so that the double integral 
converges when the outer lower limit is zero, and tlio inner integrand is 
“■ integrates and gives 

besides contributions to i'". Wo are therefore finally loft with 
log2»= 

(633) 

The constant i i.9 commonly known as the chemical consianU but for reasons 
that will appear would bo better known as the vapoxir pressure constant of 
the vapour in question. In deriving (633) we have assumed, besides the first 
and second laws of thermodynamics, merely that the vapour is an ideal gas. 
The trivial differences between (Q,)boi zero pressure or one atmosphere 
or for the sequence of natural vapour pressures can also be ignored so that 
throughout our analysis of vapour pressures we shall use for ((7 ^)boi the 
specific heat of the condensed phase at some standard pressure, usually one 


FSM 


14 
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afcmoaphere. With these assumptions together with tlie quantum assump- 
tions of oonvergence of the integrals at the lower limit equation (633) is a 
classical thermodynamic relation. About the actual values of Aq and i 
classical thermodynamics has nothing to say. The value of i will differ 
according to the value assigned to {Qp)^, the constant part of Cp\ this may 
be conveniently varied according to the temperature range, and in all 
statements about i (C^)o must be specified. 


§7'11 . The vapour presatire equation of atatistical meolmnics. In § 6‘42 wo 
obtained the corresponding statistical formula (equation (620)) which can 
be written in the form 




hTf{T) 
V K{Ty 


.(634) 


Ih’om this we derived equation (623) which is repeated here for reference: 

■ Iog2>= 

(623) 

This equation is the expanded form of (634) when the systems in both gas 
and crystal are effectively struotux’eless massive i^oints so that for example 
/c(0) = 1. We see at once that (623) and (633) are equivalent, since for atoms 
representable by such systems 

{Op)o=^^Ji, (a^)i-o. 

The essentially new contribution made by the statistical treatment is the 
ovnluationof*: (2«»)*** 

(0,),=p (036) 


{structureless monatomic syatems in both vapour and gaa), 

In establishing this interpretation of (634) we have made use of the 
relationship 

logK(r)=J^5yraJ^ (O^UdT" M0) = 1] (636) 

an equation which requires a more exact study, now to be undertaken. The 
volume V of the crystal containing a fixed number of atoms is not itself 
fixed, but is a function of the temperature. In order to construct k{T) wo 
have to suppose that V has been given an assigned value, and the value 
chosen must be specified before (636) has a precise meaning. The necessary 
l)recision is provided by the following 

Lemma 7’11. Let the stoie of zero energy of a crystal {containing erne gram- 
molecule or P atotns) be defined to be its state at zero temperature and pressure. 
Let the exact partition function for the crystal, [k(KT)]^, be a function of V 
and T only. Let the specific heat of the crystal 0^ be measured in such a way 
that at each tem 2 )eratwe of measurement the pressure p acting on the crystal 
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is constant during measurement and has a definite vahic p{T) subject to the 
restriction that ^3(0) = 0, Theii 

• (037) 

In this equation V{T) is the volume which the crystal must have at temqmrature 
T when iheqiressure acting on it is p{T), 

Tho i^roof is as follows. From the tlxormodyiiamio dofinifcion of 
(dm (dEiVinm JdV(T)\ 

j,- 1— d— 

It follows Gasily by integration and nso of (3C0) that 
-sr^gl log«(K T) = M{V{T),T)^fG„^„dT' - 
Moreover by (376) 

log .(nnT ) = log ,<(Kr/') . 

Combining these equations and simplifying tlie^, V torjns, we find 


A 

dT 


7 ^n' rl ^ r'-T 


dV{r) 

dr 


On integrating this equation wo obtain (037), 

An immediate oonsoquonoo of this theorem is that 


log 


<v{np) 

/c(F(0),0) 




It is easily verified that if 0 ^ , measured at some pressure or pressures other 
than zero is used in (638) in place of {G^^)ji^Q the error committed will be 
trivial so long as the work done in the expansion of the oryatal against tliia 
pressure is small ooinpared with MT. This error is entirely trivial in vapour 
pressure applioations, and equation (623) is justiflod. 

Lemma 7 * 1 1 is more useful in the following extended form ; 

Lemma 7'11 {extension). Let the partition function for a mixed cipsial of 
P molecules in all {P is the number of molecules in one gram-molecule) be 

NAi<a(V,'P){fx(nHUT)f‘---Y Pi+A+- = 1). 

In this form Nj, is independent of V and T, |<f^{V/P) is the partition pmction 
for the acoustical modes of the crystal^ and f-fT)^ ff^T), ... are the partition 
functions for the orientations and internal energies of the various molecules in 
the lattice, Letihereference state of aero energy be chosen so that «:„(F(0),0) = 1. 
Let the molecular states of lowest energy in ffT)^ fiiT)^ ... have weights and 

I 

i4-il 
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energies eo®, ... respectively. Then ^7{<>,j)soi tlie specific lieat 

of the crystal measured always at the pressure of its own vapour and the trivial 
worh term is neglected 

CT- flpr eT 


+ 


■^1 -^2 ^* • • • 
hT 


- i)i log trjo^ - Da log V _ , . . , 


(639) 


The proof is simple and will be omitted. The extension shows that if the 
crystalline partition function in its most general form is [D(T')]^ then 
CT tipf rr 

J 0 0 -logHiT) + {terms in A,, i). ...(640) 

It remains to evaluate explicitly the contributions to logjo arishig from 
log f{T). In all cases there must be the terms given in (621) for a structureless 
system, namely ^ 

AS \kT’ 


To this a term- log /i,(T) must be added when there is any structure, where 
fJ{T) is the partition function for any rotational, vibrational, orientational 
or electronic states of the system that may be relevant in the vapour phase. 
If we choose to regard only the translational motion as contributing to 
then, by arguments similar to those of Lemma 7- 11, 


log 


m) 


C^dT' f2'' 


The definition of x is such that/„(T) always starts with a constant term. 
The partition function7>(T) can often be analysed further (at least aj)proxi- 
mately) into rotational and vibrational parts. When any one of these factors 
is effectively classical, the contribution to log7>(jP) takes the form 
slog T+ cowsi., where 2s is the number of square terms in the classical part 
of the energy. We can absorb these terms into [{C^)o/7j!] log T hy new 
choice of ((7j,)o and the extra constant into i. The rest of /„(T), n^iT) say, 
necessarily continues to satisfy 


log 


^v{T) 

TO„(0) 



The principal results are summarized below. Of course AJB and 
identical. 

Vapour Pressure Pot'mulae: Pure Crystals 

logJ>=-;^+^^logT+J[’||^Jj(OA-(0,U<J3’''+i (633) 

Crystalline partition function^ [f<a{T)f{T)Y [/Co(0) « 1, /(O) « 'mf\. 
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I, Monatomic va 2 ')ours and crystals. Atoms with internal structure, 
arising from nuclear orientations and eleciroyiic muUiplets 

Gaseous p)arUtion function^ 


(Q-)o . n. 


-B roo 

{^p)i nogleoted in (033), tlion i is slightly variable, 

TOq 


^ = log 




(041) 


(042) 


11, Diatomic molecules in va 2 }ours a7id crystals 

{a) Non-classical rotations in vap>our — as above, equation (041). 

(6) Classical rotations in va^your. 

Gaseous partition function, 

{27rmhT)^ S tt^AIcP . 
i ^ Fe-X»'»,(r) K(0) = “o]. 

where A is the transverse moment of inertia and o- = 1 for molecules X 7, o- — 2 


for X^; 




^=^log 


(27rw)^/t!^ SttM/c! Uq 


(043) 


III. Polyatomic molecules in vapours and crystals 

[a] Linear molecules — as for II {b). 

[b) Non-linear molecules. 

Gaseous partition function, 




ah^ 


■Ve~y<t^^'^'n,{T) K(0)=.Vo], 


where A, B, G are the principal moments of inertia, and a, the symmetry number, 
can be evaluated by a study of the symmetry requirements of the atomic nuclei; 

~Ii W oW roj ' ' 

If f vibrational degrees of freedom in the gaseous molecides of frequencies 
1 ^ 3 ^ , . . . , with 2/ square terms are effectively classical, their contribution may be 
extracted f}'om {Gj,)^, We must then add 


to 


{Op)o 

R '■ 


y 


/; to i, log ^ ^ 
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§7*1 2. The va/pour pressure equations concluded. Mixed crystals. It 
remains to discuss mixed crystals but we sliall confine attention to ideal 
ones in which the components mix perfectly. It lias been shown in equation 
(550) for two components forming such a crystal in tlie abundance ratio 

(QIQ) 

Equation (646) is easily generalized to any number of components. Wo find 


P = - 


hT 


S D, 


Am 


XaiTmT) 


1 ^ 


(647) 


It follows at once from the definitions off, A o-nd /<:„ that 


p=^D,p„ 

Seal 


.(648) 


where p^ is the vapour pressure of a pure crystal consisting of the 5th com- 
ponent only. 

Equation (648) is exact (under the rather stringent assumiitions wo have 
used for ideal mixed crystals). It is however inconvenient to use, and since 
in any application made where the components are difi:erent isotopes the 
diSerences of the ji's among themselves are only of the order of one part in 
seven, we can replace (648) by the approximation 


r 


iogp^T,r>^\ogp, 


(649) 


with an error of not more than 1 per cent, in jp.* We shall therefore use (649) 
as the statistical result for mixed crystals. 

Equation (649) gives us at once 

iog,=iogi[mj-[m]\.} 

Lemma 7*11 (extension) evaluates tlie second term. The first term can be 
similarly evaluated, for we can oast \og{kTff{T)IV} into the form 

-^+^iogr+i.+iogv(2'). 


where Xs is evaporation of a molecule of the 5th type at the 

absolute zero, ((I/)o the constant part of the specific heat at constant 
pressure, js a constant and nf{T) the partition function factor for the rest 

* If = ^( 1 + aj, S = 0 and = oxp(S Dg log instead of p = p, then the error Ajj eatisfloB 
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of the (non-olassioal) energy — all for the 6 'tli typo of moleotilc. I'his can then 
be atill further roducod to 


~ -IJ'. + log V(0), 

Now consider tho (ideal) mixed vaiDour. Wo have afconeo ~ (C'j))oj 

~ {Oji)i . whore and refer to tJio mixture at the given 
(fixed) composition. The o^ro unlikely to differ much among thorn solves, 
but if wo write X> X moan heat of evaporation for tho 

mixture of tho assigned composition. Absorbing tho 1/7' terms from tho 
orystallino partition functions in x thus find as hoforo 


log3J= -X + (^log 2. +1^'^'- J'''[(C;,),-(Cr, -l-i. 


where now 




It is obvious from the form that 


•ia + ^Og-^Tl* 


,(050) 


(051) 

whoro ig would bo the vapour pressure constant in tho equation for a pure 
crystal of tho sth typo of molecule, in equilibrium with its own pure vapour^ 
Wo can summarize this disousaion in tho following statomont. 


Vapour p'easurefoi'midae. Ideal mixed crystals 

Calculate the specific heals (<7/)o, (f^/)i, (f7^/)8oi> the vapour pressure 
constants % for each type of systeirii forminy separately a pure crystal and 
vapour. Then for the mixed crystal 

(Ci,)o = S«4(0/)o, (q,)i-S,i),(0/)i, (q,)aoi-S«4(C/)ao,. 

(062) 

where the abundances of the types are given by the Dg, = 3 1 . 

§7-13. Basis of the comparison between iheoty and experiment, (i) Use of 
diatomic or polyatomic formulae fori, Formulao (033) and (041)-(6d;6) allow 
us considerable latitude in tho manner in which a oompariaon between 
observed and theoretical values of i may bo made for other than monatomio 
vapours, ITor monatomio vapours the only choice lies between tlie exact 
(041) and tho ai^proximato (642) which can bo used when {C^dx is small and 
f^{T) does not vary much over the temperature range used. 3?or other gasoa 
the monatomio formulae can always bo used so long as we retain the whole 
rotational, vibrational and elebtronio energy in {Oj^)x uso observed 
values for . Wo can obtain in this way further direct tests of the mon- 
atomio formula for i unaffected by speoilio heat ihemy. 

This procedure is however often impraotioable or inconvenient and we 
use one of tho other formulae with ((7j,)o > fi?. It must be roniombered 
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however in comparing such forms with experiment that they are no longer 
independent of specific heat theory, and errors in that theory will reveal 
themselves as errors in i, Consider for example the rotational term, The 
formula (633) for logp strictly contains a term whioh we may ivrite 



c,otdr' 



(063) 


reducible exactly to [log{r‘’(^r)/r'(0)}](j]3g , where r"{T) is the “observed” 
partition function exactly reproducing the observed specific heats. But 
when for example we take the rotations as classical for T > Tq and use (6d3) 
for i we replace this by a theoretical expression whioh of course varies with 
T in very nearly the correct manner for T>Tq but which may not exactly 
reproduce the residual constant in (663), Assuming that the monatomic 
formula for i is correct we are by such a comparison testing speoiflo heat 
theory rather than the theory of vapour pressure constants, 

(ii) Changes of phase in the condensed form. Changes of phase in the con- 
densed form may be regarded as automatically allowed for by equation 
(633) when we use proper observed values of . Where the term 



occurs, the inclusion of any latent heat terms must bo understood, In 
terms of what are normally called specific heats, this integral must bo in- 
terjDreted to mean 


CT 


(y>7]), 

where 2] is a transition temperature and is the latent heat of transition, 
which will usually be positive as written above, 

Ti'ouble, however, will arise if we have extrapolated back to zero an 
apparently well-determined curve of speoifio heats tlirough an unknown 
transition point, This can of course only happen at low temperatures at 

fr 

which, apart from changes of phase, iC^)^^idT* will be given aufiioiently 

Jo 

closely by A If, however, there was really a transition point ( A^) at 2) , 
then the correct value of the integral for 2^ > 2} is not A but 

In this A‘T^ is the form of the integral for T <7^, We may assume that 
> 0 and perhaps that A’ < A, since the transition is liljely to be to a more 
stable and therefore more rigid form. It seems to be the case, however, tliat 
A' and A, or more generally the specific heats on either side of the transition 
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point are very nearly equal, and therefore that tlie sign of the error, whioh 
we will call /r/, is the same as that of A; . Instead of the correct value of 

WG shall therefore be using 

riz.rio) 

The right-hand side of our formula for log^3 is therefore too larqe by 


b 

li 


The term in IjT does not matter. It is absorbed in Aq , which is in i^raotioG 
an adjustable constant. The observed value of i will therefore be too small 
by fXilPTi> which may bo expected to be positive.* 

(iii) Monatomic vapour pressure constants via dissociation equilibria, ifo 
obtain as many examples of monatomic vapour pressure constants as 
possible, it is important to recognize that a knowledge of vapour pressures 
and. dissociation equilibria for diatomic gases such as the halbgens provides 
VIS at once with a direct determination of the vapour pressure constant 
of the atom into whioh theoretical uncertainties as to the structure of the 
free moleoule do not enter. Expressed in partition functions wo have 

andtheroforo 

an oxprossion into whioh no reforonoo to the molecular form enters. Since 


y'XN^iv 


"l/ofT I ' 


whore is the equilibrium constant, and p the diatomic pressure, MfV 
oaii be “observed” and the monatomic vapour pressure constant directly 
dotormined. In practice vapour i)ressures and equilibrium constants are not 
observed for the same tomijoratures and an extrapolation of one or other is 
needed by the theoretical formula. This will involve a knowledge of the 
spieoifio heats of the moleoule over the range of extrapolation, but will 
involve the moleoule in no other way, The same result can easily be obtained 
from the thermodynamical forms. In practice the analysis will be carried 
out separately to determme 2^(Z) -^(A'g) from logK^, see §7*4, and ^(Xg) 
from Iqg^?. These are then added together and halved, to give the entry in 
the table. 

* .for this (Ueousslon soo Cox, Proo. Camb, Phil, 3oc, vol. 21, p, C41 (1923), 
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§7*2. Gomparison of observed and theoretical monatomic vapour press^m 
constants. For numerical comparisons it is usual to rewrite (633) so that^J 
is measured in atmospheres and the log’s are logio . In that case the mon- 
atomic (641) becomes 

i = -l-B87 + flogioW’^4-logio/>o/^o» (06^) 

where m* is the chemical atomic weight, defined by taking the value of m* 
for the (average) oxygen atom to be 16- 000. The following table contains all 
the reliable comparisons of which I am aware. The table is followed by 
comments explaining and justifying the values of and vsq adopted for 
each class of atom; accepting these values the agreement between theory 
and observation is all that could be desired. 

Table II. 


Monatomic vapour pressure constants. 


VapouY 

Atomio 

weight 

Pol^o 

i 

coloulated 

i observed 
and range 

Authorities 
for i obs. 

Hg 

200<6 

1 

KH 

1-83 + 0-03 

(1) 

Cd 

112-4 

1 

1-488 

fl-4B±0-l 

tl-67 

(1) 

(6) 

Zn 

66-37 

1 

1-136 

1-21 + 0-16 

(9) 

Pb 

207-2 

1 

Z-887 

/1-8 ±0-2 
\2'27±0-D0 

(1) 

(7) 

Jig 

24-32 

1 

0-49 

0-47 ±0-2 

(9) 

N© 

20-20 

1 

0-37 

0-39 ±0-04 


A 

39-88 

1 

0-813 

0-79 ±0-04 

(1) 

H8(r<40^) 

2-016 

1 

-1-132 

-1-09 ±0-02 

(2) 

Na 




(”0-63 

(3) 

23-0 


0-766 

I 0-78 ±0-1 

(8) 





lO-07 

(4) 

K 

39-1 


MO 

ro-92 

\M3 

(3) 

(^) 

T1 

204-4 



2-37±0-3 

(9) 

Cl 

36-46 



1-63 ±0-2 

(0 

Br 

79-92 


1-87 

2-00 ±0-2 

(6) 

I 

126-9 

HI 

2-17 

2-19 ±0-2 

(6) 


(1) Egoi'fcon, Proo, Phja, Soc, London, vol, 37, p, 76 (1925). 

(2) Etiolcen, ZeiUj, Phjsik, vol, 29, p. 1 (1024). 

(3) Edmonson and Egorton, Proc. Roy, Soc, A, vol. 113, p, 633 (1027). 

(4) Zeidlor, Zcit,f, fliysihal, Ghem, vol. 123, p. 383 (1026). 

(6) Those values have been obtained ns explained in the preceding sootion from the observed 
values of 2»(2r) -t(X 2 ) in Table 14 and of «(Xa) in Table 13. 

(6) Lange and Simon, Zeit, f, rihysikal, Chem, vol. 134, p, 374 (1028). 

(7) Harfceolc, ZeU,f, physikal, Ghm, vol. 134, p, 1 (1928). 

(8) Ladonburg and Thiele, Zett, f, pkyaikal, Ohm. B, vol. 7, p. 161 (1030), 

(O) Coleman and Egerton, Phil Trans, A, vol. 234, p. 177 (1936). 

(10) Clusiua, Zeit.f, physikal Ghm. B, vol. 4, p, 1 (1929). 

The errors given in the table must be used Avith caution in estimating the 
reliability of the observed values. For instance for Hg the experimental 
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evidence indicates that i probably lies between 1*80 and 1*86 a2^(iTtfro7n 
concealed enora in the extrapolated specific heats used. Owing to diffloultiea 
of extrapolation the real uncertainty in i may well bo greater than the 
range given. 

We proceed now to justify the values of Po/'^o i-'sod. 

For Hg, Cd, Zn, Pb, Mg and A the lattices of the crystals are atomic, and 
the atoms themselves in their vapour i^hase in states. All other states 
lie so high that they do not contribute to the partition function at the 
relevant temperatures. No weight factors other than unity can then arise 
except from nuolear spins. Nuclear spin will introduce an e(iual weightfaotoi 
into both and and can thorefoi:© be ignored. Isotopic mixtures have 
strictly to be considered, but since the foregoing remarks hold tor each pure 
species no weight factors enter when equations (052) are applied to the 
mixture. 

Hg is a special case. .Below 40° IC, all its molecules are in their lowest 
possible rotational states, so that in spite of its form it is eli'eotively mon- 
atomic both in the vapour and the solid phase. Its possible rotational states 
owing to its high degree of external symmetry may be assumed to bo elloo- 
tivoly the same both in the vaironr and the solid. It possesses however a 
mixture of almost non-oomhining ortho- and para -states, so that it must bo 
treated hero as usual as a mixture of two gases, parahydrogon in a 
olectronio state, rotation quantum number zero and weight 1, and ortho- 
liydi'ogen in a state with rotational quantum number 1 and weight 9* 
Since however those weights apply equally to both phases, PqIujq^I. It is 
important to observe that the resulting low temperature value for is 
inde]jendont of the relative oonoontrations of the ortho- and para-spooios 
and is therefore unaffected by transitions from one form to the other, 
provided that such transitions affect both phases equally. 

For Na and IC we must take — 2. The free atoms have a normal 
state of weight 2 and no other states of importance, so tliat noglooting 
nuolear spins pq = 2. To see what value must have we observe that both 
Na and IC crystals are inetallio oonductors, and that we should apply to 
them the electron theory of metals developed in Chapter xi. We may think 
of the atoms in the metal as dissociated into eleoti’ons and positive ions 
(Na-«-, IC-1-); the ions are in a state of weight unity (nuolear weights being 
still neglected), and therefore contribute only a factor unity to vj^. The 
eleotrons may be considered to form an electron gas obeying the Fermi- 
Dirao statistics in an enclosure at nearly constant potential. This gas is 
almost perfectly degenerate at ordinary temperatures. At the absolute 
zero there exists only one state for the gas — that in which the P eleotrons 
occupy the P states of lowest energy, represented by one assembly wave- 
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function. Thus tCQ — 1, f)(j/T 0 o = 2. The nuclear spin weights cancel if inserted. 
In thallium vaporir the atoms are in a state for which the lower com- 
ponent is of weight 2. The upper state of weight 4 lies so high above it 
that it contributes nothing to /^(P) ^t the relevant teznperatures so that 
f^{T) is ellectively constant and — In the metallic solid we must take 
tezq = 1 as for the alkalis. 

Por the monatomic halogen vapours f^{T) is not strictly constant. The 
only relevant state of a free halogen is an inverted ^P term, so that the 
normal state is ^P|. of weight 4 while the other term of the doublet, ^Pj of 
weight 2, lies slightly higher. If the nuclear spin weight is r, then 

/^(P) = T(4-t-2e-^^/*2-)^ ■ (666) 

where AP is the difference of the energies of the two states of the inverted 
doublet. To determine Wo convincinglywe need the analysis of the molecular 
halogen crystal given in § 7* 3 1 , Anticipating this section we find that a crystal 
composed of P atoms of a halogen has as one would exi)oot a lowest state re- 
presented by independent ^vave-funotions so that Wq — t. It follows that 

+ ■ (6S6) 

for any pure halogen assembly. For isotopic mixtures the same result 
continues to hold, since it holds for each species. The values of the function 
(666) and its logarithm are given in Table 12 for the relevant temperatures. 
In Table 11 the mean value 0-7 was used for Cl and 0*6 for Br and I. 


Table 12. 

Effective weights of free halogen atoms. 


j Atom 

AP volts* 

Mean 
temp, "K, 

APjkT 

A(2’)Mo 

logio/d2’)Mo 


oai 

SmSHI 

1.28 

4.60 





0.762 

4-94 



0.46 


3.88 

4.04 

o-o 


0.94 

HH ijnjH 

9-1 

' 4 

0*0 


* Elootron volts: values from Turner, Phya. Rev, vol. 27, p. 307 (1020). 


§7*3. Comparison of observed and theoretical diatomic vapour pressure 
constants. The calculation of diatomic vapour pressure constants allowing 
for isotopic mixtures requires us to evaluate ffor each molecular species in 
the mixture using equation (643); it is the term log{uo/ai57o} which requires 
delicate study. 

For this it is necessary to know how the crystals concerned are con- 
structed — that is whether they should be regai’ded as built up of atomio, 
molecular (diatomic) or even of multimolecular units. For example the 
normal electronic states of the free halogen atoms have weight 4 apart from 
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nuclear factors, but it does not follow and it is not in fact true that the normal 
state of a halogen crystal of P molecules {2P atoms) has a weight 
Primary subgroupings can and do occur which form states of less weight and 
of aignifioantly lower energy than the other states derived from the same 
atomic states. For example tv^o halogen atoms form a halogen molecido in 
a electronic state of weight 1, the other 15 states corresponding to the 10 
states of the dissociated atoms lie higher and make no contribution at least 
at low temperatures to the enumeration of the states of the crystal, which 
may bo regarded as built up out of molecules. Again the normal state of 
the free NO molecules is a *11 j electronic state of weight 2 . If all the wave- 
functions corresponding to these states could bo used iiidisoriininatoly to 
form crystal wave-functions, the weight of the longest state of the crystal of 
P inoleoiiles would bo 2^\ This however appears to bo incorrect (see §7-31 
(vi)). There is evidence of prior formation of N 2 O 2 comploxes of weight 2 
not 4, whose wave-functions can bo used indiilorontly to form tlio crystal 
wave-functions. Tdio lowest state of a crystal of P NO molecules therefore 
has a weight 2 ^^. 

It is further necessary to know whether or not the molecules can still 
rotate freely in the crystal at the lowest temi^oraturos at which its specific 
heats are measured, 

It is not yet possible to choose between these and similar alternatives 
a priori y and in fact the correct choice depends on the lowest tempera tiiros 
to wliich accurate measurements of specific heats have been carried, from 
whioh temperatures they have to bo extrapolated to zero. None of the sots 
of states that we treat as degenerate need be absolutely so, but so long as 
tJieir energy differences are small compared with hT it is correct to ignore 
these differences and ti’eat the sot as a simple degenerate state witli the 
corresponding extra weight factor. If the observations stop at temperatures 
sufficiently high, no effect of the ignored separations wiU be seen in the speoifio 
lioats and we must include the weight factors in the theory. If however 
observations arejmshed lower (/uPoriAe), we roach temperatures at wliich 
the upper states of tJie set are gradually emjitied and finally may reach still 
lower temperatures (^2' Ae) whore the upper states can be ignored and tlie 
effective states are no longer degenerate or at least not so highly degenerate. 
During the change over the specific heat will show temiiorarily exceptionally 
large values (see §§ 8-7, 21 *4) and the extra weight factors removed from TOo 
ai ’0 replaced by an equivalent contribution from the double integral. 

These questions must bo discussed more ' de 62 fiy in oomioction with 
Nernst’s Heat Theorem in §7t6. For the present it is sufficient to have 
pointed out that the proper speoifloation of wq is not absolute but requires 
us to specify from what temperature the observations of speoifio heat have 
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been extrapolated to zero, and then to estimate what degonoratiy Rurvives 
in the crystalline wave-functions there. It is not yoi alv^ayn iujrbU)!© to 
make these specifications a priori. 

The following table contains all the reliable compa-risons of theory arid 
observations for diatomic molecules of which I am awaro, followed n» 
before by comments explaining and justifying the adopted valuoa of 
numerical work, with p in atmosphoz’Gs and logarithms 
logjQ, the diatomic (643) becomes 

4=30-8I6-f|]ogiom^-f-logio^+Jogio{yo/cyro(,} (057) 

The general agreement is excellent, but the chosen values of vJuWq for (')g 
and NO cannot be unambiguously laid down. 

§7*31. Notes on Table 13. (i) Hydrogen. We have already had oaoasioii 
to point out that hydrogen as ordinarily experimented on must bo 3’ogar*dod 
as a 3 : 1 mixture of effectively distinct gases ortho- and } )ara-liydrogoin ’Tlio 
ratio 3 : 1 arises from the ratio of the weights of the nuclear stateB for the 
two types. In the vapour = 3, 1 for the ortho- and para-forms roaj)QotiAfo]y, 
and a= 2. In the solid down to 11°IC. there are no anoinalios in the Bjieoiiio 
heat and we must assume that the molecules can rotate frooly. Anomalios 
occur at lower temperatures'^ which correspond to the freezing out of tliefto 
rotations.f The double integral has been oaloulatod hy oxtrapohiting the 
normal specido heat curve to zero from above 11°IC. ';riiG woightH w. iivo 
therefore the weights of the lowest states of rotation iiioluding tlio nuoloau 
weig ts, so t at Wq— 9, 1 for tlie ortho- and imra-molGOulos rcS2)oo()ively, 
We are left mtir an abnormal term flog 3 in the vapoia- proeauro ocnetont 

heate e7nfd be\tr 

(u) Other mokoules of type in >S states. All molooulos otlior tlian Ho 

nZi^r o, r ® Wgh temperaturoa and the oxtra- 

polations proceed from temperatures at whioh X. is froo only to osoillnto 

about a direction of equilibrimn, whioh may be supposed to be unique S loli 

i ria"S.r.”2,;*.r * " 

^o = ip(p + i), ip(p^i) 



Table 13. 

Diatomic vajpour 'pressure constants. 


7 . 31 ] 
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according as tlie nuclei require symmetry or antisymmetry in tlie spin 
wave-functions. These same factors occur in Uq . For both ortho- and para- 
molecules therefore 

^0 _ 1 
aroo 

and it now makes no difference whether we consider that the ortho- and 
para-molecules are distinct or not, or whether the complete wave-functions 
for each molecule have to be symmetrical or antisymmetric al in the nuclei. 

(iii) Molecules of type in states. Besides the molecules X^, (ortho- 
or para-) there are also molecules in the isotopic mixture whose nuclei 
are distinct so that they have no symmetry requirements. For these there 
must be two oscillatory wave-functions for the lowest state, for they can 
still be reversed end for end, so that Wg = ^PiP^ • For the vapour molecules 
of this type == pip2 but cr = 1. Hence as before 



v^jaw^ is therefore | for every type of molecule in the mixture. The only 
factors which vary for the different types are the masses and moments of 
inertia for which mean values have to be taken according to (6S2). 

(iv) Molecules of type XY in states. In general we must expect these 
molecules to have a dipole moment so that they can only have one unique 
direction of stable equilibrium — in the direction of the resultant electro- 
static field — and cannot be reversed end for end. Hence for every one of 
these isotopic species Vq^ p^p^, Wq= pip^, c; ~ I and Vq/ owq = 1, 

(v) Oxygen. Oxygen in the vapour is in a state which can be regarded 
normally as degenerate and of weight 3; also o-= 2. The entry in the table 
shows Wo=s 1, This means that we assume tliat at very low temperatures in 
the solid supermolecules are formed so that 0^ loses its extra weight 3 due 
to electronic spins. This might be expected from the analogy of sulphur 
which forms freely molecules such as S4 . It agrees also with direct measure- 
ments of entropy,* 

(vi) Nitric oxide. We have already seen in §3*71 that this gas must be 
considered to have the extra factor 2(1 + 6“^'^°^^) in the partition function 
for its vapour. If the resulting variable specific heat of the vapour is not 
corrected for, as it usually is not, then this factor survives in place of vq , and 

* Giftuque and Johnston, J, Amer, Ohm. 8oc. vol, 61, p, 2300 (1920). It should bo roinomhorod 
that this comparison of entropies ia not an indepoiident oheolc, but merely an equivalent form of 
tlio oomparison of vapour pressure constants. Solid oxygon at higher temperatures and liquid 
oxygen are strongly paramagnetic, so tliat the spins do not lose their weiglit faotor by coupling 
up between neighbouring moleoules until liquid hydrogen temperatures are reached. It ia perhaps 
therefore bettor to consider this coupling as due to tlie crystalline field rather than to the 
formation of O 4 as in tho text. 
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cr = 1, Tile factor ^2 in tlio denominator is inserted because it has been assumed 
that the crystal can bo regarded as effectively constructed of supermoleoules 
NgOg each of weight 2, This assumption is reasonable but cannot be held to 
bo demanded a priori by independent evidence. However it fits the facts.* 


§ 7*32. Vapour preasiui'cs of polyatomic gases. Similar studies of polyatomic 
gases (COa, NHg, CHJ are perfectly possible and have been started by 
Sterne,! but we shall not include his discussions here. No new questions of 
principle are involved, merely questions of complication. It is of interest to 
record the results for the vapour pressure constants. The tlieoretioal formula 
in (644) and the whole of the elaboration necessaiy is concerned with the 
proper evaluation of the factor vqIowq or rather its mean value for different 
typos of non-combhiing states. Sterne finds 

t:(NH3)=~l*66, j(CH4)=-1-94. 

The observed values given by EuokenJ are 

i(NHg)= -1*60 ±0-04, i(CH 4 )== -1'97±0'06 
ill excellent agreement. 


§7’4. The reaction isobar in thermodynamics and statistical mechanics. 
Lot us consider the homogeneous gas reaction = 0. If K^, is the equi- 
librium constant of this reaction, then it is easy to show by classical thermo- 
dynamic arguments similar to those used in § 7* 1 that 
]ogKj,==log{n,p^fft}, 


RT 



CT (ipi CT' 

logT + J^ I^Jo + 

......( 668 ) 


In this equation is again the number of gram-molecules of the rth species 
reacting, with a negative sign for those that disappear when the reaction 
takes place in a specified direction, andp^ is the partial pressure of the ith 
speoios. ( Qp)q is the heat evolved when the reaction goes to completion at the 
absolute zero and {0^%, {Gp^)i avQ the constant and variable parts of the 
specifio heat at constant pressure for the ith species. 7 is a constant of 
integration, about which classical thermodynamics has nothing to say; it 
must not be confused with moments of inertia. 

Tlie essential part of the corresponding formula of statistical mechanics 
is given in equation (632). Converting this to partial pressures we find 


ihT 

logK^ = log{n,p,^^}=S,gr,log|y/,(7’) 


(669) 


* Johnston and Qiauque, J, Amer. Ghem, Soo, vol. 61, p, 3194 (1920). 
t Storno, mia, Phya, Pev. vol. 30, p. 993 (1032); OH4, Phys. Bev. vol 42, p. 666 (1932). 
j Euokon, Phyaikal. Zeili vol, 31, p. 301 (1930), 


FSM 


15 
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If we now oximnd log/;(7’) in terms of the specific heats as in tho preceding 
sections, we reproduce (668) but also evaluate I in terms of finding 

/ = +log(zDo) J (000) 

It is evident on reference to the vapour pressure formulae that ^/-flogCtao)^ 
depends (as it should) only on the properties of the vapour and malces no 
reference to the solid states, as the term log(z0o)i i^emoves the corresi)onding 
term from 

The discussion so far does not apply to mixtures of isotopes; this restric- 
tion is removed below, Homonuolear molecules do not however separate 
into ortho- and para-varieties, since ortho-para transitions can always take 
place via tho reaction that is occurring. If we take the high temxjerature 
asymptotic form for all rotational partition functions, then it follows from 
(490) and (491) that or = 2 for all homonuolear, and ug — pipa, ct = 1 

for all heteronuclear, molecules. 

To include the effect of isotopic mixtures it will be sufficient to consider 
a simple example as illustration — e.g. the eq^uilibrium* XX -f 73^ — 2X7 = 0 
in which 3^ is simple but X consists of the two isotopes X^> the relative 
abundance of these atoms being D^, Dg, With an obvious 

notation tho total partial pressure ^^ 2 : 0 ^ molecules XX of all isotopic 


typos is given by (661) 

Similarly (<362) 


We req[uh6 to evaluate the general eq[uilibrium constant Kj, , where 


TC — 'j^^cxPvY 

{'PxyY' 

Now the equilibrium constants for the similar reactions, in which si^eoified 
isotopes are concerned, can be immediately written down. We have 

Px^X ^i^YY _'xr 11 _ fx^X^fvY 


{Px-^Y? 


■=K 

J) 


(/xiy)^ 


Px^j^Pyy _Y_ ai^ fx^x^fyy 

{PX^Y? ^ ^ '' {fx^Yf ’ 

Px'^x^Pyy 

Px^yPx^y ^ fx^yfx^Y^ 

where the /’s are the partition fimotions for the species specified by the 
suffix. On evaluating and we find at once that they differ 

only by small factors arising from differences of mass and moments of 
inertia,, If therefore we write 


K/i=X(l4-au). IV2«2X(l-baig), ^-^(l-boc,*), 


* It avoids a confusing notation temporarily to drop lioro tho usual molecular notation 
for XX. 
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the a's are small and wo find 

K - _ J {Px'^yY + 2(1 + <Xia) -I- (1 + ^Xga) 

^ {Vx^y-^Vx^vf 

Since the a’s are small correcting terms avo may use ai)proximato values of 
the j 9 ’s in their coefficients and as in § 6>3 1 a suffioiont approximation in these 

ooeffloientais P^.r-Px‘Y=D,'.D,. (004) 

Using this ratio we find after a simple reduction that 

-lUVK/', (065) 

an equation that may equally well be taken in the form 

logK,, = i)iMogIVi + 2Ai)2log(iK/2)H.,DaMogK^ ...(000) 
The important part of equation (606) concerns only the constant terms in 
the lUs. Taking the relevant example of (060) in the forms 

•^11 ■J'iri’' “ (007) 

•^2 ** +iy V ^jx'iy j (008) 

•^12 rr ”ixn' ~Jx^Y> (609) 

\A'e find that 

I = - log 2) + , (070) 


~ [-^i^jxixi + “■ log 2) + E2^Jx^x^] '^jyy ~ ^[Eijx^y + •^aix^r.l* 

(671) 


These equations show at once how 1 is to be calculated for a mixture of 
isotopes, owing to the term —log a (a =2) in and 722 H^o term log(uo/o') 
is the same for all the isotopic typos except for the nuclear spin factors p; 
but the p’s cancel completely from (671) because 

Ei^ log Pi^ -H 27>j Dg log pipa -f- log - 27)j log pi - 2D^ log pa s 0. 

(672) 

Thus nuclear spins and isotopic mixtures have no oileot on the value of I 
except that the mass and moment of inertia terms must have a moan value 
taken for the different isotopic species concerned according to (671), 

The extension to more complicated oases of isoto|)io mixtures is immediate 
and conforms of course to the rule Just stated. 

Table 14 gives a comparison of theory and observation for those simple 
gaseorts reactions involving only diatomic molecules for wliioh all the 
relevant data are known. 

The agreement is thoroughly satisfactory. 

Similar calculations can bo made of course for heterogeneous gas reactions 
in which solids take part in the chemical equation, but as these involve a 
knowledge of Wq for the solid phases concerned they are not capable of such 
unambiguous treatment and we shall not attempt to discuss examples. 

I5-* 
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Table 14. 

Gomparison of observed and calculated values of 7, 
equation (668) /or homogeneous gas reactions. 


I calculated by (660) [or (671)] and (667) 


Beaotion 

I calculated 

1 observed 

Authority 

Ha+Cla-2HC1 

= 0 

-M7 

~M2±0-2 

(1) 

H, + Br*-2HBr 

= 0 

-1-29 

-1-26 ±0-46 

(1) 

Ha + l2-2HI 
2NO-Na-Oa 

= 0 

~l-66 

-1-61 ±0-12 

(1) 

= 0 

1-31 

0-96 ±0-3 

(1). (2) 

2Cl~Cl2 

= 0 

1-63 

1-40 ±0-16 

(1) 

2Br-Bra 

= 0 

1*26 

1-41 ±0-06 

(1) 

2I-Ia 

= 0 

1-31 

1-30 

(3) 


= 0 

-0-63 

-0-68 ±0-06 

(4) 


(1) Euokon, Physihal, ZeiL vol. 30, p. 818 (1920).' 

(2) These values refer to high temperatures at 'whioh <^1. 

(3) Cox, Proa, Oamh, Phil, Soc, vol. 21, p, 641 (1023), 

(4) Parlias, Light and Heavy Hydrogen, p. 178, Cambridgo (1036). Data from Rittojibevg, 
Blealcney and Urey, J, Gheni, Physics, vol, 2, p. 48 (1934), 


§7’ 5. Nernsfs Heat Theorem, or the third law of thermodynamics,’^ The 
relationship (660) between 7 and the t’s is of very great importance, It was 
first formulated by Nernst in the form 

7=S<<7;i; (Nernst), (673) 

which if it were generally valid would Justify the name chemical constant 
wliich he gave to i, but which belongs as (660) shows more properly to j, 
Nernst’s formula (673) is true if and only if 


S<(/,Iog(t37o)i = 0. (674) 


Nernst derived this relationship from his celebrated Heat Theorem or 
third law of thermodynamics which can be enunoiatecl in various ways. 
The commonest are: 


(a) For any condensed system and any reversible isothermal process 


8Ari 

dT 


»0 


{T^Q), 


where A A is the maximum work that the reaction can be made to do, 

{b) For any condensed system and any reversible isothermal process 

AS^O (T-^0). 

(c) {Less precisely,) At all reactions in condensed systems take place 
without change of entropy, ' 


* For an accotint of this theorem sea Nornat, Die iheoreiischen und cxperimeniellen Grundlagen 
des neuen Warmesatzes (1918). For a more recent analysis, Lewis and Bandall, Thermodynamics, 
esp, chap, xxxi (1924). 
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TliD tlioorom as thiis enunoiatod is a generalization from oxi^oriinental 
data on spooifio heats, heats of oombination, and the oleotromotivo force of 
reversible cells. The body of evidence in its favour is groat, but the general- 
izations as given above were too hastily made. A very careful rodisoiission 
of the law has boon given by Lewis and Randall.* They conclude that its 
original ennnoiation, as applying to condensed systems other than solids 
or even rather other than pure crystals, is probably fallacious and that the 
tiioorem may bo more properly enunoiatod thus; 

(d) “ The enirojoy of each element in some cnjstalline state can he taken to 
be zero at the absolute zero of temperature, ISvei'y stibsia7iGe then has a finite 
positive entropy, but at the absolute zero of tem 2 )erature the entropy may 
become zero and does so become zero in the case of perfect crystalline substances, 
including compounds,'* 

3By this onunoiation the behaviour of the entropy of supercooled liquids 
and solutions is properly loft open. It will bo observed that Lewis and 
Randall have been careful so to formulate the theorem that the idea of 
absolute entropy is not introduced. We can really (if the theorem is true) 
leave arbitrary the constant 8^ which denotes the entropy of any element in 
a specified crystalline form at = 0 and then the constant for any com- 
l^ound will be the sum of the for the elements implicated. The content 

of the theorem is rendered more striking and practical convenience is 
furthered by x^utting = 0 for all elements; so long as this is not taken 
to imply the existence of an absolute entropy no harm but only good 
is done. 

Equation (673) was derived by Nernst from his theorem by oonsidermg 
the following reversible oyolo; 

(i) Condense a unit sot of reactants to solid form isothermally. The work 
done and the change of entropy are known in terms of the vapour-pressure 
equation and involve the i’s, [For initial temperatm’es above a certain 
limit, a preliminary cooling of the gaseous reactants will be roquhod in- 
volving'thoii' specifio heats. Preliminary expansions will in general also be 
necessary to adjust x)ressures to equality with the vapour pressures of the 
solids.] 

(ii) Cool the oondensed form to the absolute zero. The entropy change is 
again known in terms of the specifio heats of the solids, 

{ill) Allow the reaction to proceed comxfietely at the absolute zero. This 
may be supposed ideally possible, and by the theorem there is no change of 
entropy, 

(iv) Heat up the oondensed resultants again as in (ii). 

Lewis and Randall, loo, oil. 
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(v) Evaporate tlie resultants to gases again as in (i) and adjust pressures 
and temperatures. 

(vi) Let tlie reaction go back again iaotliermally in the gas phase, so that 
the asseznbly returns to its initial state. The entropy change here will 
depend on J. 

The change of entropy for tlie cycle must vanish, and it is easily proved 
that the condition for this is (673), 

Nernst’s Heat Theorem thus formulated rested on a purely empirical 
basis which became in fact none too secure as the facts became better 
known, especially for reactions involving hydrogen,* Its theoretical basis 
however has now become completely clear when it is regarded as a theorem 
in statistical mechanics, The precise formulation (d) presented as such a 
theorem can be made to run as follows: 

{d') Tor any reversible isothermal reaction between perfect crystalline sub- 

stances A;S/iJ-^SiftIog(ro„), (07S) 

If and only if 0, Nemst'a Heat Theorem holds for this reaction. 

We return later to verify the identification (676). Accepting it we see that 
Nernst’s Heat Theorem is a general law of nature (as Nernst believed), if 
and only if (674) is true without exception. 

It is now necessary to jiroceed with extreme caution. If by [(ruo)*]-^ we 
mean the weight of the absolutely lowest state of the i!th pure crystal of F 
molecules when aU separations no matter how small are regarded as signi- 
ficant, then it is almost certain though not rigorously proved that (tco)(= !• 
With this interpretation Nernst 's Heat Theorem is probably true generally. 
But in order to make this interpretation significant it is necessary to be 
able to observe the speoifio heat curve for the crystal down to tem^zeratures 
for which JcT is small comizared with the smallest energy separations among 
the states of the crystal — even those arising from different arrangements 
of isotopic molecules or different orientations of nuclear spins. Some of 
these separations are doubtless excessively small and the necessary tem- 
peratm’es probably far less than 0'001°K. This interpretation therefore of 
Nernst’s Heat Theorem though probably true is of little praotioal import- 
ance. As a praotioal theorem we wish to apply it with quite another inter- 
pretation of the (te7o);> namely when our observations stop at temperatures 
of the order of a few degrees Kelvin and we ignore all energy separations 
small compared with say 6^:, or 10&, in particular all those arising from nuclear 
spins and isotopic rearrangements. Applied in this practical way Nernst’s 
Heat Theorem is definitely untrue in certain oases, notably for any reaction 
in which hydi’ogen is a constituent, but it is then untrue only for rather 
* Euoken, Zeit.f, Physih, vol. 29, p, 12 (1924), 
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special reasons. For example, as wo shall see in greater detail later, it is 
untrue for hydrogen only because of the surviving rotational weight of the 
ortho-hydrogen molecules. If the specific heat observations could bo carried 
to a temperature small compared with that at which molecular rotations 
cease in tlie solid, or if they could bo made on hydrogen properly catalysed 
to its true equilibrium state instead of on a metastable mixture, this faihiro 
of Kornst’s tliooi*om would not occur. It fails for reactions containing NO 
because NgOg apparently survives in the crystal with an elootronio weight 2 
down to very low temperatures. Apart from such special reasons which 
appear to be rather exceptional Nernst’s Heat '!l?heorem is true in this 
practical sense. But the mere fact that it does fail sometimes in its natural 
interpretation moans that it must be applied with caution to any reaction 
not yet studied. It is no disparagement to Nernst’s groat idea to recognize 
now its limited or idealized generality. The jiart that it has played in 
stimulating a deeper understanding of all these constants and its reaction 
on the development of the quantum theory itself cannot bo overrated. 

§7*61. AbsohUe entropy. Another aspect of the same failure is that it is 
no longer possible to assort that the entropies oven of perfect crystals of pure 
substances can all bo assumed to bo zero in the idealized state for zero 
temperature which wo reach by extrapolation from aoeossiblo temperatures. 
We may of course assign if wo please the value zero to the entropy of any 
perfect crystal of a pure isotope of a single element in its idealized state at 
tile absolute zero of temperature. But even this will seldom bo oonvonient 
theoretically on account of nuclear spin. For the purpose of tabulating 
experimental results some conventional zero must be chosen and the above 
oboice is then often convenient. But its conventional oharaoter will no 
longer bo so likely to bo overlooked that any importance in the future will 
be attached to absolute entropy, an idea which has caused much confusion 
and been of very little assistance in the development of the subject. 

§7*62, JSniro'py limits foi' idealized states at zero temperatures. We now 
return to the detailed verification of the limiting values of S and hence of 
AjS* specified by (676). It is to bo remembered that the whole discussion 
ooncerns primarily idealized states at zero temperature, by wliich we mean 
states reached by extrapolation from say 10° K. which would be actual states 
if all energy separations, small compared with 10/(5, were really identically 
zero. 

From the general formula 8=h\o^G or from the limits of (686) or 
(687) as T->0 the entropy of one gram-molecule of a crystal of a pure 
species has the limit JilogtUo and of a mixed crystal of several species 
in proportions Hy, 7)^=1, the limit JtIiyZfylog(zuQ^/Dy), It wiU be con- 
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venient to analyse Wq into the factors prj, where p is due to nuclear spins 
and. 17 to any other surviving weight factor (e.g. rotations of IT« , electronic 
weight of 2(N0)). 

Consider first a pure species with ortho- and jiara-sei^arations (such as 
Hg), for which the nuclear spin weight is p. For such molecules 

r r 

so that 

S„{X^) = i?[2 log? + log^i + log . ... (678) 

If = 173 = 1 (as for an oscillating molecule such as Cl2^®) this result is the 
same as that obtained directly by treating the lattice as atomic, with nuclear 
spin weights alone surviving. If the ortho-para separation is 

irrelevant but we retain the extra entropy Jdlogrh for the electronic factor, 
besides the entropy calculated for an atomic lattice as above. 

Consider now the more general case of a mixed crystal with ortho- and 
para-separations (such as Gig), for which the atoms are present in proportions 
^2 (c^i + «2= 1) with nuclear spin weights p^ and p^. There arc then five 
species of molecule in the crystal, ortho and j^ara X^X^, and ortho 
and para X^K These species are present (see §6*31) in the proportions 

l)/pi] -^a “ [i(pi d- 1 )/pi] > 

= [^(pa “ 1)/P2] > A = [|(p2 + l)/p2] fta®. 

Their nuclear spin weights are 

(^o)i = ipi(pi - 1). (^ 0)2 “ hiipi + 1)> (^ 0)3 = 2piP2 > 

(^ 0)4 = h^{p^ l)i K)6 = ^P2(pa + 1). 

The factor 2 in (ar^lg arises of course from the possibility of turning the 
unsymmetrioal X^X^ end for end and not from nuclear spin, but it is part 
of the symmetry effect and must ho included here. Besides these spin and 
symmetry weights there may be other factors -j?!, . ■ After some reduc- 
tion we find that 

6 

8 q{X^) = X[2ai log pjui -f- 2^2 log pja^] -1- S Ug log 775 . ... (677) 

1 

The first set of terms is again exactly the entropy we should derive for an 
atomic lattice of two gram-atoms in which the atoms have only their nuclear 
spin weights as before. The other terms if they exist are extra. They are 
zero for all molecules such as Clg which start to solidify in ^2 states, and are 
oscillating in the crystal. 
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The oasG of a crystal of moleoiilos siioli as XT is very simple. Assuming 
that only X is a mixture (rtj + ag = 1) 

/8'o(XT) = Pla^logpipylch + «2l«g/>8Py/(‘^2H'log^] (678) 


In the absence of symmetry restrictions tlio i] factors will be tlie same for 
all molecules in the crystal, 

§7*63. Entropy changes in reactions bclxveen idealized slates at zero tem- 
perature, The formulae of § 7*52 can be at once employed to calculate . 
We find that /or any reaction — 0 between diatomic moleoxdes X( 

m 

If tncn'e than one value of rj is concerned for a single constikienti the proper 
mean vahie rp must be taken according to the equation 

loglj;==SZ>,log(7?,)/. (680) 

Thus neither nuclear spins, isotopic mixtures nor ortho -para separations 
contribute in themselves anything to A/Sq , which can only bo diflioront from 
zero if some of the rf^ are greater than unity. In particular /or any reactions 
between diatomic molecxiles all in stales in which all the molecxdes are oscil- 
lating about directions of equilibrium in the lattice near the absolute zero 

A^So^O. 

On the contrary whenever the rotational or electronic i] factors do occur 
they are unlikely to cancel and wo must oxpeot non-zero values of AjS'o . 
Some typical ones are given in Table 16. 


Tabli 16. 

Some non-zero entropy changes for reactions between 
idealized crystalline phases at zero iemperakire. 


lloaotion 

ASJB 

HaH-01a-2HCl -0 
I-L-hBr3~2HBr-0 
Ha-t-Ia-SHI «0 
2 N- 0 ~Na -03 «0 

H 


Similar calculations can be made for polyatomic molecules but they are 
oonaidorably more opmplicated when the symmetry properties of systems 
containing more than two similar nuclei must bo taken into account, and 
we shall 'not discuss them hero. It remains .generally true however that 
nuclear spins and isotopic mixtures never give rise to non-zero values of 
A/^q, which arise only from the somewhat accidental survival of -factors 
such as wo have already discussed. 
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§7*54. Direct comparisons of observed and theoretical entropies. We have 
followed ill this chapter the conventional method of comparing observed 
and theoretical vapour pressure and reaction constants i and I. It has 
become increasingly common of recent years, following the examjile of 
G. N. Lewis and his school, to record and to compare the entropies them- 
selves, or rather entropy differences, instead of these constants. There is 
much to be said for this procedure as entropies are then directly available 
for the construction of free energies and the application to other thermo- 
dynamic problems. We shall therefore close this chapter by recording a few 
specimen comparisons of this type. The method adopted is to assign by 
convention the entropy zero to the entropy of the stable crystalline form 
of the substance ideally extrapolated to the absolute zero, and with this 
zero to compute from calorimetric observations the entropy of the gas 
phase at some standard temperature and pressure (reducing this value if 


Table 16. 

Observed and theoretical entropies in calories per mole per degree for various 
gases {reduced to perfect gases) at one atmosphere pressure and various 
temperatures, [The probable enor in the observed values is ±0*1 unit,] 
All nuclear spin and mixing contributions are omitted. 


Gas 

Temp. "K. 

A5 

observed 

So 

(ij-oorreotion) 


S 

oaloulated 

Authority 

Hj 


mm 

|i?log3 

31*34 

31*23 

■■RHII 

NO 



ii?log2 


43-76 


0. 

90'13 


0 

40*7 



HOI 

188'07 

41*3 

0 

41*3 

41-46 


HBr 

206*38 

46*0 

0 

46-0 

44-92 


HI 

237*75 

47*9 

0 

47*9 

47-8 


CO 

81*61 

37*2 

— 

— 

38.3 

HuuHl 


(1) Giauque, J, Amer, Glicm. Soc, vol. 62, p, 4810 (1030), See also Giauqno and Johnston, 
J. Amer, 0/iem, Soo, vol, 60, p. 3221 (1028) and MaoGillavry, P/iys. 2tev, vol, 30, p. 1398 (1030). 

(2) Johnston and Giauqno, J, Amer. Ghem, Soc, vol, 61, p. 3194 (1920). 

(3) Giauque and Johnston, J, Amer, Ghevi. Soo, vol. 61, p, 2300 (1029). 

(4) Giauque and Wiebe, J, Amer, Ghem, Soo, vol, 60, p. 101 (1928). 

(6) Giauqno and Wiobo, J. Amer, Ghem. Soo, vol. 60, p. 2103 (1928). 

(6) Giauque and Wiobo, J, Amer. Ghem, Soo. vol. 61, p. 1441 (1920). 

(7) Clayton and Giauque, J, Amer, Ghem, Soo. vol. 64, p. 2610 (1032). 


necessary to the corresponding perfect gas value at the same pressure by a 
suitable equation of state) . This entropy difference is perfectly unambiguous 
once the idealized extrapolation to zero has been properly speoifled. We 
then calculate theoretically by equation (692) the entropy of the gas phase. 
In order to be comparable all contributions of nuclear spin and isotopic 
mixtures must be omitted in this calculation and a correction made if 
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neoessaiy for any contribution by -factors omitted in the idealized extra- 
polation. Table 16 shows a selection of such results based on the work of 
Qiauque and his collaborators. The only disoroimnoy outstanding is for CO. 
It should be recorded that the elimination of the spin and mixing terms and 
the residual -factors, particularly for Hg , can be done in several ways and 
the combined terms grouped together in different ways so that the different 
groups have apparently entirely different meanings. None the loss those 
different groupings are all completely equivalent. 



CHAPTER VIII 

THE THEORY OR IMPEBEECT GASES 

§ 8*1 , General gaseous assemblies with molecules not fully inde^penclent, Wo 
have so far only oonsidered assemblies of ‘isolated” or effeotively isolated 
systems, which almost iiever interfere with each other. It is only in such 
assemblies that the energy can be assigned to individual systems rather than 
to the assembly as a whole, and it is on this partition of the energy among the 
systems that the foregoing analysis is based. When this indepondenoo 
breaks down between the sepai’ate atoms as in a moleoule or a crystal, wo 
take the whole complex (moleoule or crystal) to be the systein. In the worst 
case the whole assembly must be one system iii this sense — the analysis will 
tlien ajjply, but progress is difficult (except by special devices in specially 
simple cases), unless the wave equation for the whole complex (assembly) 
can be approximately solved. The essential step is, as always, to evaluate 
the partition function. , 

The assemblies which we are now contemplating differ essentially from 
perfect gases only because there is in the energy of the assembly as a whole 
a general term W which is a function at least of the positional coordinates of 
all the constituent systems. The Justification for regarding the extra energy 
W as Q, potential energy depending only on positional coordinates merits close 
scrutiny. Let us suppose that two simple systems (atoms or molecules) of 
types a and j8 have energies when they are very far apart. These 

energies will then be functions only of the Hamiltonian coordinates of the 
systems a and § respectively and each will be indepeiidfent of the co- 
ordinates of the other. The internal energies will be specified by quantum con- 
ditions. When however they approach each other this independence must 
sooner or later cease. The energy of the pair will no longer be but 

•^a + + ■^aj9 > whoro E^^ is a correcting term, at first small, depending 

on the coordinates, and perhaps velocities, of both systems. We assume as 
a first approximation that the effect of a on any ^ can be expressed by saying 
that « is siuTOunded by a constant field of force. This must of course be 
derived from the mean fields of the moving electric charges in (x.. The electric 
ohorges in ^ will then have a mean potential energy in the field of a depending 
on the relative positions of a and This, however, is not the whole of the 
effect, for the field of a may alter the internal energy of ^ and ^ that of a. 
A simple example is polarization in the field of the other body. Such ohanges 
of energy are a proper part of , If a and ^ approach each other slowly 
then all the effects must be adiabatic in Ehrenfest’s sense, and will depend 
only on relative coordinates, being independent of velocities. In this case 
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the complete derived from all the eoiiroos apecilied, may legitimately 
be expected to behave like a potential energy depending only on the relative 
coordinates, whoso derivates give the forces. Moreover in actual applica- 
tions nearly all inolecnlar encounters are slow compared with tho velocities 
of eleotrons in atoms and molecules, and will therefore bo adiabatic in tho 
required sense. TJiis is the assumption as to the nature of tacitly made 
in all discussions of molecular interactions. 

T^he function so speciflod must in general doj)end on tho quantum 
states of the systems a and j8. It is obvious that for atoms and molecules 
changes of electronic orbits must affect F^p . It is usual, hoAvevor, and not 
um’oasonable to assume (at least as an api)roximation) that F„p will bo 
independent of molecular states of rotation and perhaps vibration.* As it 
is almost universal m gas i)roblems for only one electronic state of atom or 
molecule to be relevant, tho usual approximation should apjdy. If it does 
not then, as we shall see, it is only necessary to treat dilTeront electronic or 
vibrational states of atom or molecule as different systems. 

We shall proceed throughout on the assumi)tion that classioal statistics 
can be used for the gas. The errors so committed are in general entirely 
negligible. To tho same aijproximation the enth’e translatory and potential 
energy of the gas molecules can be handled classically. 


§ 8*2. Partition functions for the potential energy of the whole gas. Wo can 
at once proceed to construct a partition function for the potential energy of 
the whole gas, which in conjunction with previous results wiU determine all 
the equilibrium proimrties. 

Let us start by considering a perfect gas mixture and examine how to con- 
struct a partition function for the whole classical energy of translation of its 
molecules. The internal energies of the moleoulos are independent of their 
translations and will be accounted for as usual by separate partition 
functions. Lot there bo , . . . free atoms and molecules of types a, 

internal partition functions joc{'^')>jp{P), •••> and masses mp, ..., sup- 
l)os6d for the moment not to dissooiate or combine. If ^a>ya>^a>^at'^a* 
are tlie position and velocity oomi)onent8 of a system of typo a, then a 
standard element of phase BpaoQ for the whole gas has the extension 

iV« Nfi 

. . )® n . .dwfjr H • • • > 

and the weight 




n (c2aj„. . .dWo()r rf {dxp , . >dwp)g .... 



* If this is not true, thou of courao i?o/i is a moan value taken In a way not yot apoolflcd. 
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The classical partition function II{T) for tlie translatory motion is theroforo 
given by 




S*^iWa(«a*+VaM'M»a’)r+ 


iV« iV/5 

X n {dx^.,.dw^\ n {dx^„.dw^\.... 


It is assumed that there are no external fields of force except local boundary 
fields. All the space and velocity integrations in (682) are independent and 
can be carried out one by one, and we find 

}i{T) = j- (2^^/cy)^Fj vp 

(^83) 

In equation (683) hJ^T), hp{T)i ... are the ordinary partition functions for 
the translatory motion of single molecules of types a, .. ., and we recover, 
as we must, the ordinary result. For the complete partition function we 
have of course to add to H{T) the factor 

[ia(^)F“D>(^)F^.-. (68^) 

The extension to a classical imperfect gas is immediate. Under the 
specified conditions j„(?’),^‘j 3 (T), ... are still separable factors. The function 
£1(T) is altered only by the addition of a term W to the energy, where IF, 
the potential energy of the whole assembly, is a function of all the positional 
coordinates bailt up to a first approximation out 

of the functions whioh we have aheady specified. The addition of W 
will not affect the velocity integrations, whioh can be carried out as before, 
We therefore find in general 

B{T)^ 

where (686) 


The integrals in B{T) are extended over the whole positional phase space 
accessible to the gas. It is therefore assumed that in no case can W~^—oo, 
but that ultimately there must be rej)ulsive fields between any two particles 
so that IF ^ 4- 00 when they approach sufficiently closely. No other assump- 
tion would be physically consistent with the continued existence of ordinary 
matter. When IF s 0, B{T) ~ and II{T) reduces to (683). 

From the form of (685) it is clear that classical potential and kinetic 
energies in a gas can always be handled with separate partition functions. 
The Idnetio energy can be dealt with in the ordinary way, as if the gas were 
perfect, by ordinary partition functions without the F-factor. The potential 
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energy is accounted for by J3{T), It should be observed also that (686) and 
(086) are perfectly general, so long as all the particles are free to move 
individually, and apply to classical assemblies in which the iniporfections arc 
of any degree and the intorinolecular forces of any range, and whether or no 
there are external holds of force. It is not, of course, true for higher degrees 
of imperfection that W can be regarded as built up entirely of terms such as 
that is, terms arising from binary eiiooimtors. Ternary encounters 
must next be considered in which three molecules are concerned with a total 
energy + Fy + + Fy^ + F(xp) d* Fa^y > where F^^^y dojjonds essen- 

tially on the coordinates of all three systems. At higher concentrations 
encounters of all orders must be successively taken into account, But, 
assuming W can be constructed, equation (080) continues to give 7i{T). 
If there are no external fields of force, W will bo a function only of the 
relative coordinates of the molecules. If there are local boundary fields 
representing walls of the enclosure, this will still be true in the limit when the 
whole volume is very large compared with the volume afieotod by the local 
fields. 

The irartition function B(T) refers to what is strictly a single system, tlie 
whole gas. It therefore appears by itself, not raised to a high power, in the 
complex integrals which give the properties of the equilibrium state, resem- 
bling in this the partition functions for radiation and for crystals. Some 
average values derived in the usual way from JJ(T) may be small; they will 
none the loss be true averages, but will merely be subject to relatively largo 
fluctuations. But any derived average number of molecules which is itself 
large, like the average values of the theory of the perfect gas, will have its 
usual validity and its usual insignificant fluctuation which guarantees 
normality. 

In specifying, for example, a statistical state of the assembly in order to 
derive average values from B(T) it is necessary strictly to specify the posi- 
tions of all molecules. There is also only one system, the whole gas. In 
Gliapt er ii, for example, we proved with the help of a partition funotion/( T) 
that the average number a of systems satisfying certain conditions repre- 
sented by part of/(^if’), Sf(T) say, was given by 

a=:mf{T)lf{n (687) 

Here, however, N=l; the meaning of (687) is unaltered, but is better 
appreciated if we say that 8f{T)lf{T) is the fraction of time during which 
the gas is in the specified state, or if we lilce the frequency ratio ov probability 
of that state. Equation (687) still describes a genuine equilibrium property 
of the assembly, but only those mean values derived from (687), which have 
insignificant fluctuations, are physically significant. 
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The potential energy W will contain terms which depend on the values 
of the parameters which fix the position of bodies producing external 
fields. TJie generalized reaction Yw of the whole gas arising from W in any 
configuration is therefore —dWjdy, and 


( 688 ) 

= (689) 

The average value of the potential energy is 

W=hT‘-^hg3{T}. ■ (600) 


The former result is, of course, the exact analogue of § 2* 8. From it, it follows 
at once, as in Chapter vi, that the more general assemblies here contem- 
plated obey the laws of thermodynamics, and that ^(T) contributes 


Iclog£(T) 

to the characteristic function T, and 

klogBiT)i-WIT 

to the entropy. 

It is, of course, necessarily true, and becomes particularly obvious in this 
section, that the partition functions of our theory are identical with the 
separable factors in the phase integrals of Gibbs. The further d 0 veloj>ments 
will therefore hardly differ at all, whether one starts from the canonical 
ensemble of Gibbs or the conservative dynamical system of Boltzmann, 
We shall continue for consistency and practical convenience to use the 
terminology of partition funotions. 

In applicationa it is convenient to use an abbreviated notation. We write 
for {dx^dy^id^fif. and contract 

n dcDf. li diop 

rwl ^ 8=1 ^ 


into 


n„(da>„)^“. 


Thus 


B{T) = I . * • j {dco^y '^'^ . 


We shall similarly write 2^^ for + . , . . 


(691) 


§8*3. A first approximation for imperfect gases. Short range forces. We 
shall now suppose that the field of an « or in which is sensible, is of 
strictly limited range, so that there is a certain small volume round a in 
which ^ (or round ^ in which a) must lie so that + 0. Otherwise B„p = 0. 
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Por the present we neglect external lields of force. We suppose also that 
ternary and higlier complexes may be neglected, so that W consists only of 
terms such as F^cp * If be shown that in so doing avo neglect tornis in 
Iog^(i?^) of order at most Wo therefore suppose that 

is small and that terms of higher order than the iirst in this ratio 
are to be iiegleoted compared Avith unity. The terms to be neglected in any 
step require, hoAV'evor, the most careful scrutiny,* 

To evaluate R{T) retaining only binary complexes wo consider first an 
assembly Avith only one typo of molecule. The argument extends at once to 
any number of typos, but the algebra is complicated enough to postpone for 
the moment. If one a, a pair lies in (shortly v)^ then W^Fctix (more 
shortly F) and is otherwise zero. Let us first take IF = 0 ovoryAvhoro. Wo 
obtain the contribution The rest of B{T) comes from integrating 
Q-wjkT _ I QyQj, whole i^hose space. T^his is zero unless at least one v is 
oocupiod. Let us put W==F and integrate for the relative coordinates of 
one pair over v and for the other coordinates over F. IVe obtain 


S 






Avhere S is the sum over all pairs, which reduces to 


F^~^ 1) l)dco, 

J V 

This contribution is exact so long as only one v is occupied, If two are 
ocoupied simultaneously the proper contribution to B{T) - F^ comes from 
integrating i Qver v, F for two sets of relative coordinates, and 

the others over F, The integrand Ave have actually used above is, however, 

jj; remains, therefore, to integrate in this manner 

1 1) _ 1) = l) {or^'ikT^ 2). 

Using this integrand the next contribution is 

F^-g . (-^)^ "" I J 

The numerical coefficient is. the number of sets of two pairs. This con- 
tribution is again exact so long as there are no sets of three pairs. The correct 
integrand is then _ 2 taken over -y, r' for three sets of relative 

coordinates and the others over F. The complete integrand we have used 
so far is 2 (e-AVW’- 1 ) (e-w_ 2 ) -f-S 1), 

* Tlio following prosontafcion is cl^io to TJrsoll, Proc, Oa7nb, Phil, Soc, vol. 23, p. 086 (1927), 
Many ourront analysoa of tliis typo aro completely fallaoioiis, o.g, Joans, Dynamical Theory of 
Qaaeat ocl. 2, § 218; Powlor, Proo, Gamb^ Phil, Soc, vol, 22, p. 861 (1926), . 

i6 


rsM 
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and there remains 


_ 1) s - 1) - 1) - S (e-^’/Ar - 1) = 11 _ i). 

Using this integrand the contribution is 




The generality of the method may be established by a simple induction, and 
the full form of B{T) is therefore 


B{T)=^V^ 


,Zorl(iV-2r)lj^<'^ ' 


( 002 ) 


where x^-^j -'l)da), (693) 

and is therefore small. 

It is obvious that the form of B{T), at least for the earlier terms, is 
approximately given by 

and one is led to expect (as is hi fact true) that 

B{T ) « F^{1 +a. + 0(a;2)}^^, (694) 

which is an approximation of the desired accuracy, It is not sufficient, in 
order to derive (694), to retain only the first two terms in (602), as is com- 
monly done, and assume that the second is small compared with the first and , 
so on. Por the ratio of the first two terms is {N — 1 ) 0 ?, and it is only x which 
we are entitled to assume small I We proceed, therefore, as follows, using 
an argument adapted to the generalizations requhed hi § 8.31. 

Consider the function F{x,y) defined by the equation 


iN 


m 




By partial differentiation this function obviously satisfies the equation 


Put 





Then this equation reduces to 


1 9 ^ 

^ 9a; \dy) Ndy^* 


(697) 


and g is uniquely defined as that solution of (697) which is equal to logy for 
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Sinoo N is very largo tho last term can bo nogleoted. Siiioo also 




or 


•i+t'S-*"- 


Substituting this in (697) we find the approximate equation for y 



The actual value of g required is {/(tv,!); whioh is that solution of 



wluoh is 0 for 0, terms of order IjN being neglected. Tins is easily voriflocl 
directly without tho introcluotion of the auxiliary variablo y. 

Equation (098) can be solved in finite terms, but of oourse no physical 
importance attaolios to any terms other than the lowest in io since we have 
only hitherto included binary complexes. Wo find formally 

dg + 

Tx"' 8«?2 

, 1 - V(1 'f- 8ai) 1 + 4a! -^/(l + 8.a*) 

J* te ’ 

and the significant terms g^x^• 0{x^), 

Thus log ^(T) =i\r{log F+aJ4- 0{x% (699) 

which is equivalent to (084) and' contains all the relevant information, 

Our result therefore is for a simple gas 


logB(T)-i^log|F+^^r 



and for tho general mixture, to which wo devote part of § 8' 31, 


(700) 


\ ‘I 


, ...(701) 


= S„iV„logF+S,fi^f ,.,(702) 

^aj5' <} Vap 


In this equation = l (a+jS), means summation over 

every pair of types a and In every ease the terms omitted are of order 
smaller by the factor S N^v^^jV than those retained. 

The other partition functions for our assembly are normal, those for the 
translatory motion being without their F-factors. When therefore we add 
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logB{T) to ^Yjk we restore the F-faotors to the translatory imrtition func- 
tions and add to '^Yjh the new term 

I 1 ) % • 

The integral in (703) is more commonly expressed in polar coordinates, 
for by ignoMng coordinates defining the orientation of molecules we have 
tacitly assumed tliat is a function of r alone, or may be re23laced by a 
mean value for all orientations. Expressed thus (703) becomes 


Mg 


J 


(e--®og/*r— \ )r^dA\ 


(704) 


The method can easily be extended to systems for which orientations are 
relevant, and the potential a general function of relative position, but wo 
shall not take up such extensions here. 

We have hitherto assumed that is due to forces of finite range, It is 
more usual and convenient in practice to represent molecular forces by 
forces which fall ofi like some inverse sth power of the distance. If s > 4, the 
integral in (704) will converge when extended over all space. Any such 
integral, if sufficiently rapidly convergent, can be substituted for the finite 
integral in (704) and elsewhere, without modification of the argument, for 
the integral over aU space differs neghgibly from the integral over a of 
atomic diniensions. We thus find for the extra terms 


I - 1 ) f 2 dr, ......( 7 06) 

Jq 

By (690) the average potential energy of the assembly is 

(700) 

If is the complete partition function for the system of type a without its 
F-faotor, then the complete 'Y/h is given by 

( VT? \ N No 

" ( 707 ) 

Since 9'F /9F, we find at once 








/*«> 

0 


(e-J3«)s/Ar-i),.adr . ... 


(708) 


This is the well-known formula of van der Waals, correct to terms in 1/F*, 
for a mixture of imperfect gases. 

In concluding this section let us include an external field of force in which 
the potential energy of the molecule of type a is This must not be so 
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largo that tho approximations wo have mado bocomo invalid in any part of 
the assembly. At the densest point ternary onconiiters must still bo negli- 
gible. The condition for this is, of course, that if tho densest element of tho 
gas in its average state is treated as a separate assembly, then 
must still bo small there. 

The extended form of log 5 (^T) is easily written down. Wherever before 
we obtained a factor V by integrating over the whole volume, avo now 
obtain instead the factor 

(709) 

J V 

Wherever before we had to deal with an ct,^ pah wo integrated their 
relative coordinates over and the coordinates of their centre of mass over 

F, obtaining tho factors V l)dwj 9 . Now, however, wo have 

instead » 

i l)dw^. 

Jr J VaB 


In place of tho old V in this connection Ave obtain noAV the factor 

j (710) 

There are no other alterations and the argument is unaflootod. Therefore 
log B(T) = - 1) . 


(711) 


(712) 


§ 8*31 . JVte general theory of 5( 5P) . * In attempting a more general theory 
than that expounded in § 8*3, it is best to make a fresh start with assemblies 
of N molecules represented by rigid elastic spheres of one typo, For such 
assemblies B{T) is independent of T and is the volume of 3W-dimensional 
space, contained in for which no one of a sot of conditions in number 
^N{N ~ 1), of the form 

(.t;,. - r«g)3 ^ 'h («r “ ^ (713) 

is violated. Suppose A^'^e choose a set of these conditions in number h and 
caloulate tho volume of that part of in Avhich they are all violated, and 
then let denote the sum of these volumes for all possible sets of h con- 
ditions . Then (714) 

* Uraell, loc.cU. 
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This identity follows from the fact that an element of 3iV-space in which a 
conditions are violated is counted times in if 0 < A; < s and otherwise 
not counted; and 

s(--)\a,=(i-i}«-0 (5>0), 

fc =.0 

-1 (.S = 0). 


Thus the sum on the right of (714) is precisely that part of 3^-space in 
which no conditions are violated, that is, B{T), The approximation of § 8*3 
follows immediately. 

To evaluate B{T) in general we must expand each . Consider a groux) 
of t molecules whose positions can be represented in 3i-space. At any 
particular point of this space a certain set of conditions (713) are violated, 
and there is a surrounding region in which the same conditions are all 
broken. We can enumerate all the sets of broken conditions (713) in such a 
way that each set binds the molecules it involves into a single connected 
group, the connecting links being the broken conditions (713). hor any such 
group there is a symmetry number tr which is defined as the number of 
permutations of the molecules among themselves which leave the set of 
defining conditions unaltered. In Si-space there is a definite region in which 
these conditions (and possibly others as well) are violated; by permuting 
the molecules among themselves we get i!/a such regions, which may of 
course overlap. We now enumerate the types of such seta of conditions in 
any convenient order, and specify the rth type as follows; the number of 
molecules involved is i,. with a symmetry number Cy, and the number of 
conditions violated is Py\ the extension of 3i,. -space corresponding to these 
conditions is rjy , We find it convenient later on to use a symbol defined by 
the equation 


Polio wing the definition of we now choose any conditions (713) and 
calculate the volume of 3W-spaco in which they at least are violated. Any 
such set resolves into a number of sets of the types defined above, the 
corresponding groups of molecules being disconnected and mutually 
exclusive. Let there be Vy sets of the Hh type so that 


h=^i:yVyPy. (716) 

The number of sets of conditions for which the Vy have assigned values is 


m 

{N — S,. ty Vy) ! n,. (v^ ! cTy^f) * 

jyi yN-^ylyVy 


Hence 
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tho smnination being over all positive integral values of the satisfying 
(715). Thus on introduoing the 



the summation being over all positive integral v,, . It is obvious that if b is 
four times tho volume of all the moleoules (van der Waals* 6), 

Wo have no^v to find a means of smnming (716). Write 

p ... ... 


Then 




and F is defined oomplotoly by these equations together with the condition 
that ii) is regular in the at tho origin and takes the value there. ITurther, 
if iy-tgi that is, if tho number of molecules concerned in the rth and sth 
typo of connootod group is the same, then 

dF_^ 

and F is thoroforo a function of the sums 
only. Wo thoreibro have 

... n, N-'' 


together with 

Let us now write 

Then from (717) 
and from (718) 

1 dF 

I . I sst C 

Ndx 


IEJIIYf, 

Ndx, \Ndy) 

C vt ^ 


(717) 

(718) 


,(719) 


(1 a s-l\ /ii_i\iij 

’ NjNdz ■ 


On subsfituting from (710) we find 


J_9J 

Ndx, 




Let us now write, as before, B 
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and put 1 or 2 = 0, Then after reduction 

in which the free 8’s are to operate on everything to the right of them. Xhis 
is exact. Making N~^cowe get 

^ = (l-Si;)’. (720) 

If we write h for 1 — hg, then in virtue of the definition of S 

(^Sl) 

The summation begins for 5 = 2. It is easily verified that subject to (721 ) tho 
partial differential equations 

= /t® •...••(722) 


9a;, 


are integrable. The method of evaluating g in series is now clear. We solvo 
(721) for h in series and so form g from (722), putting {7 = 0 for Wo 

then have B{T) = . 

The method extends at once to a gas of any number of kinds of molecules; 
it is sufficient to discuss a mixture of two kinds only, in number and JV^* 
We must now define the so that the volume of 3(/y + ^^^) -space ooito- 
spending to the rth type of group, oomj)osed of % moloouloa of the first kind 
and if of the second, is ^ _ yPr^^yh'^ir'aj^jNfrW-'^, 

Herei\^o is supposed to be a number of the order of magnitude ofiV^^and 
it may with advantage be taken to be an absolute constant suoh aa 
Avogadro^s number, or else proportional to V, Wo now find 

5(^r) = F^«+^flJ’(^,„l,l), (723) 


where 




From this it follows that 


_! 9F 
K 


We therefore put 


Uo9«) 


.(724) 


^r,8 ~ ^g)/2=r,/g'“S » 

SO that F is a function of the only, and F = Wo find eventually, by 
the same reduction and approximation as before, 

l;-(S-‘-«)'8-v)'=vv '.i™. 


hci ^aO ^oc 

hp = - S,.,g 


.(720) 

.(727) 


where 
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Wo havo written and vp hero for NJN^ mdNpjNQ, and have to solve these 
eqnationa for g witli tho boundary conclition 17 = 0 for a!r,8-9‘ should be 
noted that tho summations lack tho terms r== 1, s = 0 and ?' = 0, «- 1. These 
term a aro precisely tho and lip on the left of the equations, which take a 
fully syinmotrical form if transposed. But they must be used in the form 
in which they are written, 

Wo shall now calculate the terms of the first three orders in h and g, 
romemboring that is Por a pure gas we obtain successively 

from (721) and (722) 

7t-l, 

= l-2a;2, 

giving p = a!2, ^ 

I (728) 

(jTg ” 4' (.'Tj “ 

For a mixture 

= . hp-^vp, 

= ~ 2xzfiVct~Xi^ivp), = v^(l -2a’(,_2rj3-a!ijOj 

K ” 4^’2^o^'a“ 2a;i,iv^) 

- ~ 2a;a_ov„ - P vp] - ^x^^^^vp) - aa-’g^ohx'* - rp ~ Xi^v^vp^, 

with a corresponding last formula for lip , The terras in g of tho first two orders 
aro thoroforo 


U = {^aX^^Q -I- VaVpXi^i + vp^x^^^} + 

-I- vp{X[i,i - Saig^o ^‘1,1 " ^^*1,1^} + ^aVp'^i^ifi ~ 2^»0,2 %.i “ 

(729) 

For tho terms of tho next higher order the coefficients of and vp^ can be 
written down from tliose for a pure gas. Tho coefficient of is 

jTaj ~ (fa'g^o + *'^1,1) *'*''2,1 + 

The oooffloient of v^^vp^ can bo written down from this by symmetry. The 
cooffioiont of Vf^^vp'^ is 

Xzfi - 2 a* 2 ,i(a!o ,2 -I- 03^.1) - 2 .'ri,a(.'«a,o + + ^^0.2) 

+ dajg^o a’0^2 • ( ^ ^ ^ ) 

We shall now oalculato the j required for the terms of the first two orders, 
for hard si)herical molecules. For x^ or a’2,0 have a single ^ audp = 1, o- == 2. 
Hence at „ ^ 

( 732 ) 
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D being the diameter of the molecule. Similarly, 

( 733 ) 

D^, being the respective diameters, and the sum of the radii. 

Again, a’3 is the sum of two different ^’s. For one ^ one molecule overlaps 
two others, but these do not necessarily overlap. Hence p = 2, o- = 2, and 

|=2V. 


For the other ^ each pair of molecules must overlap and p — 3 , o- = 6, When 
the first two have their centres at a distance r less than Z), the volume in 
which the centre of the third molecule must lie is 


Hence 


K{r) ^ 2 \^7r{D^ - dx == 27 t{^D^ - 

Jir 

=.V P i7rr^K{r)dr, 




~NK „ 




— __6_o' 2 

— 10*^2 < 


Thus 

and for a mixture 


•'«s=(2-A)V. 

®M = (2-A)V' (730) 

The next aj, , is the sum of three terras. For the first one the ^-moleoule 
overlajDS each of the a-molecules which do not themselves necessarily 
overlap. W6havep = 2, ar^ 2 , and therefore 

For the second, one of the a-molecules overlaps each of the others and 


P = 2, (T= 1, 


i 0^1,1 > 


For the third each pair of molecules must overlap and p = 3 , ct=s 2. When 
the a-centres are at a distance r, less than , the centre of the / 3 -moleoule 
must lie in a volume 


Hence 



7r(I)^^^ — a’2) dx. 


_ w- 2 rua 
=- y T° 
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On substituting in g tlie sooond order terms simplify very greatly and wo find 

T7 


V 


V 


- yf w - + Thm- 


(730) 


The value of log J5(?’) is then, with this g, 

{N„+Nij)logV+N^g. 

In terms of and Np wo therefore have 
log 5(2') = (iV„ +5r^) log F - i W(frS„“) V) +^V( W)} 

+ 


The jnothod of oalculating B{T) for a gas of rigid spheres extends at once 
to any gas, B{T) being given formally by (691). In the integrand 
W is of course the complete potential energy of the gaseous assembly, which 
■will, speaking roughly, bo a sum of terms corresponding to the various 
groups of moleoules engaged in the various elements of Si^-space in a oloao 
encounter. Wo can make suocossivo aj^proximations to W in any element 
of SiV-spaoe by making the groups of moleoules which wo regard as in- 
dependent more and more all-inolusive. Wo shall still obtain for a pure gas 
ill the absence of an external field of force 

= (738) 

whore g is the same function of the a;,, as before, but the a*,, are now defined 
so that is the integral taken over 8r-spaco of a certain quantity 

which we shall denote by These quantities Uy must bo such that 
and that tq,, togotho],' with all the contributions from preceding Uy> (r' <r), 
builds up the correct integrand o^. fQj. short, for the grouj) of r 

molecules considered by themselves, This is then to bo integrated over 
3r-8pace. It is obvious that 

Wa = {)'2'~ 

Dg ~ "Wg "¥ H' J 

in which S is the sum over all pairs selooted from the three molecules. Thus 

«3 = '^' 3 "'^' 3'2 + 2 ' 

In general we must have !)•„ « S n , 


(730) 
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■where the suffixes denote any partition of the group of n moleoxdes into 
(say) $ subgroups containing 4 molecules respectively, and the 

summation is taken over all possible distinct partitions into any number s 
of subgroups. If we fix attention on a particular molecule, the ?ith, we can 
sum first in (739) aU the terms in which the group containing this molecule 
is the same, This leads to 


+ + + .<•, ..,.,.(740) 

where the -w’s refer to the various possible subgroups which include the ?itli 
molecule and the ^I’s to the complementary subgroups, with -O j = 1 . If, then, 
we denote by , . . . 


tlie coefficient of ••• '^n we find by equating coefficients in (740), 

when the ?tth molecule is in the sth group, 

0 ~ **>0 "t • ’J^a) d" 4' (^i> ••• >^8— 2 **^ 3 ) ' 

In the special case of one group this fails and is replaced by 


By varying the group in which the ?ith molecule lies we show at once that, 


for example, 




so that all the (5—1) group coefficients must be equal. Thence by induction 


Therefore, finally, S ( - )«-i (5 - 1 ) ! 0'^^ . , . -9'^^ , (741 ) 

the summation being taken over every distinct partition of the n molecules 
into subgroups. Bor example, 

~ 9'4 — (S O's •— S •8'2‘9'3<) + 2S Og — 6, (742) 

in which S O-g ^ Q-EmikT ^ q-^uxI^ch ^ 


S = er{Eiv\-Eu)lhT ^ ^ Q~{Ei^-\.Eis)/kT^ 

2] •O'g = 4* g— ^ Q'-s^jkT ^ 


When the gas is in a field of force, (741) remains true, but O-i is no longer 1, 
and the first term of the series is no longer but [^(T)]^, where 




0 being the potential energy of a single molecule in the external field, It is 
necessary to redefine using A{T) in place of V, Bor a mixture we have a 
Vcc and in general different and 
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wliero, in < 7 , a;,._g is sucli that 


JVJjS+r-l 


% 

J 


The formal connection of the u*8 with the ' 9 '’s is unchanged by distinctions 
between molecules of different types, but the 'fr’s themselves are changed. 

Ill this extended theory we no longer can say positively a what the 
relative orders of a;,, and must be; we can only say that varies as the 
■J’th power of the molecular density and that in the general case av ,8 occurs in 
g with a ooeffieient (iVJl^)'' {N^jV^y. 


§3*4, Molecular distribution taxes. The ordinary uniform space distri- 
bution law may be derived at once for a gas of any degree of imperfection 
when there are no external holds, and no long range forces. The frequency 
ratio for the presence of a solooted oc molecule in a given element 8 F is 
hB\T)IB{Ty where 

85(T)=f do^A ... 

J Sr J (r) 


, ( 743 ) 


just one doia_ integration over V being omitted. If there are no long range 
forces or external fields, tlien W depends only on the relative coordinates of 


the moleoules, and 




must be a constant Q independent of the coordinates of the selected a. 
Therefore 8 jS(rif) = QSb'j Q'Hd obviously B[T) — QV, Hence the frequency 
ratio is 87/F, and since there aroj^^,, such oc’s 


a«=iy^8F/F, 


( 744 ) 


which is the usual formula. If there are long range forces these maxjy as we 
shall see, build up the equivalent of external fields from the point of view of 
any specified element of the assembly. If there are any external fields Q, 
then of course ( 744 ) is no longer true of the whole assembly but only of an 
elementary part of it over which the variation off! is negligible. In accord- 
ance with Gibbs’ analysis showing that the laws of thermodynamics include 
the laws of raeohanioal equilibrium it is possible to deduce from ( 701 ) the 
distribution law in the field of force and the existenoo of meohanioal equili- 
brium — the equation d;p~'-vdD. being satisfied to the accuracy of the 
formulae. The investigation, however, is not elegant, and it is better in 
handling imperfect gases in external fields to apply the laws of statistical 
mechanics only to elements of the gas, and supplement these by the laws of 
meohanioal equilibrium, or general thermodynamio theorems. Since these 
mechanical laws can be derived from the oharaoteriatio function for the 
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whole assembly and lead by themselves to a unique equilibrium state for an 
assembly at uniform temperature, they must, together with the character- 
istic functions for the volume elements, be equivalent to the characteristic 
function for the complete assembly. 

By a similar argument we see that the average number aa^ of a,/3 pairs 
simultaneously present in selected dco^^y dco^ must be given by the formula 


B{T) 


J (F) j 


(746) 


When no effective long range* or external forces are present, the integral in 
(746) must be a function only of the relative coordinates of the selected 
and do)^ . We may then write it in the form 

( 740 ) 


where Wq,^ is deiined so that at infinite separation and is a con- 

stant. So definedy may be called the average potential energy of /8 in the 
specified position in the field of a. It may depend on the average positions 
of a large number of other molecules and may therefore itself be a function 
of T, Again, 

B{T)^ 

provided only that rapidly for large separations, as in icraotioe it 

always does. Thus the average number of pahs is 

'^p^N^Npe-^-pl^^dcoJoj^jV^ ' (747) 

After integration with respect to dw^ the average number of in a selected 
region near any « anywhere in the assembly is 

NpC-^^^sl’^^dco^jV, (748) 

The factor l/cTajs is not required in the formulae until we integrate dwp over 
the whole of round a. It is not imtil we do this that we count twice over 
each a, a pair. 

Formulae (747) and (748) are forms of Boltzmann’s theorem. It is im- 
portant to realize, however, the precise meaning of Wap for which the 
theorem is true. In accordance with the discussion in §6*9 Wap may be 
loosely called the free energy of a in the field of an a, and it may be that 
Wap^dSap> In the case of short range forces with ternary and higher 
complexes neglected it is, however, true that ~ Bap to the first approxi- 
mation. For 

* We shfillsoo that this allows of tlio consideration of elootrostatio forces in ionic media of zero 
space charge, 
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and it is obvious that the first approximation to the cooffioiont of is 
unity. Thus for short range forces in assemblies of not too iiigli oonoentration. 
(747) and (748) take the more familiar forms 

(749) 

and (760) 

It is clear, however, that T^aig =h ^ajS ^"03^ short range forces at higher 
concentrations as in a liquid, and that the distribution may then bo more 
uniform than is indicated by Boltzmann’s law (760). 


§ 8’6. OeneraUties on diasociaiive equilibria in imperfect gases y and the wse 
of the thermodynamic function Wo can oonstruot a general theory of 
dissociating imperfect gases as a direct extension of tho theory of Chapter v. 
We will consider for simplicity tho theory of § 6-2 whioh we will hero extend 
to imperfect gases. Wo there started (for perfect gases) by oonstructing the 
generating function (439) whioh for classical {/-functions ((/soxp) is equi- 
valent to 

, , . {piX^x^zVipi . . . 

This can be partially summed when = whore 

^ 2 , 6 are fixed to tho form 

\yU (761) 

When the gases are perfect, (761) sums again, of course, to tho familiar form 

oxp[a;i7i?\(») -l- x^VF^iz) + x^x^VF^^{z)] (762) 

When, however, tho gases are imperfect tho summation to (761) can still 
be carried out, but the factor in tho terms of (761) must be replaced 

by B{z)t assumed to depend only on and 6, whioh oan bo put in the 
approximate form 

7/«ri + ai(ai,«a,6)}«i {1 -I- {I + (763) 

Tho correcting terms ixi, a^, j3 are also funotions of z and are, of course, the 
extra terms of (701). They are supposed small, and only their first powers 
retained, Wo therefore replace the generating function (762) by Q say, 
whose approximate form is 

„ {xjm (1 + (H-«a)}''>(.^i^2FJia(^) (1 + 

a,l «al bl 

(7B4) 

and operate with Q throughout. Thus, nearly enough. 


p_ 1 rrr dx^dx^dz ^ 

(Stti!)” J J J .r 


( 766 ) 
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The critical point of the integrand is determined as usual by the equations 
X-^ = xfdlog Qjdx-^, X 2 = x^B log Qjdx^, IJ=:zdlogQ]dz, (756) 


which will have a unique root , Ag j -S'. The equilibrium state is specified 
by captions like 2^i = K31ogG/3J'J,.,,,.,. (767) 


and similar equations. The proof that the assembly obeys the laws of 
thermodynamics remains valid. 

By comparison with the case of a perfect gas the root A^ , Ag , is such that 
the arguments, AiFJ\(^), etc., of Q are all large. We therefore study the 
asymptotic forms of the function 


{A^jl + ai)}«x {^,(1 + a2)Y^ {Bj 1 + 

%! Ug! 6! 

for large A, B, the a, ^ being functions of the a, b which are small compared 
with unity. To this end we pick out the maximum term of the multiple series 
by making the first order partial differential coefficients of 


log 


.di(l +ai) 


Ctt 


+ 1 f + ^21 


.^2(1 + 0^2) 


+ 1 r 6 -j log 


- 8(1 + , 8 ) 


_1_ ]_ 


with respect to ©i, (Xg, 6 vanish. It can easily be shown by the usual argu- 
ments that the value of the complete multiple series is practically determined 
by the maximum term, and that the summations may be formally replaced 
by integrations from — oo to + oo on either side of the maximum term. We 
find after simple reductions that, to the first order in oc, 

log cLi{Ai,A2,B'j\ A^^l- + <x.2[Ai,A2,B)^ H- B[l +■ ^{Aj^,A2,B)}, 

(768) 

We find also that this asymptotic relation can be differentiated. The equi- 
librium conditions such as (767) are therefore 

Wi = ^i01og QldAj_, 


etc., in which Ai, ... are to be replaced by A^F.^!, ... after differentiation. 
Thus 


+ + + (769) 

= A,Fii[l + aA^,^)]ri+V,^-f.j^^+5Ml .,.(780) 

L aWj_ 0Wi aWjJ 

to the approximation to which we are working. The law of mass -action is 
obtained, by ehminating A^, Ag, in the form 


log 


& 

VM 


=log 


^12 


+ 


'-L+-L 

jWidN2 dM^ 


{N^0i^+X2<X2+M'f}. 


(761) 
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A similar formula can be given correcting the vapour-pressure equation 
for imperfection of the vapour phase. We obtain obviously in place of (761) 

log|:=logA^{Vot(S')}, (762) 

where « or k{T) is the partition function for the crystal. At the same time 

SO that the equilibrium vapour pressure is given by 

(-) 

In the usual first approximation 

Aoc(A) = ® 27r r ijr^dr, 

y Jo 

hTF W r*® 

so that log jp = log -I- y 2nj — 1} r^dr (764) 

The foregoing arguments could easily be generalized, but the general 
method for imperfect gases in problems of dissociation or of external fields 
is not particularly convenient. It is of interest to have shown that the com- 
plete laws are given as they should be by the properties of G. In practice a 
more convenient working method can be developed based on the fact that 
our assemblies are thermodynamic systems, so that thermodynamic 
theorems may be applied. 

Consider an assembly in which the dissociation is fixed, so that it contains 
Wi, Aa and Af free atoms and molecules. For such an assembly we can at 
once construct T. By (707) it has the form 

T/i =iVi(log ^ + 1) +N,{log + 1)+ Jif(log 1) 

+2*iai+Af,cc2+Jfft (765) 

the a, )8 being the same functions of the N, M as in the foregoing argument. 
This must hold for any fixed values of whether or not they happen 

to agree with the true equilibrium values when dissociation is able to occur. 
Now suppose that the dissociation, temporarily fixed, is again allowed to 
proceed in either direction. It is a general thermodynamical principle* that 
in the final equilibrium state AT==0 for any variation of the dissociation 
(or any other variation consistent with the given temperature and volume). 


FSM 


* So©, for examplo, Plaack, Thmnodynamik, ed. 6, § 151. 


t7 
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Tims the condition of dissociative equilibrium can be at once obtained 
from the equation ^ ^ ^ ^ 


' + 


dK ‘ aiv; dM 






T = 0, 


.(766) 


or 


K 


log log 


■log 


VR 


12 


M 




■_a_ j_ 

dN.’^dNo 


d 

'm 




+ a2'+ -M^} = 0, 


which, is equation (761) as obtained before. 

The foregoing paragraph shows clearly the advantage to be gained in 
brevity by using thermodynamic arguments at suitable places for these 
more complicated assemblies. There is the same advantage in discussing 
imperfect gases in a field of force in this way, as compared with the general 
statistical method. We apply the general statistical arguments only to 
construct SY for each volume element 8F and determine the complete 
equilibrium by maMng ^^2 S^) = o 

for aU relevant variations of numbers of particles between the different 
volume elements. 


§ 8*6. Dissociative equilibria for molecules of finite extension. The formulae 
of this chapter take a specially simple form when the constituent'systems 
are of a definite size, without further fields of force. In such a case -> + oo 

inside v^^ and is zero elsewhere, and 


T/i=s.itf;.|iog^+i 


1 ..(j, 

17 rr 


(767) 


Equation (767) forms the best starting point for discussing the equilibrium 
state of an assembly in which one of the systems has a sequence of possible 
states of definite sizes which differ from state to state. 

Suppose there are present in the assembly systems of a certain type in a 
number of different stationary states of different sizes; these wUl be initially 
regarded as distinct systems, specified by different a’s. Systems not belong- 
ing to this set will be specified by yet other a’s. To determine the complete 
equilibrium state, we construct T as above and vary the among the 
states of the special systems until dW = 0 for aU such possible variations. 
A typical variation is to increase and decrease Ny by equal amounts. 
We must therefore have ^ _ 

[w.-i]''-’ 


or, in equilibrium, 


Wq Yoe-2^^^^o/3/F' 


(768) 


The necessary and sufficient conditions for c2T= 0 for all possible variations 
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of this kind is that (768) should hold for all y’s which specify the different 
states of the special systems. Now if we were to ignore the differences in 
size of the various states of the special systems, we should treat them all 
together and construct a partition function 


to take account of the distribution of their internal energy. Here we tem- 
porarily treat each state separately and their separate partition functions 
are connected by the equations 

= (769) 

Inserting this ratio in (768) and putting N — HyNy for the total number of 
special systems, we have* 


Ny=Nwye-^yi^^e-V^^y^iyiu{T), (770) 

where u{T)=‘TiyWye~^y^^^e~'^^^P‘^v^l^, (771) 


The y-summation is of course only over all states of the special systems. 

In all calculations we have therefore only to replace b{T) and its terms by 
u{T) and its terms in order to take full account of the excluded volumes. 
If we use u{T) thus, we may group all the separate states of the special 
systems together as before. To reconstruct Wjkm terms of u{T) we have 

Vu{T)h{T) VF{T) 

= ^ ^ , 

XVy 

where VF{T) is the complete modified partition function. The terms under 
in (767) which belong to the special systems become 


ivjiog™ + 1[ + 1 


When every system has been treated in this way we find 


Ylk=^Mlog- 


m 


where S,. is a summation over the separate systems and as before a 
summation over every pair of states of all the separate systems. It can be 
verified at once that in the equihbrium state 


.S:=0 {ally), (773) 

BNy 

Thus the Ny of the separate states are only apparent variables in Yjk. 
They do not affect the determination of dissociative equilibrium, which is 
to be carried out by varying the in (772), without explicit notice of the 


* Special oases of (770) and (771) were first given in discussions of high temperature atmo- 
spheres by Urey, Astrofhys. J. vol. 69, p. 1 (1924). and independently by Fermi, Zeit.f. PJvyaih, 
voL 26, p. 64 (1924). 


i 7 -a 
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Ny . The usual equilibrium laws will be at once obtained in terms of T^{T) 
ov{u{T)h[T%. 

It must be remembered that all the foregoing formulae are necessarily 
only correct to the first power of 1/F, so that the exponential correcting 
factors are largely illusory. At the same time the use of the formulae seems 
to be justifiable for rough quantitative work, right outside the range in. 
which the corrections are small, in fact for all orders. It will be remembered 
that states for which the correcting factors are large will ipso facto be scarce 
and therefore affect but little the equilibrium state, A closer examination 
of this point will, moreover, explain a numerical discrepancy from Urey’s 
work.f Equation (767) may equally well be written in the form 


Yjk-- 


N 


log 


(F- 


■j" 1 


,{774) 


which has exactly the same validity so far as terms to the order 1/F are 
concerned. Equation (774), however, is the exact form ofYjk for a mixture 
of gases which obeys exactly van der Waals’ equation in the formlj: 






,(775) 


If now we work out the equilibrium state by varying the ^V]k of (774) we find 






(F- 






AT, 


__ 


.(776) 


which to the first order in 5/F reduces to (768). If the differences between 
F— 6o and the V — by are ignored, we can cast (776) into Urey’s form 






Fy 

'K. 




( 777 ) 


where and Vy* are mean excluded volumes for the states 0 and y, and 
p is the total pressure. This form, as we have seen, is incorrect (by the 
factor in the exponential) for small values of 6/F. This difference is of no 
importance as the formulae cannot anyhow be .exact. What is important is 
that the approximate agreement of (777) and (768) justifies to some extent 
the use of the latter for all values of bjV in rough numerical calculations. 

It may be noted in conclusion that formulae of exactly the same validity 
can be obtained for the general assembly in which T is given by (707), so 
that the excluded volumes are functions of the temperature and may in 
fact be negative. 


§8‘7. Inverse square law forces. Large scale effects. The only important 
long range forces (s < 4) which appear to act between actual atoms and mole- 
cules are gravitational and electrostatic forces, following the inverse square 
t Utey, loc.cit. J ® (848) of Chapter ix, of which this is an obvious geaeralization. 
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law (■? = 2). When such forces or external fields are acting, the analysis of 
§ 8*4 must be revised. In equation (743) W must be held to include the long 
range forces and external fields, and is no longer a function only of the 
relative coordinates of the systems. Thus 


J (F) J 

is no longer necessarily a constant Q independent of the coordinates of the 
selected a. Instead, we must define a function w by the equation 


Q^-wikT^ r ... {dco,)^‘< , i™) 

Jm J 

where ^ is a constant adjusted so that w takes any convenient value at an 
assigned point. We then have 

(' 779 ) 

where e~'^^^^dV = B{T). 

J V 


Thus (779) reduces at once to 

(780) 

where'j^aBi^.^ average concentrations of the a-molecules in different 

volume elements STJ and 81^. The average potential energy defined by 
(778) is the potential energy for which alone Boltzmann’s theorem (780) is 
strictly true. The boundary field of an imperfect gas, which is investigated 
by a special method in § 9- 8, is an example of a field such as is considered here 
—effectively equivalent to an external field though built up from short 
range forces. 

It is desirable to in vestigate more closely the average potential energy w 
of this section and the of §8*4, for it does not foUow without further 
investigation that they agree with their values calculated when the rest oi 
the assembly is in its average state. Tor most purposes of calculation it is 
almost essential to make this identification owing to the extreme complica- 
tion of (778). It can easily be seen that the method of §9-8 for boundary 

fields is based on this identification. - 

If we differentiate (778) with respect to the coordinates x, y, z of 8F we find 


...(781) 

and two similar equations . In ( 7 8 1 ) TT is of course the total potential energy 
of the gas phase in any configuration, and therefore -dWldx, etc. are t e 
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force components acting on the selected a-molecule in 8F. The function w 
has therefore been so defined that its partial derivatives are the average 
values, with a fixed, of the partial derivatives of TF, or 


dx dx ’ 


(782) 


and two similar equations. Thus if w is derived by calculating dwjdx as the 
average value of the forces acting on the a-molecule — ^that is, as the force 
acting on the a-molecule when the rest of the assembly is in its average 
distribution — such a ic? is identical with the of (778). This is the method to 
be used in § 9- 8, which is hereby justified. 

In (781) or (782) it is sometimes convenient to distinguish between the 
parts of dW/dx which arise from forces of long and short range. If these are 
distinguished by suffixes I and 5 so that Pf = , it may happen that 


dx dx 


(783) 


This will always hold except near a boundary when 1IJ= 0, and will continue 
to hold with the same exception when PPJ’+O so long as the alterations in 
V, introduced by are insufficient to afiect the perfection of the gas laws. 
When these imperfections begin to matter, must make just such a 
contribution as to account for the difference between (780), which may be 
written 


kT 


0v_ 

ds 


— dw 


.(784) 


and the laws of hydrostatic equilibrium, 


dp 

ds 


— V 


-dwi 

ds 


.(785) 


It is an interesting and easy exercise to check the equivalence of (784) and 
(785) for first order deviations from the perfect gas laws. 

Returning to conditions in which (783) is true, we find that 


dw 

3* Ji 


r 


...re-wn„'(<iw,)».= r ...(786) 

(V) J J (V) J 


If we differentiate (786) we find 
"d^w 


-L-JP-i©!-"""--'--''- 
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and two similar expressions.* By addition 




1 ^ idw 

'kT^\^ 


11 - 

Jj(r) . 


e-W 


i 


•ir 

CF) J L 




hT^\dxJ 


g-iF/fcrn/(dcuJ^« (788) 


In (788) we shall take to be a potential energy due to inverse square law 
forces, and obeying Poisson’s equation 

(789) 


where v is the smoothed local concentration of systems in SF in any con- 
figuration. The value of will depend on the precise mixture of gravitational 
and electrostatic forces concerned. We find therefore that w satisfies the 
equation ^ ^ /dW\^ 


V^w- 




kT' 


Y?5V-f— ^ 

\8a;/ [dx J 


.(790) 


The right-hand side is the mean square fluctuation of the resultant force on 
the system in SF, divided by ( — kT). The mean density is an average of 
V for all configurations in which the x-molecule is fixed at the point con- 
cerned (but not counted in v). The suffix is inserted to distinguish from 
Fof equation (780), which is an average for all pos^ions of the a-molecule as 
well as of the others. In practice, we replace Fq, by v and omit the fluctuation 
terms, so that (790) reduces to 

V^w-fL^=0. (791) 


The equilibrium state of the assembly may then be calculated by the com- 
bined use of Boltzmann’s and Poisson’s equations, (780) and (791), a fertile 
procedure in frequent use. 

There are, however, three points which require critical examination: the 
smoothing employed in (789), the replacement of by v, and the neglect of 
the fluctuation terms on the right-hand side of (790). 

In dealing with point charges! smoothing of some sort is essential to 
mathematical simplicity; if the charges are spread over finite volumes, each 
defined in position by the coordinates of its centre, the ‘‘smoothing” is 
automatic and inevitable. Thus for point charges we define the smoothed 
density at any point by some such formula as 

v(a;) = B„€^/(a:~a:J, (792) 

* It is EkssTimed that not only is 01V,/0a;=O but also dWJdx.dWi/dx^O. 

t It is convenient to write in tbe language of electrostatics, but other fields of force are not 
excluded. 
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where x is short for a;, y, z, is the charge on an «“moleoulo,/(a;) diminishes 
rapidly with increasing distance from the origin, and 

f f{x)dco^l, (793) 

J (F) 


In the case of charges spread over finite volumes, (702) necessarily holds 
good, and e^f{x) is the actual density in a single particle ^vith its centre at 
the origin. The possibility of interpenetration is not excluded. The ooiTO-* 
spending smoothed function T*{x)y derived from any function of position 
F{x), is . 

#*( 3 ;)= F{x')f{x--x*)(W, (7Dd) 

J (F) 

If F{xi,X 2 ,.,.) is a function of many points, the smoothing is to bo carried 
out for all of them, so that 


T*{XitXr^ 


, . . . ) ~ f ... ,3^2 > ■ " )f{^i “ ^i)f{^z " ) • ■ • d(^x*do}f .... 

Mv) J 

(795) 


In the case of charged particles of finite size, this smoothing is again auto- 
matic, provided that F is linear in each of the charges concerned — o.g. a 
potential, or a mutual potential energy. 

Equation (789) requires that Wj shall bo equal to IF*, the smoothed 
electrostatic potential energy. It appears to bo simplest to replace )V by 
W* throughout the argument. Thus w would be defined by 


^ r ^ ^ _ L~w*ikT n; 
J(v) J 

(compare (778)); and in (780) 


(700) 


'(») = n„' I j n„ . 

(707) 


Tills is not our ordinary equation for the average density; nor is it precisely 
the smoothed average density, nor even the average smoothed density. In 
all probability, however, it does not differ considerably from any of these. 
The Acuities introduced by smoothmg are mostly of this hind, and are 
not likely to be important. 

On the other hand, thorough smoothing, when it can be employed, gives 
the greatest assistance in answemg the other two points of criticism. 
Consider first the relation between and v. Their difference depends on the 
difference between the value of v at the position of the a-moleoulo and its 
more normal values.^ Now the a-moleoule induces a considerable excess or 
deficiency of charge in its immediate neighbourhood; but its effect at some 
little distance is negligible. If the smoothing function f{x) is appreciable 
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only at very small distances, the effect of the a-molecnlo’s fioldis an important 
feature in v, If, however, f{x) is appreciable also in a considerable volume 
in which the field of the a-molecule is negligible, the local excess or deficiency 
has comparatively little effect upon v, In other words, slight smoothing 
retains a large part of the difference between and v, but a more thorough 
smoothing decreases the divergence. 

So long, then, as we are concerned only with smoothed space charges (as 
in the problem, mentioned below, of a gravitating gas and in the theory of 
an electron atmosphere, developed in Chapter xi), it is permissible and 
advantageous to smooth thoroughly, with a function which is effective over 
a volume large compared with molecular dimensions; ^ may then bo 
replaced by v. When, however, our whole concern is with concentrations on 
a molecular scale, as in formula (7 46) and the Debye-Hiiokel theory described 
below, any but the slightest smoothing is impossible, and and P may bo 
widely different. 

For the validity of the neglect of the fluctuation terms no general con- 
ditions have yet been obtained. At present it seems possible to proceed only 
by verification a posteriori. 

As an example, consider the equilibrium state of an isothermal gravitating 
gas of which each small element is effectively perfect.* This is of course a 
special case of the equilibria of such gaseous masses handled by Emden.i* 
There is no explicit solution for w or for p, the mass density at any point, 
but it is found that if r is the distance from the centre of the gravitating mass 



where G is the constant of gravitation, It follows that to the same approxi- 
mation 

= 2/firlog r + 


If wo then compare one of the ignored terms {dwjdr)^lkT with a term re- 
tained such as dhujdr^, we find that tlie numerical ratio is 2, If therefore 
the fluctuation in the resultant force at any point is small compared with 
the force itself, the nogleot of all the terms on the right in (790) is at once 
justified. 

A similar example is the electron atmosphere in equilibrium with a metal 
at high temperature, If the form of the atmosphere is offeotively that of the 


* In order to diaoiioa such an assombly complotoly from tlio point of view of Htatistical moolianlca 
it ia nocoaaavy to idoali'/,o tlio problem so tliat tlio mass of gas is oontninocl in a rollootlng onoloauro 
80 largo that moloonlav impaots on tlio walla do not onoctivoly alter tlio position of the eontro of 
gravity of tho mass of gas or its total raomontnm wliioli must bo fixed by the oonditlona of tlio 
problem. This ia not strictly roalizablo. Suoli oonditions can bo formally accounted for by addi- 
tional aolootor variables both for momenta and positional coordinates, 
t Emdon, Qaskugdn} boo also for tills, Milno, Trans. Camb, PMl, 8oc. vol. 22, p, 483 (1023). 
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gap between tlie parallel plates of an infinite condenser, the problem admits 
of the exact solution (see (1069)) 


QWl2kT ^ QQQ 


Bx 

^{2hTy 


where A and B are constants of which B dej)ends on the electron density at 
a standard potential. Here again the numerical ratio of the ignored term 
{dwjdxyihT to the terni retained dhojdx^ is less than 2, and the same con- 
clusions can be drawn if the same hypothesis is admitted. 

The problem of the ignorability of the fluctuation term can be formulated 
as follows: Let — dQyjdx be the aj-component of the force at x due to a single 
molecule in the rth cell of the assembly. Then 


dw. ^ 9a dw dW, „~.9a. 




(8®) (to) J(^) a® 8® • 


A complete solution requires a knowledge of a^~{a^y and a,.as — for 
these complicated assemblies. On general grounds, however, it is quite 
certain that these quantities will be all positive and very small comj)ared 
with (a,.)® and p'ovided that the cells need not be taken too small, that is, 
provided that smoothing is sufficiently macroscopic . It must be remembered 
that we are dealing with smoothed functions. The appropriate cell is that 
volume in which the smoothing function is effective. A thorough smoothing 
is again what we require, in order to make the cells conveniently large. In 
evaluating long range large scale effects this is possible, and the above 
condition can be satisfied. It is not possible to conclude at once that 


(■to) "(to) ^(to) ’ 

for the terms dClJdx are not all positive. Their signs depend on the sign of 
x—x'. We can, however, conclude that 

Taiijv (dwY^/dw'Y 

(8®) (to) “^(to) ’ 

where dw’Jdx is the force component at x, y, z due to all the matter in the 
assembly on that side of the plane ^~x which gives the greater value of 
dw'jdx. It is therefore sufficient to verify a posteriori that d^jdx^ and 
similar terms are of the same order as {dw' jdxyjhT and similar terms. The 
neglect of the fluctuation terms is then in general justified. 
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§ 8*8. Gontribuiions by intermolecular forces to the free energy of Helmholtz, 
or the characteristic function, A similar investigation to that of the last section 
can be attempted for the local field of formula (746). The real purpose 
of such investigations in equilibrium theory is merely to find a roundabout 
way of oaloiilating B{T) when a direct attack seems hopeless; for a know- 
ledge of H{T) determines all the equilibrium properties of the assembly. 
It therefore seems desirable to start with a general study of the relationship 
of quantities such as to B{T) and in particular of how to calculate the 
corresponding part of the free energy or cliaraoteristio function. 

The energy is defined by the equation 

f . . . f - f . . . f D/' 

J (r) J J (F) J 

(798) 


On diilerentiatiiig this equation with respeot to we find that 

■■■ J fir'*’"''*’' 


f 

Thus just as for w, equation (782), 


dx^ dx^‘ 


(799) 


This equation states that the average value of the f wee acting on the ^-molecule 
at the specified distance from the a^molecule may be derived by differentiating 
T1^I3 defimd by (798), 

Let us now suppose that the fields of force which give rise to w or T'l^^ are 
gradually built up from zero by diSerential additions to the various force 
centres, the assembly being at a constant temperature {but not necessarily 
constant volume) during each successive stage and in the equilibrium state 
appi'opi'iate to the force centres alrmdy preserd. The only external work done 
in the rearrangement of the assembly into its equilibrium state at the given 
temperature in between the ^‘stages’* is the work done by tho pressure if 
there is any ohange of volume. This is of course an ideal process requiring 
tho treatment of individual molecules, but it is a conooivablo isothermal 
reversible thermodynamic process, and the work done on tho assembly in 
the process, including both work of “charging up” and work done by the 
external pressure, must on general principles be the increase in Helmholtz’s 
free energy due to the establishment of the intermolecular fields. It is 
analogous to the familiar method of calculating the oontribution of suoh 
forces to the potential energy, when we suppose that tho fields of force are 
gradually built up from zero, the various systems of the assembly being fixed in 
their average final positions. This is tho origin of the familiar d-F of tho 

theory of attractions. It is sometimes convenient to keep the volume fixed 
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during the charging process; in that case the work of charging up is the total 
work and equal to the change of Helmholtz’s free energy. If on the other 
hand the pressure is kept fixed and the work done by the external pressure 
omitted, the work of charging up is equal to the increase in Gibbs’ free 
energy G. A direct statistical proof may be given as follows when the 
volume is kept constant. 

Suppose that every intermoleoular energy term is at a fraction cr of its 
final value. Then the partition function is say, given by 


= 1-1 6-""''“ n, (da. 


and the energy of this force system in its equilibrium state 




af ... (do.,)®, 

J (r) J 

J -I- 

J (V) J 


Keeping the distribution laws unaltered and increasing each oiiorgy torni 
from or to cr -f dcr requires an increase in the energy of the force system equal to 


da 1 

% 

(F) J 


j 

' -J 

(D J 

ie-<.wn„(daj,)»« 


This increase of energy must be the work necessary to strengthen the force 
centres from a fraction cr to a + filer of their final values, the assembly being 
in the equilibrium state corresponding to tl"^ fraction cr already present. 
The total work requhed to build up the final force system by a reversible 
isothermal process is therefore 

= -hTlog(£(T)/V^><^x}, ...(800) 

But this expression is just >- hT times the increase in T/h due to the estab- 
lishment of the intermoleoular fields, and - T’T « p. 

The theorem can obviously be extended to cover the case in which new 
forces of a given type are eatabHshed, e.g. electrostatic. We then introdiioe 

(800' 1) 

and ’~/cTlog{Bi(T)/Bo(T)}^AI'==T, is the work necessary to charge up 
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tho ions in a rovorsible isothermai process, the sizes and other intermole eular 
forces of the ions retaining their standard values. 

The rostriotion to constant vohnno can bo removed by allowing the oom- 
ploto volinne change to take place when the charging process has been com- 


l)letod. The work done by the pressure on the assembly is then 



which is equal to log{By(T,V 2 )j On adding this to the former 
work term wo see that — kT log(i?i(T,T^)/ JS q(T,1i)} is the total work done on 
tlio assembly, so that — 5’ AT = A J*. 

TTis result can bo applied to an electrolyte in the following form, Supj)ose 
tho oloctrolyto (volume F) contains ions of type k whose 

final charge is and charge at any stage of the charging process . Let 
average potential at the centre of an ion of type k duo to 
tho ohargos on all the ions including its own charge. This definition requires 
us to regard an ion as an electrified sphere of diameter a. This is suflfioiently 
general for our purposes, Then by the preceding theorem 


i 


dF^ = S . . .,1?;) dr )^ , 

K“1 


(801) 


and 

«=>! Jo 

This oliarging process oan presumably, since F^ must be a definite function 
of tho final ohargea, be carried out in any manner, subject to tho condition. 


that tho total charge in the electrolyte is zero. Subject to this condition 
dF', must bo a perfect differential, from which it follows, the restriotivo 
condition making no difference, that* 

(803) 

dr)i Bt}^ 


Any proposed method of calculating 1?’^ by means of approximate oaleula- 
tions of must oonform to (803). 

§8-81. The theory of Debye and liUckel for strong dectrolytes^Oeneral 
foundations. Wo have seen in §8-8 that if we can calculate the we can 
oaloulate F', and thereby obtain the necessary thermodynamic potential to 
give us all the equilibrium properties of a strong electrolyte. A method of 
oarrying through this oaloulafcion has been proposed by Debye and Hiiokel.t 


* Onsagor, Ghcmical lie.vkw9, vol. 13, p. 73 (1033). /,noos 

t Pobyo and Hilokol, PhysiM, ZeU. vol. 24, pp. 185, 306 (1023). 
Oliaptor xin. Soo also li'alkonhagen, Ekclrolyles, Oxford (103 ). 


Ifor lator roferoncoa, see 
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It is ompirioa'lly very suocGssful s-nd lio-s boon dovolopod find tippliod iii 
great detail. We sball therefore study here its position as a doduotion from 
general statistioal theory. 

In equations (746)-{748) we have shown how to deflne an energy Tl^j 3 such 
that the average number of /3-systoms in a seleotod volume oleinont near 
any a-system is 

so that the average density of the ^-systems is 

is a function of r. It necessarily satisfies the equation 

(804) 

The first step in the ^ethod of Debye and Hiickel is to define a function 
for short average eleotrostatio potential duo to all 

the other charges, at a distance r from any ion of typo i<. if ho funotions i/;^ 
used above are now replaced by The definition is 

f,{r) f r ...k(r)e-wn;(fK)^« («0G) 

J (V) J J(r) J 

Since r is not the coordhiate of a system, W is independent o f r and therefore 

V2^(r)f f ... fv^ «/;,(?-) 

J(F) J J(r) J 

= (800) 

where D is the dielectric constant of the medium and p{r) is tlie space charge 
density at r in the given configuration. The precise meaning of 1) in equation 
(806) raises difficulties which we shall not examine here. IFor the moment 
we may assume D to be the dielectric constant of some medium ind otiondonfc 
of the distribution laws of the assembly. A deeper discussion is given in 
§13-61 and saturation effects are considered in §12*0. The function ^(r) 


therefore satisfies Poisson’s equation 

Va‘^(r)--4777JA (800*1) 

where 

(800-2) 

^ (V) J J{v) J 


Thus p^ is^e average charge density at a distance r from an ion of typo k. 
Therefore p^ can be calculated in terms of the by means of the equation 

— ' As 


( 807 ) 
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Poisson’s equation {800- 1) therefore reduces to 

(807-1) 

|3=i r ^ 

The essential approximation in Debye and Hiiokel’s theory is now to put 

( 808 ) 

wliioh yields for the differential equation 

V2.^+™ i (808-1) 

■U j3“>l ' 

an equation whioh has the same form for all k’s. The approximation (808) 
requires it to be true that 

. ( 800 ) 

It assorts also that the eleotrostatio forces are the only forces controlling 
the distribution of /S-systems near /c-systems or rather that up to absolute 
oontaot the distribution is uniform when the charges are zero. This is of 
oourso untrue as the short range forces are thus neglected, but (808) should 
bo a good approximation at moderate or largo distances, _so far as the 
nogloot of short range forces is concerned. Besides (809) the 1 / 1 ,^ must satisfy 
the conditions (803). 

By this method of aijproaoh it is difficult to see what range of validity may 
bo expeotod for the formulae resulting from (808-1). Certain upper limits 
for their validity have been laid down in (803) and (809). So soon as these 
conditions are infringed, the results are illusory if used to such an order of 
accuracy that the infringing terms are significant. But these conditions are 
only nocGssary and the failure might occur earlier, due to the failure of the 
approximation (808). 

One may now attempt to fill this gap by an investigation similar to that 
of § 8-7. IMie analysis will not bo given in detail since the discussion cannot 
bo made sufficiently rigorous. One may conclude that like ^u, satisfies 
.Poisson’s equation, at least on the average for the neighbourhoods of a 
number of ions if not near a single ion, provided that we may ignore fluctua- 
tions and short range forces. The volume elemente near any one ion to whioh 
this process must be applied are, however, now small on the molecular scale 
and it is impossible to conclude with certainty by the smoothing arguments 
used above that the fluctuations are negligible when {dW^pldx)^jhT is of the 
same order as the terms retained. The utmost it is safe to conclude is that 
IFafl satisfies Poisson’s equation so long as 

1 


2 
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is itself small compared with terms retained in the equation and so long as the 
effect of short range forces on the electrostatic terms is negligible. This conclusion 
is made slightly less restrictive by remembering that any non-fluctuating 
part of may be removed before applying this test. 

§ 8*82. The theory of Debye and Hiichel, Explicit formulae. In illustration 
of the foregoing argument we shall now derive Debye and Hiickel’s explicit 
results for solutions so dilute that the size and shapes of the ions are irrele- 
vant. This investigation and others similar will bo essential to us in Chapters 
XI, xni and xiv. 

Equation (808*1) is soluble in principle as it stands, but requires elaborate 
treatment, and an explicit recognition of the fact that ions have sizes.* 
The approximation made by Debye and Hiickel which renders (808*1) 
soluble in finite terms is to assume that for all the important values of r 
c^^JhT is small. Since is spherically symmetrical, the equation then 
becomes _ — 

dr 


rHry dr] 




t 


A 

' y • 


.(810) 


We have here replaced cjg by € where Zp is the valency, j)ositivo or negative, 
of the ion. The leading term in the expansion of the exponentials in (808* 1), 

No 


47re 

Id 


I 

s 

^=1 




vanishes when the average space charge is zero, a condition which may 
usually be assumed to be satisfied in applications. If it i.s not fulfilled, the 
proper solution of (V** — k^) ifj^^ = cotist. must be added to i/;^ so as to satisfy 
the boundary conditions. The solution of (810) which satisfies the obvious 
conditions at ^* ->- 0 and r oo is 


D 1 


The corresponding value of ll^jj is 


(/c>0). 

(811) 

Dr • 

(811*1) 


In considering the legitimacy of ignoring a fluctuation term wo remember 
that the portion z^z^e^jDr of is non-fluctuating, being due to the a-ion 
itself. We may therefore be content to consider 

and to examine whether {dW„^' ldr)^lhT is or is not small compared with a 
* For a moro exact treatment, see Ohaptoi* xiit, 
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term retained such as 2{d}Vaf jdr)lr or dW^fldr^ or The comparison 

with the first of these is simple. Wo find a ratio 

ri - (1 + KV) e-'^n 
2DhT L J’ 

Since for all positive x C'® < H- + .re-*'’, 


it follows that the term in [ ] never exceeds unity, and the omission of the 
fluctuations may be expected to bo legitimate if 


2D/cT ’ 


(811*2) 


This oondition is equivalent to Wapf/cT being small. 

We now oonsider the other necessary tests of the legitimacy of the theory. 
TJio value of i/r„ obtained does not depend on molecular sizes. To tlie extent 
therefore to which it may bo used, molecular sizes are unimportant and the 
idontifloation of epip^ and T'l ^|9 should be legitimate. The values of 

moreover satisfy the condition (809) that ept//„ -e^t/jp. 

Before wo apply the test (803) we must extract from the field of the 
a-ion itself, Tlio self- energy or energy of charging the ion against its own 
charge can only bo introduced when the ion has a definite non-zero size. 
It is moreover unimportant to Fg so long as the dielectric constant of the 
solvent is not altered at constant temperature. The potential at the centre 
of an «-ion duo to the charges of all the other ions is tlierofore to be derived 
from 

1 ) 


1 


D 




and is therefore ~ Z(^€i<jD . (811*3) 

Since is proportional to iV^ea it is easily verified that the condition 

(803) is satisfied, and therefore tlmt tlie proposed sojjution provides a self- 
consistent set of for which the essential values at the centres of the a-ions 
are given by (811*3), 

We can now calculate the electrostatic free energy by integrating (801) 
or (802) in any convenient manner. If all the charges are reduced to tlie 
fraction A of their final values, then the potentials (811*3) are reduced to the 
fraction A^ since k varies as e. We find therefore that 

The prime to Ff denotes that the self-energy of the various ions has boon 
omitted from the calculation. Therefore 
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wliich is the standard result. It satisfies all the tests of consistenoy and 
should he valid at least over such a range of concentration that 


JL 


<^hT, 


The standard result (812) can hardly be reached by any argument less 
deep than the foregoing. At this stage any variation of D is excluded, but it 
will be observed that all questions of temperature variation of D are irre- 
levant in forming the contribution to Ff . But in deducing the extra 
internal energy, from Ff the temperature variation of D when admitted 
would be relevant and important, and the value of was wrongly given 
in the earlier work on this theory. 

The first attack on the theory of electrostatic effects in gases or solutions 
was due to Milner.* The various difficulties in the way of a successful 
calculation were clearly presented by him, but as he did not use Poisson's 
equation these were not the difficulties which we have encountered hero. 
Another method has been proposed by ICi'amers.i' Both these methods 
for evaluating B{T) are correct in principle, with difficulties of their own. 
Both methods confirm the limiting form of Debye’s result at great dilutions. 
But the interest of Debye’s result lies in regions where theoretical basis is 
lacking, and we shall develop the theory further and tentatively use it in 
later chapters on account of its empirical importance. 


* Miliior, Phil Mag, vol. 23, p. GCl (1912), vol. 25, p. 743 (1913), 
t Kramors, Proa, 8ecl 8ci. Amslmlcm, vol. 30, p. 145 (1027). 
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THIiJ THEORY OF IMPERFECT GASES (coni.) 


§9*1. Applications of the theory to simple imperfect gases and binary 
mixtures. T''lio number of empirical or semi-ompirioal equations of state in 
common.iise as interpolation formulae or as working digests of tabulated 
data is very large.* It is only possible hero to discuss three of the simplest in 
relation to the theoretical results of the preceding chapter. For the purposes 
of this ohaiDter readers who do not wish to follow the theory of Chapter vin 
in detail can bo content with any one of the three elementary discussions 
given in §§ 9*6, 9*7, 9-8. Any one of these methods gives for a simple gas, 
oorroet to terms in 1/F, 


pV = NhT^f{T)IV, f{T)^27TNWf (813) 

i J 0 

The best known practical equation of state is that of van der Wauls, 
namely, , ^ 

+ = {8PH 


whore a ccN^ and bccN, and are otherwise constants. 'I?o the first power of 
l/Ftlnsi8oq.uivaloiitto NkTh-a 


V 


.(816) 


It is therefore eqiiivalent, as a first order equation, to the approximation 

CO 

f{T)^2nNVcT\ r\e~^'l'^'-^' ~ 1) dr ^ -^NhTb + a (810) 

Though obviously incomplete this is useful from its simplicity and a sufli- 
oiont analogy to the true form, I'or if the molecules are almost rigid spheres 
without external fields, then +oo (r < a), and 2? == 0 (r > cr), so that 

f{T)= -^IttNVcTc^ 

1?hus for such a model b ~ (four times the volume of all the molecules) 

and ft = 0. Historically, van der Waals^ formula was derived by superposing 
on this volume effect b the independent effect of weak attractive fields in 
creating a boundary field (see § 9‘8) and thereby diminishing the pressure. 
In asserting that the effect of this boundary field could be represented by a 
constant a added as in (816) to the unaltered volume effect, two mistakes 
are made. One is that the boundary field is calculated ignoring the effects 
of the intermoleoiilar attractions on the distribution of molecular pairs, 


• * Sob, for oxjvmplo, Partington and Shilling, Tha specific heals oj ga^s (lOS'l); Kamorliagli- 
dnnoa and Koosoin, “Dio Zuafcandsgloiohungon”, Encyh. Math. IKm, Bd. v, No, 10; Jeans, 
loc, c\L chaps, vr, vii, , . ■ 
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which, is equivalent to replacing — 1) by — EjhT in (8 1 (i) . 'Pho othor is 
that the effect of the attractions on the volume effect itself is forgotton. 
Wlien these mistakes are corrected, formulae (813) and (810) aro rGCovored.* 
The value of (814) as a substitute for (816) rests entirely on ita siiuplieity in 
applications, but its success is strictly limited. 

The equation of state of D. Berthelot has an app].'ecial)ly groater range of 
validity smce it gives a closer representation of the thoorotioal first order 
terms. It is used empirically in either of the forms 



(817) 


(818) 


where a'ccN^ and hccN and are otherwise constants, 
equivalent to the first order form 


pV = N!cT + 


N/cTb-a'lT 

V 


lilithor of these is 


(819) 


so that they are based on the approximation 

f{T)^~NhTbi-a'IT. (820)- 

If Ave contemplate a molecular model of an elastic splioro surrounded by an 
attractive field of force, of potential energy — P, Ave have 

, /(f) = 27,NVeT^ - icT* + 1 - 1} *■] (821) 

Thus as before b ~ ^jrNa^, and 


a' = 27rNW^ 


’ w 

1 ,j<^QPIkT , 
J <7 


l)dr, 


.(822) 


The assumption that a' is independent of T may bo expected to bo fairly 
near the truth in suitable regions of temperature, X<'or the extra f?'-faotor 
makes it possible for da'jdT = 0 for some Avhereas for a we liave always 
dajdT < 0. It would perhaps be better still to use a' jT^ instead of afT in 
(817) with the corresponding changes elsewhere, and adjust s to bring the 
zero ofda'jdT into the most important temperature range. 

Another equation of state of considerable importance is that of Dietorioi. 
It is used empmcally in the forms 

p(F~6) = iV^Pe-«/^*2T ‘ ,.,,..(823) 

p(F-6)=PlfcTe“»7Mrw ......(824) 

m which a, a'azN^bcc N and s is a constant. The value of 5 (other than 1) 
* Fowler, Phil. Mag, vol, 43, p, 786 (1922). 
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most often used is f . To the first order in IjV these equations have still the 

same form Nkn~a'IT-^ 

pV « NhT + , (826) 


and the same first order validity. They are, however, empirically very much 
more successful at reprodiioing observed facts, and this is undoubtedly duo 
to the exponential instead of the additive form of the a-oorreotion. Though 
Ave have really only studied first order corrections hero, it is not difficult 
to see that Dioterici’s form ought theoretically to be successful over a wider 
range than van der Waals’ or Berthelot’s. For Ave shall show in § 9*8, by a 
discussion of the boundary field, that approximately 




~y— 




(826) 


The discussion on which this is based is admittedly inadequate, since only 
first order accuracy was aimed at in the intermoleoular distribution law, 
and there are other approximations. But we may expect qualitative accuracy 
in the form of these approximations, and the rest of tlie argument inevitably 
leads to an equation of the form (826)i Dieterioi’s form is derived by 
aj)proximating to 



with the usual - b(V + afNhT^V, and reifiaoing by F - 6. 

For practical use the a, a! and h of these and similar equations are adjusted 
to give the beat fit with the facts over some particular temperature and 
pressure range, or to reproduce exactly some particular phenomenon such 
as the critical conditions (see beloAv). It must bo remembered that the 
constants so determined have no direct connection with the interatomic 
fields of force and cannot be used for anything more than a rough qualitative 
estimate of those fields or of the sizes of molecules. The mistake of using data 
from the critical point, for example, for quantitative estimates of molecular 
diameters has frequently been made. The only correct course is to reduce the 
observed equation of state to the form* 


pF=iV/<!7'~/(T)/F + 0(1/F2), (827) 

and thus determine the observational value of/(7’), often called the second 
virial coefficient . Thus determined, f{T) can bo dh’octly equated to its 
theoretical value. We give an account in the next chapter of work of this 
nature which has succeeded in coordinating into one fairly consistent scheme 
the requirements of interatomic fields both in gases and in crystals. 

* This 18 tlio moUiod followed by KanieriIngli-OnncB and ICooaom and tlioir collaborators at 
Loidon, and first coiToofcly applied to the study of atomic floldB by Keosom, 
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§9*2, Critical points and reduced equations of slate, Tlio somi-ompirioiil 
equations of this section agree in predicting the existence of two types of 
isothermal separated by a critical isothermal iov whicli T^'l\. When 
dpjdV <0 for all V. When T <%, dpjdV vanishes twice and is 
positive between these roots. This behaviour can bo regarded a.s a satis- 
factory description of the observed facts that for any substance there exists 
a critical temperature above which the substance can exist only in a single 
phase — ^the gaseous state, while below there are two possible phases, the 
gaseous or vapour state and the liquid state, which can co>oxiat in equili- 
brium together. Mathematically, the critical isothermal must bo dotorinincd 
by the condition that on it the two roots of ~ 0 which are real for 
T<T^ coalesce to form a single double root. This condition is obviously that 
the critical isothermal is that on which tliere exists a point, called the 
critical point, at which ^ ^ 0. ( S28) 

Combined with the equation of state these equations sufTico in genoi*al to 
fix the values of p, V and T for the critical point. I'liese values aro usually 
denoted by ^3^,, and 7J,. At this point the properties of the liquid and 
vapour phase finally become identical and the two phases fuse into one. Tdio 
position of the critical point predicted by some of the equations is as followa: 

van der Waals— = 36, 2^0 - «/2763, T(. - SapINkb (820) 

Dieterici — 1^=26, p^^aj^e'^b'^, To^ahiNhb, ......(830) 

Dieterioi’s equation reproduces the position of the critical point with 
considerable success for many gases. The predicted relation 

is particularly successful. The reader should refer to Joans* for a furtboi* 
discussion. Some typical isothermals for carbon dioxide aro shown in 
Tig. 13, reproduced from Partington and Shilling. f 
The equations of state discussed here aro alike in possessing only two 
adjustable constants. In each case, and in all similar cases, these two 
constants and Nh can be eliminated by introducing instead 2'>o > To and . 
The equation of state then takes the form 



(831) 


where /is a function which is the same for all a and 6, that is, to this approxi- 
mation the same for all gases. This can easily be verified directly, or alter- 
natively deduced by a dimensional argument. It is usual to introduce now 
variables tt, u, 9’, called reduced variables, defined by the relations 


P^rrp,, F = yl7, 


* Jeans, loc, cii. 


t Partington and Shilling, he, cU, p. 37. 
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The equation of state then takes an absolute form called the reduced equation 
of state. As examples: 

va 7 iderWaals — {7r-f3/u^){3u— 1)=:S^. (832) 

Bertheloi^ {tt + (3u - 1) = 8^. (833) 



Kg, 13, iBofchormals of COj. Tho critical point is at 0. Tho simdcd ijorfcion roprosoiUa liquid 
states and tho part within tho dotted curve liquid^vapoiir mixtures, 

Berlhelot modified — An empirical equation used in tho reduced forma 

(,r+lfl/3ua{))(ti-i)=^», (834) 





(836) 


These of course do not give the oritioal point 1, 1, 1 as a reduced equation 
should, but are more successful in the region of moderate deviations 
from the perfect gas laws.* 

DieteriGi— 7 t{2v - 1) = ...... (830) 

* See also Henning, Tcm 2 icralurmesaung, Braunschweig (1016); Euolcon, Zeit.f. Physikt vol, 20, 
p. 1 (1024), 
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Equal values of the reduced variables are said to be corresponding values of 
the ordinary variables for different gases. The suggestion of these equations 
that for corresponding temperatures and volumes the pressures have oorre- 
spondnig values for all substances is called the law of conesponding states. 
This law is approximately true over wide ranges of the variables for not too 
dissimilar moleoules, but is by no means true in general. 


§9*3. Inversion jioints in the Thomson- Jotde effect. The thermodynamic 
theory of the Thomson-Joule effect is well known* and need not be repeated 
here. Gas is allowed to stream through a valve, jiorous plug or other 
throttling device under a steady pressure difference which maintains tho 
flow against frictional resistances. In the steady state there is a tempera- 
ture difference on the two sides of the x^lug or valve for an imj^orfoot gas. 
For a differential pressure droj) i^p this tem]3eraturo difference A is given by 



Since necessarily Ap<0, AT has the sign of V ~~T{dV(dT)^. Tho effect 
may therefore be either a heating or cooling of tho gas. Tho heating and 
cooling regions in the p^ V or p, T jilanes are divided from one another by 
the curve of inversion points, whose equation is obtained by eliminating one 
variable from the equation of state by means of the equation 




In reduced variables the curve of inversion j)oints has the following forms; 
vander Waals— (123 -{-7r-81)a-f-216(43-H7r~27) = 0 (839) 

ga-HS 4 

Dieterici— = {4(fi + 1 ) - 9^} c *+ 1 1^* . (840) 


A diagrammatic jDresentation of these curves and observed inversion jmints 
is shown in Fig. 14 taken from Lewis.* It will be seen at once that Dieterioi’s 
equation with .»=f gives a very faithful representation of tho properties of 
these gases in the neighbourhood of the curve of inversion points. a?his is a 
somewhat severe test of any jaracticable equation of state. 

It wiU be seen on hispeotion of Fig. 14 that the cooling region is limited in 
area, the main portion of the p, T plane being the heating region. At tho 
same time for the commoner gases the cooling region praetically covers tho 
range of ordinary temperatures and jiressures. Hydrogen, helium and neon 
are exceptions. The limitation of the cooling region is of great importance 
in liquefaction practice by Linde’s process, which is based on the Thomson- 


vLl Ohemislrt,, vol. 2, Tl^modynmnics, cd. 2, p. 07; 

t W. 0. MoQ. Lewis, loe. cU, p. 71. i 
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J oule oUect to obtain the roduotion of temperature in each oyole, Unless the 
tomporature is low enough for tlie greater part of the designed pressure drop 
to lie in tho cooling region, the gas will not cool but heat and the liquefaction 
process cannot be carried out. In tho manufacture of liquid hydrogen and 
helium by Linde’s process efficient cooling will not occur unless the hydrogen 
used has boon already cooled with liquid air, and the helium used with 
liquid hydrogen. 

All tlieso aspects of tlie theory of simple gases have long been fully 
appreciated, except tho precise determination of intermolecular forces to 
whioli wo devote tho following chapter. It therefore seems unnecessary to 
give furtho],’ space to them hero. 



0 Carbon dioxide 

.Fig, 14. Tho oiirvcs of hivorsioii points in tho Tliomson-Joulo offoofc. 

§9*4'. Binary mixtures. Except for tho variation of their irroperties with 
composition, binary (and higher) mixtures of gases which do not react 
chemically behave like simple gases and no further discussion is required. 
It does, however, appear desirable to examine the theory of the variation 
with composition, as curiously erroneous statements have been current. 
For a binary mixture equation (708) gives us 

. + + ( 841 ) 

P 0£> 

where = (842) 

If wo write Ni=>xN) N^={l-~x)N, 

so that X is tho fraction of the first constituent in numbers of molecules, and 
so approximately the volume fraction at standard temperature and pressure, 
wo have 

p = kT + 2fts!S(l - +^2a(l "(Sia) 

It is at , once obvious that a linear dependence on x must bo the exoejition 
ratlior than tho rule, The second virial coefficient must in general be a 
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quadratio function of x, and it is obvious without explicit oaloulatioii that 
the «-th vii'ial coefficient must in general be a polynomial of the ?i.th degree 
in X, The condition for linearity of the second virial coefTiciont in a* is 

Pii Pzz — ^Pn • ( 844 ) 

There is obviously no reason why this should be satisfied in gonoral, but it is 
clear that it is likely to be true or nearly true when the molecular fields are 
very closely similar, for the condition states in a sense that the inter- 
molecular forces between molecules 1 and 2 are the mean of those between 
1 and 1 and between 2 and 2. This appears to hold for oxygon-nitrogen 
mixtures with very considerable accuracy,* and was once assumed to hold 
for helium-neon mixtures for the purpose of deducing the isotherms of x)uro 
neon, an assumption shown to be invalid by later work on pure noon. 

In an interesting paper, Verschoylot has established a case of marked 
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faiUu’o of (844) by the study of hydrogen-nitrogen mixtures, which has been 
discussed thoorotically by Lennard- Jones and Cook.* Pig, 16 is taken from 
their paper and shows the variation with composition of the second virial 
cooiTficiont, projmrtional to their The observed points can be fitted 
reasonably well by a parabola of the tlieoretical form, though the fit is 
hardly as good as might have been expected. These mixture curves may be 
taken as determining pi 2 when pn and ^-he^^dy known, and tlierefore 

os determining force between unlike molecules. 

A detailed experimental study of inert gas mixtures in various proportions 
Avould i^rovide information of groat value in the further development of the 
theories of Chapter x. 


§ 9'5, The construction of T//(;. For the logical completion of the elemen- 
tary methods of § 0*7 and § 9'8 for the study of imperfect gases it is necessary 
to have a means of deriving the correction to 'F//<5 corresponding to the 
directly calculated corrootion to the pressure, Such a method is also applic- 
able to the semi-empiric al pressure corrections of the preceding sections. 

Wo start from the thermodynamic relation 

p = 7'9H79F. 


In general a knowledge of the eq^uation of state, _p, does not suffice to deter- 
mine 'F by integration, for the integration constant, which is unfixed, is an 
unknown function of N and T, But if wo already know completely the exact 
form of 'F in the limit F-»-co, then (846) is sufficient; and in fact is 
known, for the assembly becomes a porlbct gas. Owing to the linear form of 
(846) the corresponding corrections to f and 'F must be additive. If we 
denote the imperfect gas correction to jp by and to 'F by 'F„, we obtain 

from (846) _ _ (846) 




> — ”■ 

J I 


T 


(IV, 


By (813) the general correction is 
Pu> 


T 


2 Fa 




Theroforo f 

k i V Jo 


which agrees with (707). 

In connection witli any semi-empirioal equation of state wo use tins 
method to determine and so T, and to deduce from 'F by the usual 
thermodynamic equations the oorrootions to Gy and . In this way 
observed values of p, Gy and can be corrected for deviations from the 

* LonnarctJonos and Cook, Proc. Hoy, Soc, A, vol. IIC, p. 33(i (1927). 
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perfect gas laws, and the corresponding ^)«» {Oy)co, and detorminod. 
For the foregoing empirical equations we have 

vander Waals— 'F = iV^/c|log^t^+ l| + ™ . (848) 

Berthelot {V-form)— T = iF^jlog 1 1 + ^ • 

Berthelot (p-form)— '■F^Nk log — + 1 ■ (8C0) 


Dieterici— Y = Y^-Nkr (±^^-^\dx {b'^N/Mla'). 

J NkT>ria'\^~0 X) 


The last formula cannot be given in finite terms. Equatit)n (8fi0) is of 
greater value v^hen we form the other characteristic function C) in terms of 
p and 2^,* based on Gibbs’ free energy instead of on Helmholtz’s, Tho 

relationis' Ci>^W-pVIT, (852) 

and we find 


BeHhdot ip-form)- 4> = i?*|log^ + (8B8) 

From Y we can at once deduce Cy and so the correction to (6V)«) by tho 
equation s / niT;.x 

(»« 

and, similarly, from 0 ^ ^ • (865) 


§9-6. Alternatim methods of calculation. Method (i). Aa a problem in 
dissociation. The results of this chapter oan be reached in a variety of other 
ways, some of which will be considered in tho following sections. Since wo 
need no longer attempt maximum generality wo shall bo content to consider 
the case of a simple imperfect gas of N molecules. 

The results for a perfect gas can be extended at once to an iinporfeot gas 
(short range forces) by the devicef of regarding any pair of molecules within 
each other s field of force as a system to be discussed as a whole, Any single 
molecule outside the fields of force remains a system as before. The oquili"' 
biium state of the assembly oan then at once be studied as a problem in tlie 
dissociation of perfect gases. We consider only interactions in pairs. Let 
* Planok, Thermodynamih, ed, 0, § 283 (1922). 

t Jeans, ?oc. oi(. p. 91, Tho diaoiission of dissooinfcion and aggregation tlioro given on a olusaioal 
basis 18 inadmissible tn general, Tlie phenomena are essentially plienoinoim of the quantum fclioorv 
Tlie device is, liowevor, admirably adapted to the disoiission of olassioal syatoms required hero. It 
18 essentially equivalent to Boltzmann’s disoussion of dissociation, Vorksungen ilber Oaalheoric, n, 
Abscluutt VI, , 
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,fi{T)^ equal to j{T)^ as before bo the partition function for tho free 
systems of average number Lot / 2 (r) bo the x^urtition funotion for 
systems which are X)airs of molecules in interaction, of average number . 
The function /^(r) will oontain the factor dealing with tho internal 
energies. It remains to construct tho clasBioa.1 part. The olomont of idiase 
spaoD for tho pah' fa mHx,...dw,dx,...du>, 

in rectangular Cartesian coordinates and velocities. Tdiis can bo trans- 
formed to coordinates and velocities of the centre of gravity of the x)air 
.r*, 10 ''^ and coordinates and velocities of 1 relative to 2, io, Tlio 

Jacobian of the transformation is 1 and the element of idiaso space is 

,,, dw 


of effective weight 8^ — 




(85(1) 


the symmetry number being 2. Tho corresponding energy is 

(857) 

T’hus in tho classical limit this factor of the partition function is 


w 


,,,...(858) 


where is given by (867). This reduces at once to 


UT) 


¥ 


A{T), 


,(H50) 


where h^{T) is the ordinary partition funotion for the motion of tho agg],’ogatG 
as a whole, of mass 2m, and 


(800) 

J V 


A{T) is obviously the partition funotion for the potential energy of tho imir, 
and V is the volume in which ID is sensible. 

The gas here considered of “free” molecules and aggregates obeys tho 
dissociation theory and in particular equation (462). Wo bhoroforo find 

j2(T) h^iT) {27T^hT)^A{T) 


(N,)^ 


¥{mh,{T)y 


To the first approximation the F-faotors are just F in both hx{T) and h^(T), 
.0 that approximately 

In oaloulat^g first order corrections ■y/F and therefore A{(V)jV will be email, 
so thati\^a/(^i)s will bo small and (801) is oorrect to the ord er req uired. will 
differ from N only by first order terms. If we ask for (^a)/, tho 'average 
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number of aggregates witli given ranges of relative positional ooordinatos, 
we find on adapting (466) that 


and therefore to a sufficient approximation 

(■^= {didr)dcyv. (802) 

The velocity distribution laws can similarly bo shown to be unaltered by 
the forces. 

We can derive at once any of the laws previously established, but it Avill 
suffice as an example to calculate the form of By Theorem 0*31 

T/7«=:^(log‘^ + ij , „.',„{8fl3) 

We require here a more exact evaluation of the F-factor in fiiT), It is no 
longer V exactly, because if any one molecule is in the field of another the 
pair rank as a system and not as free molecules. Thus in/i(5’) the F-faotor 
is approximately apparently V-Nv 


This, however, would not be correct, as it would load to counting the whole 
of each excluded volume twice over, once for each member of the pair. 
Thus in/i(T) the F-factor should be taken to be F - and to a sufficient 
approximation 


N, 




log 






This is most satisfactorily expressed as perfect gas terms plus oorrootions. 
Remembering that = iV ~ 2 J \^3 we find after an easy reduotion that . 


'¥lh = N^logi^ + 1 j +^{A{T) - Ji)} (866) 

which agrees exactly with (707). 

This method is really much simpler to handle than the general method 
and easily extended to mixtures. It might extend convoniently to the 
calculation of higher order corrections, though liardly so elToctively as the 
general method of § 8*31. 


§9 ’7. Method (ii). The use of the virial of Glctusius. The general method 
and the method of aggregations evaluate the complete equilibrium laws 
without the aid of additional theorems. Two other methods of some import" 
ance can be used to obtain the equation of state with the aid of the distribu" 
tion law (760). The fii’st of these to be considered is the use of the virial of 
Clausius, We give the underlying theorem in a general form due to Milne.* 
* Milne, Phil Mag, vol. 60, p, 409 (1926), 
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Tho equations of motion of a particle of mass m at x, y, z, moving under a 
force whose compononta are X, Y, Z and subject to Motional resistances of 
thoform (866) 

and two similar equations. When this is multiplied by •^,'u it may be written 

1 f1^ 7 // 

3 ^ 1 i 

ITenoo, on adding tho two similar equations, 

1 Id 

4^ M Yy + Zz) (868) 


Now sum this expression over all tho systems in an assemblj'’, and integrate 
over a long time t. We find 




= mv^ + Xx + Zy -I- Zz, 


.(809) 


The bars denote time averages from 0 to t. Now if the state of the assembly 
is steady, the values of tho expression in [ ] must bo of the same order at 
0 and r, and will at least display no secular oliange with r. Hence tho left- 
hand .side of (860) is oficctively zero, and we have 


p mv"^ = - P Xx ■\-Yy-\-Zz, (870) 

Tliis is the theorem of Clausius, who named tho expression on the right the 
virial. l^rovidod frictional forces permit of an offootively steady stato they 
do not alter tho form of the theorem. We may note also that, provided tho 
forces in the virial inoludo all stresses duo to bodies other than tlio systems 
to which refers, tho theorem is true for any eolleotion of sy atoms not 
nocGssarily the whole assembly, 

ILet ns now apply (870) to an assembly oonsiating of an imiiorfeot gas or to 
any j)ortion of such assembly enclosed by an imaginary goomotrioal botin- 
dary. In either case tho virial is made up of tho forces between the moleoules 
and tho stresses across tlio physical or geometrical boundary. This stress 
per unit area is of course the pressure, and wo may insist once again that tlio 
prossuros on any boundary or across any internal siufaoo are always equal 
in tho absence of surface tension and external fields of force. If dS is a 
surface element of the boundary and I, m, % tho direotion cosines of its 
outward normal, tho stress oomponents are --IpdSt —mpdS, —wpdS, 
which oontributo to tho virial 


By Green’s theorem this is equal to 


(871) 
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We have supposed above that the force between two inolooulos is radial 
and equal to —dJi/jdr. Continuing on this basis, if the centres of a pair of 
molecules are at x, z, x', y\ z' and the force components are A., Y) 

X\ 7', then 

^ Wx — x' dEx'~x 


xX + x'X' 


dU (a; — 
dr r 


Thus the contribution of the force between this pair of molecules to the 
virial is 


and the total contributions of all intermoleoular forces 


(872) 


summed over all xmirs of molecules. Combining (871) and (872) Avith (870) 
we obtain finally ^ 

= (873) 

This is the general form of the equation of state derived from the virial. To 
interpret it further we need to use distribution laAvs. For the mean kinotio 
energy of translation Ave have 


^I.mv^ = NhT, (87d) 

For the average number of pairs of molecules at a distance ai^art botAVOon 
r and r + dr we find by (760) 




iTTV^dr 


(876) 


The factor ^ must be introduced Avhen (760) is integrated over all relative 
directions. Using (874) and (876) we find 

1 A/'S /• CO 3 jp 

G V Jo dr 

On integrating this by parts in such a Avay that the conditions of convergence 
at infinity are satisfied, we find 

pF = A/(;Tj^l-iy47rJ^ (87q) 

which agrees Avith (708). 

The argument must be completed by an appeal to (846) to derive 'F. 

§9*8, Method (iii). A direct calculation of the stress per unit area. It is 
easily seen that the main conclusions of the calculation of stress in § 6*7 are 
unaffected by intermoleoular forces. The internal stress is necessarily an 
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isotropic pressure, evorywhoro equal in the absence of external fields to the 
boundary pressure. It consists of a term arising from the rate of transfer of 
momentum, which is absolutely unaltered by the forces, together with a 
new term the average stress per unit area duo to the intormolecular forces 
themselves. To calculate this extra term we have 
merely to calculate the average force per unit area 
exerted by all the molecules on one side of a 
geometrical interface on those on the other This 
requires a use of the distribution law (7 CO). 

Let us consider an infinite plane slab of thick- 
ness df and calculate the average force dF exerted 
by all the molecules in this slab on a molooule at P, 
distant z from the slab. Our molooiiles are of course 
regarded here as point centres of force. The cal- 
culation is a generalization of the classical cal- 
culation in Jiaplaco’s theory of surface tension, generalized so as to apply 
directly to a molooular struoture.* The average number of molecules in 
the slab per unit area at a distance r from P isf 

It is safer in this section to show explicitly the argument of P. '^fhe average 
number in the annulus at distances between r and r-f-dr from P is 

dv N 

27rt'sin(?.-4^5.~d/e'-^^W/*^, 
smtl V 

and their resultant repulsion along PO is 

27rjzdfl e-iVUi^'dr. ...,.,(877) 

To obtain the average repulsion of the whole slab wo must integrate (877) 
for all values of r from z to infinity. I'liis gives 

9>7f Nh'P 

(878) 

The average repulsion per unit area on the molecules in a slab of thickness 
dz is therefore, since there are NdzjV such molecules, 

- <idaf{e-^»^- 1). ......(870) 

We noAv replace zhyz -i-/, tlio distance apart of any two slabs, and integrate 

* Soo Hayloigh, Scienlijic Papm, vol. 3, pp, 307, 613 (1800, 1802), 
t Moi'o gonorally E{r) must; of oourso bo roplacod by tlio moan lf«/ 3 (r) of formula (740). 

19 



FSM 



290 

The Theory of Imperfect Gases 

[9-8 

with respect to both z and /from zero to infinity. We thus obtain tho total 

stress per unit 

area due to the molecular forces, that is, 



2rrN%T p p . 

Jo Jo 

(B80) 

or 

Ijdxj'^dy, 


or 


(881) 


whioli agrees with (876). 

The differential formulae (878) and (879) can also ho used in a number 
of other ways. To obtain the work dw{f) done by the I’epulsions wKoJi a 
inoleoule is removed from a distance / from the slab to infinity wo have 
to integrate (878) with respeot to a:. Thus 

dw{f) = - l}dz (882) 

The work w(f) done when the inoleoule is removed from a distance / from 
the plane boundary of a large mass of gas to infinity is 


or 


^nNhT 
V 

27TNhTrC'^ 


I, j. 


z{g- 




l}dz, 




(883) 

The average work done when one molecule is taken from the plane boundary 
to infinity is tc(0). 

Again, it is obvious that d%o{ —f) ~ dw{f)i for the work done in taking tho 
molecule from a distance/ on one side of tho slab to a distanoo / on tbo other 
is zero. Hence the work w{-f) done by the repulsions when a inoleoule is 
removed to infinity from a depth f inside the plane boundary is ec[ual to 
w(0) together with the work done by the repulsions when tho moloonle 
leaves the surface of a finite slab of thickness/. This latter part is of oourso 

«,(0) -«,(/). Thus «,(-/) = 2«,(0) -«(/), (884) 

ii)(~co)~2w(0). (886) 


The work done when the molecule comes from right inside to the surface is 
therefore equal to w(-co) - w(0) or w>(0), wliioh is also the worlc done when 
the molecule goes from the surface to infinity. These calculations of work 
terms are of course all work done in reversible isothermal processes in which 
equilibrium conditions are maintained throughout. 

The foregoing formulae take no account of changes of the average density 
of the molecules near the boundary of the gas. There must in fact bo such 
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cliangos, as a oonseq^iioiico of Boltzmann’s thoorem. Tlie roversiblo isothermal 
work clone by the forces on a molecule when it is brought from deex) in the 
gas to a depth / is by the iwececling argument w{-co)-w{~-f)i or w{f) as 
given in (883). Hence by (745) and the following jmragraphs '-w{J) is just 
exactly the energy term to bo inserted in Boltzmann’s theorem, and 

^(/)=:^e’‘'C/)/A2', (886) 

whore v{f) is tlio equilibrium density at a depth / inside the boundary. 
A more accurate investigation must proceed by construe ting an integral 
equation for w{f) instead of using (883).* 

This calculation of the boundary density and the boundary field can bo 
made to give at once the value of the boundary pressure, and is in fact the 
correct form of the classical calculations by which van der Waals derived his 
famous equation. J?or by (886) the density at the boundary itself is 
N 

= y J —1} d ^ , (887) 

and by the usual bombardment argument the pressure is hTv{0), Therefore 

r zttN “1 

pV^mToxi^ ( 888 ) 

which to the order of aoouraoy agrees with (876). 

3?urtlior developments of these ideas belong more properly to the theory 
of surface tension, 

* li’owlor, mi. Mag. vol. 43, p. 785 (1022). 



CHAPTER X 

INTERATOMIC FORCES* 


§ 10*1 . Glassification of interatomic energies. Tlie work of the two previous 
chapters proceeds on the assumption that the forces between molecules and 
therefore the energy terms such as are known, but even now little is 
known exactly a priori about the magnitude of the energies except in the 
simplest cases of hydrogen (Hg) and helium. It will some day be possible, 
thanks to the work initiated by Heitler and London, t to derive the inter- 
atomic energy and so the forces for any atoms or molecules from their 
electronic structure. But though no difficulties of i)rinoiplo remain, the day 
is far distant when such calculations will bo a praotical possibility. At 
present we must still rely mainly on indirect methods for such knoAvledge 
as we have of intermolecular fields. 

The tendency of all molecules to aggregate at low temperatures is sufficient 
indication of the existence of forces of cohesion between molecules, and the 
very existence of matter leads of necessity to the conclusion that the forces 
between molecules become repulsive at short distances. Any adequate 
representations of an intermolecular energy must therefore satisfy those 
elementary requirements that its gradient should be positive at great 
distances and negative at small. iSuoh a ^priori oaloulatioiisj as have yet 
been completed njaturally confirm this general conclusion. The simplest 
picture of this kind is that molecules consist of hard impenetrable surfaces 
surrounded by an attractive field. This picture we owe to van der Waals. 
It leads to the equation of state discussed in Chapter ix and has also had 
other successes. It is however inadequate to explain the observed com- 
pressibility of matter and for tliis and other reasons must be discarded 
(apart altogether from requii’ements of quantum theory). It is convenient, 
if somewhat aitifloial, to represent interatomio energies by the superposition 
of two terms, one yielding an attraction and the other a repulsion, such that 
the former dominates at large distances. The former we shall refer to as the 
mn der Waals energy^ and the latter as the overlap energy. It is convenient to 
label the energies in some such way as this, so that they may be more easily 
differentiated from the energy of the electrostatic repulsions and attractions, 

* Tliis chapter was contributed to tlio first edition by J. E. lonnard-Jonos. It Jias boon frooly 
revised for this edition and the calculations ropeoted with tlio lielp of R. A. Buokingham to whom 
I am greatly indebted. 

•f Heitler and London, Zeii.f. Physik, vol. 44, p, 4156 {1927). 

% Slater and Kirkwood, Phys. Jtev, vol. 37, p. 082 (1931); Slater, Phys. Rev. vol. 32, p. 349 
(1928); Kirkwood and Keyea, Phys, Rev. vol, 37, p. 832 (1931), 
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of Coulomb typo, between ions with not oliargos. All interatomic energies 
are of course ultimately of elootrostatio or electroinagnetio origin, but it is 
best to reserve the name electros tatio for the familiar terms ee'jr composing 
the potential energy of small charged bodies. 

These names may be regarded here merely as convenient empirical labels. 
As wo ll 0 ^v know from quantum theory the van dor Waals energy is due to 
the polarization of each atom or molecule by the charges of the other. The 
other energy term which gives dominating repulsions at short distances is 
non-classical. ^J^he overlap energy in gonoral can lead either to strong attrac- 
tions or strong repulsions at short distances, but in many oases the attraotivo 
state is inaccessible owing to 3?aiili*8 exclusion principle. When it is not so 
excluded we have the extra possibility of a state of strong binding — the 
quantum explanation of ohonhoal combination. In studying intermoleoular 
energies in this chapter wo are usually concornod with systems in which all 
possible ohomioal bonds have already been formed, systems for which the 
overlap energy gives uniquely tlio necessary repulsions. 

Whore atoms in matter exist permanently in an ionized state, and the 
work of Arrhenius, of Kossol and others has shown that they often do, the 
elootrostatio energy i)lay8 an important part in determining tlio physical 
properties of mattoi' in bulk. I-'kis energy may bo regarded as superimposed 
on the other energy terms already disouesod, though not without modifica- 
tion. 0^ving to the deformation of the olootronio systems of tho atoms and 
ions by tho prosonoo of charged ions, or in any other electric field, another 
energy term comes in vdiioh may bo called the energy of pimanj polmization. 
We use this description to distinguish it from tho polarization energy of van 
der Waals’ typo which might bo i\\Q energy of secondary j>olarization 
since it is duo to tho polarization of one neutral system by anotlier neutral 
system. .Finally, some molecules are known to possess a permanent electric 
moment, oven in tho absence of an olootrio field. TJio magnitudes of tlieso 
moments can often bo deduced from a study of tho diolootrio properties of 
gases and perhaps liquids (Chapters xii, xxi), and tho corresponding intor- 
molooiilar energy {the di 2 )ole energy) is thou known. 

Wo may thus summarize our classification of interatomic energies under 
tho following headings, arranged in order of simplicity and probably of 
range: 

(1) Blootro, static energy between atoms (or ions) with not charges. 

(2) Electrostatic energy hotweon permanent dipolos. 

(3) Energy of primary polarization, 

(4) van dor Waals energy (duo to secondary polarization). 

(5) Overlap energy. 
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We shall not, however, discuss the energies in this (the natural) order, as it is 
more convenient to deal first with the terms of more complex origin hut 
shorter range. 

§10’2. De])end6nce of (he intermolecular forces on orientation. In general, 
the forces between molecules depend on their relative orientation as well as 
on their distance apart, but the mathematical difficulties of dealing with 
such laws of force in theories of the properties of matter are considerable. 
Keesom has given a method of deriving the equation of state of a, gas of 
unsymmetrical molecules, though he has only applied it to solid ellipsoids 
of revolution,* and the expression obtained is not in very good agreement 
with observation. He has made no attempt to deduce any information of 
a quantitative character from a comparison of theoretical and observed 
results. The general method given by Ursellf (see Chapter viii) is apidioablo, 
but has never yet been applied to an unsymmetrical model. RankineJ lias 
tried to represent the fields of polyatomic gases by aggregates of over- 
lapping spheres, the sizes of which were fixed by observations of the vis- 
cosity of simple gases, but it is difficult to verify these proposed structures 
from the viscosity of the actual polyatomic gas, as Rankino has tried to do, 
seeing that no theoretical formula has yet been produced for the viscosity 
of a gas of unsymmetrical molecules. 

We shall therefore confine our attention to those structures which may 
with reason bo regarded as spherically symmetrical; this group naturally 
includes the inert gases and ions of similar structure. It also includes 
hydrogen (H^) which is approximately spherical, and the same analysis can 
be legitimately applied as a rough approximation to loss spherical molecules 
such as nitrogen (Ng). It is natural that such structures of spherical sym- 
metry should at first have been represented by rigid spheres, for the field, 
apart from the attractive field, is then completely determined by one 
parameter — ^the diameter. This simplicity accounts for its popularity as a 
molecular model, § but a conglomeration of such rigid spheres in close 
packing would be incompressible and fail to possess the observed properties 
of ordinary solids, and, as we now know a priori from quantum theory, 
rigid spheres (with attractive fields outside them) are not a very good 
approximation to the actual forces. 

* Kceaom, Proa, Sect, Sci, Amsterdam, vol. 16 (1), p, 240 (1012). 

t Ursoll, loc, cii, 

t Ranldiie, Phil. Mag, vol. 40, p. 616 (1920); Proc. Boy. Soo, A, vol. 08, pp. 360, 369 (1021)} 
Proc, Phys, Soc, London,, vol. 33, p. 362 (1921); Phil. Mag, vol. 42, pp. 001, 016 (1921); Trans, Far, 
Soo. vol. 17, p. 1 (1022). 

§ Por a disoussion of tho diamotors of auoh model molecules, dotormined by a varioty of juotlioda, 
aeo Joans, loo, ci7.} Herzfeld, Kinetische Theorie der TKarwie, Braunschweig (1026); QrOflae uud Bau 
der Molekiile, Ilandbnch der Physik, vol. 22, od. 2, Berlin (1934), 



10 * 22 ] Form of tJie Intevmolecular Energies 295 

§10*21. Form of the overlap energy. We now know from quantum theory 
that the overlai) energy at great distances can be represented aoouratoly by 
a formula of the typo P{r) where P{r) is a polynomial oontaming positive 

and negative powers of r. I'liis form can be derived by a perturbation method 
in the usual way. It would bo natural therefore to use some such form to 
represent the potential energy of the repulsions if suoli a form were amenable 
to oalculation both for gases and solids. It is however known that this 
asymptotic form is not necessarily a particularly good approximation to the 
true form at the smaller distances at which the repulsions matter, and that 
at the distances at which it is a good approximation the overlap terms are 
unimportant compared with the van dor Waals energy. Such calculations 
as have been made for closer distances give forms of great complication. In 
spite thorelbre of those recent developments of quantum theory there is no 
compelling theoretical reason to prefer any simple form for the overlap 
energy to the familiar empirical which is amenable to oalculation for 
both gases and crystals. As wo shall see lator the form Ae-'dp lias been shovvn 
by Born and Mayor* to bo orapirioally ratlior more successful than A?*"® in 
coordinating the properties of crystals, Since, however, it is our main pur- 
pose in this chapter to coordinate tho properties of both gases and crystals 
using a single representation of the interatomic energy and since the form 
of Born and Mayor has not yet been applied and is not easily applicable to 
tho analysis of tho second virial oooffioient, wo have been content her© to 
obtain tho best analysis of both gases and crystals that seems possible 
using tho most recent data and tho empirical form Ar“« for the overlap 
energy. Such an analysis can aohiovo as wo shall see a considerable 
modicum of success. I’Jio model oliosen includes tho simple model of the 
rigid sphere os a special case when 5->co with a suitable variation of A. 
It must of ooui'so bo romembored that tho form A?*”® foi* the overlap 
energy obtained by analysis of tho data in tho mannor to be shown here is 
only a valid representation of this energy term over a rostrioted range of 
values of r, 

§10*22. Form of the van der Waals energy. It is equally convenient to 
represent tho van der Vi^aals energy yielding the attraotions at greater 
distances by a similar function — as ICoesom was tho first to do empirio- 

ally, though ho superimposed tlioso attraotions on tho rigid sphere model. 
Hero convonienco and theoretical aoouracy march hand-in-hand. The 
leading term in tho van dor A^^aals energy must thooretioally bo of tlie form 
This result is general,! and for a pair of ideal atoms consisting of 

* Bom and Mayor, Zeil, /, Phyiiki voi. 70, p, 1 (1032). 

t Lonnarcl.Jono«, Proo, Phys, 8oc, London, vol. 43, p. 401 (1081), wlioro roforoncou to other 
work will bo found. 
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electrons free to execute linear simple liarmonio oscillations about a fixed 
positive charge it can be easily established as below.* 

Let the two “atoms ’’ be at a distance r apart along the 2 !-axis and free to 
oscillate in this same line, the disiDlacements of their electrons being 22 * 
At any instant they form dipoles of moment z-^e, with mutual potential 
energy (when z^, 22 <^r) given by 


The complete wave equation for the XDair is 



where k is the constant of the elastic restoring forces. By the substitution 
^1=s(2i + 22)/-\/2, ^2= (%“^2)/V^ 

(889) is reduced to the equation 
02 ^ 08 ^/ ^Tthn 




9Si2 ' 


,2 7^^ 

where — 2e^/r^, /cg — xr 4* 2€^lr^. 

The characteristic values of the energy are therefore 

= (W;^ + hvi + {n^ + 

where /“• 

27t/sI m ^ 2 itsI m 

Bor the state of lowest energy we find 

2e2\^ 


.(890) 


^;„=PK+v,)=p^(i-|-‘) +(h~I) ). 

where vq is the frequency and Iivq the lowest energy of the oscillations when 
unperturbed. Expanding the square roots we see that the dominant term 
in the interaction energy is 


1 

4i(^ fO* 


.(891) 


If the oscillators are isotropic three-dimensional, situated as before, the 
perturbing potential is I'll® in fli® 

interaction energy 


3/j.Vq€^ 1 


.(892) 


A rough theoretical method of extending (892) to actual atoms is quoted 
later. 

In vie w^ of the foregoing discussion we shall represent the complete inter- 
molecular potential energy (electrostatic terms omitted) by two inverse 


* London, Zeit.f, phyaihal, Ohein, vol, 11, p, 222 (1930). 
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power torma, and tho oompleto specification of the field 

requires a dotormination of three more parainetora. In order that tho field 
may bo ofiectivoly attractive at large distances and repulsive at small it is 
necoasary that 5 > 6. Tliougli siioh a simple fiinotion of the distance cannot 
adequately represent actual interinoleciilar fields over all distances, it is 
tho most general that has yet yielded to mathoinatioal treatment and ns we 
shall see far from inadequate in applications, Tho methods of determining 
tho constants which have proved most successful are baaed on tho physical 
properties of gases and. those vro now proceed to analyse, taking first tho 
equation of state and then the viscosity. In general whore j)ossible wo shall 
coraploto the mathematical analysis before substituting i = d. 


§10’3. The equation of stale of gases. The empirical represeniaiion of 
observed isolhermals. In Chapter ix it has been shown that for gases at 
moderately largo dilution 


pv--mT 


B 


n\\ 


(893) 


whore B is a function of tho tomporatui’o and of tho intoratoniio energy. 
Kamorlingh-Onnes* lias sliowii that the observations require in general a 
similar ox]>an8ion, and ho has expressed tho results in tho form of an 
empirical equation of state of the typo 


, By , Oy , Dy 
P^ -pyg'h ■ 


By 

>0 


' p8 » 


(894) 


whore tho ooofifioients A, B, . . , are funotions of the tomporatnro, usually 
oallecl seG07t(l, ... qhrial coejficients. 

TJioro is some divorgonco in tlio units used in the observational equation 
(894). Kamorlingli-Onnos and other Avorlcors at Leiden have adopted the 
international atmosphere as tho unit of pressure, tlie volume being regarded, 
as unity under this unit pressure at 0° G, WJion this system of units is om~ 
ifioyod, wo shall distinguish tho ooeffioionts of (894) by writing them 
Ay, By i Workers at Berlin, t on tho other hand, have taken tho unit of 
pressure to bo equivalent to a column of moroiiry I metre long (under 
standard oonditions) with a oorrosponding olmnge in tho unit of volume, In 
this case wo shall write . . . . 

Again, it has ]n'ovcd oonvoniont botli at Leiden and at Berlin to express 
the value of pF, not in powers of 1/F, but in x)owoi’8 ofp, so that then we have 


+ ( 895 ) 

and (896) 


* Kamorlingli.Oimoa, Comm. Phy&, lab.Uidm, No. 71, or Proo, Sect. 8ci, Amstordmi, vol. 4, 

p. 126 (1002). 

t llolbora and Otto, %eU.f, Physik, vol. 23, p. 77 (1024), vol. 30, p. 320 (1024), vol. 33, p. 1 
(1025), vol. 38, p, 360 (1020). 
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respectively. The various ooefficionts ax’e easily related to each other. Thus 


we have 


91, 


Fy „ 






(897) 


(898) 


where I is the pressure of one atmospliore in the Berlin units, and tho sivfiix 
0 refers to the isothermal 0° C, It is thus j)os8ible without diflioulty to pass 
from one system of units to another. 

For comparison with the theoretical work, the Leiden method of pre- 
senting the results is preferable, as the units refer to the norinal conditions 
under which Avogadro’s number for the molecular concentration is applic- 
able. We shall regard the Leiden equations, therefore, as tho standard 
experimental equations to which all others are to bo converted. 


§ 10*31 . Theoretical expressions for the second virial coefflcienL If wo writ© 
equation (893) in terms of molecular concentration, thus , 


p^vhT{l-\-B'v), (899) 

we have* v^hT=:Ay, B'vQ = BylAY^ (900) 

where, by (813) for a spherically symmetrical fielcT, 

B' = 27rJ 1 - (001) 




The condition that B' shall remain finite j)laces a restriction on tho moleoulan 
models which are possible. For instance, if 

B{r) ~ Ar~* — fxr~^, 

the conation requires that 5 > 3, i > 3. Equation (900) provides a criterion 
for any assumed form for -0(r). 

Although equation (901) gives a formal solution for B‘ for any field of a 
spherically symmetrical type, the actual evaluation of the integral has been 
effected in only three cases, viz, (1) for molecules with a positive interaction 
energy Ar-», which thus repel according to an inverse («H- l)th power law; 
(2) for molecules behaving lilte rigid spheres of diameter a with a negative 
interaction energy for r> o- which thus attract each other according 
to an inverse (< + l)th power law at greater distances; (3) for molecules with 
an interaction energy The first of those was given by Jeans, f tho 

^ the Loidon conventions is a stOindard concentration ocjual to Avogadi'o’s iiuinbor, 
t Jeans, loc, cit. p, 134'. 
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second by Keesom,* and the third by Lennard- Jones. f For B{r) ^ 
it is found that 

.(903) 
.(004) 


a' 


where 


S c„i/“ 

I \ / 7l«l 


and y is a function of temperature given by 

a IhTY^ 

y^mT] ■ 


.(90S) 


The oooffioionts c,,^ are given by 




0n=' 


V 


) H^] 


(908) 


'’■ w!(n/— 3) ?ds 

The formulae for the first two models can be deduced as special oases, Thus 


for 7i\r) = A?’”^ and no negative energy term 


.(907) 


JTor the rigid splioro witlr a negative energy M{r) = — {r > a), 




lY*' 
27 J 

[ (008) 

where 

II 


(009) 


whioli is the negative potential energy of two molecules in oontaot.J 


§ 10*32. Gotnparimi of theory and observation. Equations (903), (007) and 
(008) express B' in various ways as a function of the temperature, ready for 
comparison according to equation (000) with the observed value of ByjAy. 
Tiro comparison may bo carried out as folio ws,§ Introduce the now variables 
X and 7 defined by 

X=.(A//i)a/«'-'), 

* JCcoHoin, Comm. Phys, Lab, Leiden, Suppl. 2'!:}, p. 32 (1012). 

t T.<onnav(l-J'onof 5 , Proc, Jioy, iS'oo, A, vol. 100, p. 403 (1024), .For tlio oaso a=0, iwS boo ^Iwiolcy, 
Phyaikal, Zeii, vol. 22, p, 440 (1021), biit lio ovahmtos tlio intogmla only by quadra turo. 

I Kooaoin, Proa, Seel, Sci, Amaterdum, vol. 16 (1), p. 26(1 (1012)i Comm, Phya, Lab. Lddtn, 
Suppl. 24 jij Physikal ZeU. vol, 22, pp. 120, (14.3 (1021) Ima ovaluatoci B' for rigid sphoros carrying 
a portnanonli olootrlo dipolo or a pormanont olootrlo qiiadrlpolo, and lias also allowed for 
polarir.fi.Uon of oaoli inoloonlo by tho oUior, as siiggostod by Dobyo, Phyaikal. ZeiL vol. 21, 
p. 178 (1020). 

§ Tlio inotliocl given horo is a jnodiftoation of that used by Lonnard-Jonos, Proc. Boy, Soo, A, 
vol. 100, p. 403 (1024), and has tho flllghb advantage that the resulting values of A and fi vary very 
smoothly as a is given dllToronb values, thus permitting accurate interpolation. Equal weight can 
also bo given to values of ByfAv over tbo whole lomporaturo rango. Wo only consider equation 
(008) bub bho mobhod oan easily bo adapted to tho simpler oases. 
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and rewrite equations (903) and (904) in the form 

logX = log^.B'-log2?(j/), (910) 

log 7 log 2 / + log /j 2'. (911) 

By definition log X and log 7 are also related to log A and log fx by the 

equationa logA = 4slogZ + log T. (012) 

log/x=:^ilogX + log 7, (013) 


ITor a given value of the temperature T, ByjAy and therefore B* is taken 
from the observations, and inserted in (910), Equations (910) and (911) 
then determine a relation between log X and log 7 in parame trio foimi 
(parameter y), since Fjssi known function, s and t being given. This relation 
can be shown as a curve in the (logX, log 7) plane. Ofiio intersootion of two 
such curves for observed values of B' at two tomj)oraturos determines log X 
and log 7 and therefore A and fi uniquely. In practice one takes nine or ton 
values of B' at regular temperature intervals over the widest possible range 
of temperature and plots (log X, log 7) curves for each. If the form Ar~® — 
for the chosen values of s and t were an adequate representation of B{7') 
and if the observed values of B' contained no experimental errors, all tlio 
curves would pass through a point; aotitally most of the intorseotions can 



pig. 17. Tlicorotioftl ourvos from whtoli oan bo clorivocl fclio soooivd vlrlul 
cooffloiont as a function of 2', for 
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be made to lie within a fairly well-defined area. By taking the median 
values of the ordinates and abscissae of all the intersections suitable linol 
values for logX and log Y are found, and A, jx are then derived from (912) 
and (913). 



Pig. 17'1, Tho second vJi'ial coofllolonfc as a fiinotlon of 'J', witli observed 
values for JTo, for 7i!{r) := Ar--** - /rr"*. 

In order to illustrate the diffei’encos in the theoretical curves for B' for 
various values of 3 and t four curves are given for log Fiy) as a function 
of logy in Big. 17* for the same t and difCorent values of 3 , and three in Fig. 
18 for the same 5 and different values of i, The ourvea have been superim- 
posed (with their axes parallel) so that approximately tho “Boyle points ” 

* In this nnd otlior figures tho lofk-Iiand portion of Uio ourvea corroaponda to negative values of 
■f’{y)l log |P(y)| i8 plotted, 
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coincide, that is, the points for which B' ~ — Tig. 17*1 shows a 

specimen curve for B* itself as a function of T, 

It is to be noted that all the curves show a maxiniuin except that for s — oo, 
which corresponds to the rigid sphere, and this curve tends to an asymptoto 
for infinite y. The physical interpretation of this is that for hard inipeno- 
trable molecules there is always an “excluded volume” however high tlio 
tempefatm’e, whereas for “compressible” molecules (Af~^) there is an 
ever-growing interpenetration of the molecular fields as the tem])eratui'G 
increases, and since the interatomic energies at any given ooniprossion aro 



Pig. 18, Theoretical curves from which can bo derived the second virial oooflloiont 
as a function of 2', for -/xr"* (i=<i, 6, 0), 


finite, the gas tends to become more and more like an ideal gas. Again, all tlio 
curves shown cross the logy axis and thus have a Boyle point. This is not 
true, however, of the curve corresponding to equation (907) (for a repulsive 
field alone). T*or this reason, the latter curve need not be further considered, 
as all gases show a reversal in sign of ByjAy at low temperatures. The curve 
for the rigid sphere plus permanent electric dipole, like the curves for all 
models which comprise hard impenetrable shells, does not possess a maxi- 
mum. As will be shown presently, the observations of ByjAyfov helium and 
neon do exhibit a maximum and thus discount any rigid molecular model. 
It may be regarded as certain that all other gases would show the samo 
maximum property if the observations could be carried to a high enough 
temperature. 

§ 10*33. The observed values of the second virial coefficient: intermolecular 
energies > Although observations on the isothermals of gases have been 
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acoiimulating sinoe tlio classical exporimonts of Andrews on carbon dioxide,* 
a strict comparison of theory and experiment has only been j)ossiblo since 
the elaborate analysis of the observational material made by Kamerlingh- 
OnnoKS.f His method, or slight inodilioations of it, has since then been 
adopted by many subsequent workers, and especially by Holborn and 
Otto, I "who have carried out a series of accurate observations on the inert 
gases and luive presented their results in a form comi^arable with theory. 
Their exporimonts cover a wide range of temperature, as is shown in the 
following table whore their results for several gases are summarized. TJie 


Tabli!) 17. 


The observed values of lo(}-fJ^By{Ay), 


Torap* 

“G. 


Holiuin 


Noon 

Argou 

Ifych’ogon 

(H,) 

Nitrogen 

(Na) 

(1) 

(2) 

(3) 

(2) 

(2) 

(2) 

(2) 

-208-0 



3*7823 (n) 











-262-8 

— 

3-0001 (a) 

— 

— , 

— , 

— 

— 1 

-210-00 

*1*0004 


— 

. — 

— 

— 

, — 

-208-0 

— 

3*0210 

, — . 

, — 

, — 

— , 

— 

-207-0 

— 

— , 

— 

3*0707 (n) 

— 

3*0120 («) 

— 

-183-0 

'1*7201 

3-0760 

, — 



, — , 

3*3026 (a) 

— . 

-182-70 

, — 

— , 

3*0018 (a) 

— 

■ — 

— 1 

-182*6 

— 

, — , 

, — 

— 

3*1187 

, — 

-160-0 

— 

__ 

— 

ii*0440 

— 

— 

-130*0 



* — 

— 

— 

■ — 

3*6618 (n) 

-103*07 

1*7360 

_ 








3*3042 (n) 

-100 

— 

— 

— 

1*4688 

3*468 (11) 

3*0100 

- 00 

— 

1-7231 

3*7233 

3*0089 

3*227 (a) 

3*7310 

3*0700 (a) 

0 

1‘70{)4 

3-0070 

3*0770 

3*0030 (a) 

3*7049 

3*0038 (n) 

20 

— . 

— 

— 

■ — 

60 



3*7100 

3*7186 

3*7232 

3*0020 (n) 

3*8300 

S*0000 (n) 

100 

— 

3*7007 

3*7000 

3*2820 (n) 

3*8410 

3*4374 

100*36 

1-0023 

, — , ■ 

' — 

, — . 

— 

, — 

, — . 

100 

, — . 

3*0084 

3*0031 

3*7048 

6*7169 

3*8462 

3*7112 

200 

— 

3*3101 

3*8363 

300 


3*0704 

3*0710 

3*7880 

3*0007 



3*0042 

400 

— 

3*0660 

3*6600 

3*7800 

3*8344 

— 

3*0200 


'l)'or on tries inarlcod (?p li' or i\y) is iiogativo. 

(1) KainorJinglnOnnos, Cmvu Phys, Lab, JeWen, No, 102a (1008), 

(2) and (3) Holtorn and Otto (loc. cil,). 


* For a full account of tho oariior litoraturo on equations of state, soo Kainorllngli-Oiinos and 
Kooaom, "Dio Znstandsgloiolmng", ISncyk. (hnnaih. Wua, vol, 8, p. fllfi (1012). 

t Kaniorlingh-Onnos, Comm, Phya, Lab, Leiden, No, 71, or Proc, Sect, Sci, Amaterdam, vol, <1, 
p, m (1002). 

X Holborn nml Otto, Zeil, /. P/iyaik, vol. 28, p. 77 (1024), vol, 30, p, 320 (1024), vol. 33, p. 1 
(1026), vol. 38, p. 360 (1020). 
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values of ByjAy, or rather of log(.Sj,/^jr), are given after the oonversion of 
the results to the standard form (894) in the usual units. Three sets of results 
for helium are given in adjacent columns, one set due to Kamerlingh-Omios 
and the other two to Holborn and Otto, deduoed from their ol)servtition.s by 
different methods. The results of Kamerlingh-Onnes are inoonsistont with 
those of Holborn and Otto at low temperatures. The latter are, howovor, 
consistent among themselves and, being the more recent observations, have? 
been chosen for comparison with theory. 



Eig. 19. Showing tho dotormination of fclio onorgy coiiHfcanta from fcho noooiul 
vii’ial cooiTioionfc of Ho. 

Even when by reference to quantum theory wo have fixed I at 0 it does 
not seem possible to determine s, A and jx uniquely from tho equation of 
state. A good fit can be obtained over a range of values of s (or I for that 
matter), but when a and t are fixed the equation of state determines A and /x 
with some precision. Thus theoretical curves for (s,0 equal to (8,4), (10,4), 
(10,6), (13|,4), (9,6), (10,6) and (12,6) can all be made to fit tho observations 
adequately though some are better than others. This is illustrated in Eig. 19 
which shows the fit obtainable for helium with {s,t) equal to ( 1 3^,4) and ( 1 2, 0} , 
which is nearly as perfect as can bo expected. To limit this indotorminaoy 
it is necessary to adduce other considerations, either results of quantum 
theory or properties of crystals. 

A rough theoretical formula for the van der Waals energy c/r® of two liko 
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atoms taking into account only tlio dipole -dipole term in the interaction has 
been proj^osed by Slater and Kirkwood,! namely 

c== -l’24x (914) 

where « is tho observed atomic polarizability derived from the refractive 
index of tho gas, 5/* the iiiimber of oxtrannclear electrons, the radius and 
Eq tlio negative energy of the first Bolir orbit in hydrogen. Tho experi- 
mental values of oc for tho inert gases and tho corresponding values of c are 
given in 'ruble 18 for tho inert gases. If we compare these values of c with 

Tablh 18. 

Polarizability and van dcr Waals energy constant {after 
Slater and Kirkwood) for the inert gases. 


Atom 

Polai'i'/iobility 
a X IQsi 

vail dor Waals 
onorgy constant 
- 0 X 10““ 

;ho 

iHESiHi 

1-02 

No 


0'02 

A 


100’6 

Kr 


288 

Xo I 


731 


Obsorvcd valuoB of'« from 0. ami M. Oiithbortson, Proc, Pay, fioc, A, vol, 84, j). 13 (1910). 

the values of /a obtained below from tho equation of state, and remember 
that more accurate oaloulation is likely still further to increase tho polar- 
izability by including for example dipole- quadripole interactions, it is 
clear that s lies bet’weon 8 and 10. If wo bring still further evidence 
into count, and consider tho reqiiiromonts of the oomprossibility of the 
alkali halides discussed below, wo can still further limit s to values between 
8*6 and 0-5, (Since, however, our form for K{r) is admittedly not exact, wo 
cannot hope that all applications will agree in indicating a single value of s, 
TJio direct results of tho analysis of tlio equation of state are given in 
Table 19. This table shows tho best values of tho energy oonstants A and y, 
for tho forms E{r) = Ar“'* -• for integral values of s from 8 to 14. All these 
values give fair roprosontatioiis of tho second virial coolhciont. 

Tho intormolooular energy so doterminod is sliown as a function of r for 
tho five gases in Kig. 20. The actual curves are there draWn for {sd) - (12,6). 
It is interesting to compare tho curve for Ho with the a prion calonlations 
of Slater and ICirlcwoodf vdiich are shown by tho dotted curve. T'ho derived 
energies are in oxcellont agreoihont with tho oaloulated ones. 

f Slater and Kirkwood, Phj/s. liev, vol. 37, p. 082 (1031),’ Kirkwood, Phyaikal, Zeit. vol, 3.3, 
p. 67 (1032), Tholr formula is cortainly a bottor approximation than that of London, but it Ims 
boon orit{oi’/.od by Hollman. Ar4a Physicochim,, U.S.SJt. vol. 2, p, 273 (1036), who suggests that 
Z* should donoto only tho miiubor of olootrons in tho outermost shell, 

J Slator and Kirkwood, loo. oil. 

so 
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TabijI!] 10. 


Poteniial energy constants for gases^ calcidalcd from the equation of stale. 
The intoi’inolGculav onoi’gy in E{r)~\r''- 




A (ropulHivo) 

H (at true Live) 

Helium 

6'= 8 

04)027(lx lO -^a 

34-0 xlU' Oi 

9 

0>0047(lx 10"«» 

22-0 


10 

0'00897x 10"»« 

17-0 


12 

o-oaooj 

X 10”*«> 

11-7 


M 

O'lfifi 

X lO -iao 

0-19 

NTeoii 

N== 8 

0-0183 

X 10-’« 

2t)-7 X ur 0" 

9 

0-03GO 

X lO-B" 



10 

0-0732c 

X 10--«“ 

11-4 


12 

0-3C48 

X 10-101 

H-32 


14 

1-82 

X 10->“0 

(i-78B 

Argon 

S= 8 

0-314,1 

X lO-'^a 

23-7 X 10-6“ 

0 

0-708 

X 10 ■«“ 

17-0 


10 

2-04o 

X 10-»« 

15J-7 


12 

10-2 

X lO-iO'i 

10-3, , 


14 

130-0 

X 

8-i;7 

Hyclrogen 

S= 9 

O-OCl 

X 10"»‘' 

1-7HX 10' ““ 

Ha 

10 

0-110 

X lO -oo 

J.-42 


12 

0-049 

X 10-101 

i-on 

Nitrogen 

S== 9 

1-32 

X l()“-"0 

22-7 X 10" »« 

Na 

10 

3-93 

X H)-«« 

IH-G 

12 

37-0 

X lO-iO'i 

14*0 


Values for Ho, No, A wore obtained by tho inothod doHoribed in tiu) text. 

ValuDfl for Hg, Ng taken from LonimrcbJonos, Proc. Vhy». »S'oo. JjomUm, vol, i;}, j>, dOl (Ill'll). 


§10*34* Gaseous miHures. The energy constantH jiiHb given donno tlie 
field between two atoms or moleoiilos of blie same kind. To ox tend tlio work 
to atoms of different kinds it is neoossary to analyse the equation of Htato 
for gaseous mixtures, Por a binary mixture instead of (HOO) we liavo 


p = hT{{v^ + ra) + -I" • - ■ • • i S) 

where J3'„|3 = 27rj — .(OlO) 

The observed isothermals are to be expressed as bolbro by 

pV^Ay + J3ylV^ Aj , + (017) 

and then by oomparison we have 

Vq/ijS’, (1)13) 

BylAy = B^~VQ{B 2a^*2*)» ......(910) 

01* B2zXf^==>ByjAy, •<».., (020) 

In (919) vq denotes the ooncontratioii of tho mixture under standard oon- 
ditionsand = x^=^vjv, aq-h.ra=,l (021) 



Binary Mixtures 3 q ^ 

Ihe dopendoiice otByjAy on tlio rolativo concentrations has been studied 
oxponmenta ly by Vorschoylo^ at temperatures of O^C 0 ^ 

Thao flgme shows two curves, quadratic in r,/(r, + .J, which are drawn so 


Nq Ar 



1ft ^ 10 moaii squaro distances of the observed points from tlioin is a 
Jiuninumi. It is olear tliat a quadratic funotion of tliis Jtind satisfactorily 
acoonn for the facts, and honoe wo may deduce from the observations the 
numorioal vahios of each of the oooffioionts B,, and B„ in equation 

•llus process, if oontinuod for a number of temperatrwes, would determine 

* VoTBolioylo, iVoo. Itoy, 800. A, vol. Ill, p. 662 (1026), 
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the variation of and B^^ with temperature. Each of these functions 

could then’ be dealt with separately, just as the ByfAy for a single gas, 
leading to the evaluation of the four constants of the fields between like and 
unlilte atoms. Unfortunately, there does not ai)pear to be any experimental 
data so extensive as this for any pair of gases. The work of Verschoyle refers 
only to two temperatures 0® and 20° C. and is thus scarcely adequate. 
Tentative calculations have been carried out on the basis of this work, btit 
the results cannot be regarded as final.* 

A series of experiments has been carried out by Holborn and Ottof on a 
mixture of helium and neon of fixed concentration (72-39 per cent, neon and 
27-61 per cent, helium) as weU as on the single gases, over a temperature 
range 0° to 400° C. This provides just the minimum information necessary 
for the determination of B^^ and jBga functions of temperature and 
so of the interatomic fields . * An extension of this work to lower temperatures 
and to mixtures of other concentrations is desirable. The numerical results 
suggest a simple relation between the energy constants of the fields between 
lilie and unlike atoms. It appears that 

A«''‘=i(AuV-+A,,V), (922) 

approximately. This means physically that the closest distance of approach 
of two unlilce atoms in a direct encounter with a given relative kinetic energy 
is equal to the mean of the corresponding distances in the encounter of two 
pairs of like atoms with the same energy. 

§ 10-4. The viscosity of a gas. Another method of determining interatomic 
energies is to compare the observed and calculated viscosity of the gas at 
pressures low enough for the gas to bo practically perfect. The theory of 
transport phenomena lies outside the range of this monograph, and we shall 
only mention in passing such results as have been or might be used to provide 
mformation on interatomic energies. The classical theory of transport 
phenomena is itself so complicated that accurate formulae Have only been 
obtained for certain special spherically symmetrical fields. The quantum 
theory seriously modifies those results for atoms or molecules so light as 
helium or hydrogen. At present the conclusion must bo drawn that viscosities 
have scarcely yet been used efieotively in accurate determinations of inter- 
atomic fields. New investigations are feasible which would enable viscosities 
to be used again for this purpose and it is much to be hoped that they will 
be undertaken, 

The original investigation by MaxweU| applied only to classical atoms 

* Lennard^Jonos and Cook, Proc, Roy, Soe, A, vol. 116, p. 334 (1927). 

t Holborn and Otto, Zeit,/, Physik, vol. 23, p. 77 (1924). 

X Maxwell, Scientific Papers, vol, 2, p. 26. 
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repelling as the inverse fifth power of the distanoo [Jjj(r) = Xr~^]. This was 
later generalized by Chapman* and Eiiskogf to any inverse j)o\ver law. 
TJiese authors have also given vigorous calonlations for classical atoms 
behaving on collision lilco rigid elastic spheres with a ^VQttk attractive field 
sniTounding them. Their oaloiilations oonfirnied the general form of the 
formula first given by Sutherland for this model, 

Another law of interaction for which exact classical calculations can be 
made is represented by|: 

= (923) 

This special form has little physical sigivifioance and oannot continue to 
represent the intoraotion at great distances. The corresponding cooffioient 
of viscosity t] varies with the temperature aooorcling to the form 


7 ^ = ^ JT- 


1+ S 


(924) 


r 1 


Qlho Sy are fnnotions of only. When /u, = 0 the jS'^ all vanish and the 
formula reduces to that given by Chapman and Enskog for the model 
F{r) =Av“®, of which tlie full form is 


I 0 j^2/s » 


,(925) 


whore m is the mass of the molecules, a number differing only trivially 
from unity and a ooolfioiont depending only on 5 given by 


"""4/2(5^ 1 ) r( 4 - 2(s) 


(920) 


In this oxiu’ossion Jc is BoItzm[i,nn’s constant and /g(5>~ 1) a funotion of s 
which lias boon tabulated. § ' 

If fclio attractive field is weak so that is small, the first term only of 
the summation in (024) need bo retained. T’he full form of (024) then reduces, 
in the notation of (926), to 




(927) 


♦ pliai)mn», Phil. Prana, A, vol. 211, p. <133 (1012)3 vol. 210, p. 270 (lOlB)} Menu Manchesier 
Lit, and Phil, Soc. vol. Ofl, p, 7 (1922). 

t IDnskog, JdnedaDhe PheoHe (Ur VorgSnge in massig vmlil)inle7i Oaaent Inaug. Dies., Uppsala 
(1017)5 also Arkiv f, Mai, Astro, och Fya, vol. 10, No. 10 (1021)5 JC^ingl, Svcnakor Voienskaps- 
akadeniie^ts Ilavdlingar, vol, B3, No. 4 (1022), 
t Lonnarcl-Jonoa, Proc, Pay. Soc, A, vol. 100, p. ‘141 (1024), 

§ Chapman, loc, oil, (1022); Lonnarct Jones, loo, oil. 



310 Interatomic Forces [ 10 * 4 ? 

The well-known formula of Sutherland is obtained from this by lotting s -> co 
while the molecular diameter. We then liiid 

.. (028) 

trs T-VS^^ 

B (929) 

where ^”~4872(co)‘ 

Formulae (927) and (928) apply only to weak attraotivo fiolds. Tho 
restriction to weak fields has been removed by TIas86 and Ciook,* for tlio 
rigid sphere model siuTOunded by the field F(r) = — but tlioir re.su Its 
cannot be expressed by an explicit formula for rj. 

The above survey shows that even these classical results arc somowhat 
incomplete though they have been used with oonsiclorablo success to analyse 
observed viscosities and to show that the interatomic fields so derived aro 
in general agreement with those derived from the equation of slate. Owing 
to their incompleteness they can at present only bo used for such confirnia- 
tory calculations. Moreover, the work of Massey and Mohrf has sliown that 
all classical calculations of transport phenomena are inadequate for iiolium 
and hydrogen, because for such systems moving at velocities of tlie order 
{kTjrri)^ the de Broglie wave length is oqmparablo with tlio molecular dia- 
meter and the quantum theory of collisions must be used, 

One may sum up the present situation as follows. For fairly heavy atoms 
a classical analysis of the viscosity would bo adequate, but it can only bo 
carried out accurately for the model used by Hass6 and Cook, a model 
which is known to be inadequate, or for still loss adequate models. If 
nevertheless we make the best analysis possible of the second virial ooof li oient 
using this model, the resulting interatomic energies should bo in fair agree- 
ment. Table 20 shows that this expectation is confirmed. 

Table 20. 

Diameters a and energy constants fx, F{r) = — ixr~‘^Jor certain gases {rigid sphere 
model) y from comparable analyses of the viscosity and the equation of state. 


Viscosity 
(Sixtherloncl). 
Formula (928) 


Viscosity 
(Hass6 and Ooolc) 


Equation of 
state 


or x~108 I 4^ X 10«3 a X 108 I iQn (,xi08 


Argon 

2‘90 

2'94 

2*98 

Nitrogqn 

3‘16 

2-96 1 

3‘28 

Carbon dioxide 

3'36 

8-17 1 

3-66 

Air 

3.10 

2'88 

3-22 



* Has8e and Cook, Phil, Mag, vol. 3, p. 077 (X027). 

t Massey and Mohr, Proo, Poy, Soo, A, vol. Ml, p. 43'! (1033), vol. 144, p. 188 (1034). 
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The use of the accurate fonnula of Hass6 and Cook in place of the weak 
field approximation (928) considerably improves the agreement with the 
equation of state, and one might expect agreement if ao curate calculations 
could be made for a more suitable model. 

We now turn to hydrogen and helium. For helium the experiments of 
Kamerlingli-Onnes and Weber* show that an excellent representation of 
the viscosity over the whole range from 16°K. to 457^ K, is given by the 



.Fig, 21, 'JL'lio observed and tlicorotioal viscosity of A lioliuin, B bydrogon; 
rigid splioro model in ciuantnm theory. 

classical formula (92C) if 5= 13'0, t^oc An almost equally good repre- 
sentation of the visoosity of hydrogen (Hg) determined by the same worlcers 
is given by (926) if 5 = 10, 7 / cc It has been shown, however, by Massey 
and Mohi’t that, wlion the visoosity for the rigid sphere model (5 = 00 ) with 
no attractive field is calculated according to the quantum theory of 

Table 21. 


The viscosity of helium at various lem'peraiures 
{numerical values in microxtoise). 


Tomp, *’K. 

Observed v) 
(Otinos and Wobor) 

Caloulatod 
Quantum theory. 
Slater's P}(r) 

■hkrI gum 

199-d 

213 

^mssi i^m 

16(l-4 

lOB 


01-8 

98 


35-03 

43 

IR-O 

20'40 

36 


scattering, a temperature variation is obtained verysimilar to that observed, 
instead of the classical variation r\cc for this model. In this calculation 
the j)roper boundary conditions and tlio symmetry of the colliding systems 
must bo allowed for, The agreement is shown in Fig 21. The radius of the 
model lias of course boon chosen to give the best fit; the actual values chosen 

* Kamorlingli-OnncB and Wobor, Gomvu Phya, Lab, Leidm, No. 13'1 a, it, o (1913). 
f Masaoy and Mohr, loc. oil, (1038). 
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were a (He) = 2 - 10 A.; a (Hg) = 2'76 A. This result at onoe shows that for these 
gases no information about interatomic forces can bo derived from the 
viscosity by classical methods. No calculations have been made for any of 
the fields derived, as in this chapter^ from the equation of state, but Massey 
and Mohr* have calculated the viscosity using Slater’s interaction energy 

E{r) = 0-68(«o/r)®] x (030) 

The derived values are somewhat too large especially at low tom])oraturos, 
but the agreement is quite fair as is shown in Table 21, O^he agreement could 
bo improved by decreasing the attractive part of Slater’s field. 

§10'5. GryslaUine salts and similar solids. The physical properties of 
certain solids indicate that the main attractions between the oonstituonts 
are of an entirely different order from those dei’ived from van dor Waals 
energies. The difference in the molting points of rock-salt and solid argon 
may be quoted as an example. It is necessary to account for this ohango 
before the intermolecular forces in gases and solids can bo successfully 
correlated. It may be regarded as established that a solid such as rode -salt 
consists of an array of closed electronic systems of the inert gas typo formed 
by the transfer of the valency electron from the alkali to the halogen. ^Idio 
structural units differ therefore from the corresponding inert gas atoms first 
of all by possessing a resultant charge. The electrostatic energy of this 
charge distribution gives rise to the main part of the cohesion of the crystal 
and malces it altogether stronger. f X-ray analysis reveals to us the pattern 
on which the crystals are built, For many substances this information, 
together with the assumption of the electrostatic energy o f the ionic charges 
and the other energies derived from gas data suitably modified, sulTicos for 
a theoretical calculation of their physical properties. The comparison of 
these calculations with observation provides a stringent tost of the assumed 
interatomic energies. 

Long before the nature of the overlap energy loading to the main rojndsivo 
terms was properly understood, Born proposed to represent this part of the 
interionio energy in a salt crystal by the function and to discuss the 
equilibrium structure of the crystal using this term and the electros tatio 
energy, but neglecting in the first instance the heat motion, the van dor 
Waals energy and the zero-point vibrational energy. For such a discussion 
as we saw in § 4*9 the important quantity is the potential energy of the crystal^ 
here most conveniently used in the form of the jpotential energy per unit 

* Massoy and Mohr, ?oc, ci7. ( 1034). 

t Por a full account of the older electron theory of valonoy ono may refer to Kosaol, VaknZ‘ 
krdfle md MnigensfeUnm, ed. 2, Berlin (1914); G. N. Lewis, Valcncii (1010); Sidgwiolc, TU 
electron Mewy o/iwlejicy, Oxford (1027). 
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cell,^ This potential energy may be regarded as made up of two parts (or 
fliree if the van dor Waals energy is included) 

(j) s= -|- 0(8) -)- 0(0 J ,(031) 

0(c), 0(^) and 0(0 are ros])ootivoly the energies per unit coll resulting from the 
electrostatic, Ar"® and fxr~^ terms. 

For a crystal like rock-salt which consists of two interpenetrating face- 
centred cubic lattices only one parameter r (the closest distance between the 
ions) can appear in 0, and the equilibrium value r^am determined by 

(032) 

This gives strictly tlie value of a for zero temperature, zero -point vibrational 
energy nogleoted. Assuming tliat a is known and 0(0 negligible, this equation 
was used by !Boi.*n to dotormino A for given s. Finally s was determined from 
the measured compressibility k, which by equations (384) and (38B) satisfies 
thoeanatioii 




.(933) 


whore A is the volume of the unit coll. For the rock-salt type the unit coll 
jnay bo taken to 1)0 a oubo of edge 2a so that A — Sa'^ and thonf 


LP¥ 

« 72a _dr 


i0*] 

,2 


(934) 


Equation (034) detorjiiiiieH a, but strictly it sliould bo used only with /(q the 
com]U’ 08 sibility at zero temperature, Using values of k for room temperature 
Borj4 obtained tlio values of s given in Table 22. 


fi'AnLE 22, 


Eidex a of the rqndaive energy iei'm {Born), 


Saifc 

K X 10’® obs. 

8 

NaCl . 

4-13 

7-84 

NaJh- 

O'l 

8'01 

Nal 

O'O 

8-46 

KGl 

. 6-Q2 

8-80 

:K13r 

0>2 

0-78 

ICI 

8'C 

0-31 


* Oroat fionfiiHlon cftii amo iihIchh caro is taken to distinguish bolwoon tho potential energy ol an 
ion or of a ooll In tho lattice and tlio potential energy per ion or per unit coll, Siiioo in oaloulating 
tho potential onorgy Of tho wholo system (wliicli is then roducod to ion or ooll) every lorm is 
rookonod twicoovor, tho potential energy per unit coll Is half 1 ]\q potential energy of tho unit ooll in 
tho orystnl. In giving nuinorioal formutao it is also ossontial to spool fy exactly tho unit coll. Wo shall 
attempt to bo consistout and uso only ■pokniiul energies of the ayalem per atom or ion or unit cell. 


1 1 rd^'i 


, but is then tho potential 


t .h’ormula {Oil't) is frequently given in tho form L’^^J 

energy of a pair of ions in tho lattlcoj thus wlioro is rookonod per pair of ions, and 

since tlioro aro four pairs of ions for tho unit coll ohoson irt. tho toxt, 

I Born, Am, d, Phyaik, vol. 01, p. 87 (lOlO); Verh, d, Deulacho Phyaihal, Qea, vol. 21, pp, lOO, 
033(1010). , , 
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Assuming an avorago value 5 6=9 for all crystals of tliis tyjio, Born tlion 
derived other proiierties such as the elaatio oonstauts, tho total on orgy, ale. 
Later more accurate calculations* wore made with tho values of « in '(’able 22. 
Our object in this chapter however is to correlate the intorinolotuihir (nungioa 
for crystals and gases and we shall proceed diil’orontly. 

In the earlier work it was assumed that all tho ions in one crystal, wliothor 
like or unlike, repel according to tho same law so that for instance tho 01 
ions in NaCl were assigned a very dilToront overlap energy Iroiu those in 
KOI. It seems more reasonable to assume that two K '' or two ( Jl • ions, of tho 
same oleotronio structure as argon, poHse.sa ovorlaj) energy (an<l van dor 
Waals energy) following a law with tho same r-variation as for two argon 
atoms, that is with the same s but dilToront A (and g). 'I’ho eliangci in A (and fi) 
is a secondary result of the ionic charge wliich ohanges tho scalo of tlio (ilco- 
tronio orbits. It will be necessary in later sections t( > pr( iposo I'u les )r relating 
A and /a for an ion to A and g for tho corresponding inert gan. More it is 
sufficient to observe that intorionio onorgies in salt crystals may bo assumed 
to bo of the form « x 

Tho next stop is to devise methods for calculating tho rosulting value of fji. 

§ 10’6. Calculation of the ehctro 8 kUiG 2 }olenlial energy of an ionic crystal. 
In tho notation of §§'A*9, 4'91 the oleotrostatio potential at any point in 
space r not oboupied by a charge is 

(Mfi) 

where is the charge on the /cth ion in tho hasio r unit coll. It ibllows that 
the oleotrostatio potential energy of all the ohargos in a unit coll is given by 



whore denotes as usual that those terms are omitted for which 
I = 0. The potential energy per unit cell is therefore given hy 

(,,37) 

The evaluation of with special reference to a crystal was first made by 
Madelimg,t though, unknown to him, a method of evaluation had already 
been given by Riomann j; and by Appen.§ Madelung first oonsidorod a one- 

* Born and .Brody, Zcii.f, Physik, vol. 11, p. 327 (1022), 
t Madolung, Physikal. Zeit. vol. 19, p. 62<1 (1018). 

t lliomann, Sclmere, Ekctriziait und Magneiwnm, edited ty Hattoiulori'. od. 2. uara. 23. 
Hanover (1880). * 

§ Appoll, Am Math, vol. 4, p. 318 (1884), vol. 8, p. 26C (1880); J. lU Malh, (4), vol. 3, p. d ( 1887). 
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dimensional crystal of lattice constant S. His method consists in replacing 
the electric density by a Fourier expansion, and deducing a corresponding 
Fourier expansion for the potential at a point outside it. (The potential 
must have the same periodicity as the electric density,) This potential 
expansion must satisfy Jjaplaoe’s equation at any point and Gauss’ theorem 
near the line charge. These conditions, together with tlie fact that the 
potential must vanish at inflihty, determine all the constants in the expres- 
sion for the potential. For a series of discrete charges on 

the unit strip at points a’/^, which on the whole are electrically neutral, the 
potential at a point in space distant vj from the line proves to bo 








( 038 ) 


whore K^lz) is the function tabulated by Jahnke and Fmdo* as li 7 rBQ^^\iz). 
From tlie potential of a lino charge, that of a plane array of charges and 
finally that of a space lattice can be deduced, 

Impi’ovod methods have, however, been given by Ewaldf for dealing with 
three-dimensional lattices. In this ease the electric density has a threefold 
periodicity with respect to the vectors 8^,82 and 83 . If jPi, P2 ft-nd_?;3 are the 
lengths of the perpendiculars between consecutive planes containing the 
pairs of vectors (82,83), (83, 8^) and (81,83), then the density can be expressed 
in terms of a threefold Fourier expansion 

(939) 

wlioi'o r, AS usual, is the vootor (a;, 2 /,*),/),isa oooffloiont depomling on 1,, 2,, 

“"<1 q'=2,r(2,bi + /jb, + 2jb3). (040) 

In this expressioir , bg and b3 arc vectors in the directions of pi , 2 h , 

with magnitude.s I/pj, Ijpz 1/2^3 • 
ilfiio potential 0(r) must have the same periodicity and must be expressible 
in a series similar to p, that is, 

= (9<tl) 


.( 942 ) 


Poisson’s equation determines in terms of pi, giving 

4 : 7 rpi 

"‘"WP' 

If the system is olootrioally neutral and consists of discrete charges 
(/(j « 1 , 2, . , , , s) at positions , then 


J S^,pi.e^^<i-^'-^^'f>dv^piA, ( 043 ) 


* Jalmlco and Kmdo, FunkHonenUtJcln, p. 18C, Loipxlg (1000). Soo alao Wateon, BeaaeVs Fwic^ 
lionSf p. 78, ami Table II, p. 008. 

t Ewalcl, Ann. d. Phyaih vol. 04, p, 253 (I021){ floo also Born, /l/o??i//(eonc deafestm Zuslandea, 
od. 2, p. 723 (1023). 
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tho other toriUH in 8^. vaiiiHhing when tlio iiitegi’n! in titken oviM* tiio 
ol vt)ltuno A. AVo tliou got 




.(llil) 

Tiio term for which 0 vanishes . Wo l liiis lind 



7,(r) 8/ i;,| 

......(ttiri) 




whore 

..f(qtr) 

(IHII) 

The solution of tlie ])roblom dopondH on the evalimtiotj of 

this Hoinniation 

and therefore of its transformation into a mon^ ra])i<lly eonv<‘rging fiinn. 

Since 

a a J (1 

(tM?) 

wo can write 

A /,^(q|tr) viqta Cr) 

(IMS) 


The Hoooud integral can ho trauHt’ornuHl in ttn'niH of ( launa’ omir funoUnn 


•) (> (O 

J *« 

whioli is a known tabulatod runotlon; in hint, it <iari l)o Hlunvn tiiat 


«//(r) 


A'®' ~Wp 



dm/ 
A ■ 


...... 


By a suitable ohoioo ol'rj the funotiojii t// is tlius divklotl into two jiarU, oaoh 
of which is readily caloulable. In praotioo one or two rl iiremiifc valuer of i; am 
chosen, and from the rosulting vahios of (// the aotual value can bo inferred 
to a liigh degree of aoouraoy. 

In oaloulating the potential at a lattice point A?, the torin tA/{r - iiiumL 
bo omitted from the sumnuition, and so we have 


'whore 

It can bo shown that 


^ % */'(*’* i'fc') "k 

»/;*(())»« Ltji/dr)-* 4- 

r«.ol rj 


......{ 11 . 11 ) 


G 


Ir-I' 


,»,m <lir C, 1 2 r ;‘7 1 JTrrj 

(()) = j S, -pj ;y(— )— 

In this way lOwald caloulatod the potential energy of euhle eryatniH of the 
NaCl and Cal^a typos. 
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The calmilations can l)o extended to other cubio types, though the work 
may be shortened by improved methods due to Born* and Emerslebent 
which need not concern us liere. It will bo sufficient to record the results. 
It is clear that the oleotrostatio energy per unit cell or per molecule or unit 
sot of ions can be expressed in the form 

(96i) 

where e is the eleotronio charge, d any convenient linear scale parameter 
and 5 a niimerioal coefficient. This energy term for the complete crystal is 
then merely obtained from (954) by multiplying by N, the number of such 
units in the crystal. The numerical values for 5 given in Table 23 are based 
on the following specifications. The throe tetragonal axes are chosen as 
axes of reference and d is taken to bo the shortest distance between ions of 
opposite sign resolved along any one of the tetragonal axes. It is better 
denoted by Tlio unit group is one moleoiile. 

1’ablb 23. 

Values of $ for various types of cubic aystal. The eleclroslatic energy of the 
crystal per molecule is j ^2 


if U/ is the component along the tetragonal axes of the shortest distance 
b(dween ions of opposite sign. 


Typo 

NnOl 

MgO 

XnS 

CaFfi 

CsCl 

G»,Ot 

S 

3*406, IIX 

1 3*080, 4gfi 

7*606,81 

6*818,^1 

2*036, 3Jg 

6*129 


J Corrootctl by Hiiud, Zcit.f, Phijsik, vol. O-i, p. 11 (lOJlB). Tho romainiiig valuoa from Dinors* 
loboii, loc, cU> 


§10*61. The pi(ileniial energies and unit cell or per molecule. 

The p)otontial energy per unit cell, derived from intorionio terms of the 
form Ar“» can be calculated ooinparativoly easily. If an ion situated at 
and an ion at in tho basio unit ooll contribute the term 

tlie interaction of tho soleotod ion at r/y and all otlier ions at r,/ oontributes 
say, whore 

and S; oonvorgos if 5 > 3 . If ^ = k' the term ? = 0 is omjittod. With our definition 
of we have at once 

• Born, Zeil.f. PhuM, vol, 7, p, 124 (1021). 

•[• Emoi'slobon, Physiknl. 'Mil, vol. 24, pp. 78, 07 (1023). 




( 966 ) 
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where the second summation is taken over all pairs. For large values of s 
these summations can be evaluated well enough by direct summation. A 
better method is to use a formula given by Lennard- Jones and Ingham,* 
which is analogous in principle to the use of the Euler-Maclaurin sum 
formula for the Riemann zeta-function. This method has been used to 
evaluate the expressions (955) appropriate to the three cubic structures 
simple, body -centred, oxidi. face-centred. 

(i) Simple cubic. We take a unit cell of edge S containing one atom so that 
^ = 1 . If « is the shortest distance between atoms, then a = a( = 8. We have 


^{s)=^AAs/a«, (957) 

= + + (968) 


Ag may conveniently be called a potential energy constant. 

(ii) Body-centred cubic. We take a unit cell of edge 8 containing two atoms 
(ib = I, 2) at the cube corners and centres, so that a the shortest distance 


between atoms is V3S/2, and = Then 

+. (959) 

where has the same meaning as before and 

~ %{{h + W + (^2 -k + (?3+ ^)2}“^®. (960) 


Tor a body-centred cubic crystal consisting of atoms of only one kind so 
that All = Ai 2 = A 22 and = 1 S 12 = ^22 j we have 


where 






j (Ag + R/). 


(961) 

(962) 


(hi) Face-centred cubic. Tor a face-centred cubic lattice of one sort of 
atom we take a unit cell of edge S containing four atoms in all, so that a the 
shortest distance between the atoms is 8/^2, and a,= ^8. In this case all the 
sets of summations can be reduced to a single one and we may write for the 
potential energy per unit cell of four atoms 


where 


Cg = 2^s S/{(?2 -f Zg)^ ■+. (Ij + ?i)^ H- (?1 -f 


(963) 

(964) 


For two interpenetrating face-centred cubic lattices as in NaCI the 
complete array of atoms is simple cubic andif a is the short distance between 
neighbours, « = p, and the potential energy per molecule is 


^ ^AijA + Ai2A'g^^/ -1- 

* Leimard-Jonea and Ingham, Proc, Roy. Soc. A, vol. 107, p. 636 (1926). 


( 965 ) 
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^;= S (V+«2"+V)-H (966) 

Zi+ Z2+ !!a 

odd 

^/'= S' + ' (967) 

ZiH* Zj-H Zg 

even 

•^/ + ^/' = -4g. (968) 


Exactly similar contributions are made by the van der Waals energies. 

The functions Ag, Ag , Ag Bg and Gg have been evaluated for integral 
values of s from 4 to 30, and a selection of values is given in Table 24, 


Table 24. 

Potential energy constants for cubic crystals. 


s 

•^s 

Af 

A/' 

B, 

0, 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16-6323f2 
10-3776:i;f 
8-401927j 
7-4670S>i 
6*94580^ 
6-6288^; 1 
6-4261 
6-29229; 
6-2021|g 
6-140^><{i 
6-09818^ 
6-068761 

10-1977!’;) 

7-3780Si 

6-696185 

6-28624j 

6- 1466811 
6-0767|]^ 
6-04139* 
6-0226^^ 
6-012611? 
6-0070J1 
6-00397r5 
6-00226f) 

6-334671 

2-99946-^ 

1-806740 

l-1808ir; 

0-800121 

0-55209? 

0-384727 

0-269602 

0-1 8966 J 
0-133662 
0-0942’| 
0-06661f 

22-63872-J 

14-75861? 

12-2533i:}> 

11-05424? 

10-365!1>}1 

9-8946«i 

9-664*"-^ 

9-31326? 

9-11418? 

8-95180» 

8-81677-1 

8-702987 

25-33830.0 

16-9676f| 

14-4639fS 

13-3593g9 

12-801939 

12-492649 

12-31124? 

12-2009fi 

12-1318?g 

12-087729 

12-06899A 

12-040029 


With the help of this table it has been shown that atoms, whose inter- 
atomic potential energy can be represented by Xr~^-yr-\ will take up the 
form of a face-centred cubic lattice in preference to a body-centred, and a 
body-centred in preference to a simple cubic.* 

§ 10-7. A^pplications of gas data to crystals of the inert gases. The apparatus 
for study of the properties of crystals just prepared can be used quite simply 
for the inert gases; when these equations of state have been analysed their 
crystalline forms can be derived at once for any selected form of B{r). The 
results are given in Table 26 for neon and argon. Corresponding comparisons 
cannot safely be made for hydrogen and helium for which, especially helium, 
zero-point vibrational energy is all-important, nor for krypton or xenon for 
which the equations of state are lacking. The observed crystalhne form is 
face-centred cubic, in agreement with theory for the central forces assumed. 
Prom equation (963) for a face-centred cubic lattice it follows that, when 

* Lennard-Jonos and Ingham, loc. cAt. When electrostatic energies are also present, the stable 
form can change from NaCl type to the CsOl type according to the relative importance of the 
van der Waals energy. Born and Mayer, Zeit.f. Physih, vol 76, p. 1 (1932). 
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Tlie values for 5 = 9 for neon and for 5 = 10 + for argon are in fair agreement 
with the observations, but for the correct lattice constant the calculated 
energies are undoubtedly somewhat too small. 

Table 25. 


Crystal spacing and energies of neon and argon derived from 
the E{r) of Table 19. {Cubic close packing .) 




Ne 


s 

Closest 

distance 

ttf^k. obs. 

Heat of evapor- 
ation at 0° K. 



of atoms 
a^k. calc. 

cal. /mole 

Uq calc. 

Uq 

8 

3-23 


476 

Ob8.<i) 

9 

3155 

— 

512 

447 

10 

3-09 

— 

647 

Corrected for 

12 

2*99 

— 

609 

zero -point 
vibrations 

14 

2-91b 

— 

661 

690 



A 



3-96 

3-81 

1610 



3-88 

— 

1734 


10 

3-82 

— 

1848 


12 

3-715 

— 

2068 

zero-point 

vibrations 

14 

3-64 


2238 

2030 


The calculated values of the potential energy must be compared with observed heats of evapora- 
tion plus the zero-point vibrational energy calculated from equation (353*a). [©,, (N( 5 l= 63 , 
©^(A) = 85.] 

(1) Clusius, Zeit. f. phyaikaL Ohem. B, vol. 4, p. 1 (1929). 

(2) F. Bom, Ann. d. Physik, vol. 69, p. 473 (1922). 

§10*71. Overlap and van der Wadis energy constants for atomic ions in 
crystals. Before we can proceed further it is necessary to obtain values for 
A and p. suitable for the atomic ions in crystals by proper modifications of 
the values for inert gas atoms. If atoms and ions could really be adequately 
represented by spherical shells the method of passing from an inert gas atom 
to the neighbouring ions would be simple. From the refractive indices of 
■crystals or solutions it is possible, as was first shown by Wasastjerna,* to 
deduce the refractivities of their ions and therefrom (see § 10*72) the relative 
sizes of atoms and ions of similar structure. The ratios so obtained depend 
on the average extension of the outer electronic orbits from the nucleus, 
which depends on the nuclear charge. Now the overlap energy (causing the 
repulsion) between these closed electronic systems equally depends on the 

* Wasastjerna, Soc. Scient, Fennicae, Comm. Phys. Math. vol. 1, No. 38 (1923). 
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extension of the outer orbits, since it is controlled by the degree of over- 
lapping of their wave-functions. Thus when the repulsions are represented 
by hard impenetrable shells the diameter of the shell may be taken to be 
directly proportional to the scale of the outer orbits. When the overlap 
energy is expressed in the form the quantity 

(970) 

replaces the rigid diameter cxx, or a of the elementary Idnetic theory, W being 
any convenient energy value. This is then the classical closest distance of 
approach when two such molecules collide with a kinetic energy of their 
relative motion equal to If. It therefore seems reasonable to assume that 
Cg is proportional to the extension of the outer orbits. W^e therefore write 

o-s+ = (p+/p)cr„ (971) 

where p^jp is the ratio of the orbital extension of the ion and atom deduced 
from the refractivity. It follows at once from this that 

V = (y)\, (972) 

a result independent of W. Similar formulae are used for negative ions and 
for ions of higher valency: 

= ( 973 ) 

Combined with (922) these formulae determine all the A’s required in terms 
of for the inert gases and ratios of the p’s derived from the refractivities. 
Very similar considerations apply to the ^’s, but these may be treated less 
superficially and we return to them in § 10'73. 

§10-72. Use of ionic refraGtivities. The ratios of the p’s can be derived 
from the refractivities as follows, the method given here being somewhat 
more refined than that used by Wasastjern^Kirkwood* has shown that the 
atomic polarizability is proportional to r/)^, where^® is the mean square 
distance from the nucleus of the pth electron in the atom and the sum- 
mation extends over all electrons. The greater part of the sum, usually more 
than 90 per cent, in an atom of rare gas structure, is contributed by the 
electrons of the outer shell and we may infer that the polarizability of atoms 
of the same electronic structure varies approximately as the fourth power 
of the extension of the outer electronic orbits from the nucleus. Since the 
refractivity JR is related to the atomic polarizability by the equation 
JR=frmcc (see § 12-2), we have 

■ (-) 

* Kirkwood, Physihat Zdt. toL 33, p. 57 (1932). 
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if and R are the mole refraotivities for the univalent positive ion and the 
rare gas atom of the same structure. Similar formulae hold for other ions. 

Now the measurement of the refractive index of a crystal does not give 
directly the refractivities of the ions that compose it, but only their combined 
refractivity. Moreover, the experiments of Spangenbergf show that the 
refractivity, especially of negative ions, is not a constant property of the ion 
but depends on the positive ions with which it is associated. It appears 
therefore safest to assume that the compact positive ion has a structure not 
greatly deformed by inclusion in a crystal and therefore to assume for the 
ratios pjp or p^Jp the values calculated by SlaterJ for free atoms and 
positive ions from wave-functions of the type rn*-±Q-{z-s)ri'n,* ^ this 

expression is an effective q^uantum number, s a screening constant and 
Z the nuclear charge. The value of R for the inert gas is known accurately 
and given in Table 18. The values of and then follow at once from 
(974). These values are given in Table 26, with values derived in other ways 
for comparison. 


Table 26. 

Values o/p^./p (r,nd p^lpfrom Slater's wam-f unctions , and 
mole refractivities for positive ions derived from them. 
[The mole refractivity B is ^rtNa, where N is Avogadro’s number.] 


Ion 

PionjP 

i?lon 

■Rion 

Aon 

(Slater) 

(Heydweiller) 

(Pauling) 

Na+ 

0-850 

0-52 

0-66 

0-46 

K+ 

0-877 

2-45 

2-71 

2-12 

Rb+ 

0-891 

3-95 

4:* 10 

3-67 

Cs+ 

0-894 

6-60 

6-71 

6-15 

Mg-i-+ 

0-74 

0-30 



0-24 

Ca++ 

0-77 

1-45 

1-60 

1-19 


0-80 

2-57 

2-56 

2-18 

Ba++ 

0-805 

4-28 

5-00 

3-94 


The values of Pioa/p -^iou those adopted in the following calculations. The values given by 
Heydweiller [Fhysikal. Zeit. vol. 26, p. 626 (1925)] are obtained from, ions in dilute solution; those 
hy Pauling \JProc. Roy. Soc. A, vol. 114, p. 181 (1927)] from calculations ; these values are inserted 
for comparison. 


The refractivity R of the negative ion in a given crystal may now he 
obtained by subtracting from the observed total refractivity the contribu- 
tion of the positive ion computed above, and pjp then follows from (974) . 
The values of p_/p derived in this way vary from crystal to crystal and in 
general the smaller the positive ion the greater the deformation of the 
negative ion and the smaller p_/p. The values given in Table 27 were derived 

t Spangenherg, .Zei/i./. Amtoh vol. 67, p.494 (1923). 
t Slater, Phys. Rev. vol. 36, p. 67 (1930). 
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in this way from Spangenlberg’s measurements. At the end of the table 

values are also given for E and p (p. Measurements of the refractivities 

of bivalent ions are scarce and no attempt to estimate the variation of 

p jp from crystal to crystal is yet possible. The values given for 0 — and 

S — are those originally given by Wasastjerna* and the values for Se — and 
Te — are extrapolated from them. 

We are now in a position to complete the determination of the energy 
constants A and ju. for all the pairs of ions covered by these tables. 

Table 27. 

Values of pjp and E_for negative ions derived from Epangenherg'a 
measurements. Values of p jp and B from Wasastjerna. 


■■ 

SjR 

(Spangenberg) 


B- 

adoptod 

p-Ip 

NaF 

2-97 

245 

2-46 


KF 

6-00 

2-55 

2-56 


BbF 

6-68 

2-63 

2-60 

1-272 

CsF 

9-14 

2-64= 

2-60 

1-272 


■IKCfiBI 

7-78 

■hBI 



HSiH 

8-05 





8-06 





8-00 

8-06 

1-181 

NaBr 


10-58 



KBr 


11-05 



BbBr 


11-16 



CsBr 

17-8 

11-30 

11-16 


Nal 

16-ls 

16-6 


1-113 

KI 

18-8 

16-35 

16-36 

1-126 

Bbl 

2()-7 

16-75 

16-76 

1-133 

Csl 

23-2 

16-7 

16-76 



The vahiea of S are derived as described in the text aad smoothed values are entered 

as i2_ and used in the calculations. 


Ion. 

p-Jp 


(Pauling) 

O"- 

1-46 

4-38 

9-88 

S"" 

1-38 

16-4 

26-0 

So— 

1-30 

17-9 

26-8 

Te— 

1-29 

28-6 

36-6 


§ 10-73. The van der Waals energy. In evaluating constants such as filj. 
for the van der Waals energy of a pair of like positive ions we can make 
direct appeal to Kirkwood’s formula (914). According to (914) will be 
related to p for the corresponding pair of atoms by the equation 

* Wasastjerna, loc. cit. 


( 975 ) 
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It follows from (974) that {p+lp)^> (976) 

which is the same as the semi-empirical (972) for the A’s. In the same way 

ptt!P' = ip-i-+lp)^ P'~Ip = (p-/p)^- ( 977 ) 

When the values of ju, have not been directly determined, as for Kr and Xe, 
the theoretical values of c given by Kirkwood’s formula are used instead, 
increased by 20 per cent, to allow for the dipole-quadripole term. The 
values adopted are shown in Table 29 below. 

We require also the van der Waals energy of two unlike atoms or ions. 
Kirkwood has given the formula 





ai ^2 


(978) 


as a companion to (914), namely 


We can then express in terms of and in the form 



(979) 


or if = (980) 

On the basis of these formulae and the values of /x summarized in Table 29 
and of PioJp in Tables 26 and 27 values of fi\i, pZ, p-ijl, ... for various pairs of 
ions have been prepared; they are set out in Table 31. 


§ 10*74!. The correlation, of the properties of salt crystals and overlap energies. 
The cTioice ofs. We have seen that the gas data do not suffice to fix s precisely 
and it is hardly worth while to carry out sets of calculations such as those of 
§10’ 7 for various salts and various values of s with the values of A and p of 
Table 19 appropriately modified according to the rules just laid down. It is 
sufficient to adopt some crystal property which can be used to fix s sharply 
before elaborate calculations need be undertaken, and then to complete the 
study with the selected value of s. The method chosen should be as far as 
possible independent of the various semi-empirical methods we have had to 
introduce for fixing AJ..., ju.:^.... The method we shall adopt is due to 
HMebrand.t 

We start with the thermodynamic formula 


M'l -T 


( dp \ 


■P- 


If K is the compressibility and a the coefficient of (linear) thermal expansion, 

ZolT 


(^\ __ 


■p- 


(981) 


We may now assume that the change of the vibrational energy with volume 
t Hildebrand, Zeit.f. Physik, vol. 67, p. 127 (1931). 
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at any temperature not too high is only a small fraction of the total change 

in E with volume, so that we may substitute N(j> iov E. We may further 

consider only small pressures of the order of an atmosphere and put « = 0. 

We thus have „ , 

3ixl' __ d(p d<p 

9aAa7V«: = a2 3^/aa. (982) 

For a crystal of the NaCl type the potential energy ^ per molecule is given hy 

0 W 

(983) 




where 


(f>~ — 1■(3•495)- — H 


a a® 


0 = l(XX -h Az) Af'-h X+Af, W = i(/i+ + /XZ) Af' + (984) 

The valency of the ions is 2 and for simplicity it is assumed that 8 is the same 
for all ions. For a=aQ, its value at zero temperature, 3^/3<2 q = 0. If we 
combine equations (982) and (983), we obtain 


daAaT , 

- — ~ — = ■|•( 3 • 496 ) 2 !^€^- 

With this <!> the volume per molecule is A. 
d<^/daQ = 0, we find 


sO 6Pf 
If we eliminate 0 


(986) 

by means of 


j, ...(888, 

The van der Waals energy term, W, is of the nature of a correcting term, and 
the values of the /x’s from Table 31 may be safely used in it as s will not differ 
much from 9. All the other quantities are observed quantities except s, so 
that s is thereby determined. The method requires that reliable values of 
Uq shall have been obtained by extrapolation to the absolute zero. The 
results for six alkali halides for which has been determined by Henglein* 
are given in Table 28. On the evidence of this table it is clear that and 
we shall be content for the rest of our calculations of interatomic energies 
to assume that 9. Similar calculations could be made for body-centred 
structures. 


Table 28. 


Values of 8 for alkali halide crystals derived by Hildebrand’s method. 

[The values of a differ from those given by Hildebrand 
because the van der Waals energy has been included here.] 


Substance 

s 

Substance 

s 

NaCl 

8-8 

KOI 

9d 

NaBr 

8-7 

KBr 

8-6 

NaX 

8-6 

KI 

8-6 


Henglein, Zeit.f. Elektrochem. vol. 31, p. 424 (1926). 
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Table 29. 

Adopted values of van der Waals energy constants pfor inert gas 
atoms with the interaction energy E{r)=Xr-^ — pr-^. 

IX. X 1080 


He 2-26 

Ne 14-47 

A 170-2 

Hr 346 

Xe 877 


Table 30. 

Adopted values of the overlap energy constants A for inert gas atoms with the 
interaction energy E{r)=Xr-^-pr-^. Values of X from gas data are in- 
cluded for comparison. 


Gas 

A X 108® 

From crystals 

From gases 

Ne 

4-00 

3-50 

A 

79-6 

76-8 

Kr 

193-6 

— 

Xe 

583 

— 


Table 31. 


Adopted values of van der Waals energy constants pfor ion pairs in crystals. 

[-®M= 

p X 1080 


(i) Pairs of like ions 

Na-i- 

6-45 

Mg++ 

2-38 

0— 

136 

K+ 

77-6 

Ca++ 

36-6 

s— 

1176 

Ill)+ 

173 

Si-f-+ 

90-7 

Se — 


Cs+ 

4:47 

Ba++ 

239 

Te— 



Ion pair 

Associated positive ion 

Xa'*' 

K+ 

Rb+ 

Cs+ 

F- 

66-9 

69-2 

61-3 

61-3 

Cl- 

438 

462 

462 

462 

Br" 

762 

821 

821 

821 

I- 

1666 

1785 

1860 

1860 


(ii) Pairs of unlike ions of opposite sign 


Ion 

Na+ 

K+ 

m>+ 

Cs+ 

Mg++ 

Ca++ 


m 

F- 

16-2 

67-0 

99-9 

161 

10-6 

44' 8 

69-9 

116 

Cl- 

42-6 

181 

262 

426 

26-7 

117 

181 

298 

Br- 

69-7 

249 

366 

590 

38-4 

164 

255 

419 

I- 

88-4 

367 

648 

886 

67-6 

246 

383 

629 

0“ 

23-7 

98-2 

142 

231 

14-5 

63-6 

98-5 

162 

s~ 

63-9 

273 

391 

636 

38-6 

174 

266 

440 

Se— 

83-6 

346 

601 

812 

51-2 

224 

347 

671 

Te— 

130-0 

637 

779 

1260 

78-9 

348 

638 

886 
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Adopted Energy Constants for Crystals 
Table 32. 

Adopted values of overlap energy constants Xfor ion pairs in crystals. 

A X 10*2 


(i) Pairs of like ions 



§ 10-75. The determination of the Xs. If all the equations of state of the 
inert gases had been analysed we could now proceed to derive crystal data 
from the analysed gas data and compare the results with observation. Bnt 
since gas data are missing for Kr and Xe, this cannot be done for the corre- 
sponding crystals. For the sake of a uniform procedure in all cases we shall 
therefore not adopt any of the A’s of Table 19 but use instead the crystal 
spacings of NaF, KOI, RbBr and Csl to determine all the A’s, which can then 
be used for other crystals, and compared with gas data for Ne and A. Only 
these four spacings need be assumed a priori. For NaP, KOI and RbBr it 
is only necessary to substitute observed values of a, A, a and k for any one 
temperature into (985), to put a=9 and to calculate W from the p’s of 
Table 31. The equation then determines 0. But for these crystals, in which 
both ions have the same inert gas structure, we can apply equations (972) 
and (922) and 36nd 

0=|(A:|:-|-Al)Ag"-f A+Ag's= 2|(^) '*‘(^) + Af A, 

( 987 ) 
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so that 0 fixes A for the corresponding inert gas and therefore the derived 
Aljl, Al, .... !For the body-centred structure of Csl we must use instead of 
(985) the eq[uation 


OSAaT' 5.5, dci 


2 - 0352:262 


sO' 6W' 
35 ’ 


(988) 


'W'll.01'© 

O' = i(A+ 4- A=) A, -h X+B;, W' = + + ... (989) 

The rest of the work is unaltered. Values of A derived in this way are given in 
Table 30, and a complete set of values of Ajl, Al, ... derived from them by 
means of (972), (922) and the tables of pjp, p_lp, . .. are given in Table 32. 


§ 10*8. 'Theoretical calculation of crystal ^properties, (i) Lattice constants. 
For any alkali halide crystal or similar crystal with bivalent ions which is 
of the rock-salt type the lattice constant a at any temperature can be 
calculated at once from (985) and (984) using the tabulated A’s and pZs and 
5 = 9. The term daAo^TlK is a correcting term in which experimental values 
may be used for any selected temperature. Similar calculations for the CsCl 
type of crystal use equations (988) and (989) instead. The equations can be 
solved for a (or 8) by any convenient method of successive approximation 
in which the term in W {W') is regarded as a small correction. The con- 
vergence of the approximations is rapid. 

The observed and calculated values of a and S are given in Tables 33, 34. 
For the alkali halides all values refer to 15° C. For the bivalent salts the 
calculations are much rougher, the thermal expansion term has been 
neglected and the calculations refer to 0°K. 

(ii) Crystal energies. We can also calculate the work Uq required (neglect- 
ing zero-point vibrational energy) to disperse completely at zero temperature 
aU the ions contained in (say) one mole of any one of these salts. If is 
defined by (970) or (976), given in terms of 96 by 

—N(j) Gigs = calories. 

For the NaCl type we have therefore, when N is Avogadro’s number, 




N 


3*495z2ea Q jp) 


For the CsCl type 


2a 


: + ■ 




cal. /mole. 




N f2*035z2e2 O' W'] , , , 

—j ^ cal./mole. 


(990) 

(991) 


The values of the crystal energies so calculated are given in Tables 33, 34. 
They are uniformly slightly larger than those calculated by Born and 
Mayer* using an exponential repulsive field; the difference may arise 
because the greater extension of the r-® law field demands too great a 

* Bom and Mayer, loc. cit. 
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van der Waals term to compensate it. The “observed” energies derived in 
§ 10*9 agree well witli Born and Mayer’s calculations. Allowing for the out- 
standing excess for which an origin has just been suggested, the general 
agreement between gas and crystal data here exhibited is most satisfactory. 


Table 33. 

Properties of alkali halide crystals (s = 9). 



a X 10® (cm.) 

U (Idlocal./mole) 

/cx 1012 (bar.) 


Oalo. 

Obs.c« 

Calc. 


Obs.w 

Calc. 

( 1 ) 


Obs.w 

NaF 

[ 2 - 310 ] 

2-310 

228-2 

213-4 


1-64 

1-82 

2-11 

NaCl 

2-810 

2-814 

190-1 

183-1 

181 

3-19 

3-86 

4 - 26 g 

NaBr 

2-974 

2-981 

181-4 

174-6 

176 

3-88 

4-73 

5-08 

Nal 

3-204 

3-231 


163-9 


6-16 

6-36 

( 7 - 0 ) 

KF 

2-696 

2-666 

198-4 

189-7 


2-67 

3-22 

3-31 

KOI 

[ 3 - 138 d 

3-1385 

173-1 


163 

4-59 

6-62 

5-63 



3-293 

166-3 


■m 

6-41 

6-68 


KI 

3-499 

3-626 

168-8 

ByH 

151 

6-69 

8-25 

8-64 

RbF 

2-872 

2*816 

187-1 

181-6 


3-34 

4-06 

( 4 - 3 ) 

RbCl 

3-287 

3*27 

166-7 

160*7 

BH 

6-37 

6-61 

( 6 - 9 ) 

RbBr 

[ 3 - 427 ] 

3*427 


163*5 

167 

6-13 

7-60 

7-94 

Rbl 

3-642 

3*663 

163-5 


148 

7-49 

9-42 

9-68 

CsF 

3-072 

3*004 

176-9 


MW 


MU 

( 4 - 6 ) 

CsCl* 

4*167 

4*110 

167-3 


■W 



6-9 

CsBr* 

4-313 

4*287 

163-6 

146*3 


6-11 

W3M 

7-0 

CbP 

[ 4 - 661 ] 

4*661 

147-7 

139-1 

BiM 


9-12 

9-3 


* Body-oentred crystals. 

(1) Observed values of a takea from Ewald and Hermann, Strukturbemht (1931). The values 
given for CsCl, CsBr, Csl are of S, not of a, The values in [ ] are assumed. 

(2) Born and Mayer, Zeit.f. Physik, vol. 76, p. I (1932). 

(3) See Table 37, except for Osl for which see Mayor, Zeit. /. Physik, vol. 01, p. 798 (1930); 
Mayer and Helmholtz, Zeilf. Physik, vol. 76, p. 19 (1932). 

(4) Huggins and Mayer, /. Chm. Physics, vol. 1, p. 043 (1933), whore full refexonoos are given. 
Values in brackets are estimated. 

(iii) Crystal compressibilities. We can also derive values for crystal 


C' 

fi 


































330 


Interatomic Forces 


[10-8 


On using (982) we thus find that 


fJ 


.(992) 


l^he terms in [ ] are of the order of small correcting terms and vanish at 0°K. 
Using experimental values for the terms in [ ] equation (992) enables k to 
be calculated, using the calculated values of a or 8. The values for k for room 
temperature are given in Table 33, They are uniformly smaller than the 
observed values. The reason for this is certainly the too rapidly inoreasing 
slope of the Xr~^ term as r diminishes. 


Tablid 34. 

Properties of bivalent salt crystals (ss= 9). 
[Crystals are assumed to be all of NaCl typo.] 



a X 108 

Uq kilo- 
cal./molo) 
(calc.) 

K X 10^^ 1 

Calc. 

Obs.f 

Calc. (1) 

Calc. (2) 

MgO 

2-12 

2'104 

976 

0-27 

0-31 

MgS 

2'72s 

2-698 

766 

0-70 

0-82 

MgSe 

2-S2 

2-728 

743 

0-78 

0-02 

MgTo* 

(S-OOfi) 


— 

■ — 

— 

CaO 

2-38 

2-40i 

876 

0-41 

0-48 

CaS 

2‘93 

2-843 

714 

0-92 

1-08 

CaSe 

3-01 

2*963 

700 

0-90 

1-17 

CaTo 

3 » 27 b 

3-173 

648 

1-33 

1-69 

SrO 

2-62 

2 - 678 

829 

0-01 

0-60 

SrS 

3*06 

3-008 

688 

1-00 

1-26 

SrSe 

3-128 

3 -II 5 

076 

M4 

1-36 

SrTo 

3-39 

3-32s 

626 

1-63 

1-83 

BaO 

2-688 

2-765 

780 

0-64 

0-70 

BaS 

3-18 

3-185 

662 

1-23 

1-40 

BaSe 

3-26 

3-298 

G62 

1-30 

1-66 

BaTo 

3-605 

3-498 

009 

1-70 

2-04 


* MgTo actually orysballizes in ZnS typo with lattice constant 2-76 A, 
f Obaorvod values of a from Ewald and Hormann, Slriiklurbericht (1031). 


The following approximate argument shows the eifoot of this distortion, 
by comparing these results with those one would expect to get with the 
exponential form be~^^P replacing Omitting all refinements we shall use 

merely the approximate equations 


d(f> 

da 


aV 9A 


“ da^- 


.(993) 


If we equate be~°’lp and Xa~^ and also their gradients {bjp) g~(^Ip and 
we see that we must have a/pois. But the second derivatives then differ by 
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containing tho extra factors 1/p ( = sja) and (s + 1 )/a of which the second is too 
large. For a crystal of rock-salt type we should then have (roughly) by (993), 
eliminating 0, ^ ^ I) (3496) ^ {s~Q)m 

ic 2 a ^ a® ’ 

but if wo had replaced 5(s + 1) in d^cjjjda^ by to conform better to the ex- 
ponential form we should have had 

^ = (^-2) (3405) ^ (^-7)0PF 

i< 2 a ' ^ ' 

O'hore is a similar change for tho CsCl tyjie. Values of k corrected in this way 
but using tho more accurate formulae (902) and (986) are shown in Table 33 
and are in very fair agreement with the observed values. Similar calcula- 
tions for bivalent salts are recorded in Table 34. 

§ 10 ’ 81 . Other properties of crystals. Besides those properties which wo 
have already discussed, many other crystalline proper ties can be investigated 
on tho basis of tho iiroposed model and their calculated values compared 
with observation. It vmuld bo beyond the scope of tins monograph to 
undertake further detailed studios of this sort, and we shall therefore be 
content merely to mention in jmssing some of tho other properties which 
have boon thus investigated, 

T’ho elastic properties of an isotropic solid cannot be completely specified 
by loss than two constants of which tho compressibility k may bo taken to 
bo one, nor those of the crystals of highest symmetry by less than three. 
Crystals of lower symmetry may require up to 21 constants. Elastic con- 
stants have been studied in general for this model by Born.* 

Besides the energy per unit coll, the surface energy and the edge energy 
can also bo calculated, f thus providing fairly reliable quantitative informa- 
tion of crystal properties which are difficult if not impossible to observe 
directly. Tho surface energy a may bo defined as the mutual potential 
energy (I>jg of tho parts of a crystal separated by a plane, divided by twice 
the area B of this separating plane, so that 

a= (996) 

A few results :|; for alkali halide crystals are given in Table 36, The values 
of CTiio for (110) interfaces have also been calculated and it has been shown 
that o'iio/o'ioo ^ this it follows that the 100 planes do not form 

natural faces of the crystal. This is in accordance with observation, 

* Born, Alomihcom dcsfcsleii Zuslayulca (1023). 
t Lonnartl-Jonoa and Taylor, Proc, Pay, Soc, A, vol. 100, p, 405 (1026), 
t 'J’lio calonlfttions aro for old valnca of tlio energy oonafcaiits, and are tliorofore not strictly 
comparable witli tho procoding ealoidations, Tlio changes of valno Jion'ovor aro small. 



m 


Tnimtkynnc .Forcv.f^ |10‘8i 

(MoulatioiiH liavo iinl; Immmi (uinlhuMl lo ((VvhIiiIm nf NaCl ttr ThCI (ypi*. 
(JryHtalH Hueli an (liior luLV(i ivIho Ihm^h Hlialidal iitid if' )>nM !»*ru alunvii 

that ojiorgy ooiiHtantH loi' tluw) iona whicOi f4;iv(' (airn'nt irnulla I'ur I Mimpla 
luiivalont am I hivaloiit hiiUh will alH«> giv<< lint (uiirci'l' lullin' iMUiHluut lor 
iluoi’.* (Similar <!al(uilatioi!H havo Ikmui (vxlotidnl lt» non uuhiu rryululH ofiho 
(jaloito typo,’!* '.I’hoHO oahnilatuMiH nim )io nirriial out nuiiifj; llu‘ nnoi^y 

'rAiir.M ;in. 

Surface, e)wykfi of (uiriain v,i\i/H(aUwv .hhKh. 

(100 pliinijH, omu’gu'H in I'rfcn/cto.®) 


UmIO 

F 

Cl 

Na 

30.| 

till 

;k 

IHO 

7U>(I 


HtaiitH OHtablialiGcl by ntudy orHimpln oryntaiH, providtul that In inMition n 
suitable size and oonflgiu'ation is aHHunuHl for tho nnrbonalo or nitrul4> jon, 
that is for tho forco oontroH tiiat aro to roproMont it in tho modol. .Sonm of 
tlioHo oaloulations arosuuunariKOfl in ^J’alilo U(i; tho ouorgy oonstuni^ tlioroin 
used iiavo not boon rovlsod. 

J.lioso and similar investigations aro all fonndod on the ap|>ro)dmu(ioit 
that tho total oonfiginutional onorgy of tho orystal ean lii' tmilt- up <jrinti'r« 
ionio or iiitoratoiuio tonus ol tho form !*]{)') depending on tho diataneo mdy 


Taulk IhJ, 


Gahulated ayid obaerved valuea of crt/atal 'iMirainetera for rri/alnh afrolritr fyim. 
[Aasumocl diatanooHj 0 to 0 in C()„« l-OH A. i N ti. 0 in A.) 




Cut 

!()« 




Cttlo. 

OIjh. 

Cttlo. 

t)b«. 

Cult*, 

OI>s, 1 

Blioinbohcirlval anolo 
Diat. 0-)-0 or N-^N 

102“ 2<P 

103“ 21*0' 

102" IH' 

TiiFfiF 

108" Ifi* 

I or *1 2- AM 

uiiolei 

CTystul Diiorgy kilo- 

'1*0(1 

'1*01 

‘too 

‘1*0(1 

6*10 

fi*lfi 

cal./molo 

771 


701 


170 

1 


botvvoon oaoh pair of ionio or atomio oontroB. Xt is of oourse well mcognlxed 
tJiat this roprosontation cannot always bo aooiirato and that In particular it 
must fail for that largo and important ohvsa, tho metals. X'ur theso it is 
neoosaary to roturn to first prinoiplos and to attempt to build up oxpreaBiona 

! mid Taylor, iVoo. Jhi/. ,Sm. A, vol, 10 », p, .lOff (IM 2 B), 

I’* ^ Chaiimmi. Topping mul 

vol 1 3 » o ;3 nnS7? 0 ^ l^««nard.Jt»um u.ul imi, Pro,, Jiil JL. A, 

1 1 . 73 (1927), lopping and Gliapinan, Vroc. Hoy, Hoe, A, vol. 113, p. Ofig (1037), 
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for tlio Giiorg}'' in any configuration by api3roxiinato solutions of tlio appro- 
jiriato equations of quantum inochanics. The work of Wignor and SeitK on 
sodium and SoitK on lithium forms the first stop in this now study, 

§ 10' 9, The Born cycle, Thoro is no direct inotliod of measuring the crystal 
energies oaloulated in § 10-8, but Bornt has shown how they can bo related 
to observablo thonno-Gliemioal quantities. The relations between these 
quantities are host expressed by a diagram such as that of 1%. 22, first 
given by Haber. :[: 



In this figure [JIf] denotes one gram atom of solid metal, (Xg) one mole of 
gaseous halogen. iBoginning with the state 1, [M] we pass sucoes- 

sivoly to states 2, 3 and 't, in ^vhioh there is 1 mole of the salt, I gram atom 
each of the ioni/.ed motallio vapour and the ionic halogen X", and then 
1 g].’am atom each of motallio vapour and atomio halogen respectively, 
.l?roni this state wo pass back to the original state, so that on the whole the 
change of energy is zero, To this simple oyolo (the Born oyole) two other 
subsidiary oyolos have been added, that indioatod by 15 by Habor§ and that 
iiidioatod by 6 by Bajans.|| Heat is given out in the processes indicated by 
the dirootion of the arrow in the figure and is then regarded (conventionally) 
os positive. In tho first transformation Q denotes the heat of formation of 
the salt, in tho second U denotes the orystal energy as already considered 
above. is tho work of ionization of 1 gram atom of metal, and Bx is the 
heat of formation of an halogen ion from the atom and electron (otherwise, 
the oleotron affinity). is tho heat of evaporation of 1 gram atom of metal 

* Wiguor and Soltv!. rhya, Itcv. voL <18, p. 804 (1033), vol. 40, p. m (1084); Soite, Bev. 
vol. 47, p. 400 (1086), Sco also SIaloi«, Mod, Vhya, vol. 0, p, 200 (1034). 

t Born, Vcrh, d, DmiUoh, Phyaikul, Qe$, vol, 21, pp. 13, 070 (1010). 

% Habor, Varh, A, Dculach. Physikal. Oea, vol. 21, p. 760 (lOlO)j of. nlHo Fajans, ibtd, pp. 630, 

040, 700, 714 (1010). ' . 

§ Habor, loc. ctl. || ITaianB, /oo. cU. 



334 Interatomic Forces [10.9 

and the heat of dissociation of the diatomic halogen. We then have the 
relation V=Q + (I^ + S„)-\-(D^-S^). (906) 

and all the quantities on the right have been measured. These are sum- 
marized in the annexed table. The values of Q are given by Laiidolt- 
Bornstein, those of 1 are known from the atomic .spectra. is determined 
by direct measurement or by observing the vapour-pressure as a function 
of temperature and using (633) or (623). The heats of dissociation are deter- 
mined by the use of (668) or (632) and observed equilibria. f Finally, 
Angerer and Muller 4 following an idea of Franck ’s,§ have observed in the 
halogen gases at high temperature a continuous spectrum with a sharp 
limit on the long-wave side, which they attribute to and have thus 
determined . The values of U determined by this indirect proeesB have 
been compared with the calculated values in Table 33 above. Tlie agreement 
is surprisingly good. 

Table 37. 


Gnjsial energies in kilocals, per mole {observed), \\ 



NaCl 

NaBr 

Nal 

KOI 

KBr 

KI 

BbCl 

BbBr 

09 

90 

77 

104 

97 

86 

106 

99 

117 + 26 

117 + 20 

117 + 26 

99 + 21 

99 + 21 

99 + 21 

96 + 20 

96 + 20 

27-88 

23-80 

17-71 

27-88 

23-80 

17-71 

27-88 

23-80 

181 

176 

166 

103 

160 

161 

— 

167 



Before the values of were determined directly, it was usual to elim- 
inate them from equation (996) above, by considering the halogen acids, 
for which Qhz j ■^h known. The values of E so determined 

differ by 2 or 3 per cent, from those given above. ^ 

From the subsidiary cycle 2, 3, 6 in the flgure we deduce 
where U* is the heat of formation of the salt vapour from the ions of the 
metal and the halogen, and 8 is the heat of evaporation from salt crystal to 
crystal salt vapour. No measurements of either or 8 have so far been 
given, so that the relation cannot yet be used to find U. 

Fajansft has used the cycle 2, 6,3, yielding XJ - to investi- 

gate the magnitude of the heats of hydration and Wx of metallic and 


t See Table 11 for sources for this information, 
t Angoror and Milller, Physikal. Zeit. vol. 20, p, CdS (1026). 

§ ]?i'anok, Zeil. f, Physik, vol. 6, p. 428 (1921), 

II More recent evaluations have been given by Mayor and Holtnholtsi, Zeit.f. Phyaih. vol. 76, 
p, 19 (1932)5 Helmholtz and Mayor, J. Ghmx, Phyaica, vol. 2, p. 246 (1034). Tlioir vahies differ 
only by 2 or 3 in tho last flguro from the values given here, 

If Born, Alomtheorie dea /eaten Zuslandea, p. 761 (1923). 
tt Eajans, Fcrft. d. Deutach, Physikal. Oes, vol. 21, p. 649 (1919). 
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halogen ions, taking U as known and adding the observed value of L, the 
heat of solution of the salt in water. He has not been able to determine 
or Wx uniquely by this oyole alone, but has obtained a series of differ- 
ences » by several methods, the results being con- 

sistent among themselves. Thus Wk is found to be 21,000 calories 
per mole. The absolute values must be determined by other methods. 

§10‘91. Surface forces. In earlier iDaragraj)h8 applications of inter- 
atomio forces have been made to the calculation of the internal properties 
of solids. It is equally important that the conditions at a surface should be 
considered, especially as the action of surfaces is now known to be of great 
importance in many ohomioal phonomona. One point of interest is the 
order of magnitude and extent of the forces outside a crystal, as this has a 
bearing on theories of adsorption and adhesion. I'or tliis purx)oso the forces 
outside the (100) piano of a crystal of the rock-salt tyx)o have been con- 
sidered* with the hope that the results might indicate the surface forces in 
other more oomjdioatod oases. This problem is intorosting in that it provides 
an illustration of the forooa duo to primary i^olarization os well as of the 
other forces already considered. 

The electrostatio potential of the somi-inflnito array of the not positive 
and negative charges of the ions of valonoy v in a crystal at a x)omt outside 
a (100) plane and at a distance of z from it may bo shown to bo 

2ve (~)lf(^t »o /lx my M-m\ e “ 

summed over all odd values of I and m positive and negative; a is the distance 
botwoon consooutivo jdanos. The axes of .-u and y are taken to ooincido with 
the oubic axes. ^?ho elobtroafcatio force on a unit ohavgo in a dirootiou normal 
to the surface is easily deduced to bo 


(007) 

For a fixed value of this is a maximum above tlie lattice points of the 
crystal (being alternately positive and negative) and is zero at all jjoints 
midway between tliom, 

Numerical oaloulations of the value of this force outside KCI are given in 
Table 38 below. It will bo observed that the force is reduced by 1/100 by 
inoronsing as/a from 1 to 2, that is, inoroasiiig z irom 3 ‘14 to 0*28 A. 

* Loiinard-Joiios and Donli, Tram, Far, Soo, vol. 24, p. 02 (1028), Tlio ploofcroataUo foi'cos Jinvo 
also boon oonaldorod indopondontly by BUlIi and Stark {56eU./. vol. 43, p. 875 (1027)), 

tliongh nob ill tho aamo dotail. 


j-j,— 


d<f> 277i»e„ (-1)^«' 


dz 


l,in ^ 


t'>») 




rt' ' oos-rr 


(h 


a 
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These forces apply, of course, only to a charged ion in tlio nciglibourliocu l 
of the crystal surface. In the case of a neutral atom, foroos of attrac.thtn 
arise from primtvry and secondary polari/.ation. "I'ho former may ho (»al- 
culated in terms of the oooffloient of polarizability a. d’ho putontial enorgy 
of the induced dipole at the oontro of tho atom in an elootrio held F is 
or, usmg the potential funetion </> already given above, 



The force on the dipole perpendicular to tho crystal face is then given by 
~ ^ ~ ^ dx dx dz dy dy dz dz dz^ J ’ 

(very nearly), where /(a*, y) represents tho variation with ruspoet to x and y. 
The function /(a;,y) is equal to unity over tho lattice points and is equal to 


Tablm 38. 

Adsorptive forces outside KCh 


(»Koi«8’t4A,) 


zja 

1-0 

,1-4 

2-0 

3-0 

Force on. charge 6_ 

Primary polarization (Argon) 
Secondary polarization 
(van dor Waals attraction) 
(Ax'gon) (« = 4) 

0-80 X lO-* 
4-74X10-® 
MlxlO-* 

M4xl0'‘» 
1-83 X lO-’ 
4-28X lO-o 

7-04 X 10-7 
O-SOx lO-Ao 
l‘7exl0-« 

0-30 X 10-’" 
8-8BX lO- '* 
0*70 X 10 -’ 


zero at such points as x^\a, y^\a. Tho variation above a lattioo point is 
seen from Table 38, where tho examiho of argon iioar tho Burfaco of ICCl is 
considered. 


The van der Waols attraction between the eloctronio systems of tho ions 
in the crystal and an atom outside it can be calculated by a simplo ox tonal on 
of the apparatus of § 10'62. It is however suffioiently aoourato for this 
approximate calculation to neglect for example the difforonces botwoon 


K+ and Cl- and assume that they both attract argon like argon, iror argon 
outside KCl we then have a force normal to the surface which can bo put in 

(0U8) 


when -~ixr~^ is the van der Waals energy between tho argon atom and any 
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ion in the crystal. In this expression, is a certain summation over all 

the ions of the crystal, viz. 

(z \ 1 ■ Iz \21-ia+l 

7t(8-iD(2)— S I j . 72^772,2.^ — . ^ggQJ 

l,m,n \^ / I \^ / ) 


the summation extending over all values of I and w, and all positive values 
of n. These functions have been evaluated for 5 = 4 , 5 = 6 and a series of 
values of z. TJio numerical values of H{z) for argon and KCl are given in 
Table 38 , 

It will be observed that E{z) falls off very slowly with distance, so much 
so, in fact, that it becomes the important term at values of » > 2 - 6a. It is not 
difficult to show that W\z) tends asymptotically to so that at large 
distances Ii{z) falls olT as the inverse square of the distance. TJio van der 
Waals field, usually regarded as a short range force, hero becomes one of 
long range. The reason for this difference in behaviour is that the van dor 
Waals attractions are additive for all ions in the crystal, wlioroas the forces 
arising from the charges on the ions of the lattice are alternately of opposite 
signs and so rapidly neutralize each other. 

The results can be applied to estimate the concentration of argon in the 
noiglibourhood of KCl by Boltzmann^s formula. Wo find that, at a distance 
of 10 A., the concentration is about two to three times the normal at room 
temperature. 


PSM 
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CHAPTER XI 


THE ELECTRON THEORY OF METALS, THERMIONICS 
AND METALLIC CONDUCTION. SEMI-CONDUCTORS 


The field of this monograph is a study of the properties of tlio 
equilibrium state. In discussing the electron theory of metals and soini- 
conductors we should strictly therefore exclude such processes as the 
thermionic emission of electrons and the passage of an electric current, 
which are processes involving essential departures (oven if small ones) from 
equilibrium conditions. A study of these processes however is our most 
important means of obtaining information about the olectronio natiu’o of 
the metallic state, and the distribution laws of the equilibrium state can bo 
applied in a direct and significant way to the study of these fundamoiital 
phenomena — to exclude them would introduce a lack of balance into our 
subject matter. Without, therefore, any attempt at a profound discussion 
of the quantum theory of the free path of an electron in a metal, or of other 
similar processes, we shall give such an account of the theory of thermionic 
emission and metaUio conduction as can bo achieved by simple formal 
applications and extensions of equilibrium theory. After a short account of 
the elementary theory of the genuine equilibrium state of a metal we proceed 
to discuss the phenomena of the emission of electrons by hot bodies and of 
the associated electron atmospheres in equilibrium under space charge 
effects. This is followed by a short account of the theory of electronic con- 
duction in metals and semi-conductors, One of the most striking minor 
triumphs of quantum mechanics has been the interpretation of the distinc- 
tive properties of these two types of electronic conductor (and of insulators) 
in terms of natural characteristics of their equilibrium states.* 


§11*2. Elementary electron theory of a metal. The elementary theory of a 
metal is due to Sommerfeldf who inserted the necessary quantum ooitgo- 
tions into the classical theory of Drude.f To a fii’st approximation one may 
assume that the long range effects of the electronic charges in the metal are 
neutralized by the charges of the heavy atomic ions. Thus at first wo shall 
entirely neglect the internal structure of the metal and regard it merely as 


There jb now a peafc ohoioe of literature to wliioh the reader may refer for a more dotailofl 
general accost of these phenomena: in partioular Brillouin, Die Qumtcnstalialik (1931) j Nord- 
)xQm., Smxache und hnehacht Theork dea metallmhen. Zuaiandea} Mullor-Ponillots, Lehrbuoh dcr 
P/tyai*, vol. 4, part 4 (1934); Sommerfelcl and Bethe, Eleklroncnlhcork dcr M dalle, liandb, d. 
^932)*’ ^ Handbuch der Bxpmmmlal Phyaik, vol. 11, part 2 


t Somraerfeld, ZeU.f, Phyaik, vol. 47, p. 1 (1028). 

X Drude, Ann, d. Phyaik, vol, 1, p. 600, vol. 3, p. 360 (1900), 
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a homo for oleotrons, whoro thoyoan niovo freely in a field of uniform poten- 
tial energy — the iDotential energy they would have in free space outside 
tlio metal being taken as zero- Wo must now specify how many of the 
oleoti’ona in tlio metal are to bo regarded as “free ” to move in this region of 
uniform potential energy— The only strictly logical choice is to take all 
the atomic electrons, but in fact by so doing wo gain nothing and do not 
make a good api)roximation, as the more tightly an electron is bound the 
worse is the aijproximatioii of motion in a uniform field. It is clear however 
that since all the atoms are on the same footing we should take at least one 
electron per atom. Wo shall therefore proceed by assuming that eiiher one 
electron ^er atom or all the normal valency electrons are effectively free in the 
metal, In any event the choice is not important as clifllorGnt choices are 
largely self oomponsating. We return to a deeper disouBsion of the proper 
Bj)ooifloation of a free electron in § 11-C. 

To study the equilibrium state of suoh an assembly of olootrons [M in 
number in a volume 7, antisymmetrioal statistics, any state of motion of 
aji oleotroii with a weight factor 2 duo to spin) wo can at once apply the 
results of §§ 2‘d;, 2-4 1, in i)artioular equation (120), which gives* 


2S,log( 1 -h AD’?^), 

and by equation (222) 

Z = 2S, log(l + AS’I') = 2 Y J”log( 1 + 

If we are to apifiy to this assembly the aijproximationa of §2- 73 wo must 
verify that, in the notation of that section, log /a > 1, whore /a *= and 
fx is evaluated in terms of tlio olootron density (=ilf/ 7) in the metal by 
moans of (227) and (229). Using these formulae wo obtain 


n, 


. « |!(logft)^ (log ifx « 


( 1000 ) 


Wo can solve this equation for log fi in terms of nQ , still assuming that 
log/x> 1, and obtain 


l0g/Lt = 


h^ /3Wn\^ 1 


8m \ 


?)' 


hT 


1 - 


TT** 

12 


'8m hT 


{dnol 




The first approximation to log /r is 

* Owing to tiio nooosslty for tho frequout iiso of - < for Uio olcottoiiio charge in this ohapfcor, fcho 
symbol e Is not lioro iisod for an onorgy, and i} is generally used instead. 
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For copper whose density is 8' 9 and atomic weight 63 the number of atoms 
per C.C., and therefore tIq, is about 8-6 x 10®®. Thus 

log/n.= 8 X 

We see therefore that log {j, is still 80 at 1000° K. and 40 at 2000° K., amply 
large enough for the use of the foregoing ajjproximations. For oaesiuin, in 
which the atomic density has the lowest vain o known for a motal, Uq is leas 
by a factor of 10 and log /x. by a factor of 6, bnt log fj, is still large enough for 
the application of these formulae at any temperature below tlio molting 
point of caesium. For any metal therefore we may normally use (1001). 
We shall see in § 11 that, in special circumstances, for example m Ni, tiQ 
may have to be taken less than one per atom and m to bo an elTootivo 
mass much greater than the mass of a free electron. The approximation 
of almost complete degeneracy then no longer holds for all temperatures 
of importance. 

These equations give /x in the form 

77* TT® 7cT 



where ^ n* = ~{^T 1). (1003) 

It is easily verified that 77* is the maximum kinetic energy of an electron in 
the metal at 0° K. when all the Uq lowest states are filled. For the oliaraotor- 
istic energies in a rectangular box of edges a, b, c are 

A® /s® i® 

^ ^ ^ j positive integers) 

and the number of these which are less than 77* is 



Each of these states accommodates a pah of electrons of opposite spins and 

the total number of pairs is ^abcnQ. Equating these numbers we rcoovor 

(1003). 

For Wo = 8-6 X 10®® the magnitude of 77* in electron volts is 7-06. The value 
of h IS 8-60 X 10 5 electron volts per degree. The electron distribution law 
w(7j) given in (231) may be written here 


n{7))=- 


rfdr} 


.(1004) 


Besides equation (1004) we shall have much need for similar distribution 

wsinw ic e ®pendence ofthe three velocity components is separately 
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shown, and also of a formula for tlio number of electrons incident on the 
b oundary of the metal per unit area in unit time. Such a formula is provided 
by equation (217) in which space variations can here bo neglected. This 
formula shows that if n{^i^VyW)dudv(kv is the number of electrons per o.o. 
in the given velocity range, then 


n{n,VyW) 


2(w/;o« 

1 ^ * 


(1006) 



The factor 2 comes from the electron’s spin. In terms of the components of 
momentum g, r {p=>mu, etc,) 


n{p,q,r) 


2lh^ 

1 .|. QivHaHminkTj^ • 


(1006) 


In those equations u, w, w or p, q, r range from ~co to +oo. 

The number of electrons N{p)dp incident on unit area in unit time with 
momentum normal to ilie area in the range PiP-^-dp is given by 


rti /’-I- to (‘+to 

n{p,q,f)dqdr. 

nij — CO J — 00 


The double integral gives the number of suitable electrons per o.o. and^?/w 
their velocity of approach to the surface, On using (1006) and putting 
4 - ^' 2 — p 2 becomes 



pdp 


(1007) 
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Tlio infcogi’ul oau Ijo oviiluatod mid wo ilnd 

^{P) ^ ^ ■ I' I 'l /U! { Umn) 
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/y*4i»o 
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/ ^ vo /ts^^ 

lig. 2‘j:. TI»o luimbor N{() olootronu pop milfc mn«(i tif cmorgy Jiuaapnt m Ihw 
bouuclary pop om.* pop hgh. ivs a fimotltm af C wnl r, 

If ? is the in this nomial motion, and N{() tho „u,ni,„r „r Indrlonti 
elootions in this given normal onorgy rango, then 2wC-|j8, pdp^mili and 


irr.y. •hnnJcfV, , 
«— _log(i 


.(lOOD) 


On inserting the iirst approximation to p from (UI02) wo niul 


■xT/y\ ‘^TTinhT y 


(JOlO) 
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There are important approximate forms of (1010), as shown in the 
following equations: 


~ ^ + JcTe-^r~OlkT^ 


m- 


i-mnhT i 
‘iirmlcT 






2 IcT 


( 1011 ) 

(h*-CNW), ......(1012) 


...(1013) 


The fimotion j^^(Q is shown for various temperatures in Kg, 21. 

§11 ‘21. Specific heats of metals. In Chapter iv wo were able to give a 
generally satisfying account of the spooifio heats of metals (and other 
solids), in which we entirely noglootod any contribution that might be made 
by the quasi-gas of free electros whioli wo now explicitly assume a metal 
to contain. This contribution to the energy per unit volume is, by (220)- 
(228), 




?}2Kt\ 


■■ikTZ + MhT»( 

The value of Z when log 1 is given by 


/a 


‘■IhTZ^Mxo, ..,...( 1011 ) 


^=2 


{2TTmhT)^ 

¥ 


F^ - (log^)i ■ (1016) 


Combining this with (1002) and (1003) we find 




^hT"^ 6 ri^' 


and therefore 








(1016) 


.(1017) 


V* J 

For the present we regard and therefore as a constant independent 
of (IK This is a priori a reasonable first assumption for metals of simple 
univalent and bivalent atoms, for which there is a large energy step between 
tlie first (or first two) and the following ionization potentials of the free 
atom, so that variations in the number of lightly bound electrons jrer atom 
seem likely to bo of secondary importance. Variations of Wq, and also of xo> 
can be produced by variations of V, but we shall not consider such effects 
hero. This benig so the only terra in (1017) depending on the temperatui’e 
is the last and 

n tfj «rr«wf' 

.(1018) 


n 

Oy ■ 


'02' 2 


This is to bo compared with the classical value |2?. 

The ratio of these quantities is only 4*1 x 10”®2' for copper and therefore 
quite insensible. The fact of primary importance is that the old difficulties 
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of Drude’s eleotronio theory of metals have now been entirely overoomo^ 
Properly treated, the electron gas is found in goiioral not to oontribxxto 
sensibly to the specific heat of the metal. We are to apply the idea of 
this gas to thermionic, photoelectric, thermoelectric and conductivity prob- 
lems without ujDsetting earlier conclusions based on the theory of crystals. 

On comparing (1018) with the ordinary lattice spooifio heat at low toiU" 
peratures given by Debye’s approximation (369), wo see that, small as it is, 
the eleotronio specific heat should give the dominant term for a metal at 
sufiEiciently low temperatures. For a metal, but not for an insulator, the 
final approach of the specific heat to zero should strictly vary like 2’ not T^. 
If we put (1018) in the form 


{T.^'q^jJc), (1018*01) 

the ratio of the eleotronio to the lattice sjjeoifio heat of a metal at low tem- 
peratures is e fi /;;i 3 1 

^ ^ (1018*1) 


Gy^ 

"a 


For iTj-lO®, 0--2xlO2 this ratio reaches unity between 1° and 2°K. 
Below this temperature the eleotronio term is dominant, A dominant term 
of this very small order of magnitude has actually boon measured by Koosom 
and Koksf for silver. They find that below 3® K. has the value 0-000 16(5) T 
cal . /deg . /mole, which agrees exactly with the value o aloulatod from ( 1 0 1 8 • 0 1 ) 
for one free electron per silver atom. 

The circumstances in wliioh the electrons can make much bigger con- 
tributions can be more conveniently discussed lator, and wo return to this 
subject in §11*65. 

The electron pressm-e may be noted here for roferenoo, According to 
(237) it is given by p 


P. 






6 ’j* J ’ 


(. 1010 ) 


§11*23. The elementary theory of electron atmoapJieres, Lot us next con- 
sider an assembly of two such enclosures, one of wliich is in free space and 
the other inside a metal. This will represent a metal in eq^uilibrium with an 
atmosphere of evaporated electrons, and since the evaporated electron 
density Uf will prove to be very small its space charge can initially bo 
neglected, and the number of electrons still in the metal can always bo 
assumed to be normal. [In actual applications any dofioienoy in the metal 
would always be replaced by conduction.] We can apply tho results of 
§2-72 and find for the evaporated electrons 


iI' = 2A^S,log(H-A&’70, ^1Q20) 

t Keesom andKolcs, Pliysica, vol, 1, p, 770 (1931), 
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where A must have the same value as for the metal. Using equations (1000) 


and (1002) 


logA = 


■■ kT 


’12 7;*' 


JL 

hT 


’12 7}'^'* 


( 1021 ) 


If X is positive and of the order of a few oleotron volts then A 1 in spite of 
the fact that log /a > 1, and the evaporated electrons are effectively classical. 
That being so, equation (1020) reduces at once to 


ilf' „ (27rm7t)T)^ 






A, 


( 1022 ) 


whioh on using (1021) becomes 

= 2 ( 1023 ) 

The second term in the exponent can usually bo neglected. f 


§11*23. The electron vapour density as a problem in evaporation. It is 
worth while to pause for a moment to show that (1023) can also be derived 
at least formally by the methods of Chapter v. If the motallio electrons are 
regarded as a quasi-orystal, then by equation (620) 

In this oc\uaijion f(T)^2{2TTinkT)^ if the energy zero is taken to 

refer to the state in whioh all the electrons are condensed into the orystal 
filling their M lowest states. If K{T)i^K{0) = 1, we at once reoovor the first 
approximation to (1023), In that ease (S23) becomes 

logp== -X.|,6jog (1024) 


so that the vapour pressure constant of the oleotron, is given by 


»e=log2 


(27rm)^/(!^ 


(1026) 


whioh is the normal value for a massive particle of mass m with two orienta- 
tions. 

In the preceding section wo have made an exjilioifc (if approximate) 
evaluation of this ic{T), On the analogy of (622), the remaining term in the 
exponent in (1023) gives this approximation in the form 


, ,<{T) 7r2 hT 


(1026) 


t Bofoi'o kho (lovolopmonfc of klio qiifintum khoory of inotnla foviintlao aiibsfcanUaHy oquLvalont 
to (1023) wove Rivon by 0. W. lUohardflon, Phys, Pev, vol. 23, p. 163 (1924)} Busbiimn, Phya, Pev, 
vol. 21, p. 023 (1023)} H. A, Wilson, Phjs. Pcv. vol. 24, p. 38 (1024); Sohofcbicy, Zeii. f, Physikt 
vol. 34, p, 645 (1926), whoro okhoi' roforonoos Avill bo foinul, 
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jPoUowing up tlie same analogy we oan also express k{(V) iii- tho form 


log 


><{T) 

K(0) 


CTfjrpt cr' 


,(1027) 


where o{T") is a apecifio heat per metallic electron^ properly doflnod. On 
combining (1026) and (1027) and differentiating twioo ^vo see that 

= (1028) 


It will be observed tliat ajlc so defined does not agree with Gy^j nor need 
it do so, for they are different quantities. Gy^ is the contribution to the total 
specific heat at constant volume of one gram-molecule of the metal. In sotting 
up the equilibrium atmosphere of electrons however wo nro not evaporating 
a fraction of the whole metal, only a fraction of the eleofcrons without ohango 
of volume of the metal. It follows from the laws of tliormodynamics that 
the specific heat cr of (1027) is related to Gy^ by the equation 



(1029) 


Since by (1018) G/ocM^, dGy^idM^lGy^jM, so that (1018) and (1028) 
are consistent with (1029). 

Relationships such as (1029) are apt to be overloolcod since it is com- 
paratively rarely in statistical mechanics that a quantity such as Gy^ is not 
proportional to M, the condition that dGy^jdM ^ Gy^jM. 'iOiero are a variety 
of other “specific heats” besides this a which require to be carefully dis- 
tinguished. The a defined by (1028) is the increase of the eqnilihrinni specific 
heat of the metal for the addition of one electron. As we shall see later this is 
not the same thing as Kelvin’s specific heat of electricity. 


• §11*3. Thermionic phenomena. The phenomena of the omission of 
electricity from hot bodies are well known. f Wo oaiinot hero dosoribe 
experimental details. It is sufficient to record that a groat range of pheno- 
mena lend practical certainty to the view that an incandescent metal 
emits electrons and to a less extent positive ions at a rat o which is extremely 
sensitive to the temperature. The phenomena actually observed depend in 
general on these rates of emission, for the system studied experimentally is 
not (usually) in an equilibrium state. But since there must be an equilibrium, 
state for the corresponding isolated system we are led by these phenomena 
to believe that when equilibrium is set up between a metal and its sur- 
roundings (gas or vacuum), the metal is in equilibrium with a vapour of 


P liiohardson, The Smmion of EleotricUy from Uol Balm, 
f / Langmuir, lievietos of Mat. Physics, vol. 2, p. 12B 

(1D30). TJie most recent account is Roimann, Thermionic Phenomena, Oliapman and Hall (1034), 
from which we have taken the greater part of the numerical data. 
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electrons and i^orhaps of positive ions os well. If we have chosen a suitable 
model this equilibrium so far as it concerns electrons should be adequately 
described by the formulae of the preceding sections. 

It has not proved possible to observe the electron density given by (1023) 
or the corresponding electron vapour pressure (=«.//c5P). The quantity 
observed is always a current — ^the maximum ourront that can be drawn 
from an incandescent wire per square contimotro per second, by an external 
voltage large enough to sweep away the electrons as fast as they are emitted, 
but not largo onoxigh to produce a sensible potential gradient near the emit- 
ting surface. Sxxch a aatnmiion cunent measures the rate of emission of 
electrons by the hot solid. About such rates of emission neither thermo- 
dynamics nor the oqxulibrium theory of statistical moohanios have anything 
to say. We must appeal to some mechanism, which, however, and here the 
equilibrium theory comes in, must bo consistent with the equilibrium state 
when allowed to act in a normal manner. It must bo true, for example, that 
the rates of omission and return of electrons are equal in the equilibrium 
state, We now assume that, when the external voltage is applied and the 
saturation ourront measured, the rate of omission of electrons is unaltered. 
Since this rate is determined by the internal state of a conductor, and 
the voltages in question are not large, this assumption may be accepted. 

§11*31. The saitiralion current^ or rate of emission of electrons. Now that 
we possess an adequate picture of the olootronio state inside a metal it is 
possible to calculate directly the rate of emission of electrons under equi- 
librium conditions. It is possible however to arrive formally at the same 
result indh’octly even more simply by calculating the rate of return of 
electrons to tho metal, and we give this calculation first on account of its 
historical importance. 

Tho electrons in the vapour have the usual Maxwellian distribution in 
velocity and position, and therefore by (174) the number of electrons m a 
volume dV with a velocity between 6 and o+dc whose direction lies within 
a solid angle da» is / 

The number of electrons N which striho unit area of tho metal in unit time 
is therefore obtained by taking do)f==‘BinOd$d<l>, dV’=»CQOB0 .It and hi- 
tegrating over all o and over a hemisphere. We find 

(1030) 

' (wm)^ 

* Tlio I’ftfcoio affootod by In-rgor applied voltiigos. See §§11 'SI, 11*33. It slioald bo recorded 
that tlio intorpvofcafcion of tlio facto hero given is still open to doubt (Nottingham, PAys, Pev. 
vol. 40, p. 78 (1030)). 
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If in the equilibriuin state a fraction r of these is reflected again, the nuinbor 
of electrons which return to the metal per unit area in unit time is 


(1-r) 


4^7rmh^T^ 
— — e 


(1031) 


on using (1030) and (1023), neglecting a. It follows that the saturation 
current — I flowing from unit area of the hot body to the collocting oleotrodo 
is given in electrostatic units by the formula 


7= (1-r) 


l-JTW/c^e 




(1032) 


This is Richardson’s emission formula. The energy x is oallocl the thermionic 
work function. The numerical value of the absolute constant tie^mhhjh^ is 
3' 60 X 10^^ E.s.TJ., or 120 amperes per square centimetre. 

Earlier formulae for 7 had the constant 60 amp./cm.^, sinco the weight 2 
for the spin of the free electrons was neglected. The reflection cooflioiont was 
also neglected. If it may be assumed that r is small, an assumption which is 
probably correct, for clean metals, then (1032) gives all the information that 
theory can provide. The investigation however is not strictly oomploto 
without a calculation of r, which can be given when a precise form is asaumod 
for the effective potential variations near the surface of the metal. 

We shall now give the corresponding direct calculation of the omission, 
for which purpose we must use (1010). Only tho.se electrons oan get out for 
which C > Xo • It is assumed that the motion normal to th© surface is uii.~ 
affected by the other velocity components, which is correct when the atomic 
variations of the potential are neglected. If 7?(^) is the ohanoo that such an 
electron will emerge, then the number of electrons emerging from unit area 
in unit time is oo 

Na)m)di 

•^Xo 

If d is the mean transmission ooeiffoient, this may be written 


d rV( 0 d^ 

and approximated to, with the help of (1013), by the expression 


d 


4^mnkT 
~W 


J " i ^ (1033) 


^ tv 

It IS a welHmown quantum theorem that transmission ooeflioionts over anv 
arrier necessarily the same in both directionsf for electrons of any 

energy. Thna the of (1033) and the 1-r of (1031) must bo identical and 
the two formulae agree. 


t For example see E. H. Fowler, Proc. Oamb. PhU. Soc. vol. 26, p, 103 (1029). 
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§11 ’311. Theoretical transmission coefficients, Tlie actual theoretical 
values of E{1) and d can now be given. For the abrupt boundary flekli' 


shown in Fig. 25, 






(S > Xo) 


K‘+(?-xo)*]“ 

= 0 (^<Xo)' 

From this it follows that, provided x = 


,(1031) 


,(1036) 


this has actually a mild temperature dependence, and, for iTp; 1600°K. 
and 4*6 volts, is of the order 0*0, 
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Pig. 20. All abrupt boundary ivitli 
a potontlal onorgy lull. 


For the abrupt boundary field shown in Fig. 26 with a potential energy 
hill of height II ( > Xo) width I between the inside of the metal and the 
sjiaoe outside :{: 

^(0 = 0 (^<Xo), 

r,g)^. m-xM_ 


(/^>^>Xo)> (1036) 

where /c®= 87r®m//t^. Provided that 
wo find from (1036) that, approximately, 

(1037) 


Phis value can be quite small oompared with unity, when there is an appreci- 
able barrier of an excess height of the order of 1 or 2 volts and a width of 
the order of 1-3 Angstroms. 

It will be observed that the important part of D{Q in (1036) when 
2/d(/i- ^)^> 1 is 

t Nordhoim, Zcii, /. l^hjaik, vol. 40, p. 833 (1028). 
if Powlor, Proo, Roy, Soc, A, vol. 122, p. 30 (1029). 
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(...) is a factor of order unity. It can bo shown that, for any shapo of 
banier through which the penetration is slight, D{1) always is of this lorm 
with an exponential factor 


dx 

0 


The meaning of the symbols is explained 
inT'ig, 27. 

An even better approximation is 


.( 1038 ) 


13’ 



Fig. 27. A gi’achml bouiulavy with 
a iioLontial onovgy Jhil. 


HI) 


(1039) 

which when 1 reduces to 

D(0-4e ^0 . (1040) 

Keither of the abrupt bai’riers of Mgs. 25, 26 is a good representation of 
the surface field. When a slowly moving electron is at a distance a; from the 
surface, it will be attracted to the metal by the image force which 

corresponds to an effective potential energy 0?his form of the 

potential energy must break down very close to the fli’st layer of motal 
atoms, but if it holds at distances of 10 Angstroms or more from tlio surfaoo 
it means that the top corner of the potential energy curve in ITig. 26 is 



r'sflMtion at tlie 

oundary. ^or the image force boundary shown in Kg. 28 a DU} has boon 
remit follows that Xl® tends to a limit not far removed from unity wiieii 

mbllTLm“f b“ temporal, 

probable form of the potential energy for a ooinbination of image Sold 
Kg! ^8^“’ ® ‘'y ^ surface film is showl in 

* Nordheim, Proc, Jtoy, Soc, A, vol. 121, p. 020 (1028). 
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Wg may summarize this discussion by saying that for the simple model 
chosen for the metal the saturated thermionic omTent should be of the form 

ATh~xlk^, (1041) 

where A and x ^^ly be treated as constants and < 120 amp. /cm. ^ deg. ^ 
For clean metals A 120, but for metals covered with surface films A may 
be very much less. 

§ 11*32, Gom^yarison of theory and experiment for clean metals ^ and metals 
loiih monomolecular films. If Richardson’s formula for the current, (1041), is 
compared with the best experiments on carefully cleaned tungsten, regard- 


Table 39. 

Emission data for tungsten. 

Tlio ontrios I in tho second column aro the observed saturation 
ouiTonts from 0‘182(3 cm,® hot surface. 


Tomp. °K. 

X milliamporos 

logio(W + 10 

&o 

103S-G 

0-0034 

0-1366 

61,890 

1080-6 

0-1073 

0-4378 

61,880 

2030-0 

0-3907 

0-7197 

61,800 

2077-6 

0-0784 

0-9361 

61,880 

2080-6 

0-7666 

0-9838 

61,900 

2102-0 

0-9363 

1-0060 

61,840 

2131-6 

1-362 

1-2166 

61,840 

2134-6 

1-410 

1-2321 

61,870 

2168-0 

1-002 

1-3600 ' 

61,820 

2182-0 

2-638 

1-4066 

61,810 

2204-0 

3-209 

1-6008 

61,820 

2231-0 

4-406 

1-0868 

61,820 

2236-0 

4-000 

1-7036 

61,870 

2271-6 

0-876 

1-8036 

61,880 

2280-0 

7-394 

1-8918 

61,920 

2300-0 

0-702 

2-0041 

61,900 

(4-47 volts = ) Mean value = 61,860* 


* This value Is not tho host aocoptod value for oloan tungsten (4-84). 


ing A and x fi-s adjustable constants, an excellent fit is obtained with a value 
of A about 60. Owing however to tho dominance of the exponential term 
the observations are not capable of fixing A with high aoouraoy. In fact it is 
ha-rdly possible by observation to distinguish between (1041) and a formula 

A'Th-^in' ......(1042) 

used by Hiohardson in his earlier work. It is therefore impossible to be 
oonlidont as yet that there is here a discrepancy between the simple theory 
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and experiment, which, demands an elaboration of the theory for its ex- 
planation. Similar successes are obtained for comparable values of A on 
comparing theory and observation for other metals, lohen they have been 
properly cleaned. 

The excellence of the lit obtainable between (1041) and good data is 
illustrated by the foregoing observations for tungsten given by Dushman, 
In the analysis it was assumed that A ~ 60* 2, which was originally supposed 
to be the theoretically correct value of -d, the spin of the electron being then 
unrecognized, and was then calculated from the observed ourrenti The 
values so obtained should be identical and the actual extreme variation in 
Table 39 is 11 iiarts in 6000. A fit almost as good could bo obtained with 
A = 120. 


Wlien we study the values of A and y for a variety of metals both 
supposedly clean and with know mononiolecular surface films deposited 
on them we find the values opposite. The values given are those regarded 
as most reliable by Reimann.* 

It will be seen at once that these values are in excellent general agreement 
with the theory if we may account for 
the low values of y and A found for 
electropositive films in terms of an 
electrical double layer about one atom 
thick. Such a layer gives an idealized 
potential energy curve near the boundary '7* 

(image force neglected) of the form shown 

2f9. Pig,29, An abrupt boundavywibhai) ideal 

When such a film is present D{1) will double layer {eleotroposltivo outwards). 



-2/(f txo- 

by (1040) contain the factor e ® and d the factor 

We shall therefore find a relationship between the value of A 
and the depression A;i^ of the work function below its value for the under- 
l 5 dng clean metal of the form 


log A ~ const, — (1043) 

This relationship is in excellent general agreement as to form and order of 
magnitude with the relationship 

. log A = I - rib^x [L V const.) 

observed by Richardson andDn Bridge to hold during an outgassing process .f 
All the abnormally small values of A associated with films in Table 40 can 
be so interpreted, though the correctness of this is still open to doubt. 


* Roimann, loa, cU, See also Dushman, Rev. Mod. Phys, vol, 2, p. 381 (1030). Full roforonces to 
original sources are given in Rcimann’s book, 
t Fowler, Proc, Roy. Soe. A, vol. 122, p. 36 (1929), 
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Outstanding discrepancies remain in which A is apparently abnormally 
largo, exceeding 120 by factors which cannot be due to any error in the 
analysis or tho estimate of the available surface. It is probable that these 
ctisorepancies are all associated with films, and that in fact we have a tem- 
perature -dex:)endent effective work function. For such a film as 0 on W 

Table 40. 

Thermionic emission constants. 


Data as oi’itioally soleotod by Reimann. {loo, cit,). 


Elomoiit 

X volts 

A amp./om.3 dog.® 

(i) Glean metals 


Cs 

D81 

102 

Ba 

2'H 

00 

Zr 

4-12 

330 

Hf 

3-63 

14-6 

Th 

3>38 

70 

Ta 

4-12 

00 

Mo 

4-16 

65 

W 

4-64 

00-100 

Ro 

6-1 

200 

m 

e-03 

1380 

Pd 

4'99 

00 

pt* 

e-40 

170* 

(ii) Monomoleoular jllms 

Th on W 

2-03 

3-0 

Th on Mo 

2-68 

1*6 

ZronW 

3-14 

6-0 

La, Co on W 

2-71 

8-0 

Cs on W 

1-36 

3-2 

0 on Wt 

9-2t 

6 X lOiif 

Cs on 0 on W 

0-72 

0-003 

Ba on W 

1-60 

1*6 

Ba on 0 on W 

1-34 

0-18 


Wlioro fi valiio of 00 la glvoii it usually impHoa tluit tho host obsorvational value is not vory 
dilToront iVom 00, dlfforing horn it perhaps by a faotor loss than 2, bub that tho old thoorotioal value 
OO has boon aasumed In tho analysis. 

* Tho values givon for Pt ovon moro than for other olomoiits depend on tlie boat troatmonb, and 
it was recently boliovod that Du Bridge's values x = 0'27, A = 17,000 {Phya.Jtev. vol, 31, p, 230 
(1028)} roprosentod tho best value for the oloan metal. It has noAV been shown by Van Vokor 
(Phys, Jicv, vol. d4, j). 831 (1038)) that his wires wore probably still oontaminatod by an oxygon 
film, 

t Tho signifloanco of tho values for 0 on W is disouasod in detail in tho text, 

there is every reason to believe that the theory does not apply and that x 
not a true work function nor A a transmission coefficient. This interpretation 
of the X derived from observation can only apply when the whole 

temperature variation m I jT^ can be thrown upon the faotor e~xl^r 
none upon .4, For such oxygen films we are not dealing with the emission 
of the same film at different (very higli) temperatures; the true x much 


KSM 


23 
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smaller and we have a temperature variable A and x to the changing 
structure of the film. The derived x (9' 22 volts) is also not confirmed as a 
work function by contact potential measurements (see § 11 ‘ 38 ) in agreonioiifc 
with this interpretation,! 

It may happen however that the work function, though tGmj)oratni.‘o 
dependent, is fairly closely of the form x = x^~^hT over the Avholo toinpora- 
tm-e range. Such an effect lies outside the range of the present model. If 
modifications can be made to include it, it would satisfactorily account for 
abnormal values of by addmg an extra factor e« to A without modifying 
the agreement between the derived from the thermionic analysis and 
the photoelectric threshold hv^ = ^(0) — x* determined at low teinporatures. 
Du Bridge’s supposedly clean Pt, which was, however, probably Pt with an 
oxygen film, can probably be regarded as an example of this typo of x> 
agreement between y* and/^rp fails at once for any other typo of teinporaturo 
dependence of 


§ 11‘33. Magnitude of the potential energy step at a metal surface. Wo have 
seen that this elementary theory demands a fairly definite average negative 
potential energy for an electron inside a metal when its potential energy 
outside is taken as zero, Dhect evidence for such an energy stop ia most 
deshable and is provided by the experiments of Davison and G ormor! 
later by Rupp§ on the reflection of electrons by metal crystals. If it is 
^sumed that the velocity and therefore the de Broglio wave length of the 
beams m the metal are the same as those of the beam in free space, no oxaot 
agreement can be obtained between the observed diffracted peaks and those 
calculated from the crystal spaoiug, If, holvevcr. it is assumed that tho 
beam is accelerated on entry by volts, we can obtain oxoollont agroomout 
for a smtable value of xo . The effect of the acceleration appears of oourso ns 
a refractive mdex ( > l) given by the formula 




N X 


aeTnaWs of rsT/ « allows 

the analysis of a set of measurements on nickel by Davison and Germor 

Later experiments by Eupp similarly analysed are shown in Table 42 

— le w'olo; 

tiontXwb“o™. ^ 

§ Rupp, Lcipzigcr Vorlrage (1930). ^ 
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Table 41. 

The refraction coefficient for electron waves incident on Pi crystals^ chosen to 
reialce observed reflections jit the lattice structure and the free wave length of 
the incident electrons. Experiments of Davison and Germer analysed by 
liartree. 


X volts 
ouorgy of 
Inoidont 
oloo Irons 

ObsGi’vocl 

refraction 

coofldoient 

n 


{y}-l)X 
= Xo 

Calculated 
refraction 
coefficient 
with xo-18 

04 

1*14 

1-30 

19-2 

1-132 

130 

1-07 

1-146 

18-8 

1-007 

210 

1-04 

1-08 

17 

1-041 

328 

1'02 

1-04 

13 

-027 

440 

1-01 

1-02 

9 

1-020 

686 

1-01 

1-02 

11^ 

1-016 


i'or Ni p=8'0, M*=57, = volts for 2 otootrons por atoms ;^^5'0 volts so that 

volts. 

Table 42. 


Observed values of xq [Bupp, electron diffraction) and x, and derived values of 
rj^ for various metals. Values of x from thermionic or photoelectric effects, 
those marked doubtful. 


Metal 

K 

Cu 

Ag 

Au 

Zr 

Mo 

W 


Xu obs. 

7-3 

13-6 

Bn 

14-0 

10-2 


m^M 

Hi 

X obs. 

-2-2 

-4-4 


4-9 

4-1 


■Da 


= 

6-1 

9-1 

■1 

9-1 

6-1 

9-4 

8-0 



§11 *34. Effects of stronger fields. (1) The Schottky effect. Tho foregoing 
formnlao for tho thorinionio omission have been obtained and applied on 
tlio assumption tliat the field applied to oolleot the oleotrons has a negligible 
offeot on tho omission. As stronger and stronger field strengths are employed 
this will oeasG to be true. The current drawn from tlie emitter ceases to be 
constant and finally increases with the field strength. This phenomenon was 
first correctly interpreted in terms of the present model by Sohottky.f 
When a field strength E is applied to the emitter, whose effective potential 
energy near its surface is given by tho image term — e^jix in the absence of 
a field, the total potential energy for an electron near the boundary will be 
of the form V 

illustrated in Mg. 30. Tho maximum value of TJ is then depressed by an 

= ( 1046 ) 

t Schottky, Zcil. /. Phyaik, vol. 18, p, 03 (1023). 
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For raoderatply strong fields the slopes of the potential energy curve near 
tlio maximum will be so slow that practically no penetration of the electrons 
tlmough the barrier will occur; those 
only will escape whose energies exceed 
the reduced x ^^6. the transmission 
coefficient will be unaffected. Thus the 
first effect of the field is to alter the 
emission according to the formula 

...(1046) 

where Iq is the current at zero field 
strength for the same temperature. 

An accui’ate test of tliis equation is provided by the work of de Bruyne.* 
According to (1046) 

y loglp-IogJo 

jpi 

should be constant for all temperatures and field strengths and equal to 
€^lk. de Bruyne's results confirm this with remarkable accuracy up to fields 
of the order of 10“ volts/om. for a wide range of temperatures. Using the 
mean of his data to evaluate e, one obtains the value 4* 84 x 10"^® in admirable 
agreement with the accepted value. 

§11 *35. Effect of very strong fields. (2) Cold emission. When the field 
strength at the electrode becomes appreciably greater than 10“ volts/om., 
the slope of the potential energy curve is so great that electrons begin to 
penetrate through the barrier and a field strength is ultimately reached at 
which the emerging fraction of the very great number of electrons near the 
top of the levels normally full swamps the emission from the nearly empty 
levels near the top of the barrier. The emission becomes nearly independent 
of the temperature, possibly large even for a cold electrode. A sufficiently 
accurate formula for the analysis of ordinary observations is obtained by 
taking T = We are then concerned with the transmission coefficient for 
electrons incident on the barrier shown in Fig, Sl.f A small correction is 
made by moluding the image effect (dotted curve), but this is not important 
and will be ignored here. 

For such a barrier 

!)({) = = (1047) 

* do Bruyno, Proc. Poy. Soc. A, vol. 120, p, 423 (1928). 

t ITowler and Nordheini, Proc. Poij. Soc. A, vol. 119, p. 173 (1928),* Nordheim, Proc. Moij. Soc. 
A, vol. 121, p. 628 (1928). 



ITig, 30. Cliange of boundary in fclio 
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Using (1011) with jr = 0, wo find at onoo 

and after shnplo approximations 

(1048) 

in which x usual wor’k function, A suffioiontly aoourato nuinorical 

version of this formula, ignoring tho difforenoos botweon X) Xo ''?***> 

J = 0*2 X 1 0-® ”• (1 049) 

X 

when X moasurcd in volts, F in volts/om. and / in amp. /cm. ^ This 
formula is in good agreement with the experimental faotsf in tho nature of 
its dopendonco on F, Tlio observed 
cold omission however actually sots in ^ 
at hold strengths of tho order of 10** 
volts/om. as computed for the oathodo 
surface from tho geometry of tho ap- 
paratus. Equation (1049) however pre- 
dicts that the omission sliould sot in 
at 10'*' volts/om. 'J.'Jio observed omission 
however is never general, but comes Fig, 31 , Tho homulary oiTootivo in bho (cold) 
from looal spots on tllO oathodo. It is very Btrong fiolda. 

clear that those facts are to bo explained as duo to the roughness of tho 
oathodo surfaoo| which can make tlio local hold strength at special points 
greater by just such a factor than the general hold strength computed from 
tho geometry. Thio agreement botv'oen theory and experiment is therefore 
satisfactory, 

§11*86. The cooling effect of the evaporatio7i of electrons has also boon 
investigated experimentally and examined theoretically by Eioharclson§ 
and others. If wo evaporate N average electrons, then their extra energy in 
tho vapour phase "will be 

Tliis, however, is not exactly tho cooling ehect on tho metal, for the electrons 
evaporated are not an average equilibrium group distributed aooording to 

t Millikan and ICyrlng, Ph]/a, Ihv, vol. 27, p. 01 (1920)) Millikan ami Laui'ltson, Pm. Nat. 
Acad, Set. vol. U, p. ‘iC (1028); E. H. Fowloi’, GoBallng ami Skorno, Pw. Poy, Soc, A, vol, 124, 
p. 000 (1920). ; > ^ 

t B. H. Powlor, Qoflsllng and Sbonio, loo. cU, 

§ 0, VV, Rlohavdflon, loo. oil. ospooially oliap. v. 
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Maxwell’s law. This can be seen at once if we consider the rates of emission 
and retui'n/o?* electrons of given velocity. The number of electrons of normal 
velocity between u and u + du which strike unit area per second in the 


equilibrium state is 


ni 


m 




If a fraction r{u) of these is reflected, the number which are re-absorbed per 
unit area per second is 

which is therefore also the rate of emission. Owing to the extra factor % the 
rates of emission and return are, as it were, higher for the higher velocities 
compared with the equilibrium numbers of such electrons present in the gas. 
The average kinetic energy, in the motion normal to the surface, of the 
electrons emitted is 

/•« / ^00 
{1 - r{u)] J du. 

If we may, to a fii’st approximation, ignore the variation of r{u) with n, we 
have a mean energy 


^oo / ^co 

Jo /Jo 


or 


hT. 


The energy in the motion parallel to the surface has its equilibrium value hT, 
Thus on these assumptions the cooling effect for the evaporation of N 
electrons is ( {*t \ 

iV(0 + p7’) = h^|x+2^T-J^crdTj (1060) 

This is in good agreement with direct experiment. Experiments, however, ’ 
could hardly fix the ooeffloient of hT. 


§ 11*37. The photoelectric effect. When light falls on a cold metal surface 
electrons are emitted as soon as the frequency v of the incident light exceeds 
a certain threshold fr’equenoy vq . This is known as the photoelectric effect. 
The model of a metal here in use accounts at once for the main features of 
this emission. Eor when T-^0 there are no electrons in the metal with a 
kinetic energy greater than and plenty with any energy less than rj*. 
In order that an electron whose initial energy is rj may emerge after absorb- 
ing a quantum of energy hv, it is necessary at the least that 

hv + r)>Xo. 

The least possible value of v satisfying this inequality is 

hv^hv(,^XQ-V*-X> 


(1061) 
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Thus there must be a photoeleotrio threshold which is ectual to the work 
function, liable 43 compares the observed values of the tlireshold and the 
work function where both have been satisfactorily determined. The agree- 
ment is excellent. 

Experiments on the photoeleotrio offeot are not habitually made at zero 
temperature, and it is necessary to consider the effect of temperature on the 
number of available electrons for light of given frequency v. It is at once 
evident that there can bo no absolutely sharp threshold at temperatures 

Table 43. 


Observed values of the photoelectric threshold hv^for clean metals. 

[Compared with observed values of 
Values given in electron volts. 



Cfi 

Ta 

Mo 

W 

Re 

Ni 

Pel 

hvo 

X 

~1*9 

1'81 

mm 

m 


4-08 

6-1 

6.-01 

6-03 

4-07 

4-99 

Motal 

Pt 

Ag 

Aw 

Sn ^ 

ilEEEH 

Snliq. 

/iVo 

X 

[0-30] 

[0'27] 0-40 

4-74 



4-00 



4-17 


Lata from Roimanii, he, cit,, wlioro nntlioritioa arc qtiotod. The values in [ ] for ft aro from 
Lu Brklgo. 


other than zero and this is borne out by recent observations now to be 
discussed,* 

In order that an electron may be emitted it is necessary that the energy 
of its motion normal to the emitting surface should exceed xq • If ^ other 
velocity components are to a first approximation irrelevant, The rate of 
emission of such olootrons must therefore bo expected to bo proportional to 
the intensity of the light, the number of suitable electrons striking unit 
area of the surface in unit time, the chance that they will pick up the quan- 
tum hv in the proper velocity component, and the chance that they will then 
bo transmitted through the boundary iiold.t With the model hero in use 
ill which the olootrons aro free inside the metal the whole excitation takes 
place in the surface field of the metal. When the boundary field is well 

* 'L'llia was first estabHshod beyond reasonable doubt by tlio Aroik of Jlondenball's laboratory; 
BOO Morris, Phys, Pcv. vol. 87, p, 1203 (1931); Winoh, Phys. Jiev. vol. 37, p. 1200 (1931); Cardwell, 
Phya, Ikv, vol, 38, p. 2041 (1031). 

t The exact tboory wldob has been given by Mitolioll {Proc, Pay. Soc. A, vol. 140, p, 442 (1034); 
Proe. Camh. Phil, Hoc, vol. 31, p. 410 (1035)) oorreoting oariior work by AVontzel, SommerfeU 
Fcslschrijl, Prohlcme der modernen Physik, p. 70 (1028); Tamm and Solmbin, ZoiLj, Physik, vol. 
08, p. 97 (1031); li'rOhlioh, Ann, d. Phyaik, vol. 7, p. 103 (1030), and others, does not allow atrictly 
of such an analysis of tlio dilToront factors. .But this analysis is nearly correot, and allowable for 
the present disoussion. It would take us too far afield to disouss the exact tboory fiirtlior hero, 
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represented, by an image field, as for a clean metal, this last chance hardty 
varies and may be taken to be unity. Tlie chance of absorbing the quantum 
will vary with v as in other absorption plienomena, but this variation is not 
important near vq . Thus a good approximation to the photoelectric yield 
per unit light intensity near the threshold frequency is to take it simply 
proportional to the number of electrons incident j)er unit time for which 




where p is the initial momentum of the electron normal to the surface. 

Equation (1008) gives the number of such electrons as a function of p, 
The photoelectric yield per unit light intensity is therefore proj)ortional to 


S, where 


8 




4^'nMhT p 
rth 


log(l + dp (1052) 


On replacing /a by and simplifying the integral, we obtain 


8 ^ 




h^ 


j'*log[l -h e~v-\-(hv~x)iicT-^ dy. 


(1053) 


This function /S' should give the photoeleotrio yield from a clean metal as a 
function of v and T for values of v near the threshold 

The integral in (1053) cannot be evaluated in finite terms but can be 
/*«• 

reduced to log(l •\-'a)dulu which has been tabulated,! or computed from 

simple expansions. When (Ar — y)/Aj5r=8:^ 0, wo find by term by term 
integration that 


8=^- 


¥ 


] (»*•) (■“) 

P = 8 > 0, we find after a short reduction that 

(ioa«) 


We may therefore expect that the photoelectric current I for values of v 
near the threshold is given by an equation of the form 



where A is a constant independent of v and T and ^(8) is a tabulated 
function given by the terms in [ ] in (1064) and (1065). 

Observations may be analysed by taking logarithms of (1066) and using 
it in the form j // _ \ 

= £ + ( 1057 , 

t Pierce’s Tables. 
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where 0 is a known function and JS is a constant. Por each temperature we 
can then plot the observations of log 7/^2 against hvjkT, and can also plot 
d)(S) on the same scales. Observations for all temperatures should then be 
brought to lie upon 0(8) by suitable shifts of the origin. The shift in the 
origin of v determines accurately the true threshold y ( = hva) . An alternative 
method of analysis has been used by Du Bridge* employing sots of obser- 
vations for various temperatures and a single frequency, In this method 
0(8) is plotted against log 8 and the observations are similarly treated. The 



results are in excellent agreement. "J'ho function 0(8) and the analysis of 
the observations of Du Bridge and Roehrf for Pd are shown in Pig. 32. 
Some such method as these must always be used in determining the true 
photoelectric tlmoshold, as empirical extrapolations of the photoelectric 
yield curve to zero are quite unreliable, ij; In addition to this analysis of the 
total i^hotooleotrio yield Du Bridge § has shown that the same methods may 
be used to analyse with almost equal success the normal velocity distribu- 
tion and the total energy distribution of the photoelcctrons emitted by a 

* Du Briclgo, Phya. Jicv. vo], 43, p. 727 (1033), 

t Dll Bridge and Roohr, Phya, Mcv, vol. 30, p. 00 (1032), 

t For a gonornl aoooiinl; soo Du Bridge, AclualUda Scicntiflquca cl IndualrioUca, No. 208, New 
flieonea of the Pholoelcclrio effect (1085). 

§ Du Bridge, ho, oil. 
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clean, metal as a function of v and T, These results provide a beautiful 
verification of the substantial accuracy of the .l?ermi-Dirac distribution 
law for the free electrons of a metal, 

§11*38. Sjiace variations of the electrostatic potential. Contact potentials. 
We proceed next to include the effects of electrostatic fields duo to the 
charges or the evaporated electrons themselves. The inclusion of these 
effects does not alter the form of (1023) but only the physical interpretation 
of n^ . This formula must remain true in the general case if means the 
average electron density in the free electron gas immediately outside the effective 
boundary 'field of the metal, » 

The unaffected validity of (1023) is almost obvious. From the pohit of 
view of large scale phenomena, the metal is a conductor at constant poten- 
tial, and the potential of the electron gas in contact with it will be equal to 
the potential of the metal, since the potential is a continuous function. 
Whether electrostatic fields are included or not, there will be no question of 
potential differences between the metal (just clear of its boundary field) 
and a thin sheet-lilce volume element of electron gas in contact with it. 
The foregoing arguments then apply, with an unaltered interpretation of x 
and the interpretation of Uf stated above. 

In addition to this result, we find, of course, that the electron densities 
of different parts of the gas are connected by Boltzmann’s equation 


i = 6€(F-ro)/Ar (1068) 

This is the simplest example of the theorems of §8*7. The details of the 
distribution of electrons must be studied by the help of the combined use of 
(1068) and Poisson’s equation, as there examined. To this we return in § 1 1*4. 

We can draw at once some interesting conclusions. Suppose we have an 
assembly in equilibrium containing two different metals. Then the density 
of the electron gas in equilibrium with them will not be equal and therefore 
the immediate neighboiuhoods of the two metals cannot be at the same 
potential. The metals themselves must therefore differ hi potential — this is 
their contact potential difference, for it is obviously immaterial to the fore- 
going argument whether the metals in question are in so-called metallic 
contact or not. The contact potential difference 7^2 ween metals 1 and 2 
can now be related at once to quantities already defined. By considering 
elements of electron gas near the two metals we have by (1023) and (1027) 


log 


{n,)f hT 


af)dT>', 


(1069) 


log 


{nfjf hT 


(1060) 


and by (1068) 
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[Here is the excess of the potential of metal 1 over that of metal 2 in 
isothermal eqnilibrmm.] Wo find, therefore, 


+ (1081) 

This equation is exact. It shows that as the contact potential 

differenco must tend to the difference of the x*8 {reckoned in volts), and over 
a wide range of temperature eTjg and X 2 ~ Xi equal. An 

equation almost equivalent to (1061) can be derived thermodynamically, 
and is commonly given in the form 


/ dV \ 

- 2'-^] = - Xi + J ^ (=^1 - =•.) dr (1062) 


This can bo obtained by differentiating (1061). The quantity on the right is 
also called difference of the average work required at tem- 

perature T to evaporate an electron from the two metals. If we furtlier 
differentiate (1002), we obtain 


9Ta 


(1063) 


This equation refers only to the equilibrium state with o-’s defined by (1029), 
It must bo carefully distinguished from the familiar equation of the same 
form involving Thomson’s specific heats of electricity. The latter refers to a 
current' carrying state and neither the a’s nor Fia have exactly the same 
meaning. Wo return to suoh problems in § 11*74. 

Observed contact potentials should satisfy closely the theoretical 
'“ship (lOBi) 

the a-terms being trivial. Contact potentials are difficult to measure satis- 
factorily under conditions which ensure that the metal surfaces are in the 
state for which the work function or photoelectric thresholds have been 
measured, Some recent measurements which more or less satisfy these 
requirements are col looted in Table 43* 1. 

The experiments on Ni-Te wore complete, and completely substantiate 
(1064), In the other experiments the xi Xz recorded were not both 
measured for the actual specimens for which et^a was measured and the 
values are taken from Table 40. From Langmuir and Kingdoir experiments 
too small a value of would be derived if there is any reflection of elec- 
trons from the surface of the contaminated inetal. It is therefore reasonable 
to hold that these results substantiate (1064) so far as they can bo trusted, 
except for 0/W. It is clear that the recorded value of x for this surface is not 
in any sense a true work function. 

The relationship (1064) can of course be derived for two metals in equi- 
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librium ill contact witb each other, without appeal to any third vapour 
phase for the electrons. Provided they can exchange electrons the equi- 
librium distributions in the two metals must have the same value of A. By 
equation (1000) ^ _ fxe-xaIkT _ ^ 

This equation refers all energies to a potential energy zero for an electron 
in free space just outside the metal. It is at once evident that equilibrium is 
impossible for two metals iii contact if both use this same energy zero. The 
second metal must charge up relative to the fii'st thereby adjusting (xo)a 
until A = e~Xi/* 2 ’,_g-(;va-*eri 2 )//cr ^bich is (1064). 

Yet another method of proving (1064) is provided by the theory of 
contacts in § 11-9, 

Table 43*1. 


Measurements of contact potentials ^ compared with 


Xa 

1 Xi 

" 1 
Xa-Xi 1 

cFia obs. 

Authority 

Ni, 6‘01±0-02 
W, 4-64 

W, 4-64 

W, 4-64 

W, 4-64 1 

W, 4-64 

Fe, 4-77 ±0-02 

Ba, 2-11 

Th/W, 2-63 

Cs/W, 1-36 1 

Cs/O/W, 0-72 1 

0/W, 9-2 

0- 24 1 

2- 43 1 

1- 91 1 

3- 18 1 
3-82 1 

-4-7 

0-21 ±0-01 

2- 13 ±0-05 

1- 46 

2- 8 

3- 1 
-0-8 

(1) 

(3) 

(3) 

(3) 

(3) 

(3). (4) 


(1) Glasoe, Fhys. Feu. vol. 38, p. 1490 (1031). 

(2) Anderson, Phya, Fev, vol, 47, p, 968 (1036). 

(3) Langmuir and Kingdou, Phya. Fev. vol. 34, p. 129 (1929), 

(4) A satisfactory redisoussion of this anomaly has been given by Boimann, Phil, May, vol. 20, 
p. 694 (1936). 

§11*4. Space charge effects. Special electron atmospheres. It will now be 
of some interest to examine in detail the equilibrium state of some electron 
atmospheres in which the space charge effects due to the electrons them- 
selves are important and are included in the calculations. As we have shown 
in § 8-7 the laws governing the equilibrium distribution are 

= 47reP, vjvQ =* ,.....( 1066) 

Hot many problems of electron distribution are soluble expHoitly in 
finite terms. The simplest distribution imaginable is a stratification in 
parallel planes. Such a distribution will be set up between the plates of a 
parallel plate condenser, and the equations are then soluble exactly. They 

become dhojdx^^^Trev, (1066) 

if we define w to be zero in the plane where v = Vq, Hence 

A -_l^T d ( 1 cgy ) 

' hT dx V dx^ € dx\vdx)' 
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It will bo convenient to introduce a new variable y such that 

vdx=dy> 

Then dh'jdy^ ~ 4:TT€^lhT, 

„ 27re^ „ , 


whore b and c are constants of integration, At the syinnaotrioal plane half- 
way between the two plates (of the same material at the same j)otontial) 
Ave shall have by symmetry dwjdx^^Q, dvjdy^O. If this plane is a: = 0 and 
Ave choose y so that 

y^lvdx, 

then dvjdy == 0 for y = 0 and 6 = 0. Since > 0, o> 0, and we Avrite 


SO that 


dy _ 

JcT ® ’ 

?/ = Atan-j^!V, 

_ 27r€®A^ „ 27re^A 


We can now determine A, in terms of the electron density I'o in the central 
plane, by the equation 


Avliieh gives 


v—vq see 


lhTv,\i 

“■(It?!'-)' 


.(1007) 


.(1068) 


B'or the potential w we have 


1= -21ogoos(|^^*3;) (1009) 


With these equations any desired details may be investigated. We may 
observe in the first place that if an ideal non-eleotrioal material may be 
imagined Avhioh neither emits, absorbs nor attracts electrons, then, since 
dwjdx = 0 for 03 = 0 and tlie electric intensity vanishes, the plane a‘= 0 may 
be replaced by an ideal non-eleotrical wall on Avhioh the electrons will act 
merely in virtue of their moohanioal momenta. The distribution laAvs in v 
and w will be unaltered by this replacement. The plane of symmetry, or 
ideal wall, is a locus of equilibrium points which no lines of force cross. The 
stress per unit area at the surface of the emitter duo to electrostatic forces 
is a negative pressure equal in amount to 27r<j®, where ct is the surface density 
of the charge on the emitter, or the total atmospheric charge per unit area 
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oontaiiied between the emitter and the central plane if the assembly is 
self-contained and on the whole uncharged. If this distance is a, then 



The electrical negative pressure is 
or kT{v,^-VQ). 

At the same time the positive pressure due to the transport of momentum is 

hTva- 

The net pressure on the surface of the conductor is therefore hTv ^ , which is 
also of course the pressure at the plane of symmetry or ideal w'all, as it must 
be for mechanical equilibrium-. 

The distribution of electrons will be unaltered if we supjmse the parallel 
emitters are finite, equal and similarly situated plates connected by non- 
electrical walls which are normal to them. In that case the pressure at any 
point on these side walls will be entirely due to the mechanical transport of 
momentum — there is no electrical stress acting across an element of the wall 
surface. The pressure at any point will therefore be simply kTv^ and in 
particular close to the emitter hTva- It is of some importance for thermo- 
dynamic arguments to observe that this simple mechanical pressure kTv^ 
acts on a realizable wall surface. It is therefore possible to give a simple 
derivation of the differential form of (1023) by a thermodyiiaiuio cycle 
without ignoring electrostatic effects and without explicit calculation of 
them. 

§11*41. Further details of electron atmospheres. If further details of the 
distribution are required it is natural to follow a classical exioosition by 
von Laue.* We begin by studying the form of the distribution (1068) and 
(1069) near = particularly for large T, Using (1023) without its o-term 
for the density at the surface of the metal, we have 

v„ = i5oseo*^|^~^j = (1070) 

where normally A' = 4- 86 x 10^®. It follows that so long as T is large enough 
for not to swamp A' the right-hand side of (1070) is a large number^ — 

* von Lauo, Jahrb, d&r Bad, Mektronik, vol. 16, pp. 206, 267 (1028), or la tor, Handbuch der 
Badiohgie, vol. 6, p. 462 (1026). This paper ia aurtmarizecl by Riobardaon, loc, cU„ wbo givoB 
much additional information. Tbe reader alionld also refer to Schottky, Jahrb, der Bad, n, Elek- 
tronik (1916), p. 199. 
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there are plenty of electrons per unit volume. In order to evaluate vq for 
given T we liave therefore to solve (1070) for vq when the right-hand side is 
(usually) numerically largo. The nature of the root will depend on Avhether 
or not, as vq inoreases, 27Te^vQa^jJcT ai)j)roaohes tt^/I before Pq approaches the 
constant on the right of (1070). Since the former condition is 

l-04xl0“2l^->!^, 

2 4 

it is obvious that this happens first unless T is quite small. The first approxi- 
mation to the root of (1070) is therefore 

^ TT® JcT 


and the second 
whore 


, ttS JcT 
Vq oosgo® " - ^ 7^- a — A/ 


(1071) 

(1072) 


a=' 


TT I 


JcT 

Jc 


(1073) 


Jc JcT fiX/afea ' 

2a\27reV17 2ah^ T^ ‘ 

Inserting niimerioal values for the atomic constants, 

tt^T itT^ . , 

Vq-OG^ ~4-22x 10-«^ex/2'^3-, 

“ la® 2a'^ 

I?or our immediate purpose the form of w near a; = a is more important. By 
(1009) WG have approximately after reduction 

ew f . rt'-a;) 

Ft' 


-21ogU7r 


where a'==a 

Inserting numerical values 
a' ~ a 


1+7 


7,1 


a 


a\2TTeW 


I T^ 


(1074) 

(107C) 


1 

l-l-MOx HH- 


a f/'i 


Thus for normal values of T and for all practical purposes except for regions 
in the immediate neighbourhood of the metal surface we may identify a' 
and a and assert that w behaves as if it had a logarithmic infinity 

2JcT, . . 

log(ft-a*) 


w< 


.(1070) 


as a;->a. The strict behaviour is that ^v behaves as if it liad a similar log- 
arithmic infinity as a: approaches a surface just inside the actual metal by 
an extremely small distance which tends to zero as T-^co, 
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The behaviour of w can be exhibited in its most general aspect by intro - 


ducing the transformation 




hT 


(1077) 


Then ^ satisfies the differential equation 

(1078) 

and the approximate boundary condition 

^--2log(a'-aj) + log2. (1079) 

To the accuracy -with which a' can be identified with a both the differential 
equation and the boundary conditions for «/r are absolute — independent of 
the temperature, of atomic constants and potentials and of the dimensions 
of the apparatus. We have only established this by a study of the detailed 
solution for a parallel plate condenser, but it is clear from the form of the 
result, which concerns only the immediate neighbourhood of the metal 
surface, that this boundary condition will continue to hold for all metal 
surfaces plane or curved, so that all electron atmospheres in enclosures 
entirely surrounded by metal emitters at a suffioiently high temperatiire can 
be studied by solving (1078) for the enclosure subject to the boundary 


condition 


[0~~21og8], 


(1080) 


where 8 is the normal distance from the boundary. 

It does not appear to have been rigorously established that equations 
(1078) and (1079) suffice to determine xj) uniquely. For physical reasons oho 
may guess that they must do so, and we shall assume it in the rest of the 
discussion. Some interesting general theorems then follow at once. 

Theorem (1141). In any enclosure entirely surrounded by hot electrodes all 
at the same temperature, the electron density at any point not too near the walls 
is independent of the material of the walls and proportional to the absolute 
temperature provided this temperature is suffioiently high. 

The electron density depends of course on the size and shape of the 
enclosure. Equation (1071) provides an example. 

Thewem (11*42). Tor two similar enclosures at the same temperature, for 
which Theorem (11*41) holds, the electron density at corresponding points is 
inversely proportional to the square of the linea/r dimensions, 

Theoi'em (11*43). The equilibrium state of the electron atmosphere is 
characterized by a minimum value of the ratio of the electrostatic energy to the 
kinetic energy of translation of the electrons. 

The proofs of these theorems are simple and are left to the reader.* 

* The reader may refer to von laue, he, cU,, for further information. 
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At fairly high temiDoratiires and for not too small a will be very largo 
compared with j’g. In that case near the emitter there is a largo normal 
oleotrical stress (tension) and a largo meolianioal pressure which practically 
balance since vq is trivial. Across a plane, however, normal to the emitting 
surface there is an electrostatic pressure numerically equal to the tension 
along the lines of force which therefore Just doubles the usual pressure, 
Tliese considerations will of course continue to hold for surfaces of reason- 


able curvature, not merely for the plane surfaces of a condenser. 

The electron repulsions cause the electron atmosphere to behave near 
the surface like a surface film of negative surface tension. To examine this 
more exactly it is necessary to cast (1078) into curvilinear coordinates 
suitable for the discussion of the immediate neighbourhood of the metal. 
If the curvature is small it is not difficult to show that equation (1078) takes 


the form 




(1081) 


which is valid in the immediate neighbourhood of the surface if 8 is the 
normal distance from the boundary reckoned positive into the enclosure 
and 111 and JR^ are the principal radii of curvature of the boundary, reckoned 
positive when tlie centres of curvature lie outside the enclosure. Correct to 

terms of order equation has a first integral 



of the correct form. On writing ^i// =logrtJ this equation is easily integrated 
completely and the required solution is 


21 og 


_L 

V2 



(1082) 


With the help of (1077) equation (1082) determines w and so v in the neigh- 
bourhood of any surface of moderate curvature. Equation (1082) reduces 
1 1 

to (1070) when tT +■ 77 ' -^ O. Eor the further development of the properties 

of the quasi surface film of electrons we refer the reader to von Laue. 

In all the foregoing discussion wo have ignored the effects of the so-called 
image forces which will alter the distribution laws near the metal surface, so 
that our conclusions are only valid under conditions and in regions in which 
these imago forces can bo neglected, Wo return to a fuller consideration of 
this effect in § ll-dd. 


FSM 


84 
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§11*42. The emission of positive ions. In certain oases incandescent 
solids have been observed to emit positive ions as well as electrons. It is 
therefore necessary to study the equilibrium theory of an atmosphere of a 
mixture of positive and negative ions and neutral atoms in equilibrium with 
the hot solid, which is a sim^Dle extension of the work of this chapter.* 
Theoretically, we must expect to have, for exami^le, an atmosjphere of 
electrons, tungsten ions and neutral tungsten atoms in equilibrium with the 
solid tungsten, and so on in all similar oases. Actually, the atmosphere in 
equilibrium with a pure metal wiU never contain a significant number of 
ions of that metal at any temperatm’e (below the melting point of the metal) 
at which experiments can be carried out. The effects actually observed are 
due to the emission of ions of impurities contained in the metal. Mfiien 
spurious effects due to surface adsorption of gaseous layers have been 
eliminated the remaining effects are generally due to the emission of singly 
charged positive ions of tlie alkali metals. We will present the analysis in 
such a way that the 2 )ositive ions are explicitly shown as duo to an impurity, 
A similar analysis can be given when tliere are no impurities and the positive 
ions are those of the metal itself. It will be sufficient here to Gont6mj)late 
an atmosphere of electrons, one type of singly charged positive ion, and the 
corresponding neutral atom together with the impure solid. Metal atoms 
and ions wiU be assumed to be absent from the atinosj^here. They can be 
added if required. In considering an atmosphere of ions, electrons and 
atoms in equiUbrium we anticipate in a simple case the general discussion 
of Chapter xiv. We require here nothing beyond simple reinterpretations of 
Chapter v. 

The formal expression for the number of complexions of this assembly, 
using classical statistics as a valid approximation for the vapour phase, will 
be, after (536) generalized, 

= (^3 JJJ 0 xp{«if,(z) + yf^{z) + xyf{z)}, 

(1083) 

In (1083) 7f^,p(2) is the partition function for the crystal containing Q 
permanently non-evaporating metal atoms, N electrons and P (impurity) 
positive ions. The partition fmictions fg{z), f^{z) and f{z) refer to electrons, 
positive ions and neutral (impurity) atoms in the vapour phase. Then wo 
have the usual formulae 

A^free~'^/c(7^)> " *^M/'(7’), (1084) 

* IToi' a general acoounfc of tlie phenomena, see Ricliarckoii, loc, cit. The general tliormodyjmmio 
theory of such atmospheres has been given by von Lauo, Boi. Sitz, p, 334 (1028). 
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and from the fact that the electrons and the positive ions are effectively 
present in the solid A = 1K(2'), I^ = 1K{T). (1086) 


We shall expect no alteration in form* for i<i{T) duo to the impurity and 
only slight alterations in the magnitude of a. We shall therefore still have 
(1023) for the density of free electrons in the atmosphere in the immediate 
neighbourhood of the metal. ITor i< 2 {T) we shall have the same /om as for 
but the magnitude of a may bo entirely dift’erent. In fact, at the 
temperatures ooncerned it is reasonable to suppose that the speoifio heat 
of the solid is “normar* and has tlie value 31(3 per atom whether metal or 
impurity. Wo may go further in fact and assume with auffioient accuracy 
that 0 - 2 ( 7 ^) = over the whole temperature range for T>T^, In that case 


adT" ■'^consLxT-^ 
0 J 0 ; 


j/ =-~z= const, X 
H- Y 


.(1086) 


The constant is only determinable if more explicit assumptions can be made 
about i( 2 {I')> ^f we may assume, for example, that adding an atom or ion of 
the impurity to the solid is equivalent to adding a single three-dimensional 
harmonic oscillator of frequency of vq , the weight of all its states being 
/ea(0),thon 

, 7 .,. = (1 _ Q~hyolkr^a ( 1087) 

There is little point in expanding those formulae further in the absence 
of exact measurements to compare tliom with, We note only that if wo 
measure the ourrent carried by the positive ions, wo should expect to find 

= (1088) 

where 73 is a constant. We may note that the indices of T in (1088) and (1032) 
add up to 1 and the indices of 7' in ( 1086) and (1023) add up to zero. This will 
always be the ease so long as we assume that the neutral atom or positive 
ion in the metal has 3 practically classical degrees of freedom yielding 6 
square terms and the ion and electron in the gas also 3 square terms each or 
6 in all. Owing to the fact that wo must assume that ionization and recom- 
bination are possible in the solid, the product A/x or /ci( J’) /<;a(7’) must be the 
same as ic{T)^ the corresponding function for the neutral atom in the solid. 
This secures the relation just mentioned. 

* Tho B\u'faco ooiiclitions may of ooiirao bo auoli tbati wo liavo an ontli’oly dilloi'onfc numot'ioal 
Vftluo of ;i(. 


94-a 
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By eliminating A and between the three eq[iiations (1084) we obtain 


- ^jce-^free ^ 

2fPtT«, 


(1089) 


This is a particular case of the formulae for the ionization equilibrium of a 
gas at high temperature and is of course independent of the properties of the 
solid phase. It is mentioned here because some beautiful therniionio 
measurements by liangimirc* have established the correctness of the theory 
as applied to the equilibrium between caesium atoms, ions, and electrons. 
The simple form of (1089), valid in the case to be discussed, is 

i^6^+ _ {27TmhT)^ {^7Tm.^hT)^ (1090) 

^0 ‘^0 

where and Wq are the weights of the normal states of free electrons, 

positive caesium ions and neutral caesium atoms respectively and xa is 
ionization potential. Since ■me — vjo~2, ;)j;o»=3*88 electron volts and 
m is negligible compared with this reduces to 


v^v 


si±. 


{2imlcTf 


W 




so that 


logio^fn-16'386+tlog:o3r’- 


n> 

19530 
T ' 


,(1091) 

.(1092) 


Langmuir’s test of this equation proceeds as follows. He considers an 
enclosure in equihbrmm with pure tungsten at 1200° K., containing caesium 
vapoiu* at a measured pressure (ions plus atoms) of (say) 0*001 bar. The 
number of free electrons in equilibrium with tungsten at this temperature 
is deduced from (1023) using the Icnown emission constants for pure tung- 
sten. The actual value is 9*26 per cm.® At this temperature = 6340, 
so that v^Jvq ~ 677 according to theory. This means that practically all the 
caesium must be present as ions, which is what is observed, for it is found 
that above about 1200° K. the positive saturation current flowing to a 
coUecbing electrode in given caesium vapour is independent of the tem- 
perature of the tungsten, so that presumably above tliis temperature the 
tmigsten converts every caesium atom that strikes it into an ion and emits 
only caesium ions at a rate naturally depending only on the caesium vaj)Our 
density. On the other hand, with thoriated tungsten the equUibi’ium elec- 
tron density is 6*0 x 10’ and v^./vo==8*9x 10~®. This means that only an 
insignificant fraction (1 in 11,000) of caesium atoms leavmg the thoriated 
surface is an ion and no positive current should flow. None is observed. 

By somewhat different arguments a rough quantitative test of (1092) can 
be achieved. A pure tungsten filament was raised to 1177° IC in a bulb of 


* Langmuir and Kingdon, Proo, Moy. Soc, A, vol. 107, p. 01 (1926). 
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oaesiinn vapour at 70° C. at the vapour pressure of pure caesium for that 
temperature, The positive and negative ion currents were measured. The 
electron emission from the tungsten at 1177°K. was 2-22 x 10-® amxDero 
per cm.® and the positive ion emission 2*00 x 10~®, The electron emission is 
some 10® times greater than from pure tungsten at this temperature, so that 
wo are really dealing with a caesiated tungsten surface. Tliis> however, does 
not alter the arguments. On raising the hlament temperature to 1300° K. 
or more the positive ion ourront increased to 2*43 x 10“® and then remained 
independent of the filament temporature. This saturation ourrent is there- 
fore a measure of the rate at which caesium atoms and ions strilre (and are 
emitted as ions from) the surface and corresponds to 1*62 x 10^® atoms or 
ions per see. iJor cm.® At the lower filament temi^erature (1 177° K.) the atoms 
still strike the filament at the same rate for the oonditions in the vapour are 
unaltered, but the positive ion ourrent is only 1/1 180 of its saturation value. ^ 
This moans that of the caesium evaporating 1 in 1180 is an ion. The condi- 
tions at the surface of the filament are essentially tlie same as if it were 
surrounded by caesium vapour at 1177°K. and at such a concentration as 
to provide 1*52 x 10^® impacts per sec. per cm.® This concentration would be 

= 1-40 X 101®. 

If, then, the filament wore in an onolosuro at 1177° K. in equilibrium with 
this concentration of caesium, it would omit electrons and caesium ions at 
the rates measured 2*22 x 10“® and 2*06 x 10-"® respectively. From these 
observed currents the oorresponding equilibrium coiioontrations are 

= 10®, v,.«M9xlO®. 

From these throe values the observed value of the equilibrium constant is 

7^:n-2210, 

while the value oaloulatod from (1002) is 

s= 2500. 

This is excellent agreement. If we express it by examining what tempera- 
ture makes JQ equal to its observed value wo find 2'= 1174°IC. instead of 
1177°K., a difiorenoe within the imcortaintios of the temperature scale, 

§ 1 1*43, ^Spccce charge effects with 2 ^osiiive and negative ions. The equations 
so far given for positive ions refer to assemblies of negligible spjace ohai’ge 
or to the immediate neighbourhood of tlie omitting surfaces. The general 
laws for the atmosphere can bo studied by an extension of § 11'4. By § 8*7 
the average elootrostatio density and potential in the atmosphere p and w 
will satisfy the equations ' 

V®w= -47rp, p = 
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This is the average potential. In addition, there -will be polarization fields 
round each positive and negative ion like those considered in §8*8, which 
will give rise to small additional effects. These, however, are negligible 
unless the space charge is zero or very small, when they give rise to the only 
surviving terms in the electrostatic energy. They are probably never of 
importance here. 


We observe first that (^•h)o > 

and that pq is unaffected by the electrostatic field. This is an example of tho 
general theorem that if the condition of dissociative equilibrium is satisfied 
at any point of an atmosphere in equilibrium under long-range potentials, 
then it is in dissociative equilibrium everywhere, The equilibrium constant 
is independent of position. If we write 




^^87T,J{p,P+), 


the equation for w becomes 

= ~ sinh , 

hT hT 


(1094) 

(1096) 


We naturally only expect to be able to solve this explicitly (if at all) for 

plane parallel condensers or them equivalent. If then w depends only on 

d^w_€K ^€(ta — a) 

^-^smh . 

This can be integrated once giving 





where .4 is a constant of integration. We may notice that k has a very simple 
form.Itsatisfle. ,c=sW(M+) = 8,,V{if»M (1097) 

where is the equilibrium constant and pQ tho partial pressure of tho 
neutral atoms. 

Equation (1096) can be integrated completely in terms of Weierstross’s 
^'function. It can be integrated in finite terms with elementary functions 
when 41 = 1. This case will serve for the general study of the behaviour of 
F in the neighbourhood of the emitting surfaces, since there the argument 
of the cosh will in general be large. We then have 

& i^VKSinll , 

which integrates in the form 




kT 




if .a’ is measured from the emitting surface. 
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§11*44. Image forces Our troatmont hitherto has been based on mean 
I)ot6ntials and mean densities according to the analysis of §8- 7. But our 
averaging has been based only on averaging the electrons and ions in the gas 
pliase of the assembly and not on averaging all the movable charges in the 
assembly. I'liis latter of course would be the correct procedure and lead to 
an imexcoptionablo result for w. But such a procedure seems to be far be- 
yond our resources at present, and a correction is necessary for the polarizing 
off 00 1 of the individual ion on the neighbouring metal surface. If we assume, 
as seems reasonable, that the metal surface remains in the moan a surface of 
constant potential, then the polarizing effect is eq^uivalent to the formation 
of the usual electrical imago, and the ion will be attracted to the (plane) 
surface at a distance S with a force e®/ 482 , which is in addition to the force 
arising from the average potential w. Also, unlike •w, the image force affects 
ions of either sign eq[ually. Both are attracted to the metal. 

The image force can be derived from a potential energy function — €^/4S. 
We must suppose, therefore, that the correct atmospheric density law for 


Olootrons is ^ ^ gleOy-WoVf-e (1098) 

and for positive ions v.^. ~ (r.|Jo (1099) 

The corresponding equation that to must satisfy is 


— 47r6[— (1100) 

Wo have not given a rigorous proof of these equations. As we have indicated, 
this could only come from a proper averaging treatment of all the movable 
charges, not only of those in the atmosphere. It seems clear, however, that 
the equations must be of this form, and that the true correction for the 
inadequate averaging will not Bo widely different from that proposed. 
Equation (1100) of course follows logically from (1098) and (1099). The 
ooiTootion cannot hold good indefinitely as S“->-0. As soon as the specified 
electron gets within distances of the walls comparable with their departure 
from an ideal plane conducting surface the polarizing effect will depend on 
the nature of the surface, the roughness of its miorostruoture and so on, and 
finally will reduce to an offoot on individual atoms. Thus the apparent 
infinity in the correcting factor is spurious and the formula suggested cannot 
hold for values of S < 6 x 10”’^ cm,, or perhaps 10“'^ cm. Obviously at those 
distances the discussion fails altogether and we need only pay attention to 
greater values of 8. 

Bor values of 8 of the order of 10"'b 10“** cm. the correction has become 
quite insensible and our preceding results will hold unaltered. Eor on insert- 
ing numerical values wo see that the extra term is 

4*lfix lO-VST". 

* Bnaod on von Lauo, loc, cit. (fcwloo), and LnngmnJp ivnd Kingdon, lod, cU, 
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At room temperatm'cs (T’ = 300° K.) this is entirely negligible for S > 3 x 10~® 
and at the more usual thermionic temperatures of the order of 1000° K. 
when S > 10~®. These are outside limits. Closer investigation shows that 
marked effects do not even extend so far. Consider for simplicity the case 
of atmospheres wthout positive ions. Ignoring the image effect we found in 

(1076) that 2 /cT 

v)'^ logS. 

e 

This was derived from an equation 
instead of from the equation 

or, in other words, by neglecting e^j4ihkT compared with ~ 2 log 8. At 
300° K. and 8=10“® these quantities are 1*4 and 27*6 respectively; for 
8 = 10“’, 14 and 30. At higher temperatures the main term is unafiected and 
the image effect proportionally less. We see, therefore, that it is only in the 
region less than 10“® cm. from the wall that the image force will really alter 
the solutions already given and at the higher temperatures marked alter- 
ations are only caused near 8 = 10“’ cm. It must be remembered of course 
that these neglected terms occur in an exponent and are not simj^ly additive. 

When there are positive ions present the image forces can make much 
more marked qualitative difierences, for they lead to the formation of a 
sheath of positive ions round the emitting surfaces which would be entirely 
absent were it not for this image effect. The image effect only alters the ratio 
of the concentrations of electrons and iDOsitive ions indirectly through its 
effect on w. The sign of any space charge will be unaltered. 

Since all the image effects are confined to thin layers in the immediate 
neighbourhood of the emittmg surfaces, this layer may realty bo included in 
the “surface phase ” from the pomt of view of thermodynamic or statistical 
treatment of volume effects, All our previous arguments are therefore 
unaffected, if by the “surface of the metal” we mean not so much the 
actual last fixed metallic atoms as the immediate outside of the surface film 
at about 10“®, 10“® cm. or so from the last metal atoms. The potential at 
some such point must then be taken to be the potential of the metal, and the 
differences of these potentials is the contact potential difference of two 
different emitters. The question then arises whether the work apparently 
done against the image forces in the surface layer of the atmosphere is to be 
included in y. The answer of course is yes, but caution is required. If wo 
consider two perfectly pure pieces of the same metal, one with a smooth and 
the other with a rough surface, the work done in the atmos^phere against the 
image force would on the average be different for the two pieces. If there 
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were no componsating eiJeot such 23iGces of metal should have a contact 
potential clifloronoo which there is no evidence for and no reason to expect. 
There must therefore be some compensation in the surface layer in the metal, 
and it seems necessary to suppose, to avoid spurious contact potential 
differences, that tlie oompensation is exact or at least that there is exact 
compensation for all variations due to the mechanical state of the surface.* 
I^iio same argument for compensation of mechanical states holds for any 
surface of given composition, whatever impurities are jn’esentin or adsorbed 
on the surface of the pure metal. 

Let us summarize this discussion by recalling the complete laws for the 
equilibrium of the atmosphere which we have obtained. 

Let I'g, if,, be partition functions for the electron and positive ion without 
their F-faotor. Immediately outside the surface layer 



(1102) 

The forms of and are discussed in § 11*23 and of i!,. and K^in § 11*42, 
Elsewhere, outside the surface layers 

= 

j".,. = (rH.)8 (1104) 

whore w is an oloctrostatio potential satisfying 

(1106) 

Inside the surface layer at 8 from the metal surface (1106) continues to hold, 
but (1103) and (1104) are replaced by 

re ^ {rc)s ( 1 106) 

r.,.= (1107) 

It will be well to call attention to one last point. Inside the surface layer 
f/gF,. is no longer constant, but 

fee’ll- == (^js (1108) 

At the same time iJq , the concentration of the neutral atoms, is unaffected 
by the image forces so that 

g6®/2Sfta’ _ X ,.....( 1 1 09) 

''o 

It might therefore be thought at first siglit that the neutral atoms, ions and 
elootrons are no longer in dissociative equilibrium inside the layer. It seems 

* I’hoso oonolufllons may liavo to bo mocliflotl if wo sliould Itioludo lioto tlio notivo centres of 
oatnlytio thoorios. Soo for example Constable, Pfoc. Hoy, Soo, A, vol. 108, p. 366 (1926), vol. 110, 
p. 283 (1920). 
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probable,* however, that this is not the ease and that the equilibrium is still 
complete, the effect of the image forces being merely to decrease the work 
of dissociation x 1^7 Consider a quasi-Born cycle in which a neutral 
atom is taken from S inside the layer to outside the layer (no work required) , 
dissociated there (work x required), brought back to the layer at 8 as two 
ions (work done) and there allowed to recombine (work x' done). This 
is a reversible isothermal oyole, and we must therefore have 

+ ( 1110 ) 

in agreement with (1109) and the preceding argument. 

§11*6. The **free ’’ electrons of a metal, Hitherto wo have ignored entirely 
any periodic structure inside the metal; except for limitations imj)osed by 
the surface the electrons have been entirely free. This model must now bo 
generalized before we have an acceptable electronic tlieory of matter, for 
the model znust at least provide naturally a means of disoriminating between 
conductors and insulators — ^that is to say we must be able to specify what 
electron^ are more or less “free” and therefore able to conduct and what 
electrons are “bound” and cannot. This discrimination becomes possible 
as soon as the periodic variations of potential inside the crystal (metal or 
insulator) are taken into account. 

The motion of an electron in a triply periodic field of force can be studied 
by either of two methods of approximation, but except in the simplest one- 
dimensional case the wave equation cannot be solved exactly. We may start 
with the atoms of the crystal in correct array but at large separations, use 
atomic wave-functions for the first approximation to the electronic states 
and enquire how the atomic states are perturbed when the separation is 
decreased to the separation of the actual crystal. Alternatively we may 
start with the wave-functions 

g(2;r</A)(33»+0y+«) i ^ ^ 

representing completely free electrons with components of momentum 
py qy r, and examine how the possible values of p, q, r, and the dependence of 
the energy E thereon, are modified by small periodic variations in the 
potential. Both methods naturally lead to the same general results, and 
one or other may give the better detailed picture according to circumstances 
— ^the atomic starting point for the most tightly bound states and the free 
wave starting point for those least tightly bound. 

For our immediate purpose of describing the general nature and distribu- 
tion of electronic states in a crystal the atomic starting point will prove 
satisfactory, Consider first a set of N similar nuclei in a regular crystalline 
* Langmuir and Klngdon, loe. oit. 
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array expanded to large separations, The niioloi provide for one electron 
2N similar states for which the three atomic quantum numbers (spin 
excluded) are specified, one for each direction of spin attached to each 
nucleus. At large separations these have all the same energy and form in 
fact one 2iV-ply degenerate state. If now the scale of the nuclear array is 
reduced this 2A’-ply degenerate state is split by the interactions of the other 
nuclei into a group of states distributed in energy over a band of energies, 
whoso width increases as the scale of the array diminishes, but remains 
independent of N at least when N is large. In general the band will contain 
N distinct energy levels in each of which the electron can have either spin. 
Suoh a band can accommodate just 2N electrons and no more. The energies 
of its states will of course be modified by the electronic charges as the later 
electrons are added, but as always these charges cannot modify the number 
and general properties of the states. Since the breadth of the band is B say, 
independent of N, the order of the separation between states of neighbouring 
energy will be B/N; and this is very small when N is large and for a sub- 
stantial crystal the set of states in the band forms practically a continuum. 

The wave-functions describing the states in the band can be arranged in 
one or other of two ways. If wo consider a finite block of crystal containing 
N atoms, the wavo-funotions obeying the appropriate boundary conditions 
represent stationary electron waves without momentum like the stationary 
waves on a stretched string with fixed ends. If we wish to arrange the wave- 
funotions so that they represent electrons with a definite momentum — 
progressive waves lilce travelling vibrations on a stretched string of great 
length — wo must use boundary conditions which assert that the wave- 
functions are ];)eriodio with period Ga say, where is a large number and 
jf -yjQ y gQ progressive waves wo obtain a set of electronic states with 
the energies 

- 1 - 008 ^—+ oos^j ( - fG* ^ 

ranging over the band 15/^ - a ± 6^. These states and their wave-functions 
are examined in detail in § 11*62, If on the other hand we use stationary 
waves we obtain a slightly difCoront sot of states with the energies 

“ ^0 «~ 2 i 9 |oos“ -1-008^ -I- cos 

The energy range is the same, but owing to the degeneracy of the travelling 
waves in the forward and backward direction tlie spacing of the energies 
must be different, ■ ■ 

As further electrons are added they will begin to fib, up a new band of 
states derived from another atomic wave-function. It is in fact easy to see 
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that each atomio wave-function corresponding to a definite electron energy 
is converted by the interaction in the crystal into a band of N states each 
capable of accommodating two electrons of opposite spin . Those enex’gy bands 
belonging to different atomio wave-functions may or may not ovorlaj); 
whether they do or not may mahe an essential differenco in the electronic 
properties of the lattice. The lowest energy band is derived from the wave- 
function (type IS) of the atomio if -electrons. Owing to the very tight 
® binding of the -electrons the atomic states are soarcoly jnodified even in 
the actual lattice — the band is narrow and well separated in energy from 
all other possible eleetronic states. At any temperature at wliioh the lattice 
can exist these states are always occupied by electrons . The next lowest 

band will be derived from the wave -functions (types 2P) of the L- 
electrons. The 2;Sf-band may or may not .overlajj with tho 2P-bands, but the 
2P-bands themselves will in general overlap and in oubio oiystals the three 
distinct atomio 2P wave -functions must from the symmetry give rise 
to identical crystalline states, so that there is then one 2P-band containing 
N states each of which is represented by six wave -functions (allowing for tho 
two spins) and can accommodate six electrons. The whole set of states may 
be called the P-hands and oontams SiV states in all, which will normally bo 
fully occupied. The width of all these bands is at most of the order of a few 
volts, so that unless the Zf-eleotrons are valency electrons the T-bands are 
well separated in energy from all otlier possible eleotronio states. Proceeding 
hi this way we see that the oomplete set of crystalline eleotronio states is 
composed of a series of bands or groups of bands widely separated in energy 
from the neighbouring bands on either side of them until we oomo to the 
bands derived from the atomic wave-functions of the valency electrons 
themselves. Since band widths here are of the order of a few volts and the 
separations of the states of atomio valency electrons are of tho same order, 
different valency bands may or may not overlap according to particular 
properties of the atoms and the lattice. We have spoken throughout of 
atomio states and an atomio lattice, but all we have said remains equally 
true of moleoular states and a molecidar lattice when this is the better 
representation. 

At the absolute zero of temperature the electrons of the lattice will oooupy 
the necessary number of states of lowest energy available. The /C-, Z/-, etc. 
bands will aU be completely full and so on until we come to the highest 
valency band. This may be a pure band, as hi the case of the alkali metals 
for example, where it is derived from '^8 atomio wave-fimotions. It then 
contains 2N states (aUowmg for spin) and only N electrons oocupying the 
lower half of them. In more complicated oases it may be composed of a 
mixture of states derived from several overlapping bands. It may be 
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completely full of electrons, the next possible oleotronio state being 
separated from its highest state by a definite energy gap, or it may be only 
partly full. 

The electrical 25rox)erties of the crystal will now be entirely diherent 
according as the highest band containing electrons at the absolute zero is 
partly or completely full. If this band is only partly full the highest electrons 
in the band are free to make transitions under the influence of a small 
applied electrical field to states of neighbouring energy which are originally 
unoooupiod. By this means a current is sot up, and the substance has the 
electrical properties of a metal. In the absence of an electrical field the 
symmetry properties of the wave-function and the lattice require that no 
cuiTont can flow at any temperature, as is of course obvious a priori. If, 
however, the highest band is fully occupied, then tliero are no electrons in 
the lattice which are in states possessing empty states of neighbouring 
energy. It can be shown that under the influence of an applied field of 
ordinary strengtlis transactions can only bo made with extreme rarity* to 
states separated by even quite a narrow step in energy. The substance in 
question in this case therefore has the properties of an insulator. 

We thus see that “free ” electrons — i.e. electrons which are free to convey 
a current through the lattice under the influence of an applied field no 
matter how weak — are those and only those whicli possess empty states of 
neighbouring energy to which they can make transitions. Those states must 
differ in energy only by negligible amounts and must therefore belong to the 
same band or group of overlapping bands. Whether or not a given substance 
possesses free electrons and if so how many is in principle calculable when 
the arrangements of atoms in tlie lattice is known, In practice the com- 
putations can usually not bo carried througli with the present mathematical 
equipment of the quantum theory. Wo shall pass on to study in greater 
detail the temperature variation of the number of free electrons in the 
following sections, and shall then be able to correlate in a satisfactory way 
the electrical properties of metals and insulators and the intermediate 
substances called semi-conductors. 

§ 11*51,. JPurlher remarks about ike system of energy bands for the electrons 
in a crystal. Though we cannot hero study the quantum raeohanios of 
an electron in a periodic field, wo must bo familiar with some of the 
results of this theory in rather more detail than has boon given in the pro- 
ceeding section. 

In the one -dimensional case the electron moves in a potential energy field 

u=v„+f{x), 

* Zonor, Proc. Hoy, Soc, A, vol. 146, p, 628 (1034), 
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where /(a:) is a periodic funotion of period a satisfying /(a; + a) Schrd 

dinger’s equation is 





It can be shown generally that the possible values of JS no matter how largo 
are never continuous but are always 
broken into bands by values of E 
v^hich are impossible for an electron. 

For small values of E the width of 
the bands of possible ^’s may be 
small and of impossible E's, large in 
comparison. For large values of E 
the width of the bands of impossible 
E*^ tends to zero, but the impossible 
values never drop out, The centres 
of these bands are determined by 



I'ig, 33. Tlio aimclod strips sliow tiro bands of 
permitted energy lovols for an olootron in a 
one-diinonsional poriodio potential energy Hold 


Bragg’s reflection law for the de Broglie wave length of the electron, 

= ( 1112 ) 


where n is an integer, The arrangement of bands is shown diagrammatically 
in Fig. 33. 

A special model which can be solved exactly has been studied by Kronig 
and Penney.* 

In the actual three-dimensional lattice the arrangement of possible 
energies is far more complicated. It remains true that there are bands of 
disallowed energies for electrons moving in any specified direction but it 
may no longer be true that there are bands of disallowed energies ignoring 
directions of motion, and in fact for sufficiently great energies the dis- 
allowed ranges must always disappear. The possible energies as functions of 
the momenta in various directions have been studied in great detail by 
BriUouin.t The bands of disallowed energies are still closely related to tlie 
Bragg reflections for the corresponding de Broglie wave lengths, and must 
be taken account of in any theoretical calculation of the absolute value of 
the electrical conductivity. J They play moreover a great jDart in the struo- 
tiire of metallic alloys. It has been shown recently by Jones§ that 
Hume-Rothery’s rule, that alloys of the structure of y-brass always contain 
very nearly 21 valency electrons for every 13 atoms in the lattice (the structure 

* Kronig and Penney, Proc, Roy, Sac, A, vol. 130, p. 49fl (1031), 

t Brilloiiin, J, de Physique, vol. 1, p. 377 (1930); Pie QuanteualatisUk (1931); J, de Physique, 
vol. 4, p. 333 (1933), where other roferencea are given. 

J H, Jones and Zener, Proa, Roy. Sac, A, vol. 144, p, 101 (1934). 

§ H. Jones, Proa. Roy. Soc. A, vol. 144, p. 226 (1034). 



11 * 52 ] The Structure of the Bands of Allowed Energies ' 383 

being more or less indifferent to what the atoms are so long as the 21/13 
ratio is obeyed), can be simidy explained in terms of Brillonin’s energy 
disoontiniiitios. It is nnfortunately impossible to do justice in a short space 
to Brillouin’s theory and to its very beautiful applications which are just 
beginning to appear, and we must be content thus to call attention to it. 

§ 1 1 * 52 . The structure of a simple haiid. We shall require some knowledge 
as to how the energy and momenta depend at least approximately upon 
quantum numbers for the states of a single band. Wo shall bo oontont to 
examine those details for the simplest case and quote more general results 
when required. 

Consider a simple oubio lattice of spacing and let the integers i/j , <^ 2 , gg 
charaoterizo the lattice points; and let the potential energy of an electron 
duo to the ion at one lattice point be 

(1113) 

whore Z7(a,/3,y) is a function of + only. The potential energy of an 
electron in the crystal is then given by 

F(w)= S (1114) 

VxtOtt(lt'=‘ “ <0 

it is assumed that the 17*s are such that this series converges. Sohrodingor’s 
equation for an electron in the crystal is 

VV + k’*(J2;~F)«A = 0, (1116) 

and in the isolated atom (/i, ga> l/a 

The simplest case, which alone wo shall treat hero, is that in which 
spliorically symmetrical representing an atomic /S'-stato, of energy 
ISq] is then real. Wo then solve (1116) approximately by initting 

7^0 -hi?, 0= S %,ff gj>„ a 

and imposing the periodicity conditions on i(j that 

+ G(i,y,z) « xp^y + Oa,z) = 0(.'r,y,2! -h Qa), 

where C? is a largo integer. J3y the well-known method of perturbation theory 
the first order equations determining i? and the are easily shown to be 

S f f f (’) - '^'w.) ® 

*/ J J —CO 

j » 

for all integral Ai, h^t h^i with 

TJ* 
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If the electrons are fairly tightly bound, the atomic wave-functions do not 
overlap much and we may assume that 




according as and {hiJi^Jh) or do not represent the same atom. 

Since ^ and U are both spherically symmetrical, we may also put 

- J J J ° 

according as (ffi, griffs) and {hx,h%,hz) represent the same atom, next neigh- 
bours, or more distant pahs respectively. Since U’ is negative a must bo 
positive, and for fairly tightly bound electrons ^ will be positive too. 
Equations (1116) thus reduce to 

[l + ^7^J,7^2,7i3 + ^(%i+l,7ta.7(3 + 

+ %i,7fj-l,7(a + %i.ft2,7t3+l + %./*a,Aa-l) (in'?) 

Since i(j is periodic in the coordinates with period Oa, the a’s solving (1117) 
must be periodic in the h^s with period G, The possible solutions are 
easily sho^vn to be ^l,trt>n^ ^^2niilh^+mli^+nhs)!&^ (1118) 

Distinct solutions are obtained when and only when I, m, n are a set of 
integers satisfying the conditions 0 ^ Z, m, G, or any equivalent in- 
equalities. It is most convenient to assume that G is even (a trivial restrio- 
tion)andtototo iff. 

There are just the correct number, of such distinct solutions. The 
resulting are to 

CHO) 


7t,,7jj,7js 


and the corresponding energies are (a,^ > 0) 






27rl 2imi 27Tn 

cos 4- cos + cos 


j. ...(1120) 


The range of energies covered by the hand stretches from — a ■- 6^ to 
Eq — ol + 6/8. Eor small Z, m, n we have approximately 

= -®o - « ~ + + (1121) 

Near the other extreme we can put l — ^Q — V, etc. and find for r,m\ n' small 

Ei,yn,n - ^0 ~ « + 6/8 - ^ (y a + ^'2 + ^3) (1122) 

The nature of the wave-function (1119) can best be seen by trying to 
cormeot it up with the wave-function ( 1 1 1 1 ) for a free electron. The effect of 
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tho triple summation is to repeat the atomic wave-fimction with a different 
l)hase at each lattice point. Thus (1119) is very closely equivalent to a 
function 


whore u{x,y^z) is a real function with the periodicity of tho lattice. But this 
is of the same form as (1111) except that the free electron waves are modu- 
lated hy tho high frequency factor u{x^y,z). 

Those formulae at once recall the physical moaning of the quantum 
numbers Z, m, % as momenta. They are from (1123) palpably also wave 
mimbers, I being the number of times tho electron wave repeats itself in the 
interval Qa taken along the direction of the .-r-axis, with similar meanings 
for m and n. By comparison of (1123) and (111 1) we see that 


Gap 



Gar 


(112d) 


r being the components of momentum. We can verify this relationship 
by using the well-known vector formula for the flux J, 


^ ^ //J "A dydz, . . 

Equation (1119) gives us normalized so that 

('I'raa 

JJJ 0 ^“* 


....(1126) 


In order to represent a single electron tho expression for ijj must therefore 
bo divided by Normalizing thus and applying (1126) to tho form (1123) 
wo at once recover ( 1 1 2 4 ) . | 


t Tlioao oompariaons aro only valid whoii I, Jt or V, %' ai'o Binall compared with (?. In 
liiio gonoral caso the tlmo-dopondont wavo.fnnotion can bo put in tho form 

’U.m.a*', 


Avhoro is poriodio with tho period of tho lattioo, and only mildly dopondont on I, m, n — 
any dopoiulonoo on I, m, n only ontors from tho rosidual diiToronooa hotwoon (lUO) and (1123). 
If now wo build a wavo-paolcot out of aucli fiinotiona using relatively small ranges of I, m, n, tho 
wave •function ili{x,t) of such a wavo-paoket can bo put in tlio forju 





»i.n 




which is sulhoiontly nearly 


r/'n-i-a/,... 






Identifying tho parti olo velocity with tho group volooity of tlds ivavo-paokot ono finds at once 
by tho prlnoiplo of stationary phase that 






Qa 
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(112fi ft.) 
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Th.6 interpretation of m, n just given enables us to 
(1122) in the form 




1 

2m* 


ip^+q^-hr^), 


[11*52 
write (1121) and 

(1126) 




The electrons in these states near the edges of the band behave as free 


electrons with an effective mass w 



Tig. 34. The energy and momentum of 
an electron as a function of I for a 
one-dimensional lattice. 


depending on the tightness of their 



-io 


J'ig. 36. The dopondonco of the energy of an 
electron on I, in for a two-dimensional 
square lattice. 


hinding. f Those near the lower edge of the band are normal in that they have 
an e^GGtxvQ positive mass . Those near the upper edge of the band are abnormal 
and have an effectively negative mass. This means of course that when a field 
is applied to them in such a direction as to do work on tliem and increase 
their energy, this must show itself by retarAing instead of accelerating them. 
They behave in fact as has been shown in detail by Heisenberg and Dirac 
just as if they were positive electrons of normal positive mass m*. 

The dependence of the energy on the wave number oan be illustrated 
usefully by the accompanying diagrams. ]?ig. 34shows the dependence of the 
energy and the flux (5) on the wave number for the one-dimensional lattice 
in which the energy depends on one wave number I only and there is only 
one cosine term in (1120). Kg. 36 shows curves of constant energy for the 
two-dimensional lattice as functions of the wave numher oomponentb 1, m. 
Kgs. 36 a, b show two surfaces of constant energy in three dimensions as 
fimctions of the wave number components Z, w, n. The first surface is an 
octahedron with bulging faces, whose vertices lie on the faces of the standard 
cube whose faces lie at ± \0, The second surface is one of greater energy and 

t The smaller ^ the tighter the binding. 
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ropresonts the energy of the highest occupied levels at the absolute zero 
when electrons are acoommodatocl on the loAvest levels. IJ’urther 
details will bo found in the authorities already quoted. 

We can now summarize what we require here of the prox^erties of the 
states of a simple band, using both the results here given and similar results 
for more complicated oases. The distinct states of a band for a set of { = N) 
atoms in the lattice are in general 0^ in number, eacli of weiglit w. [The 
weight always contains the factor 2 for electron 8X)iii and may contain other 



li'ig. 30 u, h, Siii’faooa of oonataiit oiiovgy for an olootroii aa a fn notion of I, vi, n for a alinplo 
oubio lattice. Tlio niomonta coiTospoiuling to I, m, n lie along tbo a', y, z dirootiona rcBpootlvoIy. 


faotors as well, at least in cubic lattices,] The energy of the states dox)end 3 in 
general on the quantum (wave) numbers of the states in a complicated way 
except near the limits of the band. Near the lower limit of the band the 
states are arranged like those of an ordinary free electron of effective mass 
w* different from that of a free electron. Near the upper limit of the band 
the states are arranged as if they were those of a free electron Avith negative 
mass w*.t 

When a band is neaidy empty so that the electrons in it are all in the lowest 
levels, they may be treated as a classical atmosxdiere of free electrons of 
mass TO*, ignoring Pauli’s exclusion prinoijolo when the electrons arc too few 
to got in each other’s way. When a band is nearly full and contains only a few 
vacant states of negative mass, the vacancies or holes behave precisely as 
if they were positive electrons of positive mass to*. This however holds only 

t Bathor more generally the oquivalonb “ inasa of fclio olootrott need not bo a floalar, bub can 
•bo a symmotrioal tensor of rank two [Bronstoin, Pkysikal, Zeil, d, SoiajclunioUt vol, 2, j), 28 (1032)], 
bub wo shall nob employ this rofinomonb boro. 
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if the vacancies are few so that there is always an electron in any neighboiiriug 
state to allow the hole to move to it. Though electrons in such states must 
always move as if they were positive electrons, it is of course only holes In 
a complete hand which have also efTeotively a positive charge and oan 
therefore be completely described as free 230sitive electrons of positive mass 
m*. But when even the U 2 )per states of a band are nearly full, the band can 
be treated as completely full (it is then without importance except for a 
constant contribution to the total energy), together with a classical atmo- 
sphere of positive electrons which are an exact analogue of the few holes, 

§11*63. Metals, insulators and semi-conductors. We are now in a position 
to give a qualitative theoretical explanation of how some crystal lattices 
come to conduct electricity freely and are classed as metals, and others not 
at all or only with difficulty or at high temperatures and so are classed as 
insulators or if slightly condircting as semi-conductors. We may start by 
describing rather more precisely the very different properties of good and 
bad solid conductors of electricity, which show that a classification into 
good and bad is no mere trivial one, Good conductors (metals)f have an 
electrical resistance which always rises with the temjDorature and Avith the 
presence of increasing amounts of impurities. Bad conductors have a 
resistance which falls very rapidly as the temjjerature rises (until the 
temperature passes a definite limit) and generally falls as the impurity 
content rises, Bad conductors with these properties are called serai- 
conductors or insulators when very bad. There is no such sharp line of 
demarcation between semi-conductors and insulators as there is in general 
between these substances and metals. Semi-conductors can be further 
subdivided into semi-conductors which carry a current without material 
change and semi-conductors in which the current is Avholly or partly 
electrolytic. It is only the former, electronic semi-conductors, with which 
we are concerned in this chapter. 

The quantum theory of electrons in a periodic field, of which we have |ust 
given an outline, provides at once a theoretical basis for this classification. 
If the highest band of allowed states, containing any electrons at low 
temperatures, is only partly full of electrons either because a number of 
consecutive bands overlap or because there are only enough valency elec- 
trons to fill up half the states in a single band, then at all temperatures there 
are electrons available at the top of the full levels, in number nearly in- 
dependent of the temperature, whioh are free to make transitions to neigh- 

■)■ Metals as a class of substances have of course many other distinctive properties (suoh as 
their ductility when pure) besides their eleotrleal conduotivity, Tlieory has not yet advanced to 
suoh a i)oint that these other properties can be correlated with tlie nature of the eleotronio bands. 
For our purposes here a “metal” does not strictly mean more than a metallio conduofcor. 
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boiiriiig empty states, and the substance is a good conductor, a metal. If 
on the other hand the highest band containing any electrons at low temper- 
atures is exactly full of electrons and separated from the next higher band 
by a distinct gap of disallowed energies, there are no electrons at low tem- 
peratures free to make any transitions and the substance is an insulator. 
It has been shown in fact — ^most explicitly by Zener* — that under the 
influence of an . applied field transitions to the free states of the upper band 
will only occur with an appreciable freq^uoncy when lO"®, where 

AE is the energy gaj) in volts and JP is the applied field in volts/om. At 
higher temperatures the eleotrons will not be all in the highest normally 
ooouj)ied band, but some will be thermally excited to the higher emj)ty band. 
The details of this excitation we shall study in the following seotions. The 
general result must be that there will at higher temperatures be an increasing 
number of free electrons in the almost empty band and therefore also of 
free holes which function as free positive eleotrons in the almost full band, 
both of which can make transitions to neighbouring states and so the 
substance will conduot more and more freely as the temperature rises. The 
part played by impurities we shall discuss later. It is already clear that we 
have the necessary basis for the olassifioation. 

It is at j)resent hardly possible to carry through the actual calculations 
necessary to decide in all cases whether a set of N atoms (or molecules) of a 
given tyj)o when they combine to form a crystal lattice will form a metal or 
an insulator. Alkali atoms form an atomic lattice and have each a single 
valency electron in an ns state well separated in energy from the states of 
the other core electrons. These ns states of N atoms will by themselves form 
a band oai)able of aooommodating 2A eleotrons and only N electrons are 
present to go into it. The solid alkalis must therefore bo metals. Wo might 
go further and try to argue that any atom of odd valency (or molecule of 
odd residual valency such as NO or TiN) must also form a metal in the solid 
state. This however is not always oorreot, as oan be aeon most clearly by 
considering the halogens. A halogen atom has an incomplete outer shell 
containing 7 valency eleotrons instead of 8, If the atoms could form an 
atomic lattice the four atomio wave-functions of the outer shell would form 
a band or bands of states capable of holding 8JV electrons; only IN would be 
present and a metal would result. But in fact this is not what occurs: the 
halogen atoms from energy considerations prefer first to form molecules of 
two atoms rather than crystal lattices, and the lattices are built up from 
these molecules, not from atoms. The molecular electronic states are all 
fully occupied by two electrons each and oan form bands of crystal states 
which are all completely full (or completely empty) so that the solid is an 

* Zoaor, Proo. Soy, Soo. A, vol, 14S, p. 623 (1084). 
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insulator. In the same way, while TiN forms a typical metal, NO does not. 
The molecules first polymerize to NgOg in which all the molecular electronic 
states are fully occupied, and give rise to fully occupied lattice bands. 

The converse of this is also true. Atoms such as tlie alhaline earths with 
electronic states all full in the free state need not necessarily give rise to 
insulators, for if there are other atomic states not far removed in energy 
from the ground state, as there are for the alkaline earths, the corresponding 
bands may overlap and the lattice have the properties of a metal. It is at 
present therefore still necessary to discuss the electrical and other pro- 
perties of solids on the basis of explicit assumptions as to the nature and 
arrangement of the electronic bands, having shown that the theory provides 
a natural place for all the types that it is necessary to use, 

§ 11*54. The function of im>purities in supplying ^^free” electrons. We have 
seen in § 11-62 that the periodic field of a perfectly regular lattice offers no 
obstacle whatever to the movement through it of an electron of suitable 
velocity components. The whole resistance of a metal to the passage of an 
electrio current must arise from irregularities in the lattice which will give 
an electron in any state of motion a finite mean free x^ath. Such irregularities 
will always arise from the thermal agitation of the lattice, and are provided 
also by any foreign atoms (imx>urities) that may be present, This is the only 
part of any importance played by the impurities present in a metal — they 
shorten the meoir free path, and thereby increase the resistance in agreement 
with observation. 

In an insulator or semi-conductor they play an additional part which is 
far more vital. Suitable impurity atoms embedded in the lattice will provide 
electronic states which do not fuse with the band states of the lattice, but 
remain isolated and to a first approximation without effect on the usual 
bands. If the impurity is a suitable one it may then function in one or other 
of two ways. It may provide an isolated electron level higher than the top 
of the normally occupied band, and therefore more ready to supxily an elec- 
tron to the empty band above where it can conduct. If the impurity level 
lies below the bottom of this band, thermal excitation is required to ionize it 
and we shall obtain a strongly temperature-dependent number of electrons 
available to conduct. This is the typical case of an impurity semi-conductor. 
If the impurity level lies above the bottom of the same band, then it will 
be always ionized at all temperatures and we shall have a number of con- 
ducting electrons independent of the temperature and proportional to the 
impurity content. Such a rather surprising substance might be called an 
impurity metal and it is probable that such substances actually exist. 

The second type of impurity might provide a possible localized home for 
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an electron above the top of tlio normally occupied band. Such a home, 
normally empty, could accommodate an electron from the lower band. 
Electrons from the lower band could bo more easily transferred by thermal 
excitation to these low lying localized levels than to the states of the empty 
xipper band. As a result we shall have a number of oEeotivo free positive 
electrons in the lower band, which will again give a strongly tomixeraturo- 
dependent conductivity, this time by positive electrons. Both types of 
impurity might well bo present together. 

§11*641. Wo have now in oxxr possession a sulKiciont description of the 
electronic levels in a crystal lattice to apply them to explain many of its 
equilibrium properties. We start in the next section by applying the prob- 
able structure of the electronic bands in nickel to explain in detail its 
excess specific heat over and above the contribution of the lattice vibrations 
(Chapter iv) and the ferromagnetic contribution (§ 12' 9). 'fliis explanation 
extends no doubt to other metals. We follow this in §§ 1 1* 6 sqq. by developing 
the quantitative theory of the distribution of free electrons, negative and 
positive, in somi-oonductors of various types, and apply the results to 
explain their electrical in’Ojiertics. In §§11*7 sqq. we give the formal 
tlieory of eleetrical and thermal conductivities for both metals and semi- 
conductors but only formally tohere a knowledge of the free path is required^ 
making no attempt to calcxilato the free path a priori. Such applications 
of quantum mechanics lie beyond the scope of this monograph.* Wo con- 
clude (§§ 11*9 sqq.) with a discussion of electrical contacts, and a theory of 
rectification. 

§11*56. The electronic specific heat of nickel and other melala. The observed 
value of Gy for nickel differs in several ways from any value which could bo 
associated xvith lattice vibrations distributed according to any reasonable 
distribution law g{v)dv. At very low temperatures, 0-20° K., for which the 
important frequencies lie in the region in which g{v)-^av^ and 
Keosom and Clarkf have found the values of Gy sboAvn in Eig. 37*1. Those 
values correspond to a normal lattice contribution C/j^^'^^ = 4O4'6(770/d'''> 
equation (369), with 0 jj~413°, a value derived from the elastic constants 
of nickel, together with an extra term which as Eig. 37*2 shows is accurately 
rej)rosontod over the whole range of its importance by the expression 

0'00].744!Z' cal. /dog. /mole. 

At considerably higher temperatures, but below the Curie point, there is 

* i'or tlio theory of the free path and the resulting comploto theory of inotalHo (and other) 
conduction boo Sojnmorfokl and ]3otho, he, cit,, wJioro full roforonco will ho found to other writers, 
who have developed the theory, notably Blooli, Polorls, Botho and Nordholm. 

t Kccsom and Olark, Phyaim, vol. 2, p. 613 (1036). 
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a large excess speoilio heat associated with the disappearance of the ferro- 
magnetism as the teinperatnro rises, wliioh we need not consider further 
here. Above the Curie point (631° K.) contributions from this source should 
entirely disappear, but for nickel tlie value of Gy does not fall above the 
Curie point to a value comparable with 6 cal./dog./mole which is the value 
for the lattice vibrations in this region of temperature. The minimum value 
for Oj, observed above the Curio point ranges froju 7*3 to 7*0 according to 
various investigators. Taking even the lowest value and reducing it to Gy 
by equation (390) we obtain the value 7*0, compared with a similar corrected 
value for copper of 6* 1 at this temperature. [Some excess about the value 0 
may be expected to arise from the anharmonio terms in the strain energy 


Tabms 43*2. 


Observed values of Gy at high iemj)evalures foi' various melals. 
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1000 

— 

fl-8 


— 
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of the lattice.] Considering all the values it is clear that Gy exceeds 
above the Curio point by 0*0-1 *3 cal./dog./mole and this excess appears to 
increase with the temperature. 

Similar contributions appear at high temperatures for other transition 
metals as is shown by Table 43*2. 

Both these excesses in Gy for Ni and their absence for the noble metals 
can be simply explained ns an electronic speoilio heat if the probable struc- 
ture of the oleotronio bands in those metals is taken into account. It has 
been shown by M.ott,f. that in the nickel lattice there are two bands of 
energy levels of comparable energy derived from the M and 4« oleotronio 
states of the free atom. I’ho states in those bands are arranged as shown in 
Fig, 38, In Ni neither band is completely full, but in Cu and the other noble 
metals only the 4s-band. is partially full. InNi there ap])oar8 to bo 0*6 elec- 
tron per atom in the 45-b'and and 0*6 electron poi.’ atom too few in the 
3(Z~band to fill it. The actual number 0*0 is that nuhibor which gives the 
metal its correct saturated magnetization, at low temperatures, since the 

* Mott, “DlsoiiBaJoii on supraconduotlvlty and low toinnoratuvos", Proc. liomSoc. A, vol. 1C2, 
p. 42 (1036), 

t Mott, Proc, Phys, Soc, London, vol. 47, p. 671 (1086). 
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magnetization is clue to the inoomplete i^-bancl only. The states of the ,9-baiid 
appear to correspond to electrons which are almost perfectly free and avo 
therefore spaced as if the electron had its natural rest mass Wq , while in tho 
states of the d-hand the electrons 
are rather tightly hound, the over- 
laj) of the atomic wave-functions 
is small, and the states are distri- 
buted as if the electron had a large 
effective mass m*. The nearly free 
electrons of the 5-bancl will, we 
know, nialce a negligible contri- 
bution to the specific heat and it 
remains to examine the contribu- 
tion by the holes in the d-band. 

Since there are many less than 
one per atom and the states in the 
d-band have probably an extra 
weight factor, it is certainly safe 
to use the approximation (1126) 
for the energies of aU the states 
that matter. 

The complete formulation of the 
theory for two such overlapping 
bands is as follows. By equation 
(124) the average number of 
electrons in any group of levels 38, Tim hlglmr oooupiod olootronio states 
whatever is given by in Ni and Ou crystals. 

^0 = ^ » (1128) 

where 2^^,) denotes summation over all values of r belonging to the 
group; A may have to he fixed either so that the total number of electrons 
is correct, or by equality with its value for some other groxtp of eleotrona 
in common equilibrium, according to the conditions of tho problem. 
In the present problem there are two groups, the d-band oontaining 
lOiV^ states, and (10— a;) ^ electrons, where ilT is the number of atoms in 
volume F, and the «-band containing 2N states and xN electrons. In 
the 5-band 

It is convenient to take the energy zero at the bottom of the 5 -baud and 
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sufficient to ;iae the approximation (1126) for Then, by following the 
derivation of (222), we see at once that 

Tj^drf 


“ /(S 


’ <0 

Jo 1 




.(1128*1) 


Wo see fui’thor that tho average energy of these oleotrons is 




2TT{2mfV 

Iv^ 


Tfdt] 


0 1 + ■ 


.(1128'2) 


It is convenient to express tho distribution in the c?-hand in terms of positive 
electrons or holes. The average number of these is 

ytr -h '__ y — y V 

I'ho holes are all near tho top of tho hand and wo can therefore apply (1120) 
whioli takes tho form 2 

>?,.== A j5-^~^(p2 4.gra+r2), 

wJioro ABi& tlio enoi’gy by wliioh the top of the i2-bancl exceeds the bottom 
of the 5“band. Then 




7i“ 


'rjfdrj 


0 ' 
Tlie average energy of tho oleotrons in this band is 

This can easily bo reduced to 


.(U28'3) 


B„ = cmsl. - M„+^S + w* 


Q ...♦..(1128‘4) 


Finally £ is fixed as a function of 3’ by tho oondition 

At zero temperature ^->-^0 and both bands are oomplotely degenerate. 
We may assume also that a!->>a’o^0‘0. Wo then find that 

by tho usual evaluation of the integrals in (1128*1) and (1128*3) as T-^O. 
ifhoso oq nations determine and AE ; is large and of tho order of 5 volts 
but AE — ^0 may be niuoh smaller owing to to* and m*. 

At higher tomporatures £ must vary but tho a -band will remain almost 
completely degenerate so that wo continue to liavo 
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The variations of I necessary to preserve the equality = will bo on 
the scale of A J? — and therefore quite small compared with 
therefore neglect tliem in a first approximation; it follows that tV'-a'Q at all 
relevant temperatures and the d-band may be discussed as if it were a 
separate set of electrons of constant number, AE — C varying so that this 
constancy is maintained. 

Under these conditions Gy^ is to be obtained by differentiating (11 28 '4). 
At low temperatures the usual approximations for degenerate assemblies 
will hold, and we have by (1018), in the present notation, 


where 


Gy^lB^xSrr^TIT,], 
h ‘ 2w*/(;\4tD*7rj 


,(1128*5) 

(1128*6) 


This will fit Keesom and Clark’s measurements if !7’^ = 3340. At higher 
temperatures Oj/ must be 
evaluated from (1128-3) and 
(1128-4) by numerical inte- 
gration. This has been done 
by Mottf whose results are 
shown in Kg, 39. It is easily 
seen that Cy^ must be a 
function of T/T^ only, where (^0*5 
Tg is given by (1128*6), We V 
may now compare the cal- 
culated c ontribution with the 
observed values above the 
Curie pomt, remembering 39, TJio apoolflo lient of a dogenorAto oloofcron 

that for the ferromagnetic ^ function of S'. 

d-band at low temperatures w* may be 2 or 3, only states of one spin 
being allowed, but that above the Curie point all spin states may be used 
indifferently so that w* increases by a factor 2, We must therefore use 
a value 3340/2^=2110 for T^. At 630° K., TjT^ has the value 0*30 and the 
specific heat per electron is about 1*0^;!, or (0*6)i?=l*2 eal./deg./molo. At 
1 300° K. this will rise to 1*6 cal. /deg, /mole. These values correspond to 
those observed within the error of the experiments. 

It remains to examine what value of ^ is required for the d-band to give 
this value of On combining (1128*6) and (1127), talcing and 

remembering that 1, we see that 



P UJ 4ir“~5-2’ 

t Mott, Proa. Roy, Soc, A, vol. 162, p. 42 (1936). 
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When 7^ = 3340, j3~6*5x 10“^ electron volt and the width of the cZ-band 
wonld be ~0*3 electron volt, which is an acceptable value. It seems likely 
that further stiidies of this type will prove extremely fruitful. 

Before leaving this subject it may be convenient to derive a more general 
formula given by Betho | which can be applied to calculate the specific heat 
contributed by any assembly of a constant number M of nearly degenerate 
electrons in which the number of states in the energy range tj, 7) + dr) is 
N{r))dri. It follows at once from the foregoing formulae that 




N{r))d7] 


IP- r 


These integrals may be evaluated asymptotically by the methods described 
in § 11*71, by converting them to the form (1171*1) by integration by parts. 

It follows at once that, if S{Q dr), T{1) - J V(’?) 




(1128-71 


= + (1128*8) 

On dilTorentiating (1128*7) and (1128*8) and eliminating dljdT, Ave find 

fl Jij 

= g = (1128*9) 

In this approximation £ may be replaced hy r}*, its limit when T->-0. It is 
easily verified that this formula reduces to (1018) for an assembly of degen- 
erate free electrons . It folloAvs also from ( 1 1 2 8 * 0} that in the nearly dogonorato 
region the contribution of two overlapping bands is always equal to the 
sum of the contributions of the two bands calculated independently. 

§11*6. Electron distributions in aemi'Conduclors. Wo shall consider a 
standard case in which wo are concerned Avith tAvo bands of levels 1, 2, of 
Avhioh the former is empty and the latter full at the absolute zero. Band 2 
Avhon full Avill bo supposed to contain iV* electrons for a volume V of the 
lattice. The states of the bands have Avoights each respectively, so 

that the number of atoms in volume V contributing states to 

the band. The effective masses of electrons in states near tlio limits of the 
bands are and respectively, and the free paths of ordinary electrons 
in the upper band or positive electrons in the loAvor band and Zg . Tlio energy 

t Seo a forlilioojtiiiig boolc by Mott aiul JonoB, Oxford Prosa. A moro oxaot etucly by Slater 
(in course of publication) Ims fully condnued tlioso oloinontnry caloulatlona, 
t Soipmorfold and Potho, loc. cil, p, 430. 
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zero will be taken for oonvenienoe at the top of band 2; the onorg^'^ inU»rt'iil 
from there to the bottom of band 1 is A^i. 

The equilibrium concentration of free electrons and free holes (funetitMiiiig 
as positive electrons) for such a semi-conductor which wo shall call intrinsic 
can be simply determined as an ordinary dissociative equilibrium: 

Tree Electron + Free Hole Bound Electron. 


Suppose there are N-^ free electrons and theref<;ro in this ease also frot? 
holes, in a volume V. Then by (459) 


g{T) ' 


(U2i») 


where /i(T) is the partition function for the free olootrou, a claHHleal iiartiulo 
of mass with states of weight in a volume VJ^{T) the same for a miiHs 
jwa with states of weight and g{T) the partition function for a bound 
electron in band 2 which is practically full. We can therefore asHimiJn to Mto 
exact problem to the classical one by treating all the N* states of the bund iJ 
as equivalent and taking g{T)-^N*, Since W* wo have thomforo 


Ni^-A{T)h{T)> 

With the specified band structure and energy zero 


A(y) = V,, ^ (M?.)* 


so that 




(U31) 


It may happen however that the free electrons in band 1 are supplied 
primarily by localized impurities, when band 2 can bo ignored. T'Jio dissocia- 
tive equilibrium is then 


Free Electron -f- Bound Hole Bound Electron. 

is the number of impurity levels in a volume V and if tho onorgy koto 

LX tW “ “P'uiV levels at a, depth MS' below the bottom of 
Dana 1, the equation of dissociative equilibriniii is 

W MT]N„ 




K 


oi.ivhenry,^^„ 

way in the next seotiL^’ generalized in a more systomatio 

^ Pfoc, Hoy, 800. A, vol. 133 n onQ 1 ^ i 

, voi. 13 d, p. 408 (1031), vol, 184, p. 277 (1032), 
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§11’61, General formulae for semi-conductors, For a general diaoussioii it 
is best to start Avith (1128). We can at onoo distinguish various oases. 

(i) Intrinsic semi-conductors. Energy zero at the loi^ of band 2. If the band 1 
is nearly empty A throughout the band 1. Thus 


or 


= Axui ye-Mi,thT , 


(1133) 


Band 2 is in’aotically full so that A throughout the band. Thus, on 

oxi)anding (1128), 


or 


- W;- S(,^,Ta,,(l - eVrm'lX) = m 

jj {2TTm2hT)^' 


Combining (1133) and (1134) 



wj \mj 


(1134) 


(1135) 


Our jnovious result (1131) folio avs at opco on combining (1134) aaid (1135). 


(ii) Normal impurity semi-conductors, impurity levels in volume V. 
Energy zero at the /o^j of band 2. Electrons in band 1 from both band 2 and the 
imimrities. Denote the average numbers of electrons in band 1 and holes in 
band 2 by iNi and N^ respectively. Then N-^ is still given by (1133) and N^ by 
(1134). ']?ho number of olootrons in the impurity levels is Nq — N^ H- N ^ , so that 




if it is assumed that the impurity levels lie at a lioiglit A/^ ( < ^Efi above 
the top of band 2. Thus -xr 




on oombining ( 1133), ( 1134) for (1136) the equation for A is soon to bo 

(27rm,/.fZ78' NJV 

- --p- e ~ 1 A ¥ 


(1137) 


Bor any given values of the lattice and impurity constants Aj57a, 
Wfl, mjL, Wa, vji and Wg the values of A as a funotion of T can easily bo com- 
puted from tliis formula. Bor small values of 0} the loAvor band states are 
unimportant, ~ 0, ^ and 1. Then 

/N\^ , ¥ 
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Equations (1138) and (1133) reproduce (1132). For larger values of T tlio 
impurity contribution is swamped by the electrons from band 2 and -wo 
recover the formulae for the intrinsic semi-conductor. 

(iii) Abnormal impurity semi-conductors, Nf impurity levels in volume V. 
Energy zero at the top of hand 2, Holes in band 2 due to suptpily of electrons to 
the impurities and to band 1 . This case differs from (ii) only in that the number 
of electrons on the imi^urities is iVg — so that 

fvr^ 



The equation for A is now 

(1140) 

For small values of T the upper band states are unimportant, ~ 0, iV^a JHf 

and e'i^aV&r^A. Then 

A= (lUl) 

Equations (1141) and (1134) for hfg give 

e-}A^//fcr (1142) 

For larger values of T the states of the upper band take charge and wo 
recover the formulae for an intrinsic semi-conductor. 

(iv) Semi-conductor with impurities of both types. Nq and Nf impv/i'Uy 
levels in volume V. ISnergyzero at the top of band 2, Impurity electron donorst 
NQ,at a height AW 2 . ImpuA'ity electron acceptors^ Nf, at a height diBf. It is 
necessary to suppose that 

AFa < LBf < AFj 

or else the electi’on acceptors will tolce up electrons from the donors at low 
temperatures and we shall fall hack on one or other of cases (ii) or (iii) 
according as donors or acceptors are the more abundant. The levels are 
shown in Fig. 40. The equations for N-^ and remain unaltered. The 
equation for A is now 

N,'IV __ Njr w, l2^,kT)i 
1 7i3 '^l-f6^^2'/*^/A A h^ 

(1143) 

Great variety of behaviour is now possible. For example, for small T the 
second and third terms must dominate the equation and therefore in that 
range / K\^ 1 
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On comparing the number of free electrons and free holes for such X’s, we 
see that if and the properties will be those of a 

normal impurity somi-oonductor. If, 
howovor, Nf > Nq by a considerable 
factor, it can be shown that avo pass 
as the temperature rises to a range in 
which there are many more free holes 
than free electrons Avhon the semi- 
oonduotor will bo abnormal. I^’inally, 
as ahvays, for higher temperatures 
wo must reach a stage when the 
numbers of free electrons and free 
holes are large and approximately Fig, <10, Elootron lovois in nn impurity somi- 
equal. The interest of this example oomUiotor with both olootron donors (-) and 

. -1 olootron nocoptora (H-), 

IS that it reproduces the complicated 

observed behaviour of cuprite* which is normal at Ioav temperatures and 
abnormal at moderate ones. 

§11*62, Work functions and contact 'poientieds for acmi-condxiciora. In 
order to study contact equilibria for metals and semi-conductors Ave have 
only to equate values of A, taking care that a consistent energy zero is used. 
It is best for this purpose to change the definition and take as zero the energy 
of an electron at rest outside one of the substances. Tlie energy outside any 
otlior then differs by the contact potential energy. To study tlie thermionic 
Avork function for a semi-conductor aa^'O can combine (1022) and (1030), 
neglecting the transmission coefficient, into the omission formula 

I^A\T\ (1146) 

and insert tlie proper value of A. If is the onorgy interval from the top of 
band 2 to the onorgy of an olootron at rest outsido the semi-conductor, this 
energy being assumed to lie in band 1, at a level to Avhioh our various 
approximations apjily, then the formulae of the preceding section are 
altered only by the addition of the factor to every formula for A', 

Wo consider a number of special cases. 

(i) Intrinsic scmi-comhiclor, The thermionic omission formula is 

Avhero ....ri(1147) 

* Sohottky ami Walbol, Phy$ikal, Zdi. vol. 84, p, 808 {1033). 

a6 
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(ii) Normal impurity semi-conductor, {a) Low T, N^pN^. Equation 
(1138) corrected by gives X. Then 

(1148) 

where — ^(A^i + AjS'g). ..,...(114:0) 


(6) Medium Equation (1137) corrected by gives for A 


in this range 


N I 


{2,7TmfcTf ’ 


(IISO) 


•> N I 1)^ 

aothat I^ATh-nUT^ ^ (1151) 

Avhere x" * 


This is actually the classical emission formula for a conductor containing a 
fixed number Nq of classical electrons of mass m^ in a volume V. At higher 
temperatures we pass over in the forms of case (i). 

Similar formulae can be given for abnormal semi-conductors which wo 
shall not stay to detail. 

It should be remembered that all these formulae are only valid so long as 
the rate of emission of electrons is very slow compared with the rate of 
readjustment of the internal equilibrium. The process creating the free 
electrons and free holes must be able to maintain the normal equilibrium 
supply. This is an essential assumption and there is no simple means of 
investigating its validity — ^nor any a p7'iori reason why it should be true. 

Volta contact potentials, determined by equating A’s for two substances, 
are best studied by taking some standard comparison substance — the most 
suitable is an ideal metal with a simple Eermi-Dhao distribution of electrons, 
and we shall neglect for tliis ideal standard all terms but those of the Iiighest 
order. We therefore take the standard to be an enclosure in which the 
potential energy of an electron is — relative to our chosen zero, that is 
zero for an electron at rest outside the standard substance. Then for such 


a metal 




= = ( 1152 ) 


the suffix 0 refers to the standard, m^ is the ordinary rest mass of the electron 
and xo work function. 

We define the Volta contact potential Tq® of any substance x relative to our 
standard metal to be the amount by which the potential of x must exceed 
the standard when they are in equilibrium together. To avoid confusion of 
signs let jej denote the numerical charge on the electron, the actual charge 
on an ordinary electron being — je). Then all the energy levels of electrons 
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and holes alike in substance a; have been raised by - |€| Fq® relative to those 
of the metal. Expressions for A for the substance x must therefore be 
multiplied by 


Using the values of A already given, wo obtain the following results : 
(i) Intrinsic semi-conductor— ‘Standard metal. 




( 1103 ) 


(ii) Normal impurity semi-conductor — standard metal. 




(hi) Abnormal im 2 nirity semi-conductor — standard metal. 

(..»! 


The first approximations in all cases show that as usual the contact 
potential difference of a semi-conductor and a metal is equal to the difference 
of the work functions, On referring to the formulae for A wo see that this 
means that the top of the full levels of the Eormi-distribution of electrons 
in the metal must lie at a level just half way between the two sets of levels, 
one full and one empty, which control the electron distribution — ^for an 
intrinsic semi-conductor half way between the two bands and so on. 

The second approximations show that the contact iiotontial may be 
more highly tomporatnro-dopondent for impurity somi-oonductors than for 
a metal, and one can have still more important variations of contact poten- 
tial as A for these semi-conductors changes over from one type of fownula to 
another. .It is perhaps worth recording that foi.’ two examples of the same 
impurity semi- conductor with different amounts of impurity wo have 




■iM-logf, 


( 1160 ) 


This is of classical form and strictly non-metallio, .It might amount to as 
much as 0-1 volt, 

Eor a somi-conduotor tho effective photoelectric threshold obtained by 
extrapolating to zero a curve of current against oxoiting frequency can 
differ , at low temperatures from tho thermionic work function. The few 
excited electrons in band 1 will give a tail to the photoelootrio yield curve 
which is too faint to bo detected, and the curve will appear to stop at a 
frequency which is just sufficient to eject electrons from band 2 out of the 
metal — this frequency is given by , i 
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§ 11*7. Formal theory of electrical and thermal conduction by the electrons 
in a metal. In order to proceed any further with the theory of the clootrioal 
properties of metals or semi-conductors, it is necessary to develop at lonsb 
formally the theory of states of steady flow which are not equiUbrium stales. 
Just such a development has been given by Sommerfeldf by generalizing 
to I'ermi-Dirao statistics the classical theories of Lorentz| and Bohr,§ but 
making no attempt to calculate the quantum mean free path I which occurs 
in the formulae. We shall also confine attention to bands or sets of states in 
which the kmetic energy is sufficiently accurately given by {2‘>^ -f- o'® + r^)l2mt 
where p, q^, r are the components of the momentum. We shall how^ovor 
finally have to extend the calculations to include two sets of such states, one 
of them electrons and the other holes, both of which may contribute to the 
conductivity. 

The number dn of electrons per unit volume in the metal, or in an isolated 
band of states, with (group) velocity components in tlio range 

Uf u + du; V, v-t-dv', w-t-dw (u^ + v^~i'W^=U^) 
satisfies, by (1006) slightly generalized, 


1 fQ{U)dudvdw=fQdit}, 


where m is the (effective) mass of the electron and 

1 1 


/o- 


l + ehnovkTjx i + em'ix' 


(1167) 


(1168) 


In (1168) we have taken the energy zero at the bottom of the Ifermi dis- 
tribution of free electrons or at the lower edge of the isolated band.|[ When 
we have an ideal metal with nearly free electrons w = Wg and A == where 
i -t;*, the energy of the highest occupied level at zero temperature. When 
the group is effectively classical dn reduces to 

dn~w{^^^ 'Ke~'^'‘^'^^t^^'dudvdv}, 

dudvdto, .,...,(1169) 

where n is the total electron density in the group. For generality we shall 
work throughout with (1168), Similar formulae apply to a group of classical 
holes (free positiv6 electrons), which we shall discuss later. ' 

Suppose now that these effectively free electrons of charge --|e| are ’ 


■)■ Sommerfold, Zeit,f. PhysiJe. vol, 47, p. 1 (1928); Sornmerfeld n,ncl IBetlio, loc, cU. 
j liOrentz, The Theory of Electrons, Taubner (190/5), 

§ Bohr, Studkr over Meialhrnea Ehktrontheori (1911). 

I) In collating these formulae with § ll-G wo must allow for the different choice of energy zero, 
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subjected, to electric fields and Fy and a magnetic iiold 11^ (for short H) 
referred to right-handed axes. Then the electrons (olassical or quantal) move 
as if subject to forces 

The distribution function no longer remains /o , for the accelerating forces 
above cause transitions to now states of motion thereby altering /o to a 
\^\\\Qf{UyV,w,x,y,z) until collisions with the lattico, which must tend always 
to restore /q , can balance the effect of the accelerating forces. It is clear 
fronr the symmetry that we can write 

whore and Vip are quantities of the first order small compared with / 
and/o. 

When such a distribution has been established we have a state of steady 
flow. The electrical currents Jg , , Jy per cm,® parallel to the jv- and T^-axes are 
clearly given by 



]?rom the symmetry these reduce at once to 

,4= -I-Isi fuY(U)(i», 4- -J|«| Juv(U)fo. (1100) 

Tile thermal currents l'I(^,, Wy in ergs per cm. 2 per second are 

which reduce to 

= TlJ = imJuV(U)t?w (1101) 

Inspection of (1100) and (1101) shows that the crux of the matter is the 
calculation of f/>( U ) and i/'( U ) . On appealing to B oltzmann’s iiitogro-difforen- 
tial equation, discussed in detail in Chapter xvir, we see that in a steady 
state, in which 0//0i~O, wo must have 


— I'll 


.0/ .0/ 0/ 0/ 0/ 

-t- -I- -It Tp H' w 

0w dv ow dx ay 


=0. 

L^Uooii 


iSinco the electrons are effectively free 

u~ — |€|(J?’„-hv//)/w, v~ — \e\{Fy’-^lH)jm 
and Boltzmann’s equation reduces to 
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Now the collision terms themselves must be terms of the first order pro- 
portional to the deviation of/ from /q. Moreovei’j if I is the mean free pathi 
U/Z is the number of effective collisions per second made by the electron with 
the lattice irregularities. The contribution to the collision term for a single U 
must strictly of course depend on the deviations of/ from /q for all values of 
Uy ty, but if I is properly interpreted a formally oorreot expression must 
be obtained by putting* 

ril =-tWU)+4(U)} (1103) 

Lo aJ C oil 

The minus sign must be taken because the collisions must always tend to 
reduce the abnormality in/. Combining (1162) and (1163), we find 

(1164) 

We can now replace / by /o in all terms except those which have li as a 
factor, since they are all first order terms. Replacing/ by /q in the //-terms 
eliminates B entirely so that / must be retained here. We thus find 

= + (1106) 


terms in uv^ and cancelling automatically, The coefficients of u and 
V must vanish separately so that 



, ( 1166 ) 


(1167) 

On solving these equations we find 


^(m -*/U' r/ imi 

^ l-f-|e|OTVw2U3L\ ^ ^ U m \ 



(1168) 

^ l-fle|2OT/m2U2L\ m \ 



(1169) 


* The form (1163) is only strictly correct if the collisions of the electrons ivith the lattice are 
elastic and merely scalier the electrons. None the less the conclusions we shall draw are true 
independently of this restriction. It would take us too far afield to attempt to remove it. iSeo 
Sommerfeld and Bethe, loc, cit,, sect, B. 
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On substituting those equations in (IIGO) and (llCl) wo obtain expressions 
for the electrical and thermal currents, which can bo evaluated as soon as 
the special conditions of the particular problem have been fixed. It must be 
remembered that I may be a function of rj. 

In the evaluations which are to follow it is clear that integrals of the typo 

Jp(U)(8/„/5,)d (o will play an important part. They can all be simply ex- 
pressed in terms of the functions 



which we proceed to evaluate (i) for a simple Fermi-Dirao distribution 
almost completely degenerate and (ii) for a classical group of electrons 
(or holes). 


§11-71. The free path integrals, (i) Degenerate case. Equation (1158) 
shows us that in this case 


% 


.(1171) 


dy) hT {I + ^ 1 .|. * 

Thus - dfjdr) is only sensible when It is therefore possible to evaluate 
asymptotically any integral of the form 


J 0 o'O 


.(117M) 


by putting and (?(rj) = (Z(0-l-^(Z'(0d-2|*'‘^V'(S) + -*- The typical 

term is therefore Ai)/y\ rw 


i\JcT 


x^dx 


which is only trivially altered if the range of integration is changed to 
-CO, 00, Those integrals can bo converted by integration by parts to the 
same form as the integral in § 2*73 and can bo evaluated by those or similar 
methods. The integrals all vanish for i odd, and wo shall require only those 
for t = 0, 2 of which the first is elementary. The values are 


1 

hT, 

r« dx 

-«,(l + e''''*'0(l-f-e“*^''^') 

(1172) 

1 

r« x^dx 

(1173) 

hT] 


so that 


(1174) 

It follows from this that 


K.- 3,,, [2(0 £»+ 3 
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§11*72. The free path integrals, (ii) Classical group of electrons. In tho 


classical case 


9/o 




dr) IcT 

and the imjaortant energies are all fairly small. We may therefore usually 
neglect variations of I with r). Then it follows at once that 

^rrmw- 






'iX{hTys\. 


(1170) 


This can be more usefully expressed in terms of n, the number of free 
electrons per unit volume in the group. On comparing (1159) and the 
preceding eq[uation, we find that Kg reduces to 


/C = 


4 In 


3 (27r?rt)^ 


since 


log A == log w- log 


{2'7rmhT)^ to 
p ■ 


......(1177) 

(1177*1) 


§11*73. Thermal and electrical currents for zero magnetic field. In this 
important special case we can put H — = 0 and }p{U) — 0 in (1168), 

(1160) and ( 1 1 61 ). We may then put 

dx~ d.]\ X dx’^Tdxj' 

From these equations and the value of doj in (1167) it follows at once that 
, STrjejtomr/. ^jPSAA f'”,. . / 8/o\ , 


1 dT f 

■^T3a;Jc 




Brrwm 

~W' 




+ 

In terms of the free path integrals (1170) these eq^imtioiis reduce to 

1 dT 




T£=-X 




A dxj 


T dx ’ 
^Tdx' 


(1179) 


(1180) 


(i) The electrical conductivity. In a uniform block of metal at constant 
temperature the terms in dldx vanish and 
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Tlio specific coiKluotivit.y k is clolined by the equation J being the 

current per square centiinotro flowing iinclor jiotentiai gradient F. Thus 

K=|€p/q. {1181) 

l^’or the simple dcgoiiorato electron gas it follows by (1176) that 


/< = 


87rTOW|( 

3^' 




(ir-D) (1182) 


On using £ and the formula for rj* Avhioli in the present natation is 




WO can reduce (1182) to the form 


_j^?a 

?kU* * 


(F-r>) (1183) 


For a classical group of electrons it follows by (1177) that 




Hn 


or with 


3 {^irmhT)^' 
U = 2 

N TTm 


1 \e\^lnU _ 8 \Q\Hn 
3 hT ‘Htt 'iYiXJ 


(C) (U8i) 


(C) (1186) 


The formula (1183) will reproduce the observed conductivities of the best 
metallic conductors if I is of the order of 100 times the lattice constant at 
ordinary tomporaturos and if further tlie whole of the temperature variation 
in tlio conductivity is given by the variation in I, The studios of Bloch, 
Ifoiorls, Be the and otlioi’s have in fact shown that I must bo of this order and 
tliat I and therofoi’o k vary Him at high temperatures and probably like 
7’"® at low as in fact they are observed to do.f A comparison of the observed 
and calculated temperature valuation of the conductivity is shown in 
Table 44 for two noble metals. 


(ii) The thermal condmiivily is naturally measured in a uniform metal 
witli a temper aturo gradient carrying no olectrical current, The electron 
distribution must theroforo adjust itself so that Jg.=Q, while F^^O. 
EHiniimting from (1180) by means of this condition we find 



If the thermal conductivity 0 is defined by W^<== --ddTldx, wo see that 

......(1180) 

J. 

t 1.’Ko low toinporatuvo form la Btill doubtful. Sco Sommoifold and Botho, foe. cit. §§ 37, 40, 41. 
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Table 44. 

Comparison of the observed wnd calculated variations of the 
conductivity with temperature for pure copper and gold. 


[The theory is only completely evaluated for high and low tomperaturcs 
and has been semi-empirically interpolated between.] 

From Sommerfeld and Botho, loo. cit. p, 632, 


Au[02,= 173°j 

Cii[0j, = 316°] 

Temp. 

{kJk) oalc. 

(koJk) ob.s. 

Temp. ®K. 

(ko/k) oalc. 

(KfilK) oba. 

273-2 

1 

1 

273-2 

1 

1 

87-43 

0-2646 

0-2661 

106-2 

0-662 

0-668 

78-86 

0-2276 

0-2187 

90-2 

0-1847 

0-1804 

67-8 

0-1366 

0-1314 

81-2 

0-1461 

0-141 

20-4 

0-00604 

0-0068 

20-4 

0-0069 

0-0061 

18-9 

0-00346 

0-0036 

4-2 

<10-® 

<10-® 

14-3 

0-00117 

0-00137 




12-1 

0-00061 

0-00048 




U-l 

0-00033 

0-00030 




4-2 

3 X 10~« 

3 X 10-® 





[111 the observed values the residual resistance duo to strains and iinpuritios has boon oliminatod.J 


Table 44*1, 


Comparison of observed values of BIkT loith the value given by (1188), 
This theoretical value is 

2'72 X 10“^® B.S.U., =s 2’46 X 10® b.m.u., = 2*46 X 10~® watt-ohm/(dog)®. 


[Observed values of lO^d/zcT in wafct-ohm/(dGg.)®.] 
Prom International Critical Tableau vol. 6, p. 218. 


Metal 


Temperature ^ 

K. 


103 

173 

273 

301 

373 

A1 

1-60 

1-81 

2-09 

2-19 

2-27 

Ag 

2-04 

2-29 

2-33 

2-36 

2-37 

Cd 

2-39 

2-43 

2-40 

2-43 

2-44 

Cu 

1-86 

2-17 

2-30 

2-29 

2-32 

Pe 

3-10 

2-98 

2-97 

2-76 

2-86 

Ni 

2-92 

2-60 

2-69 

2-40 

2-44 

Pb 

2-66 

2-54 

2-63 

2-46 

2-61 

Sn 

2-48 

2-61 

2-49 

2-53 

2-49 

Zn 

2-20 

2-39 

2-46 

2-31 

2-33 


Oil substituting for the ^*s from (1176), retaining only the terms of liighest 
surviying order, we find ^ 

V ' ~ T O • . 




(1?-D) (1187) 


On comparing (1182) and (1187) we obtain the Law of Wiedermann-TVanz 
in the form 


& F 


kT~ 3 \e\ 


2 ' 


(F-L) (1188) 
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Using classical values for the ICs from (1177) we find 

. 8 Inh^T 



0 

so that “ 77 i = 2-p-T7. (C) (1190) 

KJ. 1 6 p 

It has of course long been recognized that OjidT is very nearly an absolute 
constant for all metals. A selection of experimental values is shown in 
Table 44*1 which are in excellent agreement with (1188), particularly at 
temperatures which are not too low. 


§11*74. The reversible thermal effects, associated with the passage of a 
cunent, When a current flows the rate of evolution of heat in a given element 
of the conductor is no longer given solely by the difleronco of the values of 
W for the inflow and outflow. Other terms arise from the work done on the 
current carrying electrons by the field IP , work which is continually con- 
verted into heat by inelastic collisions with the lattice. These have hitherto 
been ignored, but they must be brought in here or the energy account 
cannot bo balanced. If therefore wo introduce the quantity Q defined as the 
rate of evolution of heat energy in unit volume of the conductor, it follows 
from general considerations of energy that 


Q^JF-dWjdx. (1191) 

l?rom (1170) it follows, on dropjAng the suffix x and rearranging, that 






|e|A9.'r 


1 dT 
e\K^T dx' 


On substituting for F hi (1191) and (1180) and thence for W in (1191) wo 
find after reduction that 


<3= 




K. 


lei dx\hTKi^ 




(1192) 


The first term is the Joule heat, the last is the heat contributed by thermal 
conduction. The middle term contains all the roversiblo effects that change 
sign with J Avhich avo Aviah to study. The form of the coefficient of J — 
namely Tdjdx {,,,) — is vital, since this form gives the reversible effects their 
thermodynamic relationships, ddio necessary and sufficient condition for 
the appearance of this form in (1192) is the equality of the tAvo coefficients 
in (1179) and (1180). This equality holds good for the most general 
possible formulation of the problem of metallic conduction, as has been 
shown by Uehling.* The equality of these coefficients is a direct conse- 
quence of the general quantal theorem that the probability of a process and 

* Uohllng, Phyd. Pcv. vol. 30, p. 821 (1031). 
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its reverse are equal, whieli is itself merely a direct interpretation of the 
Hennitian character of all matrices representing pliysical quantities. 

Before giving the statistical theory of the reversible thermoelectric elfoots 
%ve shall define them in the Jiianner usual to large scale physics and quote 
their thermodynamic relationships, These tliermodynamio relationships 
are deduced on the assumption that the reversible effects can bo separated 
from the irreversible first and last terms in (1 1 92). This postulate has rightly 
often been questioned, since it is not possible by any idealization to maho 
both the first and third terms depending on and small compared with 
the reversible term proi^ortional to J, None the less it is now certain that 
the thermodynamic results must be true for any quaiital model of a metal. 

The effects are as follows; (i) When a current of density J flows in a 
uniform conductor with a temperature gradient dTjdx in the direction of J , 
there is an absorption of heat by the conductor from the surroundings at 
a rate 

(1193) 

dx 


per unit volume of the conductor, Tlie ooefiloient is T]homson'‘s specific 
heal of eleciricUy. 

(ii) When a current passes from a conductor 1 of one material to conductor 
2 of another material, all at constant temperature, there is an absorption of 
heat at a rate 


per unit area of the junction. This is called the Peltier effect. 


.(1194) 


(iii) When a circuit of two different metals 1 and 2 has the two junctions 
maintained at different temperatures , T an electromotive force acts in it. 
This is called the Seebech effect and we shall denote the thermal electromotive 
force in such a circuit, in the limit of vanishing current, by © . If the direction 
of © is taken positive when it drives a current from metal 1 to metal 2 over 
the junction at temperature T, then it follows from the first law of thermo- 
dynamics that 

0 = m (To) -f r (ai« - ^TgW) dT (1195) 

J 2*0 

On applying the second law one finds also 




T 




4- 






T 


(1196) 


By differentiation equivalent relationships can he obtained in' the forms 

,d0 


n 


i->a' 


T 


dT* 


.(1197) 




dT . T 




dT^’ 


(1198) 
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Since the signs of these eifeots are apt to be confusing we display the definitions 
diagrammatic ally below. All these formulae and definitions are well known. 


Cold 


tl-Iot 


.dT 


Hoat absorbed at rate ^ per oc. 

(i) 


J' 

Heat absorbed at rate 


^n,-.a(T} 

per unit cross section at junction 

(ii) 



Thermal E.M.if. 0 
(iii) 

i'jg. 41, Convontiona for the tliorniooloatvlo offoota, 


§11*75. Thmnoeleciric effects. Statistical theory, if) Tlwnison's specific 
heat of. electricity. On referring to (1192) it is at once evident that heat is 
reversibly absorbed per unit volume at the rate 

On comparing this with (1193) we see that 



By the definition ol^> 0 moans that heat is absorbed when J and dTldx 
are bpth positive in the same direction. Since J and the ordinary electron 
current are of opposite signs, > 0 moans that heat is evolved when the 
electrons go to places of higher temporaturo and < 0 moans that heat is 
then absorbed. Thus for a metal whoso electron levels are I’oasonably well 
represented by those of a dogenerato gas we should expect to find c/^< ’0. 
Both signs are found in common metals, but for the alkalis, which we must 
expect to bo the metals best typified by the simple model, tlie observed 
values of a are actually negative. 

(ii) The Peltier effect, Tf wo assume that the transition from the electron 
states of metal 1 to those of metal 2 is made eontinuously so that (1192) can 
apply, it follows that the rate of absorption of heat per unit oross-sedtion in 
the transition region is 
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It follows from (1194) that 

ni _^2 = iTj' [( {hW^ - log A j J . . . . ( 1200) 

Since the result does not depend in any way on the nature of the assumed 
transition region we may assume that it will continue to hold for an abrupt 
junction. On comparing (1200) and (1199) we see that 



in agreement with the thermodynamic (1198). 

(iii) The thermal electromotive force is to be calculated on open oircuitj 
that is to say it must be calculated by putting e^ — 0 in (1179) and inte- 
grating the effective field gradient right round the circuit back to its 
starting point. Suppose we start at the point 8 in Pig. 41 (iii), wlioro the 
temperature may be supposed uniform and equal to T, Prom (1179) 


F = 


aiogA /Ca 
dx '^hTK, 


\dxj’ 


We require © which is — ^F^dx. In the first place 


The integrated part is a one valued function and its contribution therefore 
vanishes. Thus . j, . 

F„dx^~l\- 


0 = 

It follows at once that 








On referring to (1200) we see that 

-2- n 


IogA)J 


.( 1202 ) 


lU 


\ [kTK, 


dT. 


.(1203) 


0 


'T 


l->-2 


(T) 


T 


dT, 


(1204) 


in agreement with the thermodynamic (1197). 

§11*76. Fx'pUcit fornmlae for cA^, and 0. (i) The degenerede Fermi- 
Dirac gas of electrons. The phenomena all depend on the function 


IL 


1 (K,. 


)■ 


hTK^ 

On using (1176) we see that the highest order terms cancel and that the 
highest order surviving terms are 
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In this expression I can bo replaced by 17 *. To the first approximation all 
the thennooleotric effects vanish and their actual values should be very 
small, in complete agreement with the facts, ’l?lio resulting formulae are 






3|.l 


3|£| b(’?*) %*/' 


I VW 1 \ 


.im^ 

W) 


(F-D) (1206) 

(F-D) (1207) 


If I' jl depends on the temperature as in fact it may well do, then we can got 
nothing simpler for 0 than the integral resulting from substituting (1207) 
for ni_^a in (1201). If I'jl is independent of T, as for example theory requires 
at high temperatures, then this integral can bo evaluated and gives 


(F-D) (1208) 

(ii) A classical group of electrons. In this case it follows from (1177) and 

(1177-1) that 1,01 (2™jjiir/')S ro 

^^-logA = 2 + log^^^. 

The resulting formulae are 


t (« = - 


n 




(0) (1200) 


For qnasi-classical groups of eleot],’ons in somi-oonduotors we do not have 
{m^w )2 ~ (w^to)i. But in the special case in which this oondition is satisfied, 
e.g. for two different samples of the same impurity semi-conductor, 


h'I\ Wo 

log-, 


With the same simplification 


0 = 


{''■T 

log dT. 

7'. 


( 0 ) ( 1211 ) 

( 0 ) ( 1212 ) 


§ 11*77 . General discussion of thermoelectric effects. Owing to their thermo- 
dynamic relationships it is in general sulfioiont to discuss the values of 
When the theory agrees satisfactorily with observed values of agreement 
over ni ->2 0 ^nay bo presumed. 

On comparing (1206) and (1209) wo see that 
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All the effects therefore are very small compared with the values tlial 
classical theory would lead one to expect. This is in agreement witli 
observation. 

Again all the effects tend to zero as T-j-O, since ni^20c3’^. 

In fact aU the effects tend to zero as 3’ 0 in such a way that all the 

entropy terms in (1196) tend to zero as T and 3o— >0, This may be hold to 
be a manifestation of Kemst’s third law of thermodynamics. It is not 
conformed to by the classical values. The general type of variation with T 
appears to be in good agreement with experiment for fairly high tom- 
peratures. 

In order to oompare precisely the values of derived from the theory 
with observed values one must evaluate This is not yet possible 

with certainty except in the simplest case. It then appears however that 
for fairly high temjieratures and not too tightly bound eleotronsf 


y)H'll==2, (1213) 

in which case a-^^= — ? - f (1214) 

|el7]* 


If the electrostatic value of je) is inserted in (1214), then is given 
in absolute electroatatic units. On multiplying by 300 it is converted to 
volts/(deg.)^. 

This approximation should hold best for the alkalis other than litliiiim 
owing to their tightly bound cores and very loosely bound valency electrons 
which will be as nearly as possible free in the metal. l?or other metals, oven 
tile noble metals and lithium, the binding of the valency electrons is far 
greater, and the electrons of the cores are better able to interfere with 
the valency electron.. The foregoing approximations are thus of dubious 
applicability. 

It has recently been pointed out by SoinmerfoldJ by analysis of measure- 
ments by Bidwell§ that these expeotations are in fact realized. The Thomson 
ooefficient for lead is known to be extremely small at ordinary temperatures. 
We may therefore measure 0 or IIi _>2 for a cirouit in which metal 1 is lead 
and 2 is the alkali and neglect Proceeding thus we obtain the values of 
Table 45. 

Considering the refinement and smallness of the effect this is excellent 
agreement. The positive values of c/® for the noble metals and Li for example 
can be ascribed to a breakdown of the theory, perhaps to the failure of 
(1213) for more tightly bound electrons. Such a breakdown is to be 
expected. 

t Soinmorfeld and Befche, foe, cit. § 36. 

X Sommorfeld, Ph^s, Pev. vol. 46, p. 68 fI034), or Natunom. (1934), p. 49. 

§ Bidwell, vol. 23, p. 367.(1924). . 
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Table 4i5. 


Observed and calculated vahies of 'In microvolts / {deg. V for the alkali 
metals. Observed values from the thermoelectric poicer against Pb assuming 
W =: 0 . Galculaled values from (1214). 


Mtitiil 

Li 

Na 

K 

Rb i 

Ca 

n X 

4- 0(5 

2*07 

1-30 

,1-08 

0-80 

7 )* X 10*3 0i.g3 

7-4 1 

6-1 

3-2 

2-8 

2-4 

calo. 

Obs. 

-0-010 


-0-030 

-0-041 

- 0-048 

-t-0-40 


-0-027S 

-0-000 

-0-062 


If WG ta-ko 2^0 = 0 in (1195) it may bo combined with (1197) into the form 

( 1216 ) 

It is important to compare this with (10G3), namely 

- 1^1 (Fx.- = Xa- Xi+ IVi-".)'!!" (1216) 

It is at onco apparent tliab tlioro is a ooinploto analogy between the tem- 
perature-variable part of ~ lelFig and 0, between a and cr^‘K All the other 
thorinodynamio relationships are similarly congruent. None the less on 
ooinj)aring the values of a and in (1028) and (1206) wo see that these 
quantities are fundamentally distiiiot. Tliey do not refer to the same regime. 
Vi^ and a refer to the striot equilibrium state when no current can flow.. 
0 and refer to a state of Koro current, it is true, but to such a state defined 
as the limit of current carrying steady states when the current tends to zero. 
Those states need not bo and in faot are not the same, a possibility pointed 
out long ago by 0. W. lliohardson.t It is however only for the quantum, 
model used here that this distinotion becomes obvious. None the loss 0 cart 
be propoily regarded as the toinporaturo-variablG part of a contact potential 
dilToronce and the value of 0 for a oirouit as made up of contributions from 
all the junotiona that it contains. In the sinqdo ease of a two metal circuit 
with Junctions at Tq and T wo have here 

This however oan bo generalized to junotions of all sorts not merely to 
motallio ones. 

The distinotion between a and suggests that in all those problems 
oaroful definition is .required of the quantity measured before oaloulation is 

f 0, W. lliohavdson, The ctnmion of cleclrkiiy hy hot bodies, od, 2 (1021), Soo also Scliottky, 
2e»l. /. P/tysiA, vol. 84, p. 04C (1020). 


FSM 


27 
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attempted. Equations (1179) and (1180) are always correct but give difTorent 
results according to the conditions imposed by tlie problem. The various 
possible ct’s have been carefully deiined by Frank and Sommerfeld.t 
It remains to mention one further effect found by Bridgman,^ that tliero 
may be a Peltier effect between differently orientated crystals of the same 
material at the same temperature. This cannot arise from a difference in rf 
which must be indei3endent of direction, but can be duo to a directional 
dependence of the mean free j^ath, It is thus in princii^le i^ossible for such 
an effect to occur, but in view of (1213) it is likely to be very small for tho 
simple model here discussed and it is likely that it should bo referred rather 
to the effective mass of the electron which can also be a function of direotion 
in a more elaborate theory. 


§11*78. The electrical properties of a simple semi-conductor, (i) An in- 
trinsic semi-conductor with only a small number of electrons in the upper 
band 1, for which the contribution by the free holes in the lower band 2 may 
be neglected, has a conductivity given by the classical formula (1184) in 
which n ( = h^i/F) is given by (1 130). We see at once that for such a substance 


The actual value of the constant of proportionality is of no imxDortanoe here. 
Since at ordinary temperatures I oc we find for such a .substance 

= (1217) 

The Thomson ooelfioient is given by (1209) for the same value of n. Thus 


le| hT ■ 


(1218) 


This is very large compared with even the classical value of for a fixed 

number of electrons, and a fortiori com- ^ ^ 2 

pared with the ordinary values for metals. M. ~ - : :: ■ : S,C* 

The Peltier ooefficient for srroh a sutotanoe n.. Poltior o/Taot for . motol- 

against a normal metal can be calculated Bonii-oonduotor junction. 

from (1200) if we insert the classical value of — log for the semi- 
conductor and neglect the oontribution of the metal, We thus find 


n 




or on using (1130) 




<‘""i 

<■« 


t Prank and Sojniuerfold, Jiev, Mod. Phijs. vol. 3, p. 1 (1031). 
I Bridgman, Proa. Nat. Acad. Sci. vol. 14, p. 943 (1028). 
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The thermoelootric power of the oirouit in Fig. 43 is given to the same 
approximation by 


0 =- 


Jc 


2 -\- 




} 


.( 1221 ) 



in wliioh the log T/Tq term is overwhelmingly the more important. It will 
bo observed that, if 7* > jPq , 0 < 0 so that the normal 
direction of ^positive current in this circuit is from the 
semi-conductor to the melal at the hotter junction. The 
magnitude of 0 may bo large. For example if j c| ^ q 

•is 0*8 volt the oleotromotivo force for 7’(, = 273°K. 
is apxn’oximatoly 0-8 BT/T^ or nearly 3 millivolts jaer 
dogroo. Tho oleotromotivo force in suoli a oirouit j?ig. , 13 . Tho il.omoolcoklo 
whose junctions are at 273° K, and 373°IC. re- power of a motal-somi- 
8].)ootivoly would bo so large as 0'2G volt. oonduotor olromt. 

(ii) A normal imimrity semi-conductor has a oondiiotivity for which by 

Wo may thoroforo write „ = .,....(1222) 

The i)owor of T is imirax)ortant. Tho temperature variation is similar to 
(1217) and tho olloot of impurity content (?ig) is explicitly shown. At higher 
temperatures tho conducting electrons will inimarily bo supplied by the 
more numerous electrons of the lower band and tho ooncluotivity 'will tend 
to tho value corresponding to (1217). A beautiful example of such behaviour 
in cuprite (CugO) of varying oxygen impurity oontont has been given by 
J'o£f6* whose J,’esult8 are shown in Fig. <14. 

Formula (1219) oontinues to hold for tho Peltier elTeot against a normal 
metal. On inserting tho value of % from (1131), we find 




hT 


2-h^log-^ 


■’’ley 


), (1223) 


in which of course is tho impurity ooneontration. ili'here is a oorrosjmnding 

formula for 0 in which tho dominant term is again 


1^1 


' 4 > 


i“.‘> 


The dominant term in (1220) or (1223), namely -|AyiV|c|, has a simple 
physical interpretation. I’his term implies tliat (to this approximation) the 
heat absorbed at tho junction is for every electron that passes from 

the metal 1 to the semi-conductor 2. On referring to § 11*01 we see jihat the 
electron levels of a metal and an intrinsic semi-conductor in oontact in 

. * JolTd, Adualilda Sci, el Indue,, No. 202, '‘Soiiii-ooiiduolioura 61oot;roiilquoV|,l)()96 

27-8 
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eq^uilibnuin with each other joins t be arranged as shown in S’ig, 46. Wlion 
an electron passes from 1 to 2 it is in general an electron from the lovol ,v ns 
lower electrons cannot get through. To replace it from the general supply of 
electrons and so maintain the eq^uilibrium distribution in 1, an electron 




2 


3hg. 46, Explanation of tlio wotnl-Boml* 
conduotor Poltier elToot. 


must be taken from the top of the nearly full levels at / since electrons are 
normally supplied by conduction to the boundary at this level, This req^uxroB 
an absorption of energy . 

Some general comment on these results is perhaps called for at this stage* 
hlany impurity semi-oonduotors do not conform to the equation 

K oc 

at all accurately even when allowance is made for the proper factor. 
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This fact has been taken to imply that the theory is entirely wrong; all that 
it implies however is that AT? has not the same value for all the contributing 
impurities. Finally it is well to bear in mind that for a metal the number of 
electrons in the conducting band is (practically) an absolute constant and 
independent of T and it is meaningless to invoke largo changes of n to 
explain metallic anomalies, changes which necessarily occur for a semi- 
conductor. The effect of temperature must mimic a change of n in a more 
subtle way by slightly shifting the emphasis among the conducting electrons 
from one region of the band of states to another in which the density of 
possible states and their distribution with respect to Brillouin’s zones and 
discontinuities varies in an imj^ortant manner. Such effects cannot be 
incorporated in the elementary theory discussed here, nor is there any need 
to attempt to do so. 


(iii) An abnormal imimriiy semi-conclucior conducts by holes (or positive 
electrons) at the top of the lower band 2, Its conductivity therefore still 
obeys the formula (1222) since only le]^ is concerned in the exact formula, 
But all the fonnulaa for 0 contain the factor ~ |e| for electrons 

and -f [e) for holes and therefore are repeated with altered sign, 

A simple veriiication that the signs of all these effects do in fact change 


can bo obtained by approximate calcida- 
tion of the Peltier heat as above, The 
state of affairs is now that shovm in 
Fig. 40, and when electrons flow from 
metal 1 to semi-conductor 2 they must go 
through at level a;, thereby creating now 
holes in the metal distribution at that 
level, Those are filled by the conduction 
electrons supplied at level / and there is 



— >- electrons 

IHg. d O. Wiagram sliowiiig Uio origin of Uio 
I’olbior lioat at a motai-Boinl-oomliiotor 


therefore an evolution of energy per 
electron passing. 


contact for an abnormal Impnrityaoini- 
concluotor. 


Substances are known, o,g. cuprite, molybdenite, with the properties of 
those somi-oonduotors— in partioular with a tliormoeleotrio power of this 
largo order against a normal metal, and of oitlior sign. Wo have however 
in those oaloulations oonsiderod only oonduotion by free olootrons or by 
free holes. In general semi-oonduotors will possess both and it is necessary 
to extend the theory as in §11*8 to give an adequate treatment of the 
effects . 


§11*79. Transverse effects. The isothermal Ball effect. Wo have so far 
oonsiderod only the effects that oocur in linear cirouits when from the 
symmetry the electrons tend only to move along the direction of flow of the 
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current. We have assumed in short tliat there is no inagnetio field of any 
importance acting. When, however, tliere is a transverse magnetic field wo 
must consider two electric ciiri’ents given by (1160) and two thermal cur- 
rents (1101), one of each along and one across the conductor, and iiso the 
complete expressions (1168) and (1160) for 0(U) and (/((U). The now effects 
that now come in may be grouped together as the transverse effects. There 
are of course also modifications of the old effects which depend on IP which 
we have not space to discuss. 

These transverse effects are rather numerous. We shall enumerate them 
but shall only complete tlae calculations for the Hall effect. The coefficients 
of the other effects can easily be constructed from the given formulae.* 

The transverse effects are the following; 


(1) The isothermal Hall effect is the x^r eduction of a transverse potential 
gradient Fy normal to and if when no transverse electric current is 
allowed to flow and the temperatiire is maintained uniform. The conditions 

dT dT 


= (1226) 

is the isothermal Hall coefficient. 

(2) The isothermal Hernst effect is the production of Fy normal to W^. and 
H by the thermal flow Tl^ when no electric current flows and the temperature 
of the conductor does not vary transversely. The conditions' are 

r j ^T ^ 

dy-' 

......(1226) 

is the isothermal Nernst coeffioient. 

(3) The (adiabatic) Ettinghausen effect is the jiroduotion of a transverse 
temperature gradient dTjdy normal to and H when no transverse thermal 
or electrical flow is allowed in an otherwise isothermal conductor. The 
conditions are 

^ oT ^ 


^ = ( 1227 ) 

Pjj is the (adiabatic) Ettinghausen coeffioient. 

* They are given in detail l>y I^’ank and Sommerfeld, Re.v, Modi Phys, vol. 8, p. 1 
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(4) The adiabatic Hall effect is the procluotion, under the same conditions 
as (3), of a transvorso potential gradient. The conditions are 


dT 


{dTjdy^O), 




.(1228) 


li^^ is tho adiabatic Hall ooeffioient. 


(6) The [adiabatic] Mghi-Lednc effect is the production of a transverse 
tomjDoratnro gradient dTjdy normal to and H by the thermal flow 
when no electric current flows and there is no transverse flow of heat. The 
conditions are 


^ 0 , 




dy "0a; 


.(1229) 


Sf^ is the (adiabatic) Uighi-Loduo cooflioiont, 

(6) The adiabatic Nernst effect is the production of a transverse potential 
gradient under tho same conditions as in (6), Tho conditions are 

0 , 


dT 


.(1230) 


is the adiabatic Nernst ooeffioient. 

The description adiabatic is applied to those effects for which a condition 
is = isothermal to those for which dTjdy = 0. The Ettinghausen and 
Righi-I.eduo effects are essentially adiabatio and the adjective is usually 
omitted from their descriptions. 

Hotweon tho various coefficients there exists one equation based on energy 
considerations, which should bo of general validity — tho relation of Bridg- 
man and Lorentx that Q^==!0PJT. (1231) 

Returning to oompleto the calculations for the isothermal Hall effect in 
a uniform conduotoi.’ wo find that tho conditions require that/g should be 
indopondont of a; and that, by (1100), we should make 


I 


Ua.//(U)daj = 0, 

where, by (1 169) simplified to tho conditions of this problem, 

It follows on ch'opj)ing constant factors, sinco dco-wimjhYdudvdw, that 


j’u40(U)fZU«O, 
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0 (1232) 


We find at once that for the Fermi-Dii'ac case 

m 

(2C/w)^ 




UK 


m 


(r-D) (1233) 


Since 


F,. _ - 

47rro|€|(2m^)^ 


R — 


Since ^<^7}* and ?;* = (h^jSm) (Gw/tt-td)^, 




U\n 


(]?-I))t (1234) 


]?or a classical groiii^ of electrons, starting again from (1232), we find 




HF. 


V 


2m 


// ttW \ 

^\2hTJ' 


Since 

_4 

we find 



i\Hn 


3 {2TTmhTA 


( 0 ) 


TW’ 

If the current is carried by a group of holes, then the sign of the effect is 
reversed, the numerical value in (1235) being unaltered. 

Eq^nation (1234) shows that the Hall coefficient for a metal (so far as it 
can be represented by this aiDproximation) should be independent of the 
temperature, of negative sign, and of order of magnitude 2 x 10~^^ in 
absolute electrostatic units, or 6 x 10“^ in electromagnetic. This is of the 
correct order for most ordinary metals, but for some metals it is of the 
wrong sign. It must be supposed that such metals conduct mainly in a band 
of states nearly full of electrons, J but we shall not attempt to elaborate such 
a theory. Equation (1236) applied to semi-conductors shows that 

(P2S6) 

where 5— The temperature dependence is very large and is controlled 


t This formula oontaina n dirootly, and thoreforo it mattora oaaentially how many of the atoinio 
electrons in a metal we slioulcl really regard ns “ frco ”, Tlio exact formula for a inotal of atoms with 
one valency olootron and lattice constant o is which is of oouvso tlio same as (1234). 

But in this form the effect of the inner electrons is aeon at once to bo zero, and the equations 
(P-D) (1234) and (0) (1236), though superficially alike, are in origin quite distinct. 

I Peierls, Zeik f, Phjaik, vol, 63, p, 266 (1020). 
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by the exponential factor. Variations of of this typo are well known for 
sonii- conductors and R^ may be of oithor sign, R^ may further change 
sign» an oITect which wo shall exaniino in the next section. A knowledge 
of R^ for a semi-conductor is of great importance since by (1235) Ri dotor- 
minos n. 


§11*8. Composite semi~co7iduGtors. General theory. In the foregoing 
electronic theory of metallic conduction we have considered only a single 
group of carriers which may bo a l‘’ormi-Dirao gas of electrons or a sparse 
group of electrons effectively classical or a similar sparse group of liolcs. 
The first case roprosents a first approximation to a metal and the other 
oases roprosont semi-conductors under special limiting conditions. In 
general however it is not possible to discuss semi- conductors so simply for 
they must be held to contain a group of free electrons and a group of free 
holes, both of which collaborate in carrying tho current. Wo can start by 
treating tho free electrons and tho free holes as indopondont. Wo shall see 
later that this indopondenoo cannot bo complete and that excitation and 
recombination must be allowed for. 

The necessary formal generalizations are easily made. Wo shall study in 
i)articulai.' tho thermoelectric power and the Hall effect as tho signs of those 
quantities provide imiiortant information about tho nature of the semi- 
conductor. 

’IjOt us distinguish tho two sots of carriers by suffices 1,2. The equations 
of tho j>roceding sections apply to each sot separately if wo attach tho proper 
suffix to (j)\ ijj, ly [<-1, /o, and rfw, except that the equations for tho total 

current must include both groups thus: 


J, = Ju»,/.i(U ) do,, -I- Jc ,[ U^,{U)dw, , 

Ju»0i(U) -I- leJu‘UU)do,^ . 


(1237) 


(1238) 


In those equations the suffixed e is the algebraic charge on the electron, and 
wo shall ultimately put ei= - |c|, ^ 2 == |e|, Tho only points requiring special 
attention are to decide on tho pi’opor subsidiary conditions in any given 
problem, and on what correction if any to apply for tho interaction of the 
groups. 


§11'81. The Ihermoelectrie power of a semi-conductor against a metal. On 
referring to § I1’76 (iii) wo see that 0 is to bo calculated by putting t4=0 
in ( 1. 237 ) or tho oq uivalont equation for the rest of tho circuit and calculating 

- with tho value of Rg, so obtained. The temperature gradient in the 

/u-dirootion is assumed to be so small that tho equilibrium values of and 
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Tia are every wKere established. The primary equation in tho Honii-condiuitor 
obtained by extending (1179) is therefore 

I ^TdXf\ .... \ dT 


+ 




l 37’ 


=0 (taith) 


In deriving (1179) we took the energy zero at tho l)ottoin of fclio olnotrun 
levels in their own band. Hence in forming this oxtonsion wo nnist reclolino 
A in this way for each group, when it will bo given by (1177*1), Ihitting in 
also the classical values for the ICs from (1177)^ we find 


g a + fch e a) F ^ 4- £^2^ 

mf ^ I ^ dx dxj 

^ \]c A « 0. 

dx \ J 


Now since the electrons in each group are efioctivoly olassioivl 

J_ ; J-^tr ■ iT =,i 

^ ® ' 0 2 T 'dx ' 

The last equation can therefore be rewritten in the olassioo/l form 


i («,U,) + 1,,, (,i;ul) ) , 


If we ignore the smaller contributions from tho rest of tho circuit wo Hhall 
get a formula which should give tho correct leading terms, but which nood 
not, and in fact does not, reduce to (1221) when sinoo wo oannot liero 

evaluate using the integration by parts that loads to (1202). 

This will only be possible when the correot interactions between the gimipH 
are mcluded. With these approximations and the sign oonvontions of .'Ifig. 43, 

, h./ 2'o dBoinl-ooiuUiotor 

Confining attention to a small temperature range we can widto 

dT ®97’’ 


so that 


80 ^ dT (^2^2) 

<v/ry fCJ. 


.,,...(1241) 


semi-conductor, and leh 
q^iion (1242) then agrees ,vith (1221) omitting tho terms in wJ^m.lLl 
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This omission is a measnro of the iimcoiiracy in the present discussion; it 
will usually be unimportant. 

(i) Intrinsic semi-condnclor , n^~n^ given by (1130); -ci-e 2 ==|el. The 
approximate extended formula (1241) jiow gives u.s 

‘IT aiUi + ijUj)|e| 

Prom the nature of the electronic states in the lattice it seems that wo must 
conclude that > 1^^. It follows that for an intrinsic semi-conductor we 
shall always have d&jdT<0, so that 0 <0 with the sign conventions of 
Fig. 43, This means that the positive current flows from the somi-oonduotor 
to the metal at the hotter Junction, wliioh may be regarded as the normal 
sign of the effect. The value of © may be quite large. If for example 
^A^/j/|e| =0*8 volt, the elootromotivo power of the semi-conduotor against 
a normal metal is of the order of 3 millivolts p)er degree. Such large values 
appear actually to occur. 

(ii) For impurity semi-conductors we have merely to use (1241) Avith tlxo 
values of n^ and as functions of T determined in § lb 01. Wo can write 
(1241) in the form 

d'F |€| 

Wo must sirpposo as before that Ui> U^, For a normal impurity 

somi-oonduotor wo have necessarily > n^ and dn^jd'E > dnJdT, The latter 
equation follows because is supplied both from the impurities and from 
the loAvor band and thoroforo must inoroaso faster tlmn n^. For such a 
substance dQjdT < 0 and the sign of the effect must bo normal. 

For an abnormal impurity somi-oonduotor wo have at low temperatures 

Cii 0, dnJdT ^Wg/^f/’so that the sign of d&jdT must start by being positive 
and the effect is abnormal at low tom];)oi.‘aturoB. At higher temperatures Ave 
continue to have dnJdT > dnJdT tending to an equality as the temperature 
rises. On the other hand but sign of the effect is 

no longer definite. In fact since 1/’' increases, the thermoelectric 

poioer must vanish and change sigxi at higher iem 2 ^eratures. 

It will bo observed that equation (1237) does not in general make both 
partial currents vanish. In the steady state of zero total current there is 
therefore actually a flow of electrons in one direction in the semi-conductor 
and an equal floAv of holes in the same direction. At any particular place 
therefore, and n^ will bo increasing at equal rates, H'hoy will increase or 
diminish until the increased or diminished rate of recombination exactly 
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balances the oontributiori made by the flow, The aasumpfcion of a noriunl 
Hi and (with a modified velocity distribution law) is thorofore not exactly 
correct as we have already pointed out from another napoct. 


§ 11*82. The isothermal Hall coefficient for a semi-conductor, On roforring 
to the definition of the Hall coefficient wo seo that wo have to niako Jf, k- 0 
in (1238) when the conditions are uniform in the .T-diroction and in parti on liir 
the temperature is uniform everywhere. Wo may thoroforG intor})i'‘ot bho 
condition dTjdx — O in the more general sense that it requiroH uh to impuso 
the conditions ^/^/9a;=9/a/9.^’=o on both groups of oarriors. "I'ho conduotor 
could well be a closed circuit when a value of dffdx^ 0 is ijupossiblo. With 
these conditions, neglecting //, we obtain from (1237) the additivo relation 


i< = jc, 4 - 




which is a priori obvious, The conditions across the flow aro liowovor leas 
simjDle. The condition of no space charge roqiiiroa 


drii 

dy 


.(.1243) 


assuming that no change with y occurs in the number of bound olootroiiH; 
one more condition however is required, for wo cannot assort by a unilbrmKiy 
argument that dnijdy^dn^jdy = 0. This condition obviously is that the oquai 
rates of increase of electrons and holes by transport to any neJgJiboiirJiood 
must be exactly balanced by the increased rate of recombination duo to tlio 
presence of a slight excess of electrons and holes. Those oiToots must bo 
proportional in a first approximation to hiifdy since the deviation from tlio 
ecimiibnum value of at any point will vary in this way, Honoo tho partial 

proportional to UJdy and wo oan 

write (Z238) m the form 

OninsDrting the proper values of ^ from (H60) tho equations easily roduoo t 


to 


dy ’ 




dy 


,(1244) 


The elimination of 3i},, jdv ( = dn 4 ,v « W 

ating, We record md/fe two 



of the Hall OoaMcwvt c . 

W^^iO.Then ^39 

Sii<=~tL^(hi^_y^!\ / 

ImjUj idjUj// (12i6) 

'riiioh reduces to df, ,t = _ !; 

ib)A^lU.T:km 8W(%+»r7)- (1240) 

■S<«= - |e| ihSj%S\ /„ n- , - 

,„, \% mj 

MIL LTS'ft 

ooncluotor will both have a normal «!„ f™ •“' 
tenipomtures, The abnormal impuritv Im T ‘‘'I 

ooeffloiont of abnormal s«n at li. t ““’'“““duotor will have a Hall 
ohwgosignas tlio tomperftiire rises wcl 

am the Hall effect both behave in the 

at the same temperature. Over a limited tem ^ "'’I' alter 
any combination of signs. I’ho theory suaelTf “““iglithavo 
etanoe properly represented by these mSl 

beoomes abnormal so will the sign oVtte o a ol^oct 

temperatures. In fact the signs of ah flm T? f a«fflciontly low 
power of e will all become abnormal tn.r . *^'at depend on the lirst 

tnm, and normal at suffloiently high oS If toPPota- 

not eonfornr a still more oompJioated model ml blntf"™' 

tranefoiTOd from one conductor to another an 1 ''' “f oan bo 

ontaot. We shall discuss this problon f If “ “ "'^ahanical 

separating two regions of oombant ZUnZl If'’*',"™* “ Potential hill 
determined roughly as follows: Whon the two ' of thohill may bo 

and equilibrium is sot up the equilibrium noTf “ together 

established between them, determined bv tllf “ 
for both metals (§ ll'Ss). It is euffinimJi ° “f the parameter A 

condition by saying that h, oquilibrium thf fff '’'‘“<=‘*0 this 

own levels occupied at low temporatuS 
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The hill ■would tlierefore have the form shown in Fig, 47 6 if it were not modi- 
fied by the image effect. The actual form as modified will be more like that 
shown in Fig. 47c. 

Frpm the point of view of electron exchanges this equilibrium condition 
must be such that equal numbers of electrons pass in each direction through 
the barrier in any given time, By equation (1010) the number of electrons 
incident on the barrier in metal 1 jDer unit area per unit time in a 
given range ^ + of energy in their motion normal to the surface is 

(12i8) 

In this formula the energy zero ^ = 0 is at the bottom of the free electron 
levels in metal 1, There is a similar formula for metal 2, with a similar energy 



1 


Pig, 47, Barriors afc motal oontaofcS! («) separated ideal motalsj (t) ditto adjusted to 
equilibrium; (o) barrier modified by imago ofioot. 


zero, Reduced to the same energy zero as for metal 1 the formula for 
N^{1) di becomes 






(C> -%*))> 


Now there is a general theorem f that for any hill 

it>0h 

where and are the fractions of the incident electrons of 

energy ( that penetrate the barrier in the directions 1 -> 2 and 2-»- 1 resjDeo- 
tively. Further it is obvious that = 0 (^ < 0). There is therefore the 

exact balance required in the electrons passing in the two directions.^ 

When a current flows from one metal to the other the distribution laws 
are altered and the balance can be upset sufficiently to carry any reasonable 
cun’ent vdthout an appreciable potential jump across the contact. But if 
the contact is a bad one an appreciable j)Otential difference may be necessary 
across it before a signifleant current will pass. A potential difference across 

t Powlor, Proc, Camh, Phil, Soo. vol, 26, p, 193 (1929). 

X Strictly speaking in oaloulating the number of electrons which pass from motal 1 to motal 2 
and from 2 to 1 it is necessary to take account of the number of empty levels in the receiving metal 
into which the entering electron can go, This introduces correcting factors 1 ~«n2(0 for the flow 
1-^2 and 1 - mx(^) for the flow 2 1. Since the flows are themselves proportional to «i(^) and 

Ws(5) the extra terms exactly balance and it is not necessary to include them. 
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the ooiitact imi^osos a lack of balance in the electron exchange which can be 
of a higher order than the smallterms due to the disturbance of the distribu- 
tion functions in each metal. 

It is evident that the current flowing across the contact due to change of 
distribution functions without an extra contaot potential difforonco will bo 
symmetrical in the cin’ront so that 
thoi'e will then bo no rectifying efteot. 

It might however be thought at 
first sight that reotification could 
occur at a bad contact between two 
differ out metals, since the shape of 
the potential barrier will no longer 
remain the same, and its trans- 
parency can therofoi’o differ for the 
two signs of the potential difference 
imposed; this is illustrated in Fig. 48. 

It is found however on numerical 
investigation that though a contaot 2 

Avith a rather Ioav transparency Shadinff 1 1 1 1 normal barrier 
factor {a bad contact) can give an un- — barrier for electron 

symmetrical ourront-voltago curve ® flow 

and therefore can rectify an alter- 
nating ouiTont to some extent, such 
a contaot has only a slight reobi- 
fioation which varies Avith the voltage in a manner.' enbii'oly different to the 
largo and important rectifying offeots which are actually observed for 
suitable contacts. 

It is noAV realized that all contacts Avhioh rectify strongly are contacts 
between a somi-oonduotor and a metal. More than this, a good roobifying 
contact cannot bo made by just pressing together a metal and a good somi- 
conduotor. It is essential that the surface layer of tho somi-oonduotor should 
bo a very bad oonductor, almost an insulator. This has boon established by 
showing that if* tho surface layer is ebohod aAvay reotification oeaflos, A 
typical rectifying contact bhoroforo consists of a metal separated by a very 
thin, almost insulating, layer from a good semi-oonduotor. The best knoAvn 
and best understood example is tho copper oxide rootiflor. il-'liia is made by 
oxidizing one face of a block of metallic ooppor to an appreciable depth. 
Tho oxidation convoi,’tH tho copper to CiigO Avhich is almost pure next to the 
mother copper hut oxygon rich olsowhoro. Tho jmro Ou^O forms tho almost 
insulating layer and the GugO -I- 0 a good impurity semi-oonduotor to back 
it up. Tho depth of tho essential almost insulating layer is estimated at 


Shading \S\barrier for electron 
flow 1 "->2 

■FJg. 48. 
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7}10~^ cm, by capacity measurements, t) being the dielectric constant, or at 
10”® cm. by the depth of etching necessary to remove tlio olTeot. It is prob- 
able that 17 is about 10. Such plates are used pressed togotlier in a pile, and 
possess another contact between CugO + 0 and metallic copper, whore tho 
back of the next plate is pressed against the oxidized surface. This is a 
contact between a metal and a good semi-ooiiduotor, and does not rectify 
appreciably. The direction of easy flow of tho current is for olootrona to pass 
from the metal to the semi-conductor at the intimate contact whore the 
insulating layer is present. It remains to examine wliethor these oITecfca can 
be accounted for by tho theory, 

§ 11 -91 . The cunent-voUage relationship for an idealized melal-semi-conductor 
contact. We shall confine attention to the exchange of free elootrons between 
the metal and semi-conductor ignoring 
the contribution of tho free holes if 
any. The equilibrium state is given 
sufficiently nearly by adjusting the top 
of the levels occupied in the metal at 
low temperatures midway between tho 
bottom of tho empty band and tho top 
of the full band in the seini-oonduotor 
as shown in Fig. 4G. There may also be 
a potential hill between these levels 
which belong to the interiors of the two substances. 

The electrons that can penetrate the barrier in either direction lie above 
/ and are distributed classically. The number in the metal incident on tho 
barrier per unit area per unit time in the range ^ + dl for the energy of their 
motion normal to the barrier is by (1248), in this high energy region, 

Since exactly the same number pass in the reverse direction, wo must also 
have for the semi-conductor 



2 

ITig. 49. A motal-«oml-ooiuhiotoi’ oentaot 
in oquilibriiiin. 




4.TTmhT 






It is easily verified directly from tho properties of the somi-conduotor that 


this result holds to the present order of approximation. '.I.'ho total current 
passing 1 2 per unit area is therefore 


<^'nm\€\kT 


J v*Hae, 


where is the transparency factor of the barrier. It is oonvonient to 
change the energy zero to tho level /in tho somi-conduotor, so that £ thou 
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becomes the kinotio energy of the olootrons in the Houii-conduotor. The 
current density 1 **> 2 is then 

_ J " .(12-19) 

The same ourront flows in the reverse direotion. 

Now suppose that a potential difTeronco V is applied across tlio contact 
in such a manner that the electron levels in the anetal aro raised relative to 
those of the semi-conductor by the amount |e|K. The transparency factor 
for given I will now bo altered to some extent by change of shape of the 
barrier. Let us therefore denote it by D{CV)> Then the ourrent density 
floAving l->2 becomes 

fw Jo 

and the reverse current 2->- 1 

„ e~i J , V) eAfk’v 

The extra factor former arises becauso for given ^ wo now select 

the electron in the metal from a difToront lovel in tlio Maxwell distribution, 
so that the siippl}'- at all levels is multiplied by this oonstant faotor. The not 
ourront density flowing I -> 2 is therefore 

>> (ekiF/*r_ 1 j ^12co) 


Avhere 


D(V) = f “7J(a:/c21F) a-^dx. 


.( 1201 ) 


I 


p '«0 


V>0 


f ^<0 


t'jg, 00. XlUiatiaUiig (-ho oliniigo of 
transparonoy fftotor. 


Ly considering a simple square hump it 
is at once clear that IXV) dooroaaoS when 
V inoroasos and if the hump has a low 
transparency this increase will bo very 
marked. The formulae (1250) and (1251) 
hold for values of V of either sign, and 
for a range of tho order of . 

§11*92. A barrier of high transparency, !Cf tlio barrier betwoon tho metal, 
and somi-Gonduotor is uniniportant so that Z)(^)~l, thon 15 ^ ^ and th(i 
ourront-voltage relationship for tho oontaot is 

„y^(eWi7/5r_l), ^1262) 

This has exactly tho right general form to represent a rectifying oontaot. 
When F> 0 tho ourront increases raihdly with V. When T< 0 tho ourront 

38 


F9M 
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tends to saturate at tlie fixed value Jg no matter how largo V nuiy Ijo. .the 
formulae are however only valid if V is of 
the order or less. For larger values 

of V there is still strong reotilication, hut 
not given by (1262). 

The formulae can only apply to actually 
observed rectifications if the value of 
is of the correct order. If the of tlieso 
formulae were veiy much larger than the .FiK.fi], Tlio (iniTont-vnltuHo i-clivlion- 
actual current densities rectifled, then the «tip for an idoal loDtilyinK foutnot. 
voltage required to carry the actual currents would bo small (|e[ F hT) and 
there would be no rectification. On examining (1262) wo soo that Jg is 
the thermionic emission from a metal of work function at tompcraturo 
d . Therefore ^ amp./eni.^. 



At room temperature (300° K.) this gives a value 

a value of equal to 1 or slightly greater will give a value of in reason- 
able accord with the facts. The rectifying p(nvGr rai)idly uauikons as tlio 
temperature is raised in agreement with observation. 

If we may interpret observed recti llcationa (at least jippj'oximatoly) in 
this verysimide way, the essential nature of the very highly insulating layer 
between the metal and the good serai-conduotor is at oneo muiountod for. 
A value of I represents an almost perfect insulator at ordinary tom- 
peratures. Direct contact between a metal and a good somi-oonduetor 
(A^i~ 0*4) would not rectify at all. The rectifying contact is botwcon the 
metal and the very bad soraiTConduotor which lu’osumably sluidos gradually 
off into the good semi-conductor at porhax)s 10"'^’ cm. away. Whou current 
densities of this magnitude are required to How in a soini-conductor, that is, 
current densities requiring all the .olootrons to move in one diroction with 
velocities comparable to them velocities of thermal agitation, the ordinary 
conductivity theory no longer applies. None the loss one can use the usual 
classical formula for k and (1130) for n to estimate tlio jiotontial gradient in 
the semi-conductor required to carry the current. Ono finds that, if a voltage 
V is applied between the metal and the good semi-oondiictor with 10"*^ om. 
of bad semi-conductor between, then somowlmt the larger i)art of V must 
be used up in the serai-conduotor. This is consistent with the good roctifica- 
tion observed over a range of about 6 volts, only about i-d volt being 
requhed across the actual contact aooording to this voj’sion of the theory. 
In putting forward this explanation however wo have ignored tho ‘ ‘ contact 
between the bad and the good semi-conductor which might rectify in tho 
reverse dii'eotion, We shall disouss this point more olosoiy in § 1 1 • 94, 
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§ 11*93. A barrier of loio transparency. If B is small for small values of 
there are two cases to con^dor. In equation ( 1261) X)(0) may be so small that 
the main contribution to D does not come from values of x nearly zero, but 
from values of x muoh higher, corresimnding perhaps to values of $ near the 
top of the barrier. In this case all rectification is at once lost. Eectification , 
oooiirs only because the effective electron distributions are unsyrametrically 
limited on the two sides (by the forbidden band of the semi-conductor). 
If tliG limit is imposed by the barrier it is necessarily imposed symmetrically. 
W e shall therefore assume that B{0) though small is still large enough for the 
dominant contributions to D to come from the peighbourhood of ^ = 0. 

For a hump of the shape shown in Eig. 49 the important factor in iI{C,0) is 
oxp[- 2;d(/I~ Qi] (K-^^STThnjh% 


Avhei’G I is the breadth and H the height of the hump. This is the appropriate 
value of the more general transparency factor 

exp — 2/c J {U — Q^dx . 

The transparency factor in ./I(?,F) is therefore 


oxp 

This contains apjoroximately the extra factor 

/d|e|F 


r 

]■ 




and the dominant terms in B are of the form 

■ Kl\e\V l 
"* 211^ J 


,/>„6Xp 


xp[. 


Tho ourrent-voltage rolationsliip is now 


(1264) 


Provided a.4\€\lhT this is still a strongly rectified current, though less 
completely rectified tlian (1262), since tho reverse current does not really 
saturate but eventually increases without limit. A formula such as (1264) 
gives an oven better representation of observed currents than (1262), 
using r ather small values of a. 


§ 11*94, General disciission of reclification. In tho experimental study of 
rectification the ourrent-voltage rolationshi];) observed is the current as a 
function of the voltage applied between two conductors, one the metal 
and the other the good semi-conduotor. We have seen that the theory 
demands that there should bo at most a trivial rectification at any contact 
between metals, or at a good contact between a metal and a good semi- 
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conductor, or at any really bad contact, where the usual current carrying 
electrons in the semi-conductor can no longer penetrate through the 
potential barrier.' There is a strong rectification of just the type observed 
at a contact between a metal and a very bad semi-conductor, provided that 
the contact is a good or fairly good one. All this is in excellent apparent 
agreement with the observations, but the difficulty remains that this 
explanation really requires ua to consider two contacts; (1) motal/bad 
semi-conductor, and (2) bad aemi-conductor/good semi-conductor. It is 
easy to see that if we use the same simple models that we have used so far 
there will be a rectifying efTeot at the second contact exactly similar and in 
a reverse dheotion to the rectifying elTeot at the second contact, and it is 
not immediately possible to assert that the whole rectification will not bo 
thereby wiped out, Many solutions have been proposed to deal with this 
difficulty none of them really convincing, and a much more elaborate dis- 
cussion may bo required of the current carrying mechanism in a semi- 
conductor when the current is nearly saturated. It remains perhaps safe to 
believe that the general explanation of rectification hero oHorod by tho 
theory of a single good or fairly good contact is essentially correct and 
provides the required explanation of observed contact rectification, bub 
that the precise manner in which this simple theory is to bo applied to tho 
observations is as yet undetermined.* 

* In tlins concluding tins ohaptor it la proper to call tiro attention of tho ronder to tho fact that 
many of tho viowH adopted hero both on sonu.condiietors and thennionle oinlsBlun nro Btill mattorA 
of oontrovoray. Roforenco should bo mado to JolTci, Aclualii^ Sci, cl Indus,, No. 202, “Soml* 
oonduotours (Slootroniquo" (1036) and Sohottky, Ilandbuch d, exper. Vhysik, vol. 13, part 2. 



CHAPTER XII 


EL13 0TBIC AND MAGNETIC SUSCEPTIBILITIES. 
E E RB, 0 M A GN E T I SM 


§12T. The eleclromagnelic theory of siisceptibiliiies, Tho theory of the 
cUelectrio o oust ant of a gas (or other material body) or of its (dia-) para- 
inagnetio siisooptibility falls nooessarily into two parts. In the first, which 
belongs to oleotroniagnetio theory, we trace the connection between the 
external field ai^idied to the medium, and its electric or magnetic polariza- 
tion, determining incidentally how the imlarization of the surrounding 
matter affects tho field acting on any particular element. In the second, 
which alone is statistical, wo derive tho connection between the electric 
(magnetic) foi’coand tho polarization when the material medium is built up 
of molecules of given typo or types, distributed in equilibrium in the field 
of force acting on them. 

It is, strictly, beyond tlio scope of this monograph to conside'r the details 
of tho electromagnetic part of the theory, nor should it bo necessary to do so. 
None tho loss this classical part of tho theory* is not so easily freed from 
misoonc options and fallaoios, as is evident from recent discussions. f Ail 
analysis by HarwinI has made tho conflict particularly clear. It seems worth 
while thorolbro to start hero with a short account of the electromagnetic 
part of the theory, largely based, on Darwin’s wo].’k.§ 

Tho primary definitions of electric (magnetic) force E (H) refer to a 
vacuum ; they are vectors which in vacuo satisfy tho relations 


> 

J ( 


E . ds == 0, 


H.ds-:0, 


(1266) 


fE.da = ^lirf pdw, fn.dcr-O; (1260) 

Js Jv Js 

0 is any closed oirouit, S is any closed surface enclosing the volume V, and p 
is tho elootrio charge density. The last integral vanishes since we experience 
no accumulations of magnetism. 

It is well recognized to be convenient to extend those equations to circuits 
G and surfaces S which are not necessarily in vacuo. 

To extend (1266) to tho interior of matter we surround the path 0 by a 
narrow pipe and remove tho matter entirely from this pipe. In this slightly 


* Tor an oxposUiion 8Co LoionbiS, The theory of electrons, oliap. iv, or LivoiiB, The theory of elcc- 
tricUy, § 287, otl, 1. 

f Por oxninplo, Hnrtroo, Proc. Oa7nb, Phil, Soc, vol. 25, p. 97 (1020), vol. 27, p. 143 (1032); 
Nature, vol. 132, p. 920 (1933); Kionig, Proc. Sect. Sci. Amsterdam, vol. 36, p, 7 (1083). ■ ■ 

% Darwin, (I) Proa, Itoy. Soc. A, vol. MO, p. 17 (1034); (II) vol. 161, p. 672 (1936). 

§ Soo also Dobyo, Marx's Ilandhuch der Padiologie, vol. 0, p 607 (1926). 
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modified world ec^nations (1266) remain true, provided WG uso the forces 
E', H' measured in this world. It is only the components of tlio forces along 
the pipe that are relevant to (1266), It is easy to show that for a Biiffioiontly 
small pipe these components are independent of the size and shape of the 
pipe, and are themselves the components of vectors E' and H' which may 
be determined by measurement in a pipe in a suitably cliosen direction. 
These vectors may be conveniently referred to as the electric (magnetic) 
pipe-force respectively. In virtue of (1266) they are the gradients of poten- 
tials and are frequently referred to simply as electric (magnetic) force as if 
they were such forces in vacuo. 

To extend ( 1266) to the interior of matter we make a difioront modification 
by enclosing S between two parallel surfaces and removing all the matter 
between them, so tlrat J3 lies in a thin crack-shaped cavity. Equations (1260) 
remain true for forces E", H" measured in this modified world. Only the 
components of these forces normal to the crack-cavity are relevant to 
(1266), and it is again easy to show that for a sulTioiently thin crack those 
normal components are the components of vectors E", H", whioli can bo 
measured in suitably orientated cracks. These vectors may ho e ailed the 
electric (magnetic) crach-forces. Since they are the vectors that conserve 
equations (1266), they are more commonly called the oloctrio (magnetic) 
induction, and denoted by the symbols D(B). 

The need to distinguish so carefully between the pipo-forco and the oraok- 
force is due of course to the polarization of the material, and tho dift’eronco 
between the two forces to the difCerent portions of polarized material I’O- 
moved in the two oases. In an isotropic medium, whicli is all wo need 
consider at present, the vectors E', D and P (oloctrio) are all j^arallel ns 
also are H', B and P (magnetic), this last being usually doiioted by I and 
called the (intensity of) magnetization. 

By fillmg up the distant parts of tho pipe until only a oraok-shapod 
cavity is left, much thinner than the width of tho pipe, about tho jioint at 
which D(B) is to be determined, it is easy to establish the fundamontal 
relation between E', D and P or between H', B and I. Tfiie material put back 
is polarized to a dipole strength P(I) per rmit volume and tho foi’co exerted 
by these dipoles in the remaining cavity must be the difioronco between tho 
pipe- and crack -forces. It follows at once that 

D = E'-i-47rP, B = H'-1-47 tI, (1267) 

These equations are usually summarized by the introduction, of ooefiicientB 
called the susceptibility and the dielectric constant {permeability), Xhe suscep- 
tibilities i< are defined by 

P-/c,E', 


( 1268 ) 
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the diolectric constant (permeability) by 

D==8,E', B = (8=H-47r/0 (12G9) 

The siisooptibility thus defined is the volume susceptibility — the dipole 
strength per unit volume induced by unit pipe-force strength. It must be 
noted that it is the pipe-force in (1258) and (1250) and never oi' 
though sometimes their dilloronco is insignificant. "The difiorenco is duo of 
course to surface charges on the dielectric, and in changing from 
for example we have already made a great allowance for the effect of the 
polarization of the medium on the force acting at any point of it. This 
important difference is illustrated in detail by the calculations of § 12' 12. 

Those definitions are quite general for isotropic media and easily general- 
ized for crystalline ones. ICxporiments determine directly 8 and therefore k. 
We have still to examine how /c is to be oorrolated with quantities that can 
be deduced from atomic theory. 


§12*11, The polarizing force F, If our medium is composed of atoms of 
known proj^orties, we can at once caloulate its polarization if we know the 
average polarizing force P, electric or magnetic, acting on each atom. This 
force however is not necessarily either the crack-force or the pipe-foi’co, for 
the force required is the force acting on the atoms in the actual material 
when no matter has boon removed. Before wo can determine P in terms of 
the pipe -force — that is to say, calculate i < — wo must dotormine the polarizing 
force in terms of the pipo-foroo and the polarization. T"his can bo done by 
starting with a pipo-shapod cavity parallel to the vootors E' and P, in which 
therefore E' is the total force acting, and restoring the polarized matter 
which has boon removed from this pipe. The effects will bo proportional to 
P so that wo shall have F = E' + rP (1200) 


The contribution of the restored matter can bo considered in two parts : 
(i) the contribution frenn the matter lying inside a small sphei^e round the 
point in question and (ii) the contribution of the x’est, so that i> — jq-h iq . 

The factor iq is easily calculated. The polarized matter in tho distant 
parts of tlio pipe exerts outside itself tho same forces as a charge density 
over its surface, whore P^, is the normal component of P. This is zero on the 
walls of tho pipe, P over tho distant ends whose effect at tho origin is negli- 
gible and P cos 0 over the surface of tho small sphoro. It is easily shoAvn that 
this surface oliargo loads to a force IttP inside tho sphere in tho same cliroo- 
tion as P . Thus jq ~ 

Tho essential diffloulty of tho problem lies in the evaluation of iq, the 
contribution of the matter in tho immediate neighbourhood of the jioint or 
atom at which F is required. Tliore is in fact no general solution, the correct 
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Talue of vi depending on the nature of the polarized matter itself. The 
difficulty is of the nature of a change in the order of t wo limiting processes. 
Different results are thus obtained which properly correspond to different 
physical properties of the material. The principal results are as follows: 

Larentz’s* Lemma. If the material consists of isolated polarizable atoms, 
in disordered array as in a gas, or in a regular array with cubic or tetrahedral 
symmetry about the selected atom, then 


Vp 


The potential D at x, y, z due to a dipole at {l,m,,n)a of strength a 
pointing in the direction A, p, v is given by 

a[A(Za -x) + p{ma -y) + v{na z)] 


Cl: 


1261) 


{{la — x)^ + (ma — yY + {ua — 

By a theorem due to Gauss the average value of the potential arising from 
any distribution of poles taken over any sphere which contains none of the 
poles within or on itself is equal to the value of the potential at the centre of 
the sphere. The same theorem is true for the average value over the sphere 
of the derivatives of D, the electric (magnetic) force, which can always be 
regarded as the potential of a more elaborate set of poles, ff^hus if wo are 
concerned with the average value of the potential or electric (magnetic) 
force due to a set of dipoles taken over an atom with spherical symmetry, so 
that any weighting factors are functions of r only, then the average value 
required is the value at the centre x~y = z-0. If the atoms are small 
compared with the average distance of the other dipoles, this central value 
is of course the correct value without any other restriction. But even when 
the atom is not small, this central value will generally be good enough so 
that we have only to consider the average value of 


or of its derivatives such as 


dCl^ 
' dx 


a(AZ + pm + vn)/a^, 
aA(3Z2_l) 


.(1262) 


.(1263) 


Since for completely irregular distributiras or for lattices with tetrahedral 
or cubic symmetry about the origin l = m = n = Q, 3^=* 1, ... for any given 
values of a, a, A, p, v, the average values of D,,, dCl^dx, ... all vanish. The 
lemma is therefore established. 

Lorentz’s lemma depends on the possibility of drawing a sphere outside 
which the matter may be treated as a continuous medium, and inside which 
it consists of effectively discrete atoms. If the polarizable elements of the 
matter are not really discrete atoms but effectively free electrons among 

• t a convenient title for the lemma, but it is far from correct to say that Lorentz eann- 

ciated It m a form so complete. See his Theory of Ekdrona (1916), p. 138, and Notes 54, 66. 
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positive ions as in a metal or the Kennelly-Heaviside layer we might still 
hope to apply the lemma for a, periodic electric force, bnt the proof breaks 
down and the result in fact is wrong. An argument, which is however q^nite 
unreliable, can be constructed suggesting this failure: we can equally 
legitimately regard the polarizable material as smoothed out into positive 
and negative continna before the sphere is drawn. The polarization P inside 
the sphere then produces the effect of a charge — P cos 9 over the surface of 
the sphere which exactly neutralizes the Poos 6 above. It will be seen that 
we have now inverted the order of the two limit operations of excluding the 
small sphere and smoothing out the actual matter into a continuum. Thus 
in such a case, so one argues, V]_= — vq and t/= 0. It appears therefore that 
we may have one or other of the two formulae 


F = E'4-f7TP, (1264) 

F = E' (1265) 

in extreme cases, and therefore, presumably, intermediate forms as well. 

The last remarks make no claim to rigour — they suffice merely to show 
that a much deeper discussion is required, and that the result must be 
expected to depend on the exact nature of the atoms or ions of the material. 

The second part of the problem will be concerned with evaluating P as a 
function of P from atomic and statistical theory. Without anticipating 
details we may record here that the approximation 

P = 7P, (1266) 

where y is a constant, is usually sufficiently good. In that case when P is 
given by (1264) S - 1 

g-— (Lorentz’s formula), (1267) 

and when P is given by (1266) 

1 

y~~— (S — 1) (Sellmeyer’s formula). (1268) 

Both formulae may be either electric or magnetic. 


§ 12*12. An idealized dielectric. We shall gain further insight into the 
problem by considering a dielectric com- 
posed of n “ atoms ’ ’ per unit volume each of 
which is a rigid sphere of radius a uniformly 
polarized to such a degree that each atom 
has a dipole moment p. All these dipoles are 
parallel to each other and to the pipe-force 
P'. We shall consider an infinite slab of such 

a dielectric hounded by plan© faces normal ^2. A slab of dielectric, 

to the z-axis at 2 » 0 and z=b;E' is parallel to the 2 J-axis. The smoothed out 


»= h ^ 



Qxyz 

.xoyoZf) 

2=aO 
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polarization of the dielectric is of course given by P — np. The dielectric is 
subject to an external force Eext po^rallel to the z-axis to which its polariza- 
tion is due. The actual electric force at any point among these atoms 
fluctuates wildly and we require certain average values for F which will 
naturally depend on the way the average is taken. 

Let us start by calculating the z-component G,^ of the force acting at 
a point XQ,yQ, Zq due to the slab of dipole atoms. If this point is inside an 
atom, then the force due to this atom itself is to be excluded. In any event 
therefore the point , y^ , Zq may be regarded as surrounded by a small 
sphere containing no atoms. 

An “atom” whose centre is at x, y, z exerts a force at Zq whose 

z-component is ^(z -zV-r^ 

— p- 

Hence ff»(»o.yo.2o) = P ■ 


This summation must be turned into an integration. For the more distant 
parts of the slab this presents no difficulty. The region of integration is 
bounded by the plane faces of the slab and a small sphere round H 

of radius A. The smoothing implied by integration is illegitimate near the 
sphere A, but Lorentz’s lemma applies here and tells ua that no contribution 
arises from the atoms between the sphere A and a larger sphere B at least 
when we take the average value of G^ over all points . Thus 

^ ( 1209 ) 

over the specified range of integration. Evaluation presents no difliculty, 
and we find that if 2/o » is inside the slab 


_ = ~ ( 1270 ) 

while outside the slab 0^{xQ,yf^,ZQ) = 0. Other components must by symmetiy 
average to zero. To this we must add the externally applied field (due to 
distant bodies) so that the average force at any point Vo, inside the 


slab is 


E. 


■^P. 


But since by their definitions and ordinary properties 


■.E, 


'ext> 


E' + 47TP=i)ij^t = 

the average internal field is ^ 

agreeing with our previous result. It is to be remembered that y^, Zq 
happens to lie mside any atom, the internal field of that atom has been 
deliberately omitted. This omission is correct if we require the a verage field 
tending to polarize a particular discrete atom. 
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Suppose however we do a similar calculation for the potential at XQ,yQ, Zq 
due to the dipoles in the slab. Then 





There is now no convergence difficulty near r = 0 but we still have to use 
Lorentss’s lemma to justify the smoothing for small values of r. Thus the 
value we find is again an average value. Evaluation of the integral is easy 
and we obtain 

= 4Tr»ip(2:o - (0 < 2:0 < 

= 27Tnpb (2!o>6)i (1272) 


= — 27Tnpb {zq < 0 ) 


Thus, calculating in this way, we find that there is on the average a 
force -• 47 tP inside the slab due to its own dipoles, so that the average force 
inside the slab which can be derived from the potential is just the pipe- 
force E'. 

This relationship between the potential and the pipe-force is of course 
essential to satisfy (1256) and it is important to examine the difference 
between these two averages. We have shown in fact that the average force 
along any path doing work for example on a test electron moving along that 
path is E', while the average force at any point (if within an atom omitting 
the internal field of that atom) is on the other hand E* -f IttP. The necessary 
reconciliation is brought about by recalling that on the average any path of 
length I will contain a length ^a^nl inside atoms since the atoms occupy the 
fraction ^a^n of all space. Inside any one of the atoms there is a constant 
force —pja^ along the 2 ;-axis due to its own polarization, so that an average 
force — I'ttP due to the insides of the atoms has been omitted if we xise the 
point average force along a path. If the atoms are very small a straight path 
may be drawn to miss them nearly all; but if the average path is fairly taken 
it will cut a few and their effects will just be large enough to counterbalance 
their rarity. Moreover the average force along a path specially selected to 
avoid all the atoms will still be E' because such a path ex hypothesi must 
spend too much of its length in the equatorial planes and too little near the 
axes of the dipoles for the point average force to apply. There is no reason 
to expect equality between a space average and the average along a specially 
selected path in that space. 

We conclude therefore that in such a dielectric the average polarizing 
force F acting on an atom of the dielectric is P' -1-|7 tP, but that the average 
force acting on an electron moving freely along any path is E'. Whether this 
average strictly applies to the actual path of an electron requires still 
further investigation. 
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§ 12*13. The magnetic case. A similar model. The results of § 12*12 appl^* 
equally to the magnetic case so long as the atoms may be represented by 
magnetic dipoles. The average polarizing force acting on any atom of thi* 
medium is H' + and the average magnetic force along a path is the pipe- 
force H'. Magnetic dipoles however are very far from an adequate represen - 
tation of actual magnetized atoms in which the magnetic elements are 
almost certainly to be regarded rather as small electric currents due t<i 
circulating electrons or, if it is preferred, to atomic states with angular 
momentum. We shall therefore consider an alternative model in which the 
uniformly polarized spheres are replaced by spherical current sheets sii 
arranged that they give precisely the same external fields.* This is achievefi 
if the spheres carry currents in planes normal to the 2 !-axis of strength 

{p(^'na^)dh 

in any element of surface of height dh. With any such model the result » 
unaltered that the average polarizing force acting on a single atom is B' + fw I 
so long as Lorentz’s lemma applies; but for the average force along a path 
the result is entirely different. There is now no reversed force inside eaeli 
atom, but instead a force in the same direction as P. This is possible beoai» 
the magnetic potential of a current is not one-valued. Now if a test pole fi 
taken from a great distance away near the axis of a small current circuit to 
a great distance away in the other direction of the axis without threading 
the circuit no work is done, but if it threads the circuit the work done is 4iri 
per unit pole strength, where i is the current. Since the average length of any 
path which lies inside the atomic spheres is ^aHl as before, the total current 
strength threaded on the average on such a path in the direction of the field 
is pnl, and the extra work done irrpnl. Thus on a path which penetrates th# 
atoms to an average amount there is an average extra force 47 rP acting 
over and above the average force on a similar path which just goes round all 
the atoms. The same extra force will act to deflect a moving electron so long 
as it freely penetrates the atoms. On a path which just goes round all the 
atoms the forces are exactly the same as those for atoms with rigid dipoles, 
and on such a path for such atoms the average force is the same as for a 
straight path which penetrates the atoms where necessary to do so, since now 
the magnetic potential of each atom is one-valued. We have already proved 
that in this case the average force along the path is the pipe-force, P''. 
Hence for magnetic atoms with current circuits freely penetrable by mag- 
netic poles or moving electrons the average force along the path is th© 
crack-force B=H' + 47tP. This result presumably applies to the deflection 
of the very fast electrons of the cosmic rays penetrating magnetized iron. 

* Darwin, he. cit. (II), has given a much more elegant and general discussion leading to the 
same result which is independent of the distribution of currents in the model atom. The currentt 
need only be assumed to vanish outside some definite atomic radius. 
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§12*14. An alternative treatment. la view of the subtlety of the problem 
it is perhaps worth while to give aa independent discussion, by considering 
a sphere of the material in question small compared with the wave length of 
the electromagnetic field (if this fiield is time variable) but large enough to 
contain many atoms, and calculating the electric dipole moment excited in 
it by an external electric field of strength F sin vt. This field penetrates right 
through the atoms of the sphere without modification being due to distant 
bodies. When a sphere of dielectric constant 8^ is placed in the presence of an 
electrostatic field of strength F, the dipole moment induced is 


8,,-l 

Ch-2 


a^F, 


and the field of this dipole represents the sole external effect of the sphere. 
A similar result holds for a small sphere (6f permeability unity) in a time 
variable field so long as retardation effects can be neglected. The external 
field of the sphere is that of the dipole 


LJaTsinvi. (1273) 

Og H“ * 


We can however also calculate the effective dipole moment directly. By 
equating this to (1273) we evaluate the dielectric constant in terms of 
atomic properties and thereby can decide between the formulae (1264) and 
( 1265), though that analysis of the internal field is irrelevant to this method 
of attack. 

Let us consider first in this manner material composed of discrete atoms, 
each of which may be thought of as containing a number of virtual oscil- 
lating electrons . In this way quantum requirements can be taken account of, 
and the reactions of the atoms to the field treated classically . Let us start by 
assuming that the virtual electrons of any one type oscillate with the same 
amplitude and phase in each atom . It is necessary to show that each electron 
is then unaffected by the displacements of all the others; that being so it is 
affected only by the external field and the initial assumption is correct. But 
this independence follows at once from the theorem that in a spherical 
hollow in a sphere of uniformly polarized material the polarization exerts 
no force. The smoothing and averaging necessary to apply this theorem to 
the actual material under discussion have been shown to be legitimate by 
the arguments of the preceding sections. 

Let yr> the displacement, frequency and effective charge of the 
virtual electron of type r. Then 

-mv,.®?^-l-e^Fsin (1274) 


€,.Fsinri 


......(1274-1) 


and therefore 
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If the sphere contains n atoms per unit volume and we sum (127*1) ov»’r 1 1 

various types of virtual electron and over all atoms, we see tliaO 

has a dipole moment . 

e/Fsinr^ 

f7ra% Tn* 

On comparing this with (1273) we see that 




3 3e-l_ ^ 

47r8,-}-2 


(127.^! 


agreeing with Lorentz’s formula (1267). 

Now consider material consisting of N free electrons {N in 
inersed in a medium with a uniform continuous jjositivo charge, Ji® 
neutralizing the charges of the electrons. The total charge of the 
medium is N|e| so that the potential at an internal point is 




Za?-r^ 

2a® 




Electrons may emerge temporarily from the sphere into a region w'hrrtt th 
potential is strictly not given by (1276), but for convenience (127(1) mny 
be used without alTeoting our discussion. The equations of motion of tli<» ft 
electron are 






SO that 


dxj 






+ €F8in vii 


mI,fXf= ^S/Xz+NeFsin vi. 

a 


(1277) 


The interactions of the electrons have now disappeared, as tlioy nhowW 
because a collision between a pair of electrons does not alter their rcHnltefii 
acceleration, nor therefore the radiation they scatter. From (1277) wi» ll(tw 
at once that the dipole moment of the sphere, e T,fX/, is given by 

_ iVe^Fsiiii^ 

to be equated to (1273), Therefore 

8c- 1 . 

From this it follows at once that 


8,-1 3Ne^ ne^ 

47r "" 47rmv%® mv^' 


This result agrees with Sellmeyer’s formula (1268). The term on the rigb' 
agrees of course with the corresponding term in (1276) when wo put 
Wo have still not solved the really important problem which is that af 
material consisting of free electrons and positive ions, which can bo ta feen* 
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to be protons M'ithout affecting the illustrative value of the discussion. The 
only convincing treatment is that of Darwin, f but this is too long to give 
hero, especially since wo shall not be concerned with such media in the rest 
of this chapter. Dainvin shows that it is sufficient to discuss the problem with 
fixed protons taking averages over all the electrons with special cafe of the 
contributions made by electrons when in close collision with one of the 
protons. It turns out that if the energy of the electron m the collision is 2 iositive 
so that the electron is really free of iheproton^ the average contribution made 
by the colliding electron when it is in a small sphere round the proton is to 
a siiffloiont approximation the same as if the central proton were absent. 
Thus only distant protons matter and these inay be thought of as smoothed 
out into a continuum. The Avholo efiect of close collisions being negligible 
wo fall back on the oloctron-continuum case just discussed and find a result 
in accord with Sellmeyor’s formula. The importance of Darwin’s discussion 
is that it shows bliat the distinction between free and bound electrons is a 
vital one, and that it is only Avhen the colliding electron is really free that the 
ofi’eot of the adjacent proton outs out. 

Darwin has extended his discussion to a material which contains both 
discrete atoms and free electrons, and pi’oved the following theorem: 

Darwin* 8 theorem. Form the ex 2 )res 8 ionfor 3(8^' — l)/(8e' + 2) by summation 
over all types of atom or other sysle7n to which Lorentz^sforimda (1267) applies 
whe7i they are pireMnt by themselves, Foim the cxj)7'ession for 8^," — 1 by sum- 
mation over the free electrons as if they were jmsent by themselves. Then the 
dielectric constant Sc /or the inalerial as a whole is given by 

Sc-V + S/'-l- (1279) 

A somewhat similar theorem can bo proved for the magnetic case in 
which the magnotism is duo partly to free and partly to bound electrons, j: 

§ 12*2. The classical theory of the dielectric co7istant of a gas or liquid of 
discrete ato^ns or molecides,^ We now take up in earnest the statistical part 
of our problem. According to the foregoing discussion Lorentz’s formula 
will apply to any assembly of discrete molecules. The formula P^yF may 
bo put in the form p^nO*F, (1280) 

whore 6* is the average dipole moment induced in each of the molecules 
{n per unit volume) of the substance by the polarizing force F . The para- 
meter 0* is in general a function of F, Eciuation (1267) may then be re- 


written in the form 


S — 1 Itt . ^ 

0 2 o 


(1281) 


•)• Darwin, ?oc. cU, (I). t Darwin, loc, cU, (II). 

§ D'or tlio I’osli of til is oliaptor roforoiico should bo in ado for more detailed Information to Van 
Vlook, Electric and Magnetic Svaccjitibililica, Oxford (1932). 
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This may be extended at once to molecular mixtures in the form. 



The quantity (8 — 1)/(8 + 2) which is thus seen to bo additive is called the 
refractivity . We have already used (1282) in Chapter X. This formula applies 
also to polarization by electromagnetic radiation fields; 8 is then usually 
replaced by the square of the refractive index, and tho 0^,* depend on 
the frequency v. An example of this for a particular typo of molcoulo was 
given in (1276). We shall be mainly concerned with static fields here. 

In calculating the static 6* the results will depend on tho particular 
assumptions made as to the struoturo of the moleoules. It was first shown 
by Debyef that the dielectric properties of many gases and liquids are 
satisfactorily accounted for, if wo assume that the moleovdes are rigid 
dipoles of approximately constant electric moment and in addition have 
ordinary polarizable isotroi^io eleotronio structures. On this assumption 
the classical theory of 9* proceeds as follows. 

Consider as tho model molecule a rigid solid of revolution without axial 
spin, of moment of inertia A free to turn about its centre of mass, with an 
electric doublet of strength a directed along its axis of symmetry. Lot the 
body be subject to a polarizing force F, Then tho Hamiltonian fimotion ibr 
the motion of the rigid body is 

The angle $ is so measured that 6 — 0 when the positive direotion of tho 
dipole points along the field of force F. Tho partition function for tho 
rotations and orientations of such moleoules will therefore be 




27TAhT 


_^^^AhT 8inh(«i^//ij?’) 

aFjhT ■ 


— a.F cos o| J (tpQdp^iiOdfjii 

(1283) 

(1284) 


The fraction of molecules with their coordinate 0 between 0 and O^^dO will 


therefore be 

/aJ?’6os^\ . ^ 

(1286) 


'7^ /ai'’oos0\ , 77"* 


t Dobyo, Phja, ZeU, vol. 13, i), 07 (1012), 
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Tho avorago polarization O^F is tho resolved part of a along the direction of 
the Held averaged over all molecules distributed according to (1286), and is 
thoroforo given by 


0*^ 


a f 
F 

'*• J 

‘tt 

exp| 
0 ' 

( aF cos 6\ 
[ UT ] 

cos0sin0d0 


‘'it 

oxpj 

J 0 

^ aiF cos 6 
[ hT 

j Bill OdO 




a 


.(1286)t 


hTfaF . 

This formula can of course bo obtained by differentiating (1284) as we show 
in detail in § 12' 3. In all or nearly all practical oases (/.FjkT is very small, so 
that this reduces to 


0^ = 


'dhT 


,(1287) 


Tho oooffioiont arises as tho avorago value of cos^ 6 over a sphere. 

Two restrictions in tho foregoing account are easily removed. We have 
first to introd\ioo a term for the polarizability of the electronic structure of 
tho molocnlo, T'his obviously might depend on the orientation 0, and we 
should then have the flamiltonian function 


and tho polarization a cos 0-1- /3(0,r/d.F instead of acos0. Wo therefore find 
for tho average polarization 


1 f^^TT (crRooBd+^^F^ 


F 


'IT pS 

oj 0 


oxp 


0* 


"The leading terms reduce to 


hT 


j (aGos0 + j9j?’)sin0d0d0 


’’tt I’Dtt 

*aFcoH0-[-l^F^\ 

J Oj 0 

hT ) 


j HmOdOdij) 




(1288) 


1 f ^ 

whore ^ = ^ Bin OdOdtj), 

wj oJ 0 

Secondly it is obviously unnecessary to restrict ourselves to a rigid body 
with an axis of symmetry without axial S 2 >in. Any rigid body with moments 
of inertia A, 7i, G, spinning in any manner, may be oonsklored, which con- 
tains an oleotrio doublet fixed in it and is also of polarizable structure. We 
shall equally obtain (1288).:]: As an example of such more general calcula- 
tions consider a non-polarizablo general rigid body, with a dipole of strength 

t This fornaila is more familial' in tlio (ihcory of pni’aningiiotiBin and is tlioro duo to Langovin, 
J. dc l^hijaiqne, flor, d, vol. 4, p. 078 (11)05), Sots alBo § 12'0. 

I Van Vloolf, Phya. Ilev, vol, 30, p. 31 (1027) ospooially § Oj Mcclric mul Magnetic SuseeplibiUties, 
p. 37 (1032). 


VSM 


29 



450 Electric and Magnetic S^isceptihilitiea [ 12 '2 

a fixed in any direction relative to the principal clynainioal axoH, Hubjoot to 
a polarizing force F along the x!-axis. For such a system the partition fimo- 
tion is 



{€ — aFcos(a2:)} 


dmdjp^dmdOd<lHhji, 


where e is given as a function of the variables of integration by tho expres- 
sion (194‘1). The ^-integrations are unafieoted and oan bo oarriod out as 
before, giving 

Now take new axes and angles 0', ijj' so that (aa) — O', Thou 


sin 0 do d(l>dilj = fim 6' dO'd(f)'dtfi* 

and we obtain, apart from a constant factor, exactly tho same integrals aa 
before, and the same value for 0*. 

The general classical result is therefore 



(1280) 


so long as c(.FjhT is small. The contributions of cliiloront inolociilav spooioH 
on the right are additive. 


§12-21. Gomxianson with experiment. The formulae of § 12-2 wore ooin- 
pared with experiment with marked success by Debye, *|* and more reooiifcly 
excellent new comparisons have been rendered possible by tho observations 
of Zahn.J It is obvious that the classical theory cannot bo oorroot at vory 
low temperatures, but the (juantum theory agrees, as ^ro shall see, with 
(1289) at temperatures covering all observations, 

In observations on gases 8^ is vory nearly unity and therefore vory 
accurate observations of 8^ are required to establish tho value of 1 with 
satisfactory precision. Tho necessary accuracy can be obtained by the use 
of the modern technique of oscillating circuits. The variation of capacity of 
a condenser containing tho gas under observation as diolootric is detoctod 
and measured by its effect on the electrical boats of two high froquenoy 
circuits slightly out of tune. In analysis of the obsorvations S,-|- 2 can bo 
taken to be equal to 3. Referring to (1289) wo see that 


(8.-l)y/n = ^i^ + ;82'). 


t Debyo, loc. cii. 
metric a.ii 
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or in terms of gas pressure 

= + (1290) 

We therefore plot (8^—1) or better (8g — where v is the volume per 
mole, against the temperature 
and expect to find a straight lino 
wlioso slope determines ^ and 
wliose intercept on the axis of 
(S<,— l)‘y3^ the value of a. The 
j)rincii)al interest centres in a. 

Fig. 53, taken from K. Comp- 
ton,* shows typical examples of 
such plots, which are excellent 
straight lines, and Table 41:6 shows 
the values of dipole moments 
so determined for a variety of 

j>|g^ 53, ^’lio aimlyBiB of iliolootrio constants by 

The large value for water Dobyo’s equation, 

vapour confirms and in fact demands the triangular model for this molecule 
which wo have already accepted in Chapter in. The zero value for carbon 
dioxide confirms the straight model adopted in that chapter. 

Table 46. . 

Dipole inomenls of gaseous molecules from Debye* a equation. 



Gas I a X 10^® I Gas I a x 10‘® 


axlO‘8 


« X 1018 



HaO 

HaS 

1*«4 

OH.I 

1<10 

CH-Cl 

OaHa 

0-00 

OHaOla 

OaB;^ 

O’OO 

CllUIa 

cviifl 

0<00 

C01,i 

Na 

0<00 

NO 

c&. 

0-00 

CO 



A svimmary of tlio best work to 1031 is given by Van Vlook, loc, cU,, from whom most of the 
above values liavo been solooted. An elaborate oollcotiou to 1920 was given by Bliili, PhysiJcol, Zcil, 
vol. 27, p. 220 (1020) supploinonting llobyo, Uandbuch dcr Itadiologic, vol. 0 (1020), Vabios for 
PHj and AsHp from H. K. Watson, Proc. .Hoy, Soc. A, vol, 117, p. 43 (1927). 
f Values moasui’od in solution in non-poJar solvents. 

§ 12*22 . Applicationa to liqtuds. Formula (1289) can also be applied with 
•considerable success to many liquids, but in this case in its oomj)lete form, 
for S(j is no longer nearly unity. If wo solve (1289) for 8,, for a polar liquid 

* K. Compton, loe, cit. 
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where 
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47Tna^ 


Qk{l-^7Tn^) 

If the liquid is non-polar (a = 0), this reduces to 


(1202) 


8,= l + 47r?i/3/(l-f7r?i/S). (1203) 

We shall have occasion to study equations of the ty 2 )e of (1201) nuioli more 
thoroughly later in this chapter in the sections on ferroniagnetisin . Hero i t is 
sufficient to note that there should exist for polar liquids a oritical tem- 
perature and that, while for higher tomijeraturea falls to 

normal values. This oritical temperature is of real xffiysioal importance, for 
it is quite high for strongly polar liquids. For example if ^vator could be 
treated as a collection of freely rotating dipoles — steam moleoiilea — ^;for 
which c^l'84x 10“i®, w= 6’06 x 10®®/18, we should find ?o=120(). (The 
term in ^ can be neglected in this rough analysis.) At ordinary tem23orat\u’OB 
therefore for which T <T^ such a liquid would be in the electrical analogue 
of a ferromagnetic state of permanent natural polarization, lit is probable 
that in substances such as Rochelle salt the water of crystallization should 
be regarded as just such a liquid, but no ordinary jDolar liquid has such |)ro- 
perties. Liquids polar and non-j^olar may be divided fairly sharply into two 
classes . Class ( 1 ) contains the non-polar liquids for all of which I ~ > 0 

and those polar liquids whose dipoles are rather weak so that % calculated 
from (1292) is small compared with the temperatures of the liquid range. 
For these liquids equation (1293) or (1291) fits the observed dieleotrio 
constants fairly well, with values of a and ^ in reasonable agreomont with the 
values found from the corresponding vapour phase. Wo may oonoludo that 
such liquids are mainly unassociated, and that the dipoles (when 2 )roBOiit) 
rotate freely and play no very important part in the liquid structure. 
Class (2) contains the liquids with strong dipoles for which % is comparable 
with or larger than the temperatures of the liquid range. From the fact 
that they are not permanently polarized it follows that the dipoles do not 
rotate freely and the molecules must in the main be linked more or loss 
rigidly to neighbouring molecules by their dipoles. Wo may oonoludo that 
the liquids are strongly associated and that the dipoles play a dominant part 
in determining, the liquid structure. These conclusions fit in with other 
evidence and have been used recently in an attempt to elucidate the struo- 
ture of water itself.* 

It IS perhaps of some interest to show by a general argument why polar 
liquids must become associated and so less strongly polar until T <T\ they 
are then no longer “ferromagnetic’’— their normal state is impolarized but 
with a very large dielectric constant. If we start with the approximation of 
freely rotating dipoles for which T,>T, then we have the forromagnotic 
* Bornal and Powlor, J . Ohm, Physics, vol. 1, p. 616 (1033), 
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case and (seo §§12-9 sqq,) almost all the dipoles will normally be aligned in 
the same direction. This moans that the state of minimiiin free energy is to 
this extent an organized one, in spite of the loss of entropy due to the 
elimination of orientational disarrangement. But now in general in a 
Uqttid a further diminution of free energy may be possible by a process of 
association, in which neighbouring dipoles, instead of being all aligned 
parallel, tie up to each other in blocks and chains, perhaps closed, forming 
in fact definite dipole bonds. In the water of crystallization of a Rochelle 
salt on the other hand such bonds cannot form for the water molecules are 
in fixed positions. Such a process will introduce little or no entropy change 
by change of orientational disorder since the orientations remain ordered, 
and it must therefore occur so long as the total energy is diminished more 
by the formation of the dipole bonds than it is increased by a loss of the 
negative energy of polarization. In general one must expect that such bonds 
can form in strongly polar liquids but not in Rochelle salt, and that when 
they form they will greatly diminish the number and the strength of the 
dipoles available for orientation. Thus Ayill fall until the normal state of 
the liquid caloulated by (1291) and (1292) for the remaining available 
dipoles is no longer a iDermaneiitly polarized one, but merely one of large 8^ 
— ^liow large those general arguments naturally do not permit one to say. 
A Rochelle salt on the other hand which at temperature T contains sufficient 
oriontatablo water to make f/J, > T cannot escape in this way and should 
show real “Ibrromagnotio” polarization. 

§ 12*3. (Thcvinodyiidviic rclctlions and ilia apjpvoach to tlio quantwn ilicoi'y of 
dielectric polarimiion,^ Wo have so far presented the theory of dielectrics 
in the most familiar way, but there is much to be gained by a more general 
thermodynamic treatment. We recall that Ji{T) is a partition function and 
as such equivalent to a thermodynamic potential, and all relevant molar 
oqiiilibriuin properties, for example P, should be derivable from P(P) by 
differentiation. Comjmring (1284) and (1286) we see at once that for mole- 
cules carrying permanent dipoles 

P ^nhT (1293*1) 

This equation is not merely true in this particular case, but is perfectly 
general. It is simple to give a general proof of ( 1 29 3* 1 ) similar to the proof of 
(233) for X, iror if the n localized systems in unit volume are distributed 
among a sot of possible states whose unj)6rturbed energies are and average 
dipole moments, in the direction of P, a„ + then the perturbation energy 

is -«„P-|iS„P^ancl 

P = + §J') = (a„ + • 

t This floobion Is based on Dobyo, Phjaihat Zeil. vol, 27, p. 07 (1026), 
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Since X=nlf(n 

J>=nM'pIog/(n .....,(1204) 


whioh, is 1)116 dosircd rola-tioiij sincG only tlio oriGiitJitiOiiiil y'(-^ ) 

relevant. 

It is next necessary to examine in detail the form of (1204) in the inoHfc 
general ease required, namely with 

f{T) = S„ (1205) 

We may suppose that the terms in F have had the eiTeot of broalcing up 
a set of degenerate states of the same energy into less degonorato sots ol 
different energies, and ivrite 

f(T) = (1200) 

We may suppose further that cn^F -h is so small that only the lowont 
order terms need be retained so that 


/( r) = S, c-'y»(s, xo, + {FlkT) S. a.®, + 



In this equation we may replace Wg by Wj the weight of tho Jth dogenorato 
state, and hy/o(;P) the partition function for zero external field. 

We may also suppose that ^ ^ _ q (1207) 

If (1297) were not true, there would be a i^olarization efteot independent of 
field strength — ^no such effect is known, or prediotod either by the olassioal 
or quantum theory of the effect. Then 

m =UT) + iJ-'S, e-y»(s, oA/*2> j (1298) 

P=^S,e-'y»jS.tc.«.VM-+S,n,,ft} (1200) 

It is easy to recover the classical formula from (1299), for classically 
ttg = oc cos 6 and Sg Wg cos* 6 = so tliat 




,fl^ - 

■ 3 /( 5 ^ 


+ 


— 1 fl a* 


+p 


as before, a and ^ being assumed independent of^*. 

In the quantum theory the olassioal “states’’ that have appeared in tho 
foregoing calculations are of course regrouped into the true qrian turn states. 
We must not expect all the details of the olassioal calculation to bo ropoatoci , 
and in fact we shall find that in the quantum theory it jnay be that 0 
and the whole effect comes from All we can demand is that for large T tho 
quantum theory shall agree with (1289), Being a second and not a first 
oi’der effect the older quantum theory never succeeded in giving a oorreot 
account satisfying the limiting condition. 
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§12* 31, Applications of quantum mechanics, (i) The rigid rotator without 
axial spin.* It is never possible in this monograph to give detailed quantum 
solutions of problems whoso results we require for statistical applications. 
It would be necessary to develop the solutions at far too great a length and 
wo must content oiu’selves with quoting results. 

The unperturbed energies of the rigid rotator without axial si)in are 
(§ 2 - 22 ) 

^ (i "i* ^ = 1> 2, ...), (1300) 


and the weights of these states are + 1 , We have now to find the values of 
Cj when j)erturbed by an external field F, in which the rigid dipole a has a 
l)otGntial energy —a.Ffi. The first order energy changes are linear com- 
binations of tlio integrals 

J-iJo 


where the ^’s are the spherical harmonics of order j. These all vanish when 
^ =4=5' OAving to the r/> integration and, when a=«s', 


ahvays vanishes because {P^‘^{p)}^ is an even function of fx. All the integrals 
therefore vanish and there are no first order charges in the energy. This is in 
agreement with observation on the infra-red bands of HCl. These show no 
linear Stark effect.t 

The quadratic terms have also been evaliiatod. J It is found that for the 
possible values 




87rMa*^ Sfi’* — -I- 1) 

'HP” j(j+l)(2j-l)(2i4-3) 




(i“5=o). 


{j 4= 0)> 


(1301) 


(1302) 


[In the limit of large quantum numbers this goes over into the form 


47rW /35« 

Pb 


..(1303) 


which is the olassioal result for a dipole rotating Avith total angular 
momentum jh/2rr and a resolved momentum shl27r about the direction of 
the field.] 

* Corrcot voraions liavo boon given by Monaing and Pauli, Phya. Zdl. yol. 27, p. 600 {li02fl); 
Kronlg, Proc. Nat, Ami. 8ci. vol. 12, pp, 488, 008 (102C), in abafcraot by Van Vloek, Itaiuu, 
Aug. 14, 1020, and Mannobaok, Phya. Zail. vol. 28, p. 72 (1027). 
t Barkov, J. vol. 68, p. 201 (1023). _ . , . 

j Kionig or Monaing and Pauli, loo. oil. Both authors oalouIat'o tlW average olootno irioment 
parttUol to P ratlior tlian the energy term, but the analysis is of course equivalent. 
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The degeneracy has not been completely resolved. There ai’o two HtatOH 
of equal energy when <s 0 and only one Avheii <s =« 0. ^I'lioroforo rUf, ~ 2, /) 11» 

and Too = 1, from which it follows that 

2 :,®aA=o (i+o), (13W) 


It follows at once that 


s>=> 

3 S^-1 1 1 


'47T8, + 2n /o(T)' ' ' 

In this account we have of course treated rigid dipoles. I’lioro will still bo 
an extra approximately constant term arising from the distortion ol the 
electronic structures, and we therefore write the complete formula for rigid 
polarizable dipoles iviiliout axial spin 


fl* 3 8,^11 STrMa^ 
^ 47r8, + 2w~ 3/i2 




.(1307) 


The value of/o(T) or 

CO / ft ^ \ 

(. = 5^) 

has aheady been given in § 3’ 3. Tor sufficiently large T 




with a numerical error about of this. Thus on substituting for /o(2’) iu 
(1307) we recover the classical value. The error in the classical valno for the 
temperatures of Zahn’s and similar experiments is at most of the order of 
0-6 per cent, and so insensible. 

The quantum theory of gaseous dielectric polarization ooiitains the 
remarkable featm’e that only molecules in their quantum fltatea y 0 
contribute to the j)olarization, This has a strict classical analogy ns has beon 
pointed out by Pauli. f If we group together all orbits of equal classical 
moment of momentum jhl^n and average classically by integration ovo],’ all 
orientations, the average value of is ^ and the average value of is ntill 
zero. Thus classically all rotating molecules make no contribution. I'lio «olo 
contribution comes from those few molecules which execute small vibrations 
about a position of rest. 


§ 12*33. The isotroxiic character of the dielectric constant. We hnvo so far 
considered that the direction of the electric field itself servos to clofino a 
definite origin of spherical polar coordinates for the molecules. The elootrieal 
effects are however of the second order and sihall at that, and a magnetic field 
may have an overriding orientational effect, Whatever the relative clii‘eotions 
t Pauli, Zeii.J. Physik, vol. 0, p, 310 (1921), 
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of tlio elooti'ic and inagnotic fields the first order electric effect vanishes 
(ag = 0) as before, To see this it is only necessary to verify that 

p-l-l pTT 

J iJo {all 8, s'), 

whore cos y ~ cos 0 cos x + sin d sin y cos <!> 

and X fho angle between the electric and magnetic fields. The quadratic 
effect Avill continue to bo given by (1301) when the dii’ections of the 
olooti’io and magnetic fields coincide. When they do not a different value 
might jierhaps bo expected, but if they are at right angles the same values 
of ^8 and ^0 found as before. I'lius the response to the electric field is 
exactly the same whetlier tlie molecules are orientated along or across the 
field, and thoroforo, as easily follows, in whatever direction they are orientated 
or even if their precessional axes are not orientated at all but distributed 
uniformly in all directions > Tdiis result of course only holds neglecting terms 
depending on ll the sti:ongth of the orientating magnetic field. It implies 
in accordance with observation that there is no magnetic double refraction for 
long waves indopondont of the strength of the magnetic field. Similar argu- 
ments show tlmt such double refraction must be absent for alhvave lengths. 

The model treated in § 12- 31 represents adequately diatomic molecules 
with ^51 normal states, for example the halogen hydrides and N 2 > and the 
conclusions of the theory apply directly to these gases. The results are 
however far more general as wo shall see in § 12*4. 

§12*33. Apiilicaiions of qiianhm mechanics, (ii) The symmetrical top 
model,* It'or other molooiiles a more complicated model is essential and the 
necessary analysis can bo carried through for the symmetrical rigid top. 
Wo may assume, in accordance with the symmetry, that the dipole moment 
lies along the axis of syinmeti?y, and shall indicate the calculations for the 
case in which the olootrio field itself removes the degeneracy. The system is 
then oharaetoriKod by throe quantum numbers j, r, s, of which s defines the 
(trivial) ])rGcession of the resultant angular momentum about the field. 
The unperturbed energies (neglecting this precession) are 



the subsidiary quantum luimbors r and s are subject to the restrictions 
hi ^ j» |®| If j® found that 



....,.(1309) 

{f -r‘){ f-s>) _W+i)!z!:!}i(i+l)!ril}l naio) 

J“(2j-l)(2j + ij (j-l-l)*(2j + l){2i + 3) r ■■ 

t Kronig, loc, cil, (2). 
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The degeneracy is fully resolved and 1. Substituting in (129t))> roniDin- 

bering that and are now and we verify that = 0, and lind 

ff*- nail) 

\TZ}(j+iy 7»® 3j«(j-|-l)af ' ' 






We notice that the polarization is contributed quite differently for tiiiw incnlel 
and the former for which r = 0. There are linear terms as well as quadratic! — 
there should be a linear Stark effect in all states execi)t those for whicl i r ^ 0. 
Wenotice also that when r = 0 (13 1 1 ) reduces to (1300), the only con tribnfciou 
arising when j = 0 also, and then only from the quadratic torina. 

To find the limiting form of 6* for large T we replace the sums by intogmla 
in the usual manner. With the abbreviations 


'"'"STT^AkT’ 

the sum in the numerator is 


r » 




MT VC? 


0 Aj' 




1 f” 
SkTjo 
and in the denominator 


,f 2^+1 1 2;+l 

b'(y+i) (ffu+iy 


r-H 

dj 


e~oHi+i) {2j+l)djj^ V"' dr. 

These can be simplified by integration by parts to the forms 

1 2 fw 0 

and "J'” 

Siiice a and r are smah, the important parts of the former of these in tograla 
arises for large ji rndj/ij + 1) - 1. Their ratio is therefore l/3IcT, and wo find 
again the classical result 

0*=-2L 

;%hT' 

to which a constant deformation term may be added. 

moZeoMie oanying apermcmml dipola.^ 
fordifferenf i’ Langovin-Dobyo formula 

cfal IT A as it is in tho 

sequence of the summation rules, and the spectroscopic stability rules of 

tnoh when unpertmbed have orientational degeneracy, M^e can hardly 

t This section doaeribes tho results of Van Vloolt, loc, ci(. 
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digress here sufficiently far to give an adequate account of Van Vleck’s 
proof, though it is in fact quite simple, and must be content with a precise 
statement of his result and a discussion of its consequences. 

In order that the Lange vin -Debye formula should hold for sufficiently 
large T it is only iiocossary to assume that the dipole carrier (atom or mole- 
cule) has a “permanent” electric (or magnetic) dipole moment which is the 
same for the whole group of normal states, and that these normal states have 
energy stops from one to the next among themselves small compared with 
hT, or in other words that the processional frequencies of all the moments of 
momenta in the normal state are small compared with hTjh. At the same 
time this group of normal states must bo separated from all other (excited) 
states by energy steps largo compared with hT, These conditions are usually 
strictly complied with by all simple atoms and molecules, When they are 
complied with it does not matter whether the normal atom is originally 
strictly degonorato or already perturbed by a field of any strength weak 
enough for second order perturbations to bo neglected. It is unnecessary to 
specify precisely the degree of complication of the normal group of states. 
The group may bo built up by the composition of any number of moments 
of momenta ■with oloio rates of precession, so that the proof applies equally 
to rigid molecules, and to molecules in which the orbital and electronic 
moments of moinonta play an important part. Under these conditions 
formula (1288) for 0* will still be true, a and being independent of the 
direction of tlio field oven when another field in some other direction is 
already orientating tlie molecules, In short a and ? are independent of the 
degeneracy and of the manner in which it is removed. We obtain the same 
value for 6* for any typo of spatial quantization or if there is no spatial 
quantization at all. All the molecules in Table 40 are covered by Van Vleclds 
theorem, and the dipole moments may bo legitimately deduced in the 
manner of §12’21. 

The general proof includes a proof that both terms in the dieleotiio 
constant of a gas are independent of the effect of a magnetic field Ji so far as 
first order terms in E are concerned. This is in agreement with observation. 


It has been shown that 0* for Ho, Og and air changes by less than 10, 0-4, 
0*4 2)er cent, rosjieotivoly in fields u]3 to 8000 gauss, and for NO and HCl by 
loss than 8 per cent, and 1 per cent, up to 4800 gauss.f There might bo an 
effect depending on E^ observable only in very largo fields, but tliis has not 

been investigated either theoretically or oxiDorimentally. ^ - 

These generalities also hold in general for the refractive index just as for 

the dielectric constant. i,, » 

t Weafchorby and Wolf, iZev. vol. 27, p. 700 and 

vol. 28, n* 070 (1920). I'o ronoli ovon tlioso aoonmoy limifca roqniroa of oonrao oxtrome aoo ft y 
inoaauromont of S^i 1 in 500,000 foi’ Ho, Ojj 1 In 100,000 for NO, HOI. 
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oxiatiug luuguotio tioltl. It iw oniu'oivniilo llial nn^d‘i «« knidMf 

niagnotoolootrio din'otivo (‘iTc^d in uliinli Iho iniinvak’ni i«V MU 

TJioro would ttiou Ima. Htatiud'oli'otrin polaii/atliMi jn'»Hhn’t*<l In a 
/lold and vicv, verm, 'I'lio onorgy torin (MMmornr'il in nt jit mfdlv tjoadr/aii*' in 
tho iiorturbatioiiH. It ih of tyjai 1 1 h\ hut linoar ( horxd’Mn'i in // and K, Thp 
lorogohig thoory would onntinuo to hold in ntifh onw. Inif Miik if»»r Ihn 
additional polady.atiou produood |jy (JuMdoidrio tlrdd dwdl , rnnld 

only li(i lound with iuoUh'uIoh wldoli poKwowa (wrinanont non 
and inaguotid jiioinontH wliicli ai'o nioro or Iohh rigidly bomnl logrlhm and 
nob at right angloM to oiudi nth or, ho that iho orlonlnfhin of »*n** n 

not oi’iontation ol tho otJicr.* M'horo la no kiunvn oxanijdr* id #«!»♦ I* n 
though tho olToot inlght l>o oxfiootod lor NO.t 

A Hn/lioiont iorinal oxaiupli* ol tlui naturo ol'tho i« tiy Iho 

olaHsioai rigid rotatin’ ol’§ 12‘2 witli hothanolorti iodonhhd id' ^strongtS* a and 
a luaguotui douldot o( utrongtli /t along ila axU nl' MMHiMnlry, in itk^airalhd 
1 io1(1h jf^ and 7/, 'XJion tlu^ rotational jiartition lunoiioh an nltviinia rxU’ii' 
hIou ol* namoly 


' ^ A" (a/-' I ,.//)/A-r ' 


Unnig (1201) and rotaining only tho lurgoai lorinm, tho ]»otarij^athin /* is* 


A siinplo oxtoiiBlon c)l thia ronnlt to Ui inodo) in wldoli llto idoidrio and 
maguotio dlpoloB aro lixod in any dirootionH in tho roi^lnr inaiiing i«ii 
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mx/iviiH y 
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t ix%», 
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ponent of /a ia parallol to a and for the other half anti-j)arallel. The quantum 
version of this is that tho states of any NO molecule are in fact all double 
forming a A-type doublet, but that each of these states is formed by super- 
position of equal amounts of right- and left-handed wave-functions. The 

component of eleotronic angular momentum in the NO direction is therefore 
constant in magnitude but indeterminate in sign and cos x = 6‘t 

§12' 6. Para- and dia~magneiism of gases and io 7 is in solution. The fore- 
going theory can be transferred bodily from electric to magnetic effects, and 
becomes tho statistical theory of para- and dia-magnetism. The relationships 
between tho polarization of the medium, hero the magnetization J, the 
magnetic pipe-force I'l\ tho induction (crack -force) tho magnetizing 
forco P f tlio magnetic dipole strength per molecule the volume sus- 
ceptibility and the jpormeability are exactly the same as those between 
P, E', P, P, 0^, /fg and 8^ respectively. We have in fact the standard 
relationships I 

B = 4,r/ + H' = (S,„= 1 + 47r,c,„). 

These load at once to 


8 „. + 2 ’ 


UK 




1 

We shall drop tho magnetic suffix m whenever no confusion can arise. 

In magnetic problems it is usual to work in terms of susceptibilities, and 
it is almost always true except in ferromagnetics that We shall 

make tliis assumption except where it is explicitly stated otherwise. It is 
then allowable to ignore tho differences between P, IP and P and to identify 
them all with the magnetic force H in mono outside the medium. 

T'Jio calculation of /c* is identical in form with the calculation of 0*. We 
can for example construct a partition function for the rotations and orienta- 
tions of any molecule including magnetic effects in the form 

(1316) 

■■nhT ^^j\ogf{T). (1316) 


and find at once 


Any rigid body model with fixed magnetio moment /x treated classically 
leads at once to an extra factor 

Mx ii xnjhT) . _ 

IxlijhT ^ ^ ^ 

in the partition function /(P) and therefore to Langevin’s formula 



t l‘’oi' furlilioi’ clotalls and roforoiiooa aoo Van Vlook, BUclric and Magnetio Snsceplibilitm, p. 280. 
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prceorved by quantum moclianics. For a system containing electronic 
nioniont of momentum M, purely orbital in origin, we have 

M = p=j^0U+l)}l. (1321) 


whore y is the angular anomentum quantum number. The value of e7i/47r?/ic, 
which was equal to fj, for the normal one-quantum orbit of hydrogen in the 
older quantum theory, is known as Bohr’s magnetoia. Its numerical value is 
9‘23 X 10~®i electrostatic units, The empirical unit, Weiss’s magneton, is 
smaller by the factor 4- 907. It is easily seen that exact multiples of Bohr’s 
magneton are not to bo expected in observations. 

The ratio of magnetic to mechanical momentum for the spin of an electron 
has on the other liand the double value ejmc. If the resultant electronic 
moniontiiin is contributed partly by orbital momentum and partly by spin, 
wo have .. 



The factor g is known as Land6’s splitting factor. In a molecnlo there is in 
addition the angular momentum of the rotation of the jnolecule as a whole 
whioli doos not contribute to /a. 


§ 12*B1 , Paramagnetism of gases. There are only two known gases which 
are normally paramagnetic, Og and NO. For these theory and experiment 
are in exact agreement. The normal state of 0^ is a term so that its 
residual elootronio moment of momentum is due purely to eleotronio spin 
and its magnetic moment should be given by (1322) with g = 2,j~l. The 
conditions of Van Vleok’s general theorem (§ 12- 4) are well satisfied, and we 
obtain an atomic susceptibility given by (1319) or (1320) with /x equal to 
2jsJ2 .Bohr magnetons, irrospeotive of the precise nature of the coupling of 
this momontum vootor to the molecular frame. The observed value is 2*84 
Bohr magnetons, 

The theory of NO is not so simple. The normal eleotronio state is of type 
The other state of the doublet is with a separation of 122 wave 
numbers. At room tempera turos this separation is oomparable with hTjhG 
( = 200). Wo have therefore to take account of the equilibrium distribution 
between the two states of the doublet and also to mal^e special calculations 
sinoG the usual condition that all processional fi^equenoies are small compared 
with hT/h is not fulfilled. Van Vleok’s resultf is that ic* = {ixoix)^l^hT, 'wherQ 


/Xore— 



1 — 6“® -t a*^' 
a;(l + 6“^ 



t Van Vloo]{, likclric and Maynclio Snsce 2 )UbiUliea, 'p, 270. 
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The excellent agreement between tlieory and experiment is shown in 
Fig. 64. 



§12' 52, Paramagnetism of atomic ions. Similar oonsidorations* apply t o 
the para- and dia-magnetism of atoms or atomio ions. Generally speaking 
these imist be studied in liquid solutions, or even in solids, rather than in 
gases, but the theory of the efeeot is the same, as it does not matter whothor 
or not there is spatial quantization so long as the ion is rotationally freo 
to respond to the orientating field. The theory of paramagnetism for nn 
atomic ion is simpler than for a molecule, since the magnetic moinenii 18 
always directly proportional to the total mechanical momentum and tho 
independence of spatial quantization can be established very simply. If tlvo 
magnetic field lies along the 2 -axis the atomio paramagnetio susceptibility 
is easily shown by the argument yielding (1299) to be proportional to tlie 
average value of M^jhT, where is the ^-component of the total angular 
momentum M. When there is spatial quantization 

Thus the average value of jg 

1 527^2 7^2 

= + = (1323) 

for the square of the total angular momentum is j(j + 1). This result holds 
whether j has integral or half-integral values . The result that M.^ = ijtP with 
spatial quantization means of course that j¥/ has the same valiio as witli 
random orientations, which is Van Vleok’s theorem in this special case. In 
comparing the theory with experiments and determining atomio magnetic 

* Van Vleok, loc, cU, 
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moments it must bo reinombered that M is given by (1321) and that the 
magnetic moment associated with M is gM not M Bohr magnetons. 

It is now possible to make a fairly satisfactory comparison between 
observed and theoretical values of fj, for atomic ions in solution or in solids 
for the rare earth and iron groups of elements. Data for the i^alladium and 
platinum groups are still somewhat fragmentary and will not be discussed. 
Table 47 gives the data for the rare earth grouj). The values of /x in Bohr 
magnetons given in column 6 are calculated from (1322) with the values of 

Table 47. 


Observed and calculated magneton numbers for the atomic 
ions of the rare earth group in solutions* 


Ion 

No. of 
oloo- 
trons 
in 43 
orbits 

Thoo- 

rotical 

jiormnl 

term 

3 

a 

Magnotons 
cnlo. by 
(1322) 

Magnotons 
oalo, cor- 
rected by 
Van Vlook 

Magnotan.s (observed) 

Cabrera 

St Meyer 

La^-'■+ 

0 

I/S' 


— 

O'OO 

0-00 

0 


Co+-H+ 

1 




2-64 

2-60 

2-39 


Pj.++4. 

2 

HI 

i. 


3-68 

3-02 

3-60 


Nd++-'- 

:) 

V 

■!i- 

■A 

3'62 

3-08 

3-62 



4 

V 

4 


2-68 

2-83 

• 


Sm-iHH- 

6 

HI 

4 


0'84 

!■ 66-1 -06 

1-64? 

1-32 


0 

TF 

b 


0-00 

3-40-3-61 

3-61 

3-12 

Gd++->- 

7 

■ 

5- 

2 

7-0 

7-0 


8-1 

Tb+'H- 

S 

"^F 

0 

ij 

9*7 

0-7 


9-0 

D3+-I-+ 

0 

m 


i 

10-fl 

10-0 

10-6 

10-0 

Ho+« + 

10 


8 

i 

10-0 

10-6 

10-6 

10-4 

Er++*' 

11 

\7 

V 

i 

o-o 

9-6 

0-6 

9-4 

T.'ii+++ 

12 

m 

0 


7-0 

7-6 

7-2 

7-6 

Vb+a-i- 

13 

Hi' 

S' 

1 

4'6 

4-6 

4-4 

4-6 

Lu+++ 

14 


0 


0-00 

0-00 

0 

0 


t For 

'Jho altoniativo values in Van Vloolc's column foi ami Fu'i"' -)' arc obtained by using two 

clilToront ostimatea of tho sorooiiing oonstant for orbits in calculating tlic miiltiplot intervals — 
tlio amallcr valuo to a screening constant !i3 and tho larger to !J'l. 

j and g for tho normal term of tlio corresponding ions spooified in columns 
1-6. Tho normal terms are those derived from general spectroscopic laws for 
tho specified numbers of 43 electrons and have not been checked by spectro- 
scopic evidence. They are not however open to doubt,* It will bo seen that 
there is excellent agreement except for Sm‘H- i* and Etr’"'"'-. Tho cause of the 
discrepancy here has boeii established by Van Vlookf who has shown that 
for those ions the term in makes an important contribution, and the lowest 
state of tho normal multiplet is not well separated from the next higher one* 

* ihmi], Linimspekiren U7id periodischa Syalcm der JUlcmcntc (IQit), 
t Van Vlocli, loc, cil, p. 246. 
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Vtiu Vlook’H lioiTOOtml valui'H nn^ Kivrn in anlnmn 7 him I urn irt 
agi'oniunni: Avitli th« nlmni viilmiiM. \V(( mnahuln (hu(< Ihn ran" ivu di in 
Bolution liavn thoir inugnolu’ (’li'nionla (tlin iiH'iunplnlnMinnimi 
HO ckioply inuuKlin tUrif Mlriirriirn Muil tlioy lu'lnivo iimgiti^lionOy in 
tiuiiH {and HoniotimoH nvnii ai itnlinnry i<'in|H'i'ulini'.'« in nyiUiiiMi po"! aw if' 
tlioy WLH'O uinliwtordnl IVuo iuiiH, in a!iiM»at omivI, agri'riinnM wilh ?.f nliftlifiil 
thooi'y^ 

vSiium tho HiiHC){ii)tn»jli('y nC »Siii* * ‘ luul Kir ^ ■ iiri^^o« (nnu moro iImmi miui 
Hlato of dm iimtMplot and liugoly fniin l lm /] tiTin, (lin luaKimlMO ioind*nrw 
IVn* dioHo ioiiM avo nmrknilly iiMiiimraiiin* tlopinultMil . ‘I'lnw HUm-r|iliI*iliiit»rt 
iivo hIuim'u hh linintionM of tlm tnniimraturo in JdgN. "iA n, h. ’llm iMiinud 
fcoinp^i’idnro vai’iation wonUl liwgivon liy a rntiiangtilio' hypnrijola, w iMi Uin 
tvxoH for imyniptotaH. 

N«*. in* HmH ' NV*. m* Ku’’ ^ * 



TJio ulm'i'wd tuiil lIuMjrpUoHl jtpr mMtis’ f<ir .Nm’ " ^ end * 

ill ViirltiiiK tfnlU f tt 1m tho t)i>rr«^nlM$( t^oifj^rniiil. Mijuplmi Mi Ihi^ 

iSiiniliu' (mimilaluniH nan Im nutdn for Uio iron tranHilion group. It ia at 
once Hoou Lliat for tlm ion« of thia group Utern i« no agroenmut Urn 

oliHDi’vod nifignotoiiH and tlumi calculated nitlier for tho lowwit leriii or for 
film complotD inultiplcit, cxno|)i for Mu < ^ and Fev* * * whem the iimiyplnt i« 
an iS'-torm. Tliia HuggoatM that tliu oriontalablc claincnt hi Uiciaj imw Is only 
the oicotron Hj)in and that the orbital angular luomontinn k “<|ooiu?.lu«r' 
by fcho intoniotion witli the Held of the Hurniunding atnins wldoh ha«« not 
Hjihorical Hymniotry. Tho incomplete grauji of fig orhila k here the rHi tornio^t 
grou]) in tho atom and in not well Horccncd from noighhonring ioim n*! k th« 
‘ly group in tho rare aai’tlm by tho coin plated % and fij, grouj^. 'I’bb lidar^ 
X>rotation in conliriued by comparing tho ohaerved value® witli the laat 
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oaloulatecl oolumn headed “spin only”, with which the agreement is on the 
whole very good.'l' It oan ho shown that the orbital magnotio moment will 
actually be quenched in this way, leaving the spin moment unaffected, 
provided that the asymmetrical external fields are sufficiently strong.! 

Table 48. 


Observed and calculaled magneton numbers foi' atomic 
ions of the iron transition group. 


T 

1 

No. of 

Thoo- 

rotionl 

normal 

terms 



Magnetons ealoulatod for | 

Magnetons observed in 

Atomic 

ion 

oloc- 
trona 
in 3a 
orbits 

i 

ff 

Lowest 

term 

only 

Actual 

multi- 

plot 

Spin 

only 

Solutions 

Salts 

K+...V®'- 



■B 




O'OO 

O'OO 

0-00 

0-00 

S 0 ++ 



N 



2*67 

1 1*73 

— 

— 


. 1 


HI 


l‘B6 • 

2-18 

— 

1-70 

Y++++ 



HI 


* 

1-78 

J 

1-76 

Ti+>- 

Y+'H" 

. 2 


I 

S 


3*36 

2-73 

1 2'83 

2*76-2'86 

— 

V++ 



HI 


3-60 

1 

3-81-3-86 

3-82 

CiH-n- 

• 3 

4Jf? 

HI 



2'97 

\ 3*87 

3-68-3-80 




■■ 

1 

2-47 

J 

4-00 

— 

Ci'++ 

Mn+++ 

} * 

»2) 

0 

— 


4-25 

3-80 

\ 4'90 

4-80 

6-06 

Mn++ 




2 


6*02 

6>02 

1 5-92 

6-2-6-D6 

6-04 

6-86 

6-4-6-0 

Fo++ 




HI 


6-64 

4*90 

S'33 

6-0-6-6 

Co++ 

7 


! 

HI 

0-04 

6*60 

3-87 

4- 6-6-0 

4 . 4 -B -2 

NiH- 

8 


HI 

6-60 

6-60 

2-83 

3-23 

2" 0—3 ’4 

Cu+i- 

0 



WM 

3'66 

3'63 

1-73 

1- 8-2-0 

1. 8-2-2 

Cu+,ZnH'+ 


bS 

5 


0-00 

0*00 

0-00 

0-00 

0-00 


§ 12‘6. Saturation effects . Throughout botli the electrical and the magnetic 
discussion wo have so far assumed that the apin’oximation of replacing 
(1280) by (1287), or the equivalent, can be made— that is that aFjhT or 
is sufficiently small. So long as this is true 0* or /<* is independent of 
F and the relation between P (/) and F a linear one. Por strong fields and 
low temperatures this approximation cannot be made. Higher order terms 
in the distortion effect of the field become significant, but, what is more 
important, a saturation effect sots in when the dipoles still available for 
orientation are beginning to become appreciably scarcer, Tlie electrical 
saturation effect must be taken into account in any proper tlieory of the 
nature of a i)olar liquid in the immediate neighbourhood of a dissolved ion. 
If the induced j)olarization of the atoms oan be neglected, the Langovin 

t Soininorfolcl, Physikal, Zcit, vol. 24, p. 300 (1023); Boso, ZeiLf. Physife, vol. 43, p. 864 (1027); 
Stoiior, P/m 7. J¥a( 7 . vol. 8, p. 260 (1920). 
t Van Vlook, loc, cU. p. 287, 
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formula (lliHIl) rmnaiiiH tMUTCK't Jor (IiIk ohmo, 1ml wo hImiH umI !»• 

tliHouHH tliu phonomonoji rurtlmr horo, uh li in Imnlly yoi 
(lii'uoli oxporimont. 

Tim plmnomouoii of jmrania^^m'lir nulurafioii at Inw cunl 

groat Hold HtronglliH ia moro iiojatrlaul and lum Ihm'm osinaavrlv f^iiairnd |.>r 
ioiiH of tlm raro oarlli and iron grtinj>M. Tim laa-rwany fla’oiy mm vny 
Himplo. An atoinin ion haa no varialiln rolalional nnmgy Iml nmiidv ao nKiny 
diirorout }a>aHil)lo oriontalionH in ihn magnoiii' Hold, (u aiiif»liti»’niiou ot 
§12’01 wa) H(;o llnn'oidrn Uiat it liaa an mdontatifmal parliii«<ii iniiriiMn, tii 
tho Hold //, I 

(){T}m U.'U’i I 

j 


w'lmro /i;, ia one HoHr inagnot<in, Thua 

' ' Hiiiii{ii//.„///*'rj 

It then followB at onoo that 

/ M na*// w nkT I log 0(T), 






ij + J ) IM)l,h I’ - I n .1 11 




Whon //“>cc), 7 tonda tt> i(.a aaturatiun vaUm 


7w « nynjJ, 

Far Himdl valuoa of 7/ wo haves tlm roault 


1 nil 


'if/VaWTir 
3 ief 


which wo have already proved and uaed in § l 1‘lm vMw of 

7 oorroapoiulM claHaioully to a dlpolo {//xj per atenii wddlo Urn inUM v«.hm 
of / oorroapondH to (/nnijlj ']• l)j^ jKsr atom, Thia ijuantal dh»y option arica'^sii 
Irom tho non -tionnim Ling proportioa of tlm oom(aniotU^ of angidar inoinon- 
turn. Tho function doHncil hy I ^ IJ^ji^ix^ll jkT) ia ofbn cnHod rirdlisniiT!* 
funotion.t 

A pai ticidaily important apeoial ca.ao nriaica wdmny*^ | (lljf ia tlmii V\*t? 
have then 

1 m ukVI m tank ^ , „ . „ , 4 1 

Urn « j. 4 J 3ig«j 

WJmn aiuiii a way thatyi/p;^ wts nmov^ir Urn pUirnknl 

Langovin function of ottuation (1318). 

t Hrilluiiiii, J. tk vol, ft, ji. 74 (Urtl)* 
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ITig. 66 slioAvs a number of these functions drawn for the same value of 
the initial slope, that is of ^ 0 x 1 = <//a 7 j[i(i + 1)]^ and different values of they 
are shown as funotions of HixoulhT, The curve for j = ^ should fit the 
observations for the Gd'*"*"’' ion. The crosses in the figure show Woltjer and 
Onnes’* observations on hydrated gadolinium sulphate Gda(SO,j) 3 . 8HaO 
and are in perfect agreement with the theory. 



Fig. 50. Curves showing magiiotizatloti as a function of (Brlllouiu's functions). Tlio 

appi'oaoii to saturation is clearly shown. Tho x aro ohsorvations for gadolinium snlpliato, 
for 'which tho theory gives the curve niarliod j ==> 5 in oxcollont agreomont. 


§ 12 * 61 . Fntropy of magnetization. Wo consider the thermodynamics of 
polarizable media in greater detail in §12' 91 as an introduction to ferro- 
magnetism, and to some extent also in §12*3. In this section we shall merely 
supplement these results by giving such formulae as are required to under- 
stand the theory of cooling by demagnetization, a process which has been 
shown to be of groat importance in the attainment of very low temper atures.f 
It is simplest to start by considering tho entropy oontribution made to an 
assembly by the orientations only of N atoms or ions such as those of tho 
preceding section. By (694) this entropy oontribution for N (==nV) atoms 
in a given field /I is 

+ (1320) 


0{T} being given by (1326)’. The explicit formula is 




* Woltjorand OimoH, Oomm, Phya, Lah. Leiden, No. 167 0 (1028). h - ii iii 
t diouquo, J, Avier, Ohem, Soc, vol. 40, p. 1804 (1027); Dobyo, Ann. (l< Ptiyaik, vql. 81, p. 1164 
(1020). ■' r ' 
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where J is the intensity of magnetization as given by (1320). WJion T-> 0 

for fixed we have = When 7f-^0 for fixed 7’, wo havo 

S{H,T) S{0, T) = Nh Iog(27 + 1 ) ; results which are othorwiso evident . 1 he 
energy contribution of the magnetization is given by 

E = NkT‘-^logO{T)=-IiIV. 

It is finally easy to show that 

dH T 9/7"^^’ 

so that /9(0, T) - 8{H,T) is always positive, the orientational entropy boing 
always diminished by magnetization. 

§12*62. Cooling by adiabatic demagneLimiion, Let ns now supposo that 
such an assembly, magnetized at temperature Ty is thermally insulated (as 
perfectly as possible) and the magnetic field removed. It is to bo remarkod 
that this is a process in wliioh the entropy of the assembly remains conatant, 
but the energy does not. As the magnetization changes vdth chango of // 
currents will be induced in the magnetizing coils tending to keep tho lUix 
through the coils constant. The energy for those currents is provided at tho 
expense of the internal energy of the assembly, Formula (1331) oannot 
therefore be used, but we can proceed as follows. Lot bo tho entropy 
of the assembly apart from the orientational term liere considered. T'hon 
since during demagnetization the total entropy is constant and sinoo 
/^(O, T) is independent of 7”, 

(1332) 

The right-hand side of (1332) can reach values as high as 8*2 oal./dog. for 
20,000 gauss, 7^~1*3®K. and an assembly containing one gram-ion of 
gadolinium. Since at these low temperatures speoiflo heats normally become 
small, compared with 6 cal./deg./gram-atom tho cooling on demagnetization 
can reach values of the order of the total initial temperature. Such cooling 
experiments have been successfully carried out by Giauq^uo,* Simon, f and 
de Haas.l: 

The formulae here used would allow the cooling on demagnetization to bo 
greater than the initial temperature, so that negative toinperatn res would, bo 
reached contrary to the laws of thermodynamics. This cannot actually 
happen even for the ideal assembly hero discussed because at sufiioiently low 
temperatures it would necessarily become ferromagnetic and thereforo fail 
to demagnetize when the field is removed. Actual assemblies fail to follow 

* Giaiique and MaoDougall, Phys. liev. vol. 43, p. 768 (1033); vol. 44, p. 236 (1083). 
t KOrfci and Simon, Proc, Roy, Soc, A, vol. 140, p. 162 (1936). 
t de Haas, Wierama and Kramers, Phyaka, vol. 13, p. 176 (1033). 
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these formulae even earlier for another reason, namely because the field to 
which the magnetic elements of the ions are sribjected must contain some 
fraction whioli has the symmetry of the crystal and therefore less than 
spherical symmetry. Such a field will split the states of the ions so that they 
ai’G no longer degenerate when 7/ — 0. ''J?liis splitting will make itself felt as 
soon as hT becomes of the same order of magnitude as the energy differences 
of the splitting and result in a large increase in the si^eoiflo heat. These 
aspects of the effect are discussed further in Chapter xxi. 


§12*7, The jyam-' and dia-magneiism of a degenerate gas of free electrons. 
The paramagnetism of the alkalis.'^ Since electrons carry a magnetic dipole, 
being systems with j = 2, a gas of free electrons must be paramagnetic. 

When the density of the electrons is so low that classical statistics may be 
used, the results of the preceding sections may be applied at once as if the 
electrons were localized systems. When however the gas is degenerate and 
the Fermi-Birac statistics must be used, a new investigation is necessary. 

Let us consider N electrons in a volume Y {NjY— n) and field 77 and adapt 
(224) to this more general problem by grouping separately the electrons 
orientated down the field and against the field. For such an assembly, the 
factor 2 in (224) drops out and 




z.^ = ^ f Jiji iog{l p,^e-®) dx 


The magnetization is determined by the usual equation 

lY-^hTdZlZH. 


(1333) 

(1334) 


The interest of the oaloulation lies in the form of 7 for a nearly degenerate 
assembly. In this case equation (229) may be used for Z^ from which we find 

Z = ^ I A[(log Y-\)^ + (log + J [(log H- (log , 

(1336) 

or, correct to terms in 77*, 




{2TrmhT)^Y 2 






A(logA)«-l-^“(logA)i + t^y(logA)i 


By (1334), the volume susceptibility k is given by 

(logA)^, 


.(1336) 


7 A^vmhTf 2 /x„* 


(1337) 


* Paiili, ZcU. /. Phy&ik, vol. 41, p. 81 (1027)} ITroiikol, ZcU. f. Physik, vol. 40, p. 81 (1028), 
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where A is given by (1001). It is easily verified fronr (13fi(i) that A is un- 
affected by H to the desired order. Th^is 


iTrmjXjj^ 

~liF~ 



3 ¥{Snl7T}^\ 


(1338) 


The temperature- dependent term is negligible at all ordinary teinporaturoa. 
The remaining small constant paramagnetic susceptibility is of the order 
of the small susceptibilities observed for the alkalis v'hioh are paru- 
magnetio, but temperature-independent. It is however also of tlio order of 
the usual diamagnetic susceptibilities, audit is necessary before comparing 
(1338) with experiment to examine whether a gas of free electrons has al so 
any diamagnetic susceptibility due to modification of the orbits in tho 
magnetic field. 


§12*71. Absence of diamagnetism for a gas of free electrons m classical 
theory. In classical theory the energy of an elootron is nt)t affeotod by a 
magnetic field (apart from its energy of orientation if it is tliought to carry 
a magnetic dipole) and therefore Max- 
well’s and Boltzmann’s distribution 
laws continue to apply to its trans- 
latory motion unaltered. If therefore 
one considers the current carried by 
the electrons in any direction past any 
fixed point in the gas, this current is 
always exactly zero whether or not a 
magnetic field is acting. The gas of 
olassioal free electrons can therefore 
have no diamagnetic susceptibility, 
since no current is generated by the 
magnetic field. It is however easy to 

cast doubt on this argument by con- I’ig. 67. HUistmtliig tho abaonoo of clla- 
sidering the paths of the actual elec- wagnotlsm fov olnsaioal olooti'oiis. 



trons, which (in the plane normal to H) are all circles in tho same senso 
about the field, each one making a diamagnetic contribution (see Fig. 67). 
The contradiction is removed when it is remembered that the elootron gas 
must have a boundary and that near tho boundary the average movement 
of the electrons must by repeated reflection be a creep round the boundary 
in tie opposite sense. These few large orbits exactly balance tho offoot 
L’eotion smaller orbits in which electrons oiroulate in tho ordinary 


♦ iobr. Hindis oveTM,metnes BUUfontUoH, Dissertation. Copenhagoa (1011). 
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§12*72. Diamagnetism of a gas of free electrons in the quantum theory. In 
"blie quantum theory however this balance is no longer exact and dianiag- 
lietism results. The reason for this is that in the quantum theory the wave- 
fiinotions are modified by the boundary, for example they must tend to zero 
a-fc a rigid wall, and further that even apart from this boundary ofieot the 
possible momenta normal to the field whiclr can vary continuously in the 
a^bsence of a magnotio field are quantized in the presence of tlie field, facts 
which destroy the perfect classical balance, This was first pointed out by 
Xuandau,* Wo shall follow Darwin’sf exposition based on a simple soluble 
inodol in which the walls of the enclosure are represented by a special field 
of force. The result for a free electron gas is obtained by maldng this field 
tend to zero. 

Consider an enclosure bounded by rigid plane walls a distance a apart 
normal to the axis of z along which the magnetic field II acts, and by the 
potential energy \B{x^-\-y'^) at right angles to H, Wo shall ultimately 
represent free electrons by letting Sohrodingor’s equation for the 

electrons in such an enclosure may be shown to be 

, (d^ijj Idtjj 1 0VA ihoidijj , , g. 2/ jpi 

W w) - -i;- ¥0 SsB) 

where co { — \e\II I2mc) is the Larmor precession. The equation separates in 
l/hesG variables and the charaetoristio values, which are all wo require, are 
easily shown to be 

(~C0<Z<00, 0<^KOO, 1<5<00) (IfMO) 

To determine the equilibidum properties of this assembly wo have to 
construct and evaluate 

^^2x2 S \og{l + Xe-'^h,nA'% 

aeil 0 00 

or if A is small then merely the partition function 


.(1311) 


CO <0 CO 

= 2 21 i: X 

fl=l H.»0 Zra — eo 


(1342) 


• When A is small the ^-summation merely gives a factor independent of H 
and may be omitted. Wo have then to evaluate 

nt,l.Zj r hU'l' 

e« 


...( 1343 ) 


which sums at once to 


(fi(M4)a_l)(l_e~(Maj' 


* Lnnclau, Zcil,/, Phyaik, vol, 04, p. 620 (1030), 
t Davwln, Proc. Qanxb, Phil, Soc, vol, 27, p. 80 (1081). 
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NhTdlog F{T) _ nfjLjfdlog F{T) 
dll ~ H “9a ’ 


■WQ find on letting 


,=^fer-ootht^a^^4--Ml1 




.(1344) 


H L' 

To this diamagnetic i< must be added tlio paramagnotio olToot of tho apiiiH 
to obtain the complete result. By (1327) this is 

tinE 
kT ' 


^^^tanhi 


(1345) 


H 

Thus the complete result for classical statistics is 

nfXj, r IcT 2 “I 

*^~ir ” sinh {^^JTfhT)] ‘ 

When the saturation can be neglected, this reduces to 

which is two-thirds of the value unoorreoted for orbital diamagnotisin. .tt is 
clear that the (paramagnetic) orientational energy could bo inoorporated 
from the start by replacing (1341) by 

S S S log{l-fA0xp[-«(2 + l-b6[2?i-h|?|-hl])-W/8mrt2y(^^^^^^^ 

a>=ln=0 l= — CO 

+ log{l -f A exp[ - a(2 - 1 -}- b[2n -H |Z| + 1]) - hh'^l%maW\} (1347) 

For a degenerate gas it is necessary to evaluate (1341) or ( 1 347) for A largo. 
Greater accuracy is required than replacing tho sums by integrals, and wo 
shall therefore use the formula 

Vi CVi+h \ r “If/rl-l 

^ 

Since a comparison of (1344) and (1346) shows that there is no iinivorHal 

relationship between tho diamagnetic and paramagnotio parts of biro 
susceptibility, we shall be content to evaluate (1341) and (1347) for aim oat 
complete degeneracy. In that case if A — e^, large, tho summand may bo 
taken to be rt i,, 

^-{a/!-l-6(2w-f- 1?| + l)}--y52. 

to be Slimmed over all those values of 2, n, a for which it is positive. It is 
convenient to sum in the order 5, 1, n, Tho s-summation is indopendont of 
II and merely provides a weighting factor. It is therefore suflioiont to uso 
the ordinary integral approximation. For the I and n summations (1348), 
or its equivalent, is necessary. We then find without difficulty that 

1 . 1 r 2 1 . n . 






106/«2(6a-l) yl 
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The first term is indepondent of H. The second contains in 1/(62 _ l) a term 
proportional to IP. 

The interpretation of the absolute meaning of this result would bo slightly 
tedious. This can be avoided by comparing it with the similar deduction 
from (1347) which contains the paramagnetic term. On summing this in 
the same way we see that the only diflorenoe is the loss of a factor 2 and the 
substitution of two j)artial sums in which the )3 of (1349) is replaced by 
^Hr<x and )3— a respectively. Thus 


106 yi a 2 ( 62 -l) 2yiL Qb^~l ^ 


The IP terms in (1349) and (1360) are reapootively 


,(1360) 


2 1 


(!-!)■ 




l)yi(62~l)’ 

Thus the diamagnetic term is again — of the paramagnetic term as in the 
classical limit. Tlie true value of tlio paramagnetic susceptibility of a 
degenerate electron gas is therefore 

Srrm/Xj,® /3n\i 


3/^2 


(?)■ 


.(1361) 


Such oomparison with observation as is i)ossiblo for tlie alkalis is shown in 
Table 40. The order of magnitude of the variation with atomic number is 
roughly correct. It must be remembered that tho largo positive ions of 
Kb and Cs will make a considerable diamagnetic contribution which has 
been ignored in these calculations. 


Tablb 49. 

Observed and cahtdal^ molar svseeplibilities for ike alkali metals . 



m 

K 

Bb . 

Cs 

lO’^K calc. 

4-4 

3-6 

3<3 

3*0 

10’« oba. 

6-8 

6‘1 

0*0 

_0*6 


§12'8. Dissociative equilibria in magnetic fields. Wo take up again a 
question loft over from §6*8, as to possible effects of magnetic forces on 
dissociative equilibria, when some or all of tho systems concerned j)ossos8 
permanent magnetio moments. A ty]hoal example is tho dissociation of 
tho halogens, for halogen atoms must be paraniagnotio with a normal state 
2P| ((/“I), while the halogen moleoules are known to be diamagnetic. We 
shall be content to discuss only the simple typical case of the reaction 
where X is an atom. We shall retain only terms linear in II in the 
energies used in the partition functions for tho atoms, which give the whole 
paramagnetic effect in this case, and ignore all inagnotio elfeots on tho 
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inoIo<Mil( 3 H. 'I’Jio ntniHH may )Hi hhmuiiu'iI !•> Iti^ l*\ !!»•» <m««1 !<♦ 

1)0 iiifcorniilly in tlioii’ IowohI- qimiilinu Hfuto. ‘I'hn will Im 

jiHHuniod bo bo iion-dogoiioralt*, or\vi'ijt(lil nniiy (§ M*«). 

Tho parti tu)n fumsiion (lUlHl) ihiimI. bn 1»* no bi*l»* 

variablo magiiotio llol(l«. Lot uh H(ar(, by n»ii»idoi ini,t Hi*' ^ )•»«?» 

HfcafcOHHivjavratoly. 'riioii tho atom in fclu*.il.baiiih' u illbavi' a 
'•'■'fijl in tho Hold and Ihoiororo a purl i( ion ruin'li*in 

UT)->nr)W% 

{2iankT)^ 


whovG F{T) 


/r» 






Ai:m} 


'.riio partition linadion for l lio atoniM a« a wholi* w ill ibrn*fi«m la* 

/‘TV) r{T) I riT) . j. t.i.vi) 
Tho partition fnnotion VO{T) for Hi« moliH'idohi is apaliatly Mini 

nood not bo birtlior Hpouillod, 'I’iio mmibom of aloin« of any loasini'Ho i vjM* 
inaHoloototl volnmoolomimt will bogivon by tho imtial rbrinolM of 1 ) 1*0 (rfaiiil, 
,f n tho abHonoo of tho magnotio Hold tho diai»iHdnUvi* oi|idlibrnifo i#i |ilst*il 
by tho oipiation 

Atj/f (f{l) ^ I « 

(A7f)«“i®/''"('/’)' ‘ 

wiioro^iH tho nimibor of inagnobio akUw. Wlmn Hm imignnfio Ikid MM*f?Hng 

A'a am V 

In any aolootod volinno olomont 8 f', lot 4?^, bo Iho a vorago nuinlwn' of in 
tlio 5bh magnotio atato and tho numlior nf inoltH'iiloa. Thoii 




A, 


X 

VI 




and if 


am I 

'fhoro is nothing to tho dlHerodifc of thia (Bqimtlon. but milibo tho oc»rw« 
Hponding equation (B(13) it yiolda a ajmco- variable equilibrium iwwknl, Ik 
form howovor suggests that tho fundamental renotion jslimild l*e mgaitled m 

AVi^^AVhA'.., ^ 

for the yariouH values of s and not orudely tt» A'a^^SA'. If tbk h r%ht. Uieti 
magnotio and nioohanioid moment piiralloJ to Um Held nm eoiwveil In 
rooombination or dissooiation, and for ©aoh fu ndainentiil eanaUtuiui t of the 
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reaction wo have a apaoo-oonstant equilibrium constant as before. Equation 
(1367) is of course unaltered by these considerations as to mechanisms of 
interaction, but the fundamental equations of the dissociative equilibria are 


.r g/8F Q{T) 

f\t) 


{all 8), 


.(1368) 


It seems likely that the reaction must be of this form. It is difficult to see 
how all processes of dissociation can generate angular momentum parallel to 
the hold, but this is necessary if the dissociation (and recombination) are 
to be of tlie more general typo. 


§12‘9. Ferromagnetism. In bodies of the tyj^e hitherto discussed the 
magnetic polarization (intensity of magnetization /) is always a very small 
fraction of the applied magnetic field, so that differences between //, IF 
and the elfectivo field F can 
be entirely neglected. In 
sharp distinction the es- 
sential property of a ferro- 
magnetic at low tempera- 
turos is that a very largo 
magnetization can be pro- 
duced by a small field If, 
and that moreover this 
magnetization can oontinuo 
to exist Avhen li is removed, 
provided the temperature 
is loss than a critical value. 

The relationship between H 
and 1 at constant iV starting 

from an apparently Un- Iiyetoresia-loop of an ordinary 

magnetized state is some- apooimon of a forromagnotio. 

what as shown in Eig. 68. 

The persistence of the magnetization when II is removed is called remanence 
and the whole I-H curve the hysteresia-loop. It indicates a non -conservative 
system; there is an irrevorsil^le conversion of magnetic energy into heat in 

each cycle specified by tlio area of the hysteresis -loop, dH, 

The shape and size of tlio hysteresis-loop is however not a primary pro- 
perty of a ferromagnetic. It is highly struotur e-sensitive in Zwioky’s sense; 
the property of acquiring rapidly, in small fields H, a largo magnetization 
which then is unaffected by further increase of the field is within wide limits 
structure-insensitive, and must bo regarded as fundamental i If we examine 
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a single crystal of iron or nickel, the better tlie crystal and tho piu’or the 
metal the smaller the area of the hysteresis -loop. From such oxporimoiits 
one concludes that the ideal I-H curve which tho theory of ferromaguotics 
must begin by explaining is a discontinuous but reversible curve of tho typo 
shown in Fig. 69. The discontinuity 2Iq — at //==() must be a 

function of T which vanishes when 7’ ^ is a critical tomperaturo 

called the temperature of the Curie point. As H increases at cojistant tem- 
perature I increases, but slowly, so that very strong Hold a are required to 
increase I appreciably beyond Jq except near the Curio i^oint. 1 never 
exceeds la, which represents complete saturation of tho magnetization. As 
T-^0,k{T)~^Ia,. 



For ferromagnetics H, B and F must be carefully distinguished. Tho 
quantity which must be used however depends on tho nature of the problem 
in hand. In constructing a proper theory of a ferromagnetic one must 
consider not individual atoms but the whole magnetic material or at least a 
substantial part of it. If one considers the whole substance, tlion tho inter- 
actions of the elementary magnets it contains must be included in oon- 
structmg its energy values and it is only the field B duo to external bodies 
which may be thought of as acting on the magnetic substance as a >vhoio. 
It is also true when we discuss the thermodynamics of magnetization that 
It is the external field // which must be considered to act on tho body. The 
internal interactions affect only the energy of the body as a function of the 
magnetization. If one considers a substantial block of tho magnetic sub- 
stance for which the rest of the magnetic substance is an external body, then 
It IS F that must be used. In certain cases F may, as we shall see, bo simplified 
0 / . Finally when one starts to construct a theory of ferromagnetism as 
Weiss did, by generahzing the theory of the susceptibility of a gas, the 
effective field acting on the individual magnetic elements is of course F. 
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A satisfactory forinal theory of forroniagnetism was first given by Weiss 
using the theory of Laiigovin for paraniagnetics expounded in the previous 
sections. In the exact theory of § 12*fi we have 


I = 7ifxL{x) {x = ixFjhT), 

F being as usual the effective magnetizing force acting on the molecular 
inagnetio dipolos, Thus strictly F = n' + ^ 7 tI if the magnetism arises from 
bound atomic electrons. If wo take these formulae as exact, we can got 
nothing like ferromagnetism at ordinary temx)6ratures. But if we suppose 
that wo have somehow overlooked some imj^ortant term in the energy, 
which in fact (see § 12‘01) need not bo magnetic, we may write in place of 




fi{H + rl). 


.(1369) 


There is here no sense in a distinction between li and //', I is then given by 


I = niiL[x) nyt^L 


hf 


(1360) 


Wo have now to determine / as a function of H from (1360). To do so wo 
write y = J/7i/r and j)lot on the same diagj’am the two functions 


y^L{x), 


IcT 

nix^v Tijxv ' 


(1361) 


The intersections determine possible values of I, The form of L(a:) is shown 



in Ifig. 00. It is monotonio, of steadily decreasing slope as a;->co, the 
maximum slopo being | at a; =» 0. 

(i) If the slox)o of the straight lino is greater than that of Jj{x) at aj = 0, i,e. if 

( 1362 ) 

there can only bo one intersootion for any value of H, / is a monotone 
function of 71, vanishing with II and tending to satmation ( + ) as /7-> co( ± ). 
This is ordinary paramagnetism oorrooted for what are effectively extra 
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terms in F. A more exact 
large values of //, 


calculation sliows that in this case, for not too 


1 nfx^ 

^lh{T-T,) 


H. 


(1303) 


This is the modified law of Curie, well known to be obeyed by forroiuagnotics 
when T > iZ], . It applies also, as a better approximation than (1 319), to many 
paramagnetios not known to bo ferromagnetic, with .7|,, that ia v, of either 
sign. The excellent agreement of (1363) with the observations for niokol is 
shown in Table 50. 


Table 60. 


Pmumagnelic susceptibility o/Ni, T > 7’ . 

I 0-00666 

rheoryj 


Temp. °K. 

10®K obs.* 

10® (c calc. 

099 

103-4 ^ 

103-1 

734 

03-6 

02-4 

782 

40-7 

40-4 

829 

29-8 

30-2 

888 

22-8 

22-0 

989 

10-2 

10-2 

1096 

12-4 

12-3 


* Weiss and Foex, Archives d, Sci, phys. el nai., Qenhe (4), vol. 31, pp. 4, 80 (1011) tifling 
polyorystalUne material. 

This agreement is obtained by regarding the number n of contributing 
electron spins as an adjustable constant. According to (1303) tho number 
must be 0-3 per atom in disagreement with the value 0-0 derived from 
saturation and from the specific heat. 

(ii) If 7* < Tfl as defined above, then the curves out in three ];)oint8 for 
small values of Ii or one point for sufficiently large values of Ii, !For small 
values of H we have three possible values of the magnetiKatio^i, but of these 
only the numerically greatest root, which has the same sign as 77, will bo 
found to represent a thermodynamically stable state. [The middle root is 
unstable and physically meaningless. The smaller extreme root is meta- 
stable and might be expected to represent a state of remanent magnotixa- 
tion. But the ideal theory cannot be pushed so far and no such iden tification 
can he made.] . 

One can see at once from the figure that, except when T is nearly eq[ual to 
7J,, Jis very insensitive to Ii, This accords with the facts. By apj)roximato 
solutions we easily find (/« is the same as nfi) 


(1365) 
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Equation (1364) aacorda with tlio facts, but equation (1366) does not. The 
fall of I from J<» as T increases is more gradual. This failure is corrected 
in Heisonborg’s version which substitutes the function tanbru for L{x), or 
better still in JBlooh’s (§ 12- 942). 

Wo thus see that Weiss’s theory with L{x) or better tanh x for its polariza- 
tion function gives an excellent general account of primary ferromagnetic 
phenomena, provided that we may use a suitable value of v. Tlie necessary 


values of u are 


Ni 14,000; Fe 12,000; Co 8,600, 


whereas the theoretical value is f tt if wo calculate v purely from the magnetic 
forces. But Avhat Weiss’s theory really asserts is that the equilibrium must 
be oaloulatod as there wore a largo energy term per unitvolurae,— 7(7f-hrJ), 
of no matter what origin, depending on the magnetization in this way. This 
will be made olearer in the next section, on considering the thermodynamics 
of inagnetio phenomena, which we include here because there is no con- 
venient treatment in the usual textbooks. 


§12-91. The thermodynamics of magnetic phenomena.'^ For any system we 
have fcho relation dJSr^TdS+SA, 

whore dF and dS are the increases of internal energy and entropy and 8d 
the work done on the body during any speci fied small change of state. The 
simoial problems of the therm odynaraios of polarizable media are oon- 
oerned entirely with the calculation of Sd. 

The correct form of 8^1 can only bo specified when the nature of the 
external arrangements for producing the magnetic field have been laid 
down, owing to the dilToront roaotions of the field producing agencies to a 
change of magnetization in the spooiraon under discussion. 

It is desirable for us to disouss the energy as a function of the magnetiza- 
tion I in a constant inagnetio field, ifo do so it is necessary to suppose that 
the magnetic field is jn’oducod by external olootrio ourrents maintained by 
batteries or dynamos. 'These oonditions are also those in which experiments 
are carried out. 

Wo will suppose to start with that H is uniform over tho specimen, which 
is isotropic so that H is always parallel to I, and the specimen itself of volume 
V is represented outside itself by a magnet of total magnetization VI. 
Siii:iposo that in time Bt tho total magnetization increases by FS7. This will 
iuduoe an electromotive force in tlio oirouit aV 87 /Si, whore a is a geometrical 
constant, in such a direction as to keep the flux through tho oirouit constant, 
that is in the opposite direction to the oniTont i which produces the field 77. 
To keei) II constant the batteries or dynamos must do more work and this 

* A more profound Hfciidy has roconlily boon given by Guggonholm, Proo. Jloi/, Soc, A, vol. Ififi, 
pp. 40, 70 (1030). 
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work in oltmrly tho work dnno (»n i Tho mnuunt id'tluN umk ira 

{oumuit) X (13.M,F.) x iS/, Hull (hu (Munuil is pnijiiiiliuniil («• flu* muMUFli*’ 
ilhld, iKUngiUjuiil til ///a, IIi'Mim* Mu' umk dnuu mi lliu iHpiM-immi t7/»S/. 

(Mmnmi ul' 'W Nil Imi^ im / in rmiMtimt I'tin invnlvu tin (mu^uu'lk’) aw 

tlioru in no (‘Imngu ul' oxtunud Mold nrilH’ Imdy. un rluni^i^ ni Ilux 
tlu> uirciult and (Imnd'iiru no luirk m.m.i'. 

'riioru umy alan lip a wni’k (iM*m uwMfn’in{i*d u itli a volume idmUjjo. 'I'Uim 
in thm aiuiiiln uaHu t (laHU) 

It in (may to hw 1 1 ml Uum oan lio ^oimruli/.od In 

^ ™ //SKi- f(H.a)f/l 7 

whon H and I aro not nooPHHttrily miirorm or paralkd. 11 la Hi Uo 

Unit in tlioHO f'ormulao // ia thn liold iirodnood by oxlonml liodio^ iitid a-m* 

taiirn no tnnn ariaing IVum /. 

Ah an oxampln oi'a (lilToriMit work lonn lor diirmad rmtililtmiH, »M«n»ult’r 
a Huuill body in a Hold // dim to rigully Hxod pornianont niagimllo jaoM, 
Tlmro la a t'oroo on Urn body V Idl I lB,v in Um diroidion ol x iiM*mt.»tng If f 
and // aro botli tlirootod along Urn axin mIj'. 'riiiM Ibroo will do work V ih/i 
on tlm body if tho body ia allow wl to niovo Ui rough a diMlani-r I»ji\ *ridi« w«»rk 
might naturally aiijioar an kiimtio onorgy, but if it la in mod inio iutornwl 
onorgy wo luvvo a Htato of alTiiira in whioh 


l^ho work torni {HKMl) oorroapomlH to tlm omnlltioim ivo wisili Ui oxaniinw. 
It is oftDii poriniHHiblo to ignorn volumo ohaugiw, and it ia tlmn m«»r« oc»n- 
voniont to imo tlm total magnoti/allon 17 an a alngk? varlaldo, wlu«?)i in 
HiKstion only will bo donotod by I'lmn 


(IE w TilE •( (I aiHij 

'I'lda finiotlon E{EX) ia a tlmrmodynando potential, wliicli willgivn na iill 
that wo roquivo. But it Ih not alwaya kt non voniont a fu notion aa 

fiTJI)mE^ET-^nX i(l/^->.UT^ XdlJU (UI7«) 


or i:‘lanok*H aharaotoriatio fuimtion wltioh ia tlm fimotlon mn> 

Htruotod by tho atatiatioal mothod, with tlm jiroportioa 


T 


0'F 

Mi 


y»9 


0'F 


E 


m. (1371) 




Btriotly and wo Inivo alao p m Td'VjdVunhim wo aro ignnriiig 

.valuurn ohangoH. Tliin Hpooiiio Imat is abriotly dollning tho howl 
to raiao tho tomporaturo at eonatant volnnm and oonatant jnagrmtm fleliL 
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We have tacitly assumed, in asserting that (1369) defines a tlierraodynaraio 
potential, that there is a one-one relationship between E and S for given T. 
This precludes hysteresis, but is oorrect for our idealized system. 

By writing (1369) in the form dS-dE/T — Ed^jT and assorting that 
8{TX) exists, wo find at once that 




If Weiss’s theory is correct, even if only in the very general sense that 

(1373) 


1 kT 


wliore L{x) may be Jjangevin’s function itself, or any other reasonable 
function of the same general form, then (1373) can bo inverted and written 
in the form 


E 


kT ,/S \ 

= 7 %) 


i^S 

T' 


(1374) 


This equation may be taken to bo the complete formal expression of Weiss’s 
theory and represents the facts with considerable aoouraoy for constant v,* 
This being so, it follows from (1372) that 

9S“ k’ 


and therefore J? ~ i? ( T, 0 ) — | vS^/ F. (1376) 

Conversely, if avo merely have this dependonoe of E on H for no matter what 
reason, then, by reversing the argument, 


E-wW 

hT 



and WQ shall certainly have ferromagnetism so long as wo have a suitable 
form for A'. The form of A' is of course not determined by thermodynamics. 
It will be useful to record hero one more formula. Since by definition 


GydT- 


T{dS)y,,, 


!■») 


When // « 0 this may of course bo obtained by operating with djdT on (1376). 

From the thermodynamio theory interesting magnotooaloric effects (and 
similar eloctrooalorio ones) can be deduced. We have not space to discuss 
these, for which reference can be made to Debye’s articlof or the pfiginal 
papers. :j: /■>" ' 

* Woifls , de Physique, vol. 2, p. 170 (1021). t I>obyo, loo, cil., p. 4a7r 

t Woiss, Archives d, M. phys. el nal„ Ocnive, vol. 46, p, 820 (1018) j 7, de Physique, vol fl, 

p. 161 (1021). 
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484 Ekviric> and Matjnrik Sum plUiiiHirH |Ili‘Oa 

§ l[nMnhvi'(f'ii limit}/ of ft ruifitinjui \Vt lutvi* nnw li» Ity «t»*l 

niuhimudol whic'h will^ivi^uHiui A’ willi >., ( I /). 

iSuoli a muilcl, hh woIulvo hc^hi in Ihn MtMtlitin w ill junltitldy h’tid nw 

lonll tlunHiicHiOHMcmnrVV^MHM’H (liunry. VVoHhulh»IVuiirMMU’liiifViM«lliii]ii I Ih-itiiM 
^^ylmmu!n!HuUHlly(tonMtnll!l;ill^amlMt^Ilmin^<llu’ inutlrr^i pfn iiiiuitMu. 

Hinoo in a pmjHMty nl' lla* whnit* if In Im 

ooiiHi(U>r HU nwnniljly nl' nmiiy ]»mpf iaully imlr|H'inU*iit luf^r 

{lotionM tiro klio ohmohuo oftho HllodL. Wo ouiinidor a ain^lo ayftl^au 
i)f a hu'go nuinhov of "cHiTjtjrH” (tiionm) unangod in a irgnlar an^it^ «■?* ii» n 
oryatal. I'itudi (airrior ttarrioH Ji aingli^ orionlafiiig Hiibayaloin who !i »n llio 
nmgnolin oloinont. \V''u lnivo to dotorinino at liavnt roughly tlo* onoigu\^ hiuI 
woightH or tlio tUHtOHiHthlo atnUiH ofaurli a HyaUuu iiu'lmliug f ho iiit*’ra»’fioi(« 
of bho HuhHyHttuuH, titul ho form tho (mrtil iou rumdi«ui/rh»n»y^«foii ‘ J^^uhjort 
til HO lio tlio oxtonuil (lolil //. 

Tho lii'Hb (|UOHtioii that iivIhoh 1m: What in Iho nmguoliiMdoim’ui f Kor" 
tumitoly tlio cKUTCot dlioioo Ih tlio MimpIoMt poMNihIo UiOMpin orilu* oloiHron 
itHolf. Orlntal tingular moiiimituiu of lui olootrou lit tin rtlout, tuiUjin't Ui 
iiitoi’iiatioiiH witli iioitlKU’ H|)Itorioni itor ajsial wymuuMry, o«nni»*f uuMain 
quimtizod at all, tiiid Imn a mtuin vnluoy/Oro whoii tho iutonii’fioM« ori’Mfrtuig 
an tlioy inuMt ho horn. Ihit tho ooupliiig of tho MpiuM to tlio imuyiuuiolrit'al 
fioltlH of thoir noighbourH Ih woak.Ho that tho roaullaittMpin (and iMOOjH.nriil 
Hpiu ])arallol to fl) of tlio olootroim nuiuiiiiH uoll ipianfiml o'vr»ii Mi tho 
laltioo. I t will oloarly only ho noooMHary to oniiMiilor pl»M:>trnns in tho ji»« 
ooinploto hIioIIh of tho atoniH in tlio lattioo. A onmjilotod f^holl iiotlhor 
roHultanb orbital anitciilar luonuuitiini nor olortron M]»iii and Im m* tightly 
oDUplod u]> in gonoml Mini tho noigliljmu’H will hnnlly diainrli it. 

'riuH noocsHHiyy olioioa of tho nmgnotio oloinont oxidaina in tho 

BO-oallatl gyntamgaotioanonuily in tlio lilohanhaui'MiiiHMdn ih» I 
If adoJiutitolyHiiHpoiubd fomunngnottM HnddonlynmgnoU/iub it i® fVnindto 
aoqniro a dollnito aiiimmt of anguliir imunontuin, and tho tlitH^ry of tho 
olToot ohvioviHly roquiroH tlia l, 

inagaoti/.ivtion niugnotio nuuiionl, uf oarHor 
acquired angular nicunontuin ''angular inriniontnin of oarrirr ' 

IbiH regularly oliHorvod tliub thin ratio in lunm tha t to bo jHiotol I rtiui (irhiiat 
oDutrilnitionH, liul; agrccH exactly irith an cloctron apin oHgin for Uto wholo 
iniigiiotiKadon, Hinoo tlia factor of oloctron b|uu in 2,t 

* ItitiHonlit'.rfjt, /fit./. VhifAiky v«i|. 411, p, Hill 

I liofimnl »»xporlmt ' \\U I ly JlnriiPit | Itov, /%?. vi»t, 7. p, I Sil ( pm | \ 1 - 
imuhmUdji nt niaiitii’ii/uttiii liy njdmiina Uip ajH?wliii*?)i Imlj. <«o. r i-sIIm iJwi 'im 

Hint a »miill]tni‘iMMUftM<H)rtlininiijttit*l i/nilnii tiiny |irii)wrly ImIhafctOi 

liy Niii? 1 «hiiiUIi f/W. /^oj/. Stx!. A. v»tl. lit?!, p, atft (Itttep Ui 

deiLtitiUiiK aii> itlidmnlimn c^ffret in pnrttiiingndlifl rare isnnli Win??, ctUnsr ikmt I aw Iww 
tu 1)0 oxpuitloii a I II I nro riiiiitU. 
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Sinco orbital angular momontum is in general totally qnenohed, it can 
play no essential i)rimary role in ferromagnetism. We can therefore simplify 
our model by taking as carriers atoms in 8 states with orientatable electron 
spin. 

ihe calculation of the states of such a system of interacting carriers 
differs only in complication from the calculation by Heitler and London 
of the states of two interacting hydrogen atoms. No now principles enter, 
It is the large non-classical exchange energies which provide the energy 
terra depending on the magnetization required for Weiss’s theory, whoso 
moleoular hold thus receives a rational explanation. 

Wo consider therefore a system of 2^ atoms regularly arranged in a si^ace 
lattice of volume F, simplifying the problem by assuming that only inter- 
actions between nearest neighbours in the lattice need be taken into account, 
and that the exchange integral for each pair of nearest neighbours is the 
same. Each atom has z nearest neighbours and contains y electrons whoso 
spins are parallel and orientate as a whole. 


§ 12*93. The formnlation of Heisenberg's 'pmiiiion function. Wo can first 
classify the states of the system by the total component of electron spin 
parallel to the magnetic hold i/, 


remembering that all such accessible states must be antisymmotrical in the 
electrons, il.'ho total number of such states, is the number of ways in 
which the sjnns of the individual atoms can bo arranged to give a resultant 
Wo divide uj) the SiV atoms into y -I- 1 groups according to their contribution 
to TO 1,...,“!?/+ 1, — the groups containing a, 6, c, ... i atoms 

respectively, and tlio possible arrangements are all those satisfying 
= {\y)a^- {\y -l)b -V {-\'y)l^m. 

TJie total number of such arrangements is the cooffioiont of in 

[^J;/ , (1377) 

We can leave /„i in this general form. When =; 1 it obviously reduces to 

{N'-'m)r{NTm)]' 

Before proceeding it is necessary to assure ourselves that to every one of 
the arrangements enumerated in (1377) or (1378) based on speoifled atomic 
states of the given multiplicity there corresponds just one Avave -function 
for the assembly antisymmetrical in all the electrons. This is a special case 
of the general theorems proposed in § 5*1 1. It is therefore only necessary to 
assure ourselves that to each of the ways of arranging the spins there 
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tujrroHjiojulH oxantly <»no wav'o-runnlion fni* (jit* wlinh* 8\f^h*in 

or mitiHyiiiinoU’ic'al, uccdnliiig uh y Ik (‘vc'ii m- mhl, in ;.!.V arttinw 
liowovoi'fiillowH imimaliiiloly, Inr wluat \v«* anh'i'l 

wo hpaoify f ho npin ••nmiitaionl fur mioh alMOi mnl ilonrlMiii ily 
c)ornplotoJy<mohn(o»ni(!wavt< rtiiiof i«*n. 'ritont^ luc'ttll tlitUini'l aii'l Iimiu ihnu 
oiin ho loi’inod jimt <inn wavo rmirliun fur iho l^.V at<ai>N wilh (h*» n'Hjnitn! 


Hyminotry. 

Wo CUM now 1 login In tiniiHtninl'' iho imrlilinn I'lmi'f i'»n. sin <*^8 wiHi 

roHultant; Hpiii mhl*2rr liavo an tniorgy in (ho oxtrnial If i^jnal (*♦ 

whoro ^/((/(-Irr/ir) ia Bnlir’a larignoton. i*ol^ t)u*ir apari j'nan Uf»* 

nmgnotki Hold ho .^.,/fi,* H‘hon llto jmrlilinn fiuwliMn h*r lla* 


ay H to 111 m 


.vw 

K il oxp 

til-* a V 


:m 


A/ffc II 

.mfhdl 


A-7 


\‘ 

mf4 

hi 




fcl * 

'i 

kT 


U\m\ 


VanuiiH inolluidH of trpproxiination havo in l»o adupfiajl in nr<l>nilnf«< tho 
Rf iind tho MUMi involving tlioin, Ai vory low UnaporahimM niily f tm 
Mf aro rolovniifc. 1’lioy otm lin lioai invoaligafod hy tho inotliiMlH nt Bhwdi and 
HlaLor of wliioh anino nnoonnli iw givoii in § lUdll!^, Hnoh invi^llgaiinnM hrnv" 
ovor toll iiH nothing iilaiut tiio (‘urio iinirit whh*h ia tho iin*8l fnlorwMng 
region, Horn tlio only huooohh Inm hoon nohiovnl hy HohfonlMi’rgV gio^w lhai 
it ia l.ogitinuito to jijiproxiinato to tho oirorgioa for given m l»y rt*ga,rd}iig 
thorn a OauRalan diHirihution of onorghva ahnut a moan valno . nr o-vori 

inoi'o roughly «tUI to <ii>proxiniato hy writing 

whoro la tlio ai'ithinotio moan of tlui Wo will diBtniM Hrwi thU nnighofii 
appimlmatlon , Bineo for » 1 wo tmu give an ohnnonUry priMif of tho foriinilft 
for ll}„^ . 

If wo I’ofor to Hoi tier and London ’a tlioory of tlio iiiloraeUon i»f tun 
liydrogon atomR' ” a on lo illation whkdi in ty|jioal of any two atonns, oaeh 
witli a Hinglo nnpairod oloatron in an find limt for w I thoro 

in ono nfcato and tho onorgy in - J while for i/i them am two atatw 
iviitl 7^, Ih oqvial to ia an intogral nspmnonting llio olaa^itoal 

Hbatio intoraotion energy of tho two Hyatoinn, and Jh an inii^gral mpritssentlng 
tlio oxohango onorgy. Tlum for parallol npiim wo got an oxehango onorg;y - J 
in tlio moan onoi-gy whloli wo do nob got wdicm the npina am anUpandloL It k 
roaaonablo to HUppono that, nn wo are only ooiiMidoring lntom<sfci 0 iia nf neigh* 
boui’fl, wo may gonoiali*/o thia roHult to our ays tom of %N aUmia. Wa almll 
thorofom 11ml a tor in - */ in tho moan onorgy far given m whmmvor n 
noighbouritig pair of apiiiH are parnllol. 
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l^lio total ]iu.ml)Gr of ways in which wo can arraiigo two s^Dins as neighbours 
both i^arallol to T1 is the number of ways of choosing two neighbouring atoms 
{2,Nzl2\) times the number of ways of putting the other 2F — 2 spins 
^ + wi “ 2 parallel to li and N ~ m antiparallol in the other atoms, that is, in 

~{N -■m)[{N +m~2)\ 


The total number of ways of arranging two spins as neighbours both anti- 
parallol to H is similarly 

JY 

The total energy contribution by the exchange effects is therefore 
{2i^-2)l , (2iV-2)! 


+ ■ 


i(i?^~m~2)l(iV-i-m)! ' {N~m)\{N -\-m-2)\ 


Nz, 


and the number of states in the set is (2iV)!/{(i\i^ — ?«.)! + m)l}. Thus we get 


a contribution to of 


zJ- 


2N 


.(1381) 


neglecting tho difference between N and iV — 1 . I’o this must be added a 
classical term Jjj independent of m. When y>l the result is only altered* 
by having zy for z and Fy for iV, so that 

-sz^-Jb-w PXn,^ ‘ 

though (1382) cannot bo proved in this simple way. 

As a result of those elementary calculations we find the approximate 
partition funotion 

N\i 

m^-JVw 


“ It + ] ( 


where 




for shortness. This elementary account is duo to Heisenberg. We see at once 
from (1881) that if J is large and positive Ave have the correct type of 
dependence of 7i/„j on m demanded by (137 C) and can proceed hopefully with 
tho evaluation of K, 

Heisenberg's original deeper discussion of K is as folloAvs. For the pro- 
posed quantum model not only is m a “good" quantum number, but also a, 
the resultant spin of the state. \^^e can therefore still further subdivide tlie 
states into states of given a and m, |w| <5. Every state of given «(> |m|) 

* Holaonborg, VrobUmc. (Ur modcmm Phyaih, p. 114 (1028). 
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belongs to the set of /„i states of given m. Thus if is the number of states 
of given e, then ^ ^ ^ ^ ( 13 g,, 

(138B) 

We can therefore write clown a more detailed form of namely, in tJio 
absence of a magnetic field 


Ny 


.(1380) 


8=>o :;=x 

The factor {2s + 1) occurs because each state of spin 5 has (2s + 1 ) orientations 
and is to that degree degenerate in the absence of H. When II 0 tlio 
orientational degeneracy is removed and we have 

/ 2m^jj ^ 

kT 


Ny s 

K~ i, S exp 

3=0 “ 8 


I- 


A i EM\ 

brn-M’-j 


As wo cannot evaluate the this exact form is still of littlo use. For the 

study of the regior^f the Curie point Heisenberg* has approximated to it 
by writing + and assuinin^hat the AEg are densely dis- 

tributed in a Gaussian error curve. The Eg and {AEgf^ oan be computed 
from the secular perturbation equations; wo oan only quote the results hero: 


Eg= ~zy 






(1388) 


= = (!/ = l).. (1380) 

For 2 / > 1 the exact value of A^ is unknown, Wo shall use the general syinbol 
Ag as far as possible. It is now possible without trouble to reduce the l)ar- 
tition function to the form 

PL^ ^yN hT ’ WT^\ 


VN 

S 


“ViV 


S . 

=M' 


From here a rather tedious argument leads us to the result 


„ VN 

K^O{l) S ^exp 

m^—vN 


aw + /S 




/,'a7’a > (1391) 


^yN ?cT"^2M’aJ 
where 0(1) is a factor leading to a negligible term in log AT. This is the 
standard form of K in Heisenberg’s theory. It is however uimooessary to 
refer to s at all to arrive at (1391). We oan obtain it dirootly from (1380) in 
place of ( 1 383) by taking into account a Gaussian spread in the/„, values of IL. 

The factors m K or K{Ty,B), which are independent of w, should con- 
tain all the mam terms which give cohesion, rigidity and elastic properties 
in general to the crystal. This they palpably fail to do, for the model and the 
calculations are far too restricted. We can properly replace them by semi- 

+ Hoisonberg, loo, oil,} Van VIeok, loo, cit, p. 322. 
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oinpii’ioal tGrins later on, and for the present omit them altogether. Wo are 
tlins loft Avith a magnetio factor of the oom];)lete partition function 
given by 



I’o proceed further wo need an asymptotic form for/,,^ which Ave can 
obtain irom (1377) and Cauchy’s theorem by the usual method of steepest 
descents, li’or 


/». = gh j jii )]=" {m= f*' + f + . . . + tH 

where y is any contour going once counterolookAvise round ^ = 0. If is 
fixed as the positive real root of 


then ellectively 
and A^^e can Avrito 


djpmr . 

di "Piu 2 i\r’ 


.(1393) 


vN r 

^ exp 2iVlogP(^,„)-?alog4jH-ccm + /3 

vi’^-VN L 

being determined as a function of m by (1303). 




'■ + 


1^11 


2yN ' 2/c2paJ ’ 
(139i) 


§1 2*931 . The final evaluation of IC„^. Existence of fenomagnetism. We 
have lastly to evaluate by searching for the maximum term and’ there- 
fore for the maximum eximneiit in (1394). In diflerontiating with respect to 
m, must bo alloAvod. to vary, but from the definition of the coefficient 
of vanishes, ^'hus Mq, the value of m for any stationary term, is a 

root of the simultaneous equations 


loaf 


PiU 2iy’ 


We can write those equations more simply with the notation 


^ is the fraction of absolute saturation achieved at the root Then 
stationary values are given by 




..(1396) 


r ^ ?/g^ ^ + (y-2) e^tv-2).|- 

® ~ ^ * r,xii _i_ 


...,..(1396) 


The right-hand side of (1390) is Brillouin’s function, When y = 1, tanh®. 
Equations (1396) and (1396) on comparison with (1861) can already be 
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Howi to 1,10 about t(j yiold um but loi^a'aHy wr'* «u»ll U* 

ooinjdoto tiio ovaluatioii td' A\„ by lindiiij,' inaHiuoitn 

'Po bo (LXjilioit Avo now lidio llin Ibnn (I.Mwti) Jin A„^ b«n»i «bi» b d lMj|i*Wi!K 


that 




s// 




/.sya 

13(1110 tion (IJbin) iJion bi'comi^H 

TJio hIojio of (ho Hriilouin furudion al (In' orij^iii in 

1 l (y - Jl)** ( ... I ( Uf ^ * 

V y i l it 

If fclio Hiopo of tlio mirvo (I JIH7) at C than |(?/ i woliavitK non «<rvrir» 
rootH for and roo(^ largi* (!oni|mn'd wi(h «r whoii at + n II ijm ^J»ii|i»r« 
groator, tliou wo Imvo only a /oro ornmull lord . TbU orifloal oojiidiM<*n i# 


ca 






'lio oquatloii 


\ ml // t i! 
' I F/ U » ^ 


4l3m»i 


dotorminoH a oritkial lompcmtiira 1], in (<»rin« of J, w hiob will i»f wiurw 
ropj'OHont tlio Curio point. 

To provo that wlion it oxiatK tho largo root of Uu^ mum skign « gii^m tim 
absoluto maximum of tho lionnw of wo oan prta^ml m fnlhm **, K^rjnfiiiiwi 
oiirBoivoH to and omitting tba t^srin^ in t«» avnkl iKimfiilb^fcinwi# nf 
little Bignifioanao. To thin approximation 


VN 

K,n X oxp[2A^ leg 2 - (N I la) log( 




I' ai.) - (A' 


and Btationary toi'iUB ooour \rlioro 

ali wliloh polute e-glloxiionortt]- -p“-|+ 


+ mn '-f' 


Melton li<2,Q< 0 {all m), «o that the alngla Htatkinary value jn a nfiailfinim* 
When ^ > 2, Q> () for in^ 0 and Q < 0 when Q nan vaiti^b for |tfcffc 

ono value of between 0 and A?*, For valuipi of x for widoh Umirff iiro thw 
Btationary valuoH, rootH of (1400), the rooti of Q for i vaiuen ofm fOKMstrwwr 
ho tween tlio middle and both extromo roata. For Uit oitmine rool^ tliemfof© 
Q < 0, and the Btationary valuoa are maxiinH. For greater viUiw of ^ iif 
which there is only one root of (1400), Bbiee d^/£ifx>0 the ewriiitwnillltg 
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■valuo of m has increased, Q < 0, and the single stationary value is still a 
maximum. 

It remains to consider which of the extreme roots, when they exist, gives 
the absolute maximum. For « = 0 the maxima are identical by symmetry. 
\Ye examine therefore the variation of the exponent at the maximum as a 
varies. Thus 


tZ(oxponent) 

fZa 


= Wn + 


9 (exponent) dm^ 


diUf, 


9a’ 


— m 


o> 


and the exponent increases Avith « at the root for which > 0, The absolute 
maximum occurs at that root which has the same sign as a, 

Returning to the general case, wo can now ajDply the familiar argument, 
easily rendered rigorous, that since N is very large is effectively equal to 
its maximum term. Therefore 
log/iT,,,: 

fa, I r 


^\ogK,,,{VXIi) 


} - -I- i^( 1 - 3 2^5" + £ ■ 

.(1401) 


■where x and ^ are determined by the projper root of 

2.r = « + j3(l-3 ? + !?=' = (1«2) 

ey+:.:+iri<i L“^“ J ' 

"We recall that depends on T through the denominators of « and jS, on 
Ji through « and on V through J and therefore through )3. 

This is the magnetic factor in the partition function. Since in general 

•we find, in virtue of (1402) and (1403), that 

M^91og/f,,aoc / 

9a dli \ kT 

«2/z;,mo/F. (1404) 

The intensity of magnetization is therefore m^jV double-magnetons, where 
Wq corresponds to the proper root of (1402) and (1403). Saturated intensity 
Ita is NyjV double-magnetons so that 

.(1406) 

§12*94. Phenomena of the Gurie point. Its existence, and the behaviour of 
the specific heat. We have already seen that the oondition for the ferro- 
magnetic state is 
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This condition I'equires that ^ should lie between and /Ig , whoi'o 

these ^’s are real only if y{g + 2) » > 24. 140 7) 

We shall see that probable values of y and z are 

Ni: 2/-'!, »=12; Co: ^'-2^ 2 := 12; Ifo: 2 /- 3, a- 8; 

for these actual values (1407) is always amply satisfied. Boughly spoahiug 
g must lie between yz and 6/(y + 2). The upper limit yz to a lower Hinit 
to 7^, corresponds to no physical feature and is an inadoquaoy of the thoory. 
What really happens is that as T decreases the Gaussian ap|n‘oximatiou 
becomes inadequate and the states of low energy, not the HtatcH of mean 
energy, take charge. The essential condition, equivalent to noglecvting tho 
Gaussian spread altogether', is 

(M0«) 

Ifrom this equation, an assumed y and an observed Ul J can be ealoulafcod. 
J must be positive for ferromagnetism and, for ./S 1 ()~a~. lO-u 

electron volt. The ortho-para separations in helium and other atoms are 
of the order of lO-i volt, which admits tho proposed explanation. 

The extra part of the internal energy that depends on the magnetization 
must, hy general theory, be given by 

V aT L 9oc dT^ 


.( 1408 ) 




(“««) 


Let .la consider one mole (mk=J) in zero fiold («=0). Thou abovo tho 
Curie point £=0 and therefore ®„.=o. Below tho Curio point tho extra 
part of the specific heat, Gy‘"\ is given by 




This exprMsion does not tend to zero as from below and C„'» is 

imDoftant‘^o““‘‘“'‘“™L?'® clisoontinuity AO/« affords on 

40/- = Oy«(T, - 0) - + 0) = ieyf _ 1 1 / 1 „ 2g\ 

L ii'V v^FstU,,. 

(1411) 
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f/^ it is siillioiently accurate for our purposes to take 






( 1412 ) 


clotermino dl^jdT wo return to equations (1402) and (1403) for small 
^ a.iT-cl !r, from whicli we can derive that 

2(?y + 2) A 
dT'^ 3!Z; Ay-BI{y + 2) 

Wi-fclx ^=2/H(?/-2)3+... + (-i/)2, jB = i/^ + (2/-2)‘^H-.., + (--i/)<‘. 

AVo tihus find A(7/‘~ . (1.413) 


1- 


2/(Z/ + 2)/1 

'ICliis formula overestimates since wo have everywhere made the 

*i-I>j?i'oximation (1412) in the numerator. 

Xiy is at once clear that the theory gives results of the right order, hut the 

Tablis 51. 

CnjhG. disGontinuity cal.ldeg.jmole in the speoific heat at the Gurie point. 


Substance 

ACf/”* * * * * * * §§ 

theory 

AGV”‘ 

Honda* 

Weissf 

y from 
saturation 

Fo 

4’4 (y = 3) 

4' 6 

0-8 

2 

Co 

4'0 (z/r=2) 

2-8 

. — . 

1-6 

m 

3.0 (2/=l) 

2-1 

1*7 

0-0 

(magnotito) 

4.4 (2/«3) 

— 

0‘1 

— 

6*0 (i/ = co) 

— 

— 



* I-Ion<la, ZciUj. Physih, vol. 03, p. 147 (1030). 

t* 'Woiss, Archives d, Sci, idtys. el nal,, ffcjiAve, vol. 42, p. 378 (1017), vol. 43, pp, 22, 118, 100 

(lOlV). 

Some magiiotlo iiilnorala apponi' to have ovoii larger iliaeontimiiUos. 

a/greoment is not close and in fact no exact agreement at all is possible for 

since on the present version of the theory tlie ohsorvod values are greater 
the greatest possible theoretical value. The values of y in the last 
coin lion are derived from measurements of the saturated magnetization at 

low -temperatures. They do not agree with the most natural integral values 
givon in the second column, or with the values Avhioh would bo derived from 
■blxo paramagnetic susceptibility above the Curio point. Wo have soon in 

§§ 1 1*641, 1166 how such fractional values may be expected to arise, and 
t>lxo present version of the theory is not siqiple enough to cater for them. 
If "we bear in mind these refinements which must bo incorporated in the 
construction and evaluation of a more acourato wo may rest well 
0 £i,±risfied with the result of the tost of tlie rough theory shown in Table 61. 

Oii<3 obvious improvement of the theory is to rompye the restriotion that 
a,ll t>h6 y electrons supplied by one atom orientate as a wliole; this restriotion 
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IH jiIivioHt automatiuHll.v roiuoviMl ula’ji wr> pijafm 

(liHtributwl ovor ImiMiM, htU: in <li»’ y If » fasi }»•' siji|.j.r%«»M(arly 

romovod uh foIlnwH, whnn un t'»n nr** fliaf flii’ usH li f-i y*»>fli}ir’r 

vahiOH of A6',,"'. I‘\n‘ (ho ovIii’uh’ t awi' w Jt» u (hi* Oif* j avM «'l fJip 

7 /-olo(!t.ninH in a ninglt^ lUoin ino iilrnfa iil with fht u ^uih (}«■> 

7/'el(K(tnniH in a ni*i)u(hh»innnj^' 'riiiN i^» fh*' ^ ilo^ I»jii^v=f 

hut with 1, wlhio mu^ m**ln *»| jai* h js 

2A''?/oi‘iontatingHnliMyHlofii« jinil (hiurlntr* an »/ (nnr«« a.^ 

It followH tluit lor (JiiM nitidol .\f " hv oal, uiMh' 

Wo noto in ]>nHHinf( Ihut it \n (onntl thni (ho iHduivitait t4 ttw> jfo Imaf 
Hoar tho (!urif* point Ih pnu’lioally hnlojHaidriif of any *4 thir* 

HyHtoni in Imlk. 'I’liiw nnmt la* »n*ropr«al ii« ih4iiihl«4 |.rH<4 thal 
ovon \rJi(Mi upparoiitly nninaM>a4i‘/t*il roiiwh4 »*r inn im4rna nr« 
to thoiivnatnralHatn ration lor (ho loinponifuiom tjomfit.n, hnf n« Aar-n iinm 
HO oriontatofl that tiio hulk iiiH|j;iic*fi/uliun i>» nou(rahi>».ii| If i« » 
tt) introduoo a wor<i to doHoriln* ( hiM ohuniofj’iiwto- f4ni4^ .4 atlinr** Wo ®h«8l 
Hay that a lorroinagnol io hofow tho ( ‘urio p>*tnl . nnno»$|noHj?**!!! tn hnik. t» 
micromaynHkt’d, aial that u hon wo inaMnoJiyo i( m hidk it \n-p-mmm 
immm'.lizv.d\ thin prooraa (*oiiwiN(a prinnirily in roimn in^ iho randomnw *4 
tlio (lirootioiiH of nmgnoli'/ation of f ho ndorooloinont*. Wo dto it^ 
foaturoH in detail in laUu’ Hoothuifl, 


§12*041i> tduinyp, aj nl Iht? Curifp- /wia/. IVi iitudy ihsf xsf ssim* 

at tho C/iirio point wo luffnt u«o a inoro (uiinploto paryMon fnnotiini Hi'TXJfl 
whioh wo take In tho form 


log K{TXJI ) log KJTXM) Fi l^lcT. 

whoio i'(K) Ib tlio oitorgy of tho oryalal at low U^injasraturw a# « fnn«?tiou 
of V. It is logitiniato to nogloot tho olToot of tlio thorniaj vdimUcui of llto 
lattioo in tho Hrat approximation . 

8inoo p m ^i7’9Jog KfdV, and to a Miiflioionl^ a|i|»roxiiiiiiWo» p^ih and dmm 
A„, doponda on V only througli J and thornffw w« (ind 
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Wlion T>% thoBkoiDgivoii by (» 1 Ji’/ 8 l')«- 0 .nierar.>m 



wlioro K„ is tlio voluiiio oompremibilily. Wo Uuw Bud 
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ihis ohango of volumo as T passes through 2], is of course to Ibe super- 
posed on the ordinary thornial oxi}aiision here negleoted, It appears there- 
fore as ail anomalous variation in the coeflicient a of thermal expansion, 
in fcho region just below the Curie point. Pigs. 61, 62 show the effect on a. 
for nickel and the integrated effect on Sljl for iron, The anomaly must bo 
estimated by extrapolating the curves in a normal manner from above the 
Curio iioint and taking the difference between these extrapolated and the 
observed values. The data are as follows: 

Po* r/’==10tl°K., /Co = 0-6xlO-i^ 2iV/Fo= 8-6x1022, j/ = 3 , a= 8 . 

At 991“IC. ^ = 0-4, 8 F/Fo = 382/Z-3'3x10-«. 



Fig, 01. Tho (Hdorontial liiioar oxpivnslon 
ofFo and Ah sltoM-iiig tho anomaly in 
Fo iioar tlio Ourio point, 



ITig. 62. Tho liuoav thormnl oxpanaion co- 
ortloiontfor Nl, shoiviiig ita variation near 
tlio Ourio point. 


Prom (1414) noglooting the terms in j8 wo thus obtain 



1-7 X 10-1^ 


9J 


-=2-lx 10-^ 


where a is tho distance between nearest neiglibours. Prom 2’ we find also 
zJ=t5'1x 10~^^ and therefore 


Jda 


= 0‘9. 


Nit* 2;,«647“K., /^o==0-6x 10-12, %]Sf 4. x y = U 


At 493^K. £-0-7, dVlV,^mil^^2>7xlO-K 

From these data 

g^«_4.7xl0-«, »J-l-8xlO-i^ 


Jda 


- 0 - 0 .’ 



* BonocUoka, J. Imi and Steel InsHhUe, vol, 80, p. 407 (1014), ' / 

t Colby, Ph^s, Itev. vol. 30, p, 606 (1010), 





^(•06 Kkclrw <tnd Mnifm iii' Su.^n | IS* 041 


i\MHUiniiig iho (loironliK'HN nriln* rlm-w-' ^itniiv )«■» 

oalkul ohnorvotl valu(*M urP.//fW. \Vp ran makii i»mIv a iMUji^k !hr»».r»-tij*i]| 
OHiiinato tliUHi M’lia iurni (j 1 */ lur tin* infnat’hiat «*! nMnnal liii 
atniiiH* Jili a (liHliaudo a ia 


j \ i /,( > 


, . !( I H **l 


wkoro l)ho W„’h araall •>!' (,lu*Majn»? urtli’r ami a,, iw fha ivnlinw •*! flr^l 

orhiUn hy<lrogan. If wi< may tiaa an asiiirf^tMn m 1 fla'^aiar I* am krirr, wmI* 
kotwooii 1 ami iJ, tlmn (a/./)(P.//pM) will hml Mnlia Muily la»i uu^y Imal 
oitJior nigii. 'riiim ilm Ihcm’y Itarfartly wil li (hr* Mkwrv«'^i(l vnha'?». 


§18*fl48. JkUvr ('{dvnhilumH iif l\{\\T,ll) 

It iH jjoHHiljIo imi>rnva tm IlaimnilaM^ga gitmti nf aial llm rr«»«llinj{ 

valuo of lainimilarly Inr Imm iiMnj*ria(TnT^j^., I»> 

Hyatomatioally tho onarglrH ami wava (um-linna uf lla^ rlrrlrMii# 

to an atomic} latticsc}, mtlica' in I !io inanm**- I l .^iL llara np mp 

ooncornofl witli lltr, niciyif of (hv rn/ntul u.h a tvhuU n /wariitMj **/ 

nicfil (tf till (he elvi'ivtui N^n/m, uu( ojf u ftitiyhi ttrefniftt 114 n Jismu isin'si »'»J »f4 

monumla, 

A notation Hoimcwhat diiTia'ant Ircmi fJial nMal jccrt»vi«ai*»Iv ri^n- 

voniontly lio umjiloyml. Wo mmsidor a kUiic’i^ td' S at^mm l» mI wlikli 
oontiibutOH ono olac'ti'on witli a. givam ludtjuo nrldlal wavo (itno'iii**n and 
ii’ooly oi’ioiitatahlo hiiiik Lot tho niimlaa'* of ajijua poiiiUitj^ a^aiiwi il««» lk>ld 
Tl (nogatlvo apiiiH) lac donotod by r, 'i’bo toUl a|dii a I* mu I bf^ Ibid 

ia aa iiaual donotcirl by wi/z/iirr, mo that Sh* ,V 

Tbo atoniH aro ialmllod wiiJi rmmboi-^c I . a A, a„d ^ jtli imgativo 

Binm oaoui ab/,,yi whom 1 </,< . y; A. r\m b a 

BtatG of tho auMomldy im a wholo m|irc«mir<Ml by mio wavn mui' 

symmotrioal in all tho olooti’oiw, wbiolt wo aliall oidl \W*liiill 

aHaiimo that bhoHOi/Pa am all nrtlingonal and nnrmalUrai^ ihom »»lf ilwsia 
in all for all r and 

A ! 

for a givoii valuo of r. 1 r wo iiogloot, all llio a|,|,, „ii,| ..s„|,i,„«,, 

totwoontlai olootnaiM or.linroiaaitntaiua. all Uw*t4, a n.i,r»»l pl«t«.,,r 

aaino onorgy, oi' they aro all H[.lutlon«, tii Uiis irf ».|m't. 

(lingor’H oqiiatitm 

{«(l) + //{18) + 


* Hoitlor Htid Uuiilini, /*«>. nV. 
t niooii, phfHik', v(»i. (II, |(. ma luinii), 
lioim, Iw. c,((,\ ICiiMWin, 7'%. /fn,.. v.il, .| 1 , p, tl| 
ov«tHlf{htH paluttql ,„a Iiy JiisUio. 


(lUJJn laaji, briW«»4i‘i»# 
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This equation has next to bo completed by the interaction terms and becomes 
{//(I) + 7/(2) + ... + n{N) + S F,, - ^} T = 0, (1416) 

8<t 

to be solved approximately by L and T of the form 

(1417) 

The a’s and yj are determined by the usual first order equations 

“ fr) + \rifv“>fr) (S T^,) [E a{ff \...,f;) . ., //)] d<v^0. 

(1418) 

Tliese equations simplify greatly. If the terms of the interaction 
matrix vanish, so tliat wo may confine attention at any time to a oonatant 
value of r. Since each term depends on the coordinates of only two elec-> 
trons, the only terms in the matrix Avliich give a non-zero result are those for 
Avhioh {fi r>'>ff) — {fif>}fr) tlioso foi’ Avliich (/i',.*'>/rO differs from 
{/i>**'>/>) by the intorohange of a single pair of opposite spins. [Interchanges 
of like sinns do not give a noAv value of »//.] The secular equations (1418) 
therefore reduce to sots of equations of constant r of the form 

(^~^)a(A,..,/,)H-S[a(A.,.,/,)- (1419) 

in which Jjj> is the exchange integral for that pair of atoms for Avhioh a 
negative and positive spin have been interchanged between the sets (/) and 
if). A represents an interaction energy (partly Coulombian) Avhioh is 
independent of the number and arrangement of negative spins, and can 
tliereforo be absorbed in and disregarded for the rest of the present 
investigation. Since the exchange integral decreases rapidly with the dis- 
tance apart of the pair of atoms, it is suificient to retain exchanges between 
nearest neighbours, and to assume that has the same value for every 
pair of nearest neighbours, Equations (1419) then reduce to 

~^»(/i)"-Jr) + ‘^S[a(/i,...,/,,)--a(/A.. .,//)], (1420) 

<«£>) 

the summation being for all (/' ) over the nearest neighbours of (/) . Particular 
examples of these equations can easily be written down exj)lioitly. For a 
linear chain and r = 1, for example, Ave have 

-.,a(/i) + J[2a(/i)-a(A+l)-a(/i-l)] = 0 (1421) 

For a linear cliain and f = 2, and provided that /a > A + 1 , 

- ’)«(A.A) + JlMAiA) - »(A + 1.A) -«(A - AA) 

butifA=A+l, -a(AJa+l)-«(/nA-l)] = 0, ......(14^ 

1) + J'[2a(A.A+ l)-«(A-l.A+l)-«(/i,A+2)] = 0.v 

;,,«fi.(1423) 

Suitable boundary or periodicity conditions must also beirappsedvi ■ 

V 3* 


P3M 
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Equations (1421) admit the solution 

(1424) 

for any value of , the corresponding value of t] being givon by 


rj ~ 4: J sin^ . 

(1420) 

Equations (1422) admit the solution 



(1420) 

for any k^, k^, the corresponding value of t) being givon by 


r}~4:J (sin^ + sin^l-Ka). 

(1427) 

Eor r negative spins the main equations analogous to (1422) again admit tlio 

solution ^ ^ ^ ..-I'Wa/a) , 

(1428) 

for any values of /cj , . . . , /cg with 


— 4/^ S sin2^K,.j . 

(1420) 


If we now impose a periodicity condition on that it siiall repeat 

itself when any/ is increased by N, then 

K, = 27TkJN (/c, = 0,l,...,I^-l). ......(1430) 

In order to complete the solution it is necessary to make the «(/ij.../r) 
satisfy also the conditions (1423). This can bo done for 2 by talcing Hidt- 
able linear combinations of tlie four possible solutions 

eUxih+Kzh)^ ^ 

all of which correspond to the same value of r), and similarly for goiioral 
values of r. When this is done it is found that tlio periodicity conditions ai'O 
no longer exactly (1430). Wo can now say that the exact energy is givon by 
the equation ^ 

7, = 4/ (1431) 

V-l 

in which the are not strictly integers, but determined by certain com- 
plicated phase relations, It can be shown liowovor that the smaller ky aro 
very close to the simple integral values given by (1430), 

The number of distinct states apparently given by (1428) and (1480) for 
given r is (iV^ + r- l)!/rl (W- 1)!, The correct number is smaller, being of 
course W!/r! (W-r)!. It has been shown however by Betho that (1431) may 
be used to give the correct numbers and energies of the states for small 
spin wave numbers and values of r which are not too largo, 

The generalization to lattices in two and three diinonsions is easy. \Vo 
shall consider only a simple cubical array {N = G^) in which the atoms aro 
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iabolled with the numbora (/,{/, A)* nearest neiglibours to {f^g^h) are 

(/± (/jS'i l>/0 {f>9yh± 1). Ill place of (1424) we now have 

with a corresjioncling energy 

Tj “ 4 / (sin® li<i + sin® -h sin ® . (1432) 

Tile periodicity conditions are now 

K,==27rkJQ, K^27rlJG, fj,,^27TmJO, (1433) ’ 

whore the /c,,, ly, rriy may bo assumed to bo nearly integers when small. The 
general energy value replacing (1431) is 

7}=:4J’ S ^sin®“ + sin®~+sin®^^^j (1434) 

Tor small values of /c^, lyy rriy for which alone (1432) is reliable wo may write 

ri^B i i V (i?-47/V/G'®) (143C) 


This approximation will be valid for the least spin onorgios when «/> 0. 
Strictly speaking our approximations can hold only for small r. When 
r >|^iVand especially Avhon r is nearly equal to B wo obtain an exactly 
similar sot of states in terms of the few positive stains j but those can bo 


omitted,* 

Wo can now forjn the partition function for the orientational energy in a 
field U to the approximation which uses (1435) for p, the total, energy of a 
state being and all possible distinct sots of integers ly, niy 

(0 < hy yly,my^Q-l) for the number of states. This onumoration is therefore 
the same as if the spin waves wore particles with momentum comimnents 
{kyylyyiny) obeying the Einstoin-Boso statistics, We luivo at once 


\N a-i 
}‘»o 0 


-( 


2r/i„r/H yy 2 i-v 
1 


j J{T 


If we assume that B>0 the terms for largo r Avill bo unimportant at low 
temperatures; it is then easy to show hy rO“OXX)ansion that Km is olTootivoly 


given by 




log If 


l()g{l 


* Epatoin, loc, cil, lias (liaousaecl in tlotall fcho cfTool of iiioliuling tlioao ooniplomoilfcftry torma for 
11 a=0, wlioii Uloy make a oonsklorablo tlifTorcnco to tiio a 2 )pai'ont fonu of tho I'oaiilts. Sitioo liow* 
oVor tlio jiliyeically iinportaiiit rosiilb is foraiiiall iion-ssoro li ov fjt , thoso rofluomonta will not bo 
oonakloi'od lioro, if — ^ 0 
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This summation can be replaced hy an integral and 1 tlio upper 

limit of this integral can be taken to be infinity. '.riiiiH 

log K ,„ = - to f “l og{ 1 - ( 1437 ) 

iCJ. J 0 


This integral, of a type already familiar to us, can bo ovaluatod us a aories 
in. a convenient form. If we substitute BL^jkT^x and use (14-35), wo lind 

Ar.. XT 


logif,„«= 


N^j^H 

~hT 27rV^' 


■ J log{l — x^dx. 


If we expand the logarithm and integrate term by term, U'O find 

Q^l(2n^^U|kr) 


It follows at once that 


that 

a// F r ■ ? 


(1438) 






,..(1430) 


Similar results can be obtained for other three “dimensional lattioofl. 

Wh6nff->0 7^^fe|l-0.Z32e(-^)*|, (LUO) 

or 

This represents the ferromagnotio state sinoe wo have already assuinod that 
J^kT. Thus a simple three-dimensional oubio array (and similarly any 
other cubic arrays) give ferromagnetism at suffioiontly low tomporafciiros 
provided J > 0. If we attempt to do the same calculations for linear or aqiiaro 
arrays, the only essential dlfforonoo is that we have the factors Jb® and L 
respectively in the integrand of (1437) in place of Z®. This leads to faotora 
and t in place of in the denominators of the series terms in (1430). 
The series then does not converge for //es 0 and 1 does not remain oonipar" 
able with Niij^ when //-> 0, This means that there are a largo numb or of 
negative spins in the equilibrium state in this limit and our approximahioiia 
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do not apply. This breakdown must obviously be interpreted as meaning 
that such arrays, ^vhile strongly paramagnetic, are not ferromagnetic. 
They are however only of theoretical interest. 

3?igs. 63 compare observations of the magnetization as a funotion of T 
with the various approximate forms of the theory here developed. Figs. 
63 a, b compare the J’^-law for very low temperatures with the observations* 
for Fe and Ni. It will bo seen that ^ ^ ^ ^ ^ 

the observations conform accurately 
to the theory. By comparing them ^ ^ 

also with the form ^ = ( 1 — a Weiss ' ^ 

has shown that the T^-law gives ' 

an appreciably bettor fit. Fig, 63 c • 6 - , 

compares the general trend of the - o- nickel- b loch" *''*'’** ^" 
observed values of ^ with the thoo- . 4 .- 

retioal values given by eciuations _ +- iron -curie \ 

-1 /, I. 1 1‘ ! p- MAOMETITE- WEISS J 

(1402) and (1403) for y — l which ■- pyrrhotite-zieoler 

reduce, omitting to _ 3 

2 a; ^/3C, ^ = tanhft;. . , ■ . . ... . _! lJ 

The theoretical curve for ?/=2 lies o*i* 2 * 3 M^* 6*7 a* 9 io 
slightly lower. We know that no VTc 


• - NICKEL-WEISfi &, FOBRER 
0- NICKEL- BLOCH 
^-COBALT-BLOCH 
X- iron - HEGQ 
+ - IRON -CURIE 
P- MAOHETITE- WEISS 

*- pyrrhotite-zieoler 


I 3 M *6 *6 *7 

VTc 


funotion of this typo can give the Vig. 03 c.Thoobsorvod variation of ^aa a funotion 
j c ^ . m of aVS'fl and t]io tlioorotioal variation for tlio 

oomot form near 2' = 0, but for 
medium values and values near the 

Curie point the general fit with the observations is oxeellent using y^l 
or 2. 


§12*95, Phenomena of holomagnetization. The “6Zoc/o” slmictuve of a 
ferromagnetic specimen* As we saw in § 12' 94 the phenomena of the Curie 
point load us to the view that forromagnotios, oven single crystals of a ferro- 
magnetic, are always naturally micromagnetized to an intensity dopendhig 
on the temperature, but practically independent of magnotio fields or of 
holomagnotization. Tliis magnetization would bo adequately dosoribed by 
the Weiss -Heisenberg theory already given if the oaloulations of if,,, could 
be completed. In the following sections wo shall suppose that wo are in 
possession of such an idealized oomplotod theory, "which however ignores 
the magnotio energy terms themselves except HIV' There aro however 
such energy terms arising from the interactions of the magnotio ^poles 
(a -5 interactions) and from the interactions of the spins and their . own 
atomio orbits if-s inter aotions). These are all of the nature of aeoond order 
oorreotions and only their form oan be predicted accurately; But, with the 

♦ Woies, vol. .108, pt4803.(‘1084)k', 
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help of terms of the proper form and the expected order of magnitude the 
complicated phenomena associated with the passage from the micro- to the 
holo-magnetized state in single crystals can be satisfactorily explained, 
together with liner details of the holomagnetized state itself. It is essential 
to discuss observational material on single crystals. The effects in poly- 
crystalline specimens can easily be understood in terms of the properties of 
single crystals. 

Much important information has been obtained by comparing the curves 
of magnetization against effective magnetic field for the (100), (110) and 
(111) directions in the cubic crystals of Fe and Ni and along and across the 
hexagonal axis in Co. These curves are shown, and their form accounted 
for in detail in §§ 12-963-12-966. For the present it is sufficient to note that 
they show that there is a direction of easy magnetization ‘in each crystal, 
(100) in Fe, (111) in Ni or the hexagonal* axis in Co. Magnetization is of 
course equally easy along any of the directions orystallographically equi- 
valent to these. We shall therefore assume that in the mioromagnetized 
state the elementary magnetized elements or blocks are magnetized in one 
or other of the easy directions, but with random arrangements among the 
different easy directions so that the resultant magnetization is zero. This 
model probably involves small closed circuits of magnetic flux in the crystal. 
Holomagnetization in the easy direction will then only involve changes of 
magnetization of the blocks from one easy direction to another, which might 
ideally be supposed to be able to take place reversibly in vanishingly small 
applied magnetic fields, requiring in the ideal limit, reached perhaps in the 
ideal perfect crystal, no expenditure of energy and involving no hysteresis 
loss. This idealized model, which we shall adoj^t, would not be permissible 
if it had to bo striotl 3 »^ interpreted. For directions of easy magnetization are 
necessarily separated by harder directions on any path and weak fields 
could not be sufficient to pull the magnetization round. A truer version of 
the theory has been given by Bloohf who points out that the individual 
blocks are not permanent units whose magnetism must be turned as a whole 
but that the holomagnetization really grows by the blocks magnetized in 
the required direction eating up their wrongly orientated neighbours. 

Though these autophagous blocks give the more correct picture, the model 
of distinct permanent blocks, with magnetization freely switohable from 
one easy direction to another, is a sufficiently good approximation to use in 
the analysis at the present stage. We shall use this model neglecting the 
effects of the fields of the surrounding blocks on each individual block, 

* Below 260'* 0. Between this temperature end the transition point, the basal plane is an easy 
plane' of magnetization. 

t Blooh, ZeiLf. Phjsih, vol. 74, p. 296 (1932). 
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oxcopt in so far as tins is taken care of in the mean by classical theory in 
spooifying the efTeotivo magnetic force B; as wo consider here only a part 
of tlio magnetic substanco F is no longer equal to Id. As shown in § 12*11 
wo have B = I:I -f ‘hrrl, or more accurately F — H' + ^ttI, when H' and I are 
not Jiccossarily parallel, I being here the natural magnetization of a 
mioroeloinont doponding only on the tomperatnro. lint wo can ignore the 
term ^Ig since it loads only to energy terms indej)endent to the present 
approximation of all the variables, such as degree or direction of holo- 
magnotization, in whioh wo shall bo interested. We shall assume further 
that H' is constant in spite of the block struoturo, when the speoimen is so 
cut that H' would bo constant in gomiinely uniforin isotropic matoriaL In. 
thatoaBcwoha™ = (14«) 

wliero y is the domagnotizing coolhoient depending on the geometry of the 
speoimen and Ij^ is the holomagnotization. 


§12*951, The "dii^ole'' and ''quadrijioW e^iergy of magnelizaiion. Let 
us oonsidor next how the energy of a microolemont or a large scale speoimen 
holomagnotizod to saturation mil depend on the direction cosines I, m, n 
of magnetization in a oubio orystah Ifor simplicity wo oan consider only 
absoluto saturation oorresponcling strictly to zero tomj)BmturG. Since this 
extra energy must have the symmetry of the cube and be of oven order, it 
oan only bo of the form 

A ' '1- + n^) -I- B' -h -i- G’ -t- -h nW) 

phis higher order terms. Since 1, this reduces to irrelevant 

constants and a term B{l*+m^+n^). (1442) 

To make sure of the origm of this term is a quantum problem, which we 
cannot discuss hero. It was first proposed as a quadripole effect by Maha- 
jani* and is generally referred to as the quadripole energy. It is now hold to 
arise from the {l~s) intoraotions.f 

In the absence of an external field the only energy terms depending on 
direction are just (M42), whioh must be a minimum subject to -h -p = 1 
for the directions of natural (i.e. easy) magnetization . By the usual methods 
wo find therefore that if i?> 0 the minimum valuo of (M42) ooours in the 
direction (111) and the maximum in (100) (and oquivalont direotions in 
each ease), while if JS<0 the minimum is along (100) and the maximum 
along (1.11). Those directions will agree with the facts if 

Ni, i3>0; I?o, ./i<0. 

* Mftliajanl, Phil. Trans, A, vol. 228, p. 03 (1029). 

f Powoll, 2*roc, Roy, 8oc, A, vol. 130, p. 812 (1080)} Blooli and Qontllo, Zcii,/, Physikj vol. 70, 
p. 396(1031). 
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III the close packed hexagonal lattice of Co the quadratic terms iiiUBt ho 
of the form (A^'^A^!), (1443) 

the quadripole terms must also from the symmetry dojiond only on and 
They therefore reduce effectively to A'*l^> The terms of impor banco 
may therefore be taken to be of the form 

Al^^A'l\ (14.d4) 

where I is the cosine of the angle between the direction of magnetization and 
the hexagonal axis. If as turns out to be the case A and A' have tho same 
sign, this is a minimum for Z = I when 4 < 0, which agrees witli tho facts, 
since the easy directions are along the hexagonal axis for Co. Since the 
magnetic energy of a set of magnetic dipoles with this symmetry must bo 
of the form (ld43), these terms are commonly known as the dipoh energy, 

§12*952. Oonecied partition fimctions for microelements, and holo- 
magnetized systems, or for collections of microelements. To a mioroGlomont 
naturally magnetized to saturation, or to a large scale speoiinon holo- 
magnetized by a suitable external field, wo may apply Hoisonborg’s tlioory, 
equations (ld01)'-(1404). For a microelement the offoctivo field E innst bo 
used. This will differ from the pipe -force li' by terms duo to tho local 
magnetization. So far as these terms are due to the magnetization of tlio 
microelement in question they do not affect tho offeotivo external field 
acting on the element. We shall therefore in tho following sections -Tiidiioh 
are largely concerned with microelements use IT as tho best available first 
approximation to the true T, 

The magnetization ^ determined by (1401)-{1404) is effectively inclopon- 
dent of if' and therefore of a. For present purposes ivo onii negloot the terms 
in We then have the simplified equations 

log = 2^’[log{e**' + . . . -h e-«y] - y^x -H i^yi% 

where a; and ^ are determined by dKJdx^dKJd^ = 0, or 

2x^Bt I ~ ^ + ♦■• + (-?/) 

yL e®*' -I- 

This i:„i(KT,0) IS an approximate evaluation of a partition funotion, with 
all the properties of these functions , 

Thus evaluated alf magnetio energy terms have been systematica] ly 

^ inserted. If A, p., v are tho dirootion cosines 

of the magnetic pipe-force IT, then there is a directional energy term 

-II'IV{Xl+fxm+m) (1447) 

due to tlie orientation^ the “magnet” of strength / per unit volume la tho 
magnetic field. There is also an energy term 

F£(7)(i‘+m‘+»i) [VA{I)P+rA'{I)l'^] ..„,.(W 48 ) 


-1 = %(2®) (1440) 
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depending on the direction of magnetization relative to the axes of the 
crystal, taken to coincide with the axes of coordinates. 

These towns should bo added to the energy terms in the original partition 
function before the approximate summation, but since the whole olfeotive 
contribution comes from states indistinguishable from the equilibrium 
state, and since the extra energy terms are small compared with the main 
(exchange) energies, wo can insert (the equilibrium valuo) for I in (1447) 
and (1448) and treat those terms as extra constant factors during the 
evaluation. We thus got the corrected (partial) partition function 

log = log /f,„(KT,0) 

+ + vii) - -h w^) (1449) 

Tliis is still not a true partition function, for while K and can be speci- 
fied by tlio external conditions Z, m, n should be deduciblo from them. 
Strictly (1449) multiplied by doy specifies the contribution to the true x>ar- 
tition function made by those states for which lies in dco with a mean 


direction (l,m^n). The complete x)artition function is 

/(:„ *(IWH') = (1«0) 

and the equilibrium values of {l,myn) should bo determined in the usual way 
by equations of tho typo 

lK„*=jlKJV.T,'B-',l,m,n)dw. (1‘iBl) 

But since oven a mioroelomont is a system very largo on tho atomic scale 


H'lJjkT (//'4=0) and 7B(/J//tf2’ will both bo very largo indeed, so that 
the whole contribution to tho integrals in (1460) and (1461) comes from 
values of [lyiUyn) which make 

//%T'"(A?H-/awH-r?t)--77i(/«)(/M-m^-h^^) (bi62) 

a maximum, subject to (141)3) 

It is therefore only necessary to maximize (1449) as it stands for ■(?,?», w) 
subject to /^-|-w^ + n^ = l. The ])ormissiblo values of (i,?w,7i) are therefore 
roots of tho equations (1464) 

//'.4/A-47im»-hAm = 0, ....,.(1466) 

//'/sV---4W + A?i=0, (1460) 

where A is the undetermined multqdier. We thus obtain all tho properties 
that we require for microelements or completely holomagnetizcd erystals. 

Incompletely holomagnetized crystals are oolledtlons Of fnioro- 
elements each of which can bo regarded as a supertuoloCtde whb'Se partition 
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function for its internal states is approximately when the 

direction of its magnetization is specified. Let the various permissible roots 
or groups of roots of equations (1464)~(1466) be labelled with a suffix i, and 
let bo the number of elements whose direction of magnetization is given 
by the M root. Then = the total number of microelements. It 
will be convenient not to enumerate all the roots singly, but to group to- 
gether all the roots, Wi in number, which yield equal values of K,n, which 
we shall denote by Then the partition function for the N mioro- 
elements is 


This can bo used exactly as an ordinary partition function if the N/s are 
fixed. But if, as is generally the case, theiV/s may have any values subject to 
and their average values are the quantities to be determined, then 
the complete partition function is 


= (1458) 

iN{) 

The average values ^ ai‘e determined exactly as in § 2*3. We find at once 

( 1409 ) 

Now for moderate values of H' the magnetic terms that differentiate the 
are all largo compared with JcT even for a microelement. It follows 
therefore from equation (1469) that all the N/a are effectively zero except 
those corresponding to the greatest value of the magnetic terms. If there 
^ several values of corresponding to this greatest value, then the 

for each such set taken separately will be equal. This conclusion holds 
a fortiori for larger values of IE. 

For H' =! 0 on the other hand the magnetic terras correspond to the varmiis 
easy directions of magnetization and are all equal. Equal numbers of 
microelements will therefore according to (1469) be found orientated in 
each easy direction with zero resultant holomagnetization. This is in full 
agreement with the requirements already laid down for our model in 
§ 12-96. But the equations we have so far setup do not enable us in practice 
to trace the transition from IE = 0 to moderate values of IF. For very small 
values of H' neglected magnetic energies arising from interblock interactions 
are comparable with the differences between the magnetic energies in the 
various\K’„/^>, and the whole argument breaks down. Wo shall see that this 
transition corresponds to the early part of the magnetization curve below 
the “knee a part which is ideally almost vertical. From the point of view 
here adopted we may fairly regard the holomagnetization in this region as 
indeterminate, But the properties of such states can be discussed by 
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specifying tlie holomagnotization and determining the Ni subject to this 
extra condition; all the magnetic energy terms can be neglected. 

To formulate this now condition, let be the cosine of the angle between 
and the direction of holomagnotization Ifi . Then 

It is assumed for simi)licity that the microelements are all of the same size F. 
In place of (1468) we now have 


/ c *- S 74 , 

w 

subject to S^iVf=JV, = 

By the usual processes wo therefore find 


J v>+ •••)". am 

(1461) 


(1462) 


and 

where ^ is determined as the root of the equation 

WiyjXYiKJ^'^ + W^y^xY^KJ^'^ + . . . ^ 4 

WiXYtKJ^^ -1- TOjjajya/4(2) ' 

Since to our approximation the are all equal, these equations simplify 

(1463) 

where ^ is the root of 

gi » gr !± g » y ^» !!;±.-'-=^=8 ( i 46 . i ) 

WiXYi H' w^xYi -I- ... 4 ' 

Similar simple considerations apjdy to non-oubio crystals such as Co, in 
which there are only two directions of easy piagnotization, ?=•- ± 1. In i)laoe 
of (1462) and (1463) wo have to make 

IPJ,V{M+pm^^ m) - VA{I,) P~ VA'{I,) (1466) 

a maximum subject to 1. This gives the equations 

iri,X - (2il + A) ? 4.d7“ == 0, ( 1466) 

«.0, (1487) 

B'J.v-An =0. (1408) 


Wo emi)hasiz6 once again that the IV of all those formulae should strictly 
bo the effective magnetic force J’, but that the differenoo is hero unimportant 
and that IP is related to B the external field applied to the specimen by 
(1441). 

§12*96. The demalion effect in non-oubio crystals, in pmiioular Go. 
When a single crystal of a ferromagnetic is liolomagnetized to saturation by 
a sufficient field it is found that except for particular directions of the field 
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the direction of magnetization and the direction of the field do not coincide, 
This phenomenon is called the deviation effect and is simply explained by tho 
existence of the dipole and qiiadriijole energy terms of the preceding section. 
The more complicated effect in cubic crystals is similarly treated in the 
next section. 

To the required aj)proximation everything is symmetrical about tho 
hexagonal axis. We can therefore suppose that ^ = 72. — 0, and confine tho 
vectors H' and to the {x,y) plane. Eliminating A from (1466) and (14G7) 
we find 

y. A /I' ,1 A 

.(1469) 


%A 

nr 


72 — A 

nr m r 


250 


If H' makes an angle ^ with the hexagonal axis and an angle i/j, tho 
deviation A = ^ ~ i/( is given by 

smA= -“I^sin2^ + ^ j|psin4i/». (1470) 

If A < 0 then A > 0 when t// is in the first quadrant, so that H' deviates more 
than from the hexagonal 
axis, which is, for ^<0, the qqJ 
direction of easy magnetiza- 
tion; H as it were drags Ig re- 
luctantly away from the easy 
direction. Formula (1470) gives 1 

an excellent representation of * ^ ' ' 

the observations* if 
' — A,=!4‘14x lO^ 

’ ^A.' = l-01xl0®. 

Pig. 64. The normal oompononfc of magnetization for ft eingle 
The theoretical curve for A oryetal of Co in a held II' of 001 C gauss, as n fiinotion of 
is compared with ICaya’sf oh- inclination (^) of fr to tlio hexagonal axis of tho crystal, 

servations in Fig. 64. The curve shows J,^=JgSinA or the component of 
Ig normal to //' for a field H* of 9016 gauss. 
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§ 13*961. The deviation effect in the cubic cvyataU of Fe and Ni. In cubic 
crystals there is no significant dipolo term, but a significant quadripole energy. 
In moderate fields sufficient to holomagnetize the orystals, the directions of 
H' and Ig again do not in general ooinoide. According to the discussion of 
§ 12* 963 the directions of natural magnetization in zero field (easy direc- 
tions) are those that mcXio + a maximum, that is the 0 

directions (±100), (0±10), (00 ±1) when .5<0 (as for Fe), or the 8 
directions ( ± I ± 1 ± 1) when J5 > 0 (as for Ni). 

* Qans and Czorlinsky, Ann, d. Physih, vol. 10, p. 626 (1933). 
t Kaya, vol. 17, p. 1106 (1928). 
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Wo have to solve the equations (1464), (1466) and ( 1 46 0) for the root which 
makes (1462) a maximum, for sufficiently largo values of IT, The general 
solution would bo complicated and we confine attention to special cases, 
supposing that the observations are made on si^eciinens so cut that the 
demagnetizing terms have the ijroper symmetry, 

Case (i). H' lies in a cnbic face so that v = 0, the specimen being cut so that 
this plane is a plane of symmetry. 

If V = 0 there are a priori three possible values of n, but the non-zero 
values are irrelevant to our problem, since the piano v = 0 is a plane of 
symmetry. Prom the remaining equations 

iBm^'-ITLu, „ .. 

I m 


which leads to sin A = sin(^ — i/;) = — ^jj sin 4^. .(1471) 

The values of B required for different specimens are somewhat variable, but 
for any one specimen excellent agreement is found between (1471) and the 



iPig. 05 ft. Tho oomponont of magnotizntion nonnal to TV FigiOS&.Tliocoinponoiitofinagnotlm- 
iu tho (001) piano of a single crystal of l<’o as a function tion normal to //' in tho (001) piano 

of tho tlirootion of tho rosxiltaut magnotization, of a ainglo crystal of N1 as a funoticm 

of tlio dirootion 0 of tho rosultant 
magnotizatlon. 

observations. Pigs. 66 ft, 6* show the agreement for /i=/,sinA for speci- 
mens of Pe and Ni with (Pe) jS = — 2'39 x 10®, (Ni) ^ — ?'9 x 10*. The veoto^ 
H' is again always farther than Ig from the nearest easy dhootion of magne - 
tization (cube edge, Pe, JS < 0; cube diagonal, Ni, B > 0). 

* Gans and Czerlinslty, loo, oil,', ohsorvatlon of Honda and Kaya, Boi, Iio'porUT6hoku,,'Vo\, 15, 
p, 721 (1020), Similar results aro givon for ffo by tho obsorvatlons.of Proo, Ro}l* Boo, A, 

vol. 107, p. 604(1926). 7" '-. 
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Case (ii). = v, H' being normal to a face diagonal. The specimen is so cut 

that the plane (01 ~ 1) ts a plane of symmetry. This plane contains the (lOO), 
(111) and (Oil) directions , 

Since fx = v, m~nis a possible root and the only relevant one from the 
symmetry. Thus ^ ^ 

Z, w, = cos j/f, ^sini/', -^sin^, 

A,/i, r = cos 96 , ^sin^, 


where ^ and ijj are again the angles between H' and and the (100) axis. 
Equations (1464)-(1466) then lead to 

sin A = 8in(0 — 1 /() = sin2^{3 oos^^— 1} ..(1472) 



]?ig. 08, Tho observed and thooi'otioal vnhios of ain A for the (1 - 10) 
piano of a single crystal of Ni. 


Here again H' is always farther than I^from the nearest easy direction. Fig. 00 
shows* the observed and theoretical values of sin A for Ni for /f ' = 296 gauss , 
The agreement is good except between the (111) and (110) directions 
where it is only fair. By including the next possible term in the magnetiza- 
tion energy of the form B'lVn^ Gans and Czerlinskyf have obtained good 
agreement over the whole range. The extra term leaves the (001) plane 
deviations unaffected. 

Case (hi). There is a plane of symmetry nomal to the trigonal (111) axis; 
if H' lies in this plane, X+fx + v — O. In a specimen cut so that this j^lane is a 
plane of symmetry one would expect to obey tlie same symmetry con- 
dition which requires l + m + n^O, but this does not satisfy the equations 
(1464)-(1466) since in general S does not vanish with S I, The observations 

* Powell, Proc, Poy, Soc, A, vol. 130, p. 167 (1931). 
t Gans and Czerlinslcy, loc, cU, 
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appear to show that the symmetry condition keeps control; subject to this 
extra oondition we should obtain the equilibrium state by maximizing 

+ im, + vn) - 4- {X + ix + v~ 0) 

subject to = 1 , i + >)n + n = 0. 

The conditions are — + HI^X + AI + M~0 

and two similar equations, Eliminating A and M from these, we find 



^3 ^3 ^3 


X 11 V 


1 m n 


1 m n 


1 1 1 


1 1 1 


Tlie coelfioiont of B has {l-\-ni + n) as a factor and so vanishes. Therefore 
A r = 0, Z "h w “t ~ 0, A 4~ ja "1~ r = 0, 

I m n 
1 1 1 

so that //A = mjfx = njv or Ig is parallel to H' . This agrees with the facts except 
for very small fields and even then the observed deviations are small 
compared with those of cases (i) and (ii). 


§ 12*962. The two stages of magnetization. As we have already mentioned, 
magnetization curves of single crystals shoAV clearly two distinoh stages. 



IHg. 07. Obsoi'vcd inagjiotlzaliioa curves for Ifig, 08, Obsorvocl itiaguofci/aHoii ourvoa for a 
a siiiglo crystal of Po. singlo crystal of Ni, 

These stages are hero shown in Tigs, 07, 08 and 09 for Ee, Ni and Co resi)eo- 
lively.* Stage one is a rapid (ideally infinitely raifid) increase of magnetiza- 

* Po, Nl, Wpbfltor, Proc. Phy$. Soo, London, vol, 'J2, p. 431 {1980); Co, Gaiis and Ozorlinslty, 
Ann, d. Phy&ih, vol. 10, p. 025 (1033), 'I'lio observed points for cobalt arc from Kaya^ 8c,i, Pej), 
T6hoU, vol. 17, p. 1106 (1028). > 
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tion in veiy weak fields, np to a certain maximum value. If tlie direction of 
holomagnetization is one of the easy directions for a microelement, then this 
maximum value is complete saturation. It should correspond according to 
our theory to a state in which all the micro- 
elements are orientated in groups along the 
directions of easy magnetization nearest to the 
direction of holomagnetization, the groups being 
so arranged that the resultant holomagnetization 
is in the desired direction. The maximum values 
attainable in this way in the important special 
oases are as detailed below, in excellent agreement 
with the ohserrations. At the proper point a 

conspicuous bend or laiee occurs in the magnetiza- values of tho magnotlaatlon 
tion curve. ^ ciyatal of Co. 

Co. Emg directions: Hexagonal axis ( + ). For holomagnetization normal 
to the hexagonal axis the knee occurs at 0. 

Fe. Easy directions (100), etc. For holomagnetization along (111) tho 
nearest easy directions are (100), (010) and (001) and the knee occurs at 

= along (110) the nearest easy directions are (100) and (010) and 
the knee occurs at 

Ni. Easy directions (111). For holomagnetization along (100) tho 
nearest easy directions are (1±1±1) and the knee occurs at 4 = 
along (110) the nearest easy direotions are (11 + 1) and the knee occurs at 
■ 

These results are all immediate consequences of the second part of the 
theory expounded in § 12>9S2. 

After this loiee the second stage of holomagnetization sets in; a stage in 
which a gradually increasing field H' pulls the direction of magnetization 
of each microelement away from an easy direction to the direction of the 
resultant holomagnetization. In the foregoing sections in discussing the 
deviation effect we have not troubled to consider whether the stationary 
values used correspond to true maxima. This is not necessary for tho 
strongish fields concerned, for it is obvious that the correct roots must make 
the deviation tend to zero as H'-^co, But this investigation no longer 
applies in weaker fields when the direction of is deviating gradually from 
an easy direction. The formulae giving A as a function of ^ are unique, but 
the root of ^ as a function of (j) must be chosen differently. In the followmg 
sections the complicated phenomena that can occur will be sufficiently 
illustrated by tho discussion of important special oases. It will be assumed 
throughout that all the microelements are subject only to the effective 
magnetic force F which need not be distinguished from the pipe-force H', 
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§13*963. Magnetization of Co normal to the hexagonal axis. There is no 
stage one magnetisiation. Stage two starts from 7^^ = 0 with equal niimbors of 
mioroblooks orientated ± along the hexagonal axis. Subject to the inagnetio 
force li' normal to this axis, the magnetization of each will deviate tlu’ough 
an angle ifj, siioh that J/i/J^ — sin ijj, Apihying equation (1470) with c^ — ■^tt, 
we find . . , , . / 

I A. ‘{‘JL . n ; 1 -d , , 

cos i// = - 3 TW' 

and since tjj must vanish with //, the cosi/; factor is irrelevant and the 
required root is given by 

^ — sin ijj, Ijr=^~-2A sin ifj — 4d ' sin^ ijj (1473) 

The good general agreement between (1473) and the observations is shown 
in Fig. 69. Complete saturation sliould bo achieved when 
H' = - {2A + 4A')/7,- 8600 g. 


§ 13*964. The magnetization curves of Fe, (7J < 0.) 

Case (i). Magnetization along the (110) direction in the (001) 2 dane. At the 
end of stage one, half the microelements are magnetized along (100) and 
the other half along (010), in a negligible external field. The mioroelomonts 
are now all subjected to a force IT along (110) which will affeot them all 
similarly. 3?hoir magnetizations will all bo deflected towards 77' through the 
angle i//, where «/; is the projoor root of the equation (1471), which here takes 
the form _ „ 

8 in(| 7 r - «//) - ~ sin 4./> (0 - 0, 77' = 0), (1474) 

and at the same time cos ( Jtt — i/f ) =* 7/^/7^ . (1476) 


The (7;p77') relationship is simplified by writing |7 t - 1 /; = e. Then 

4 . --77 . , 

y = cos e, sm e = yyp 
J.Q 


from which the proper root is given by 



w 


(1470) 


The factor sin e = 0 gives only a minimum of ( 1452), Complete saturation is 
reached for 77' — 4j5/7g, and the magnetization curve joins the line 

7ft =7^ at an acute angle, (97ft/977)j=: ^7g/7/g , This curve is hi excellent agree- 
ment with the measurements of Honda, Mosumoto and Kaya, shown in 
Fig. 69'i.* 

* Bitter, Phys, Pev, vol. 30, p, 337 (1032) $ Honda, ofco,, Sci, Pcporis T6}ioht, vol. 17, p. Ill (1028), 
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Case (ii). Magnetization along (111) direction. At the end of stage one 
magnetization one third of the mioroelements are magnetized along (100), 
one third along (010) and one third along (001). The microelements are now 
all subjected to a force along (111), which again affects them all alike; 
their magnetization is deflected towards through the angle ^ in the 
relevant plane of type (011). Equation (1472) applies and here becomes 

i 

8in(a~^) = -^7jSin2^{3cos^^— 1} |^oos« = 
with cos (a — 0) = IjJI^ , 



!Fjg. 09‘1. Thoorotioal inagnotiaation curves and observed intignotizatlons for tUo 
(110) and (111) directions in a single crystal of To as a function of H\ 

Writing a - ^ = e, these equations become 

8mej^cose-cos(4«“ 3e)“^^^J = 0 ^cose = y| (1477) 

Eor values of B' < - the factor in [ ] has one root which is the 

required maximum of (1462), and sin e = 0 gives a minimum. Eor values of 
B such that — <B' <,— {2'^^) Bjl^ the factor in [ ] gives two roots of 

which the lesser value of cos e gives a maximlim and the other a minimum, 
while sin e = 0 gives a maximum , For ir> — (2* 96) , sin e = 0 is the only 

root. The complete curve is shown in Fig. 69* 1 . If we assume that equilibrium 
corresponds always to the greater maximum of (1462), the magnetization 
curve is as shown by the continuously drawn curve in the figure, the final 
step being discontinuous at about 

-( 2 * 9 ) 15 / 1 , = //;. . , ' . . 
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This curve is also in excellent agreement with the measurements, though 
naturally these do not roj)roduoe the discontinuity of the idealized theory. 
This part of the curve is much altered by including the term 

§13*966. The magnetization curves for Ni. {B>0.) 

. Case (i). Magnetization along the (100) direction. At the end of stage one 
one quarter of the mioroolements will be orientated along each of the four 
easy directions (1 ± 1 + 1) in a negligible external field. The microelements 
are now all subjected to IT along (100), wliioh affects them all similarly by 
deflecting their magnetizations towards IT in the (110) or similar plane 
through an angle e. Equation (1472) applies with = 0 in tlio form 

sin( — 0) sin 2^/(3 cos^ tjj—l}. (1478) 

The factor sini/y is irrelevant and cos 1/^3 when IT^O. Moreover 
cos ifj = If Jig . Therefore 
T-i'T T ( r 3 \ 

The deviation vanishes and 
saturation is reached when 

and at this point (0/ (dll)a 4= 0. 

This theoretical magnetiza- 
tion curve is in fair agree- 
ment with the observations 
as shown in Eig. C9*2. 

Case (ii). Magnetization 
along the (110) direction. At 
the end of stage one mag- 
netization one half of th6 
microelemonts will bo orien- 
tated along each of the two 
easy directions (11 ±1) in a 
negligible external field, fl-'lie 
microelements are now all 
subjected to IT along (110) magiiofclaationB fortUo (lil), (nO)and{100)dU’ootIonsinft 
and equation (1472) again alnglo Oiyatal of Ni aa a ftmatlon of//'. 

applies but now with ^ = and — Itt— e, where c is the angle between 

and (110), so that cose — f/i/ia. Thus 

~B . ' >■ 

sine=-y^sin2e{3 sin®e — 1} (//' » 0, oos e )» ' 

33-3 
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and the sine factor is irrelevant. Therefore 


X 




(1480) 


Saturation is reached when H' = — ^Bjl^ and at that point (9J/9/i)^=t= 0. 

There is again fan- agreement with the observations as shown in Fig. 00-2. 


§12-97, Magnetostriction in cubic crystals as a function of magnetization. 
Dm’ing stage one magnetization the microelomonts are merely ttirning 
round. This could cause no change of shape of the body in bulk if a inioro- 
element (or other body magnetized to saturation) were of true cubic struc- 
ture. But if the unmagnetized state is a perfect cube the magnotizod state 
need not be, and in fact is not, and the change of shape will depend on how 
the microelements are arranged for given 4 • These arrangoments can bo 
derived at once from the formulae of § 12-952. During stage tAVO magnobiza- 
tion other changes of shape can occur due to the distortion accompanying 
the diversion of the dnections of magnetization from easy direotioim. Suoli 
changes of shape are called magnetostriction. Wo shall shoAV in the following 
sections that the magnetostriotion at all stages of holomagnotization in T'o 
or Ni can be completely accounted for in terms of our general theory and 
two empirical constants Avhich may bo taken to bo the proportional ohanges 
of length parallel to the magnetization Avhen the specimen is holomagnotizcd 
to saturation along (100) and (111). To complete the theory we should bo 
able to compute these constants in terms of the elastic constants of the metal 
and the magnetic dipole energy of a slightly distorted cubic lattice, aihough 
there have been several attempts* and though the principles on which the 
calculation must proceed are agreed upon, no satisfactory calculation has 
yet been made. 

Suppose that a microelement or other saturated crystal is magnetized 
with direction cosines oci, agj “a and measured along a lino with direction 
cosines ^a, ^3. These direction cosines refer to axes coinciding with the 
crystallographic axes of the cubic crystal. Thonf 


( ° i W “‘‘ft* - ''ii ^ A (1481) 

In (U81) and are constants and the additive term o, which may bo a 
hmction of the occurs because v^e do not know what to call the standard 
length of the specimen. This standard must be fixed later by a suitable 
convention, and we need not consider it further for the moment. Wo can 
only measure changes of length in a given direction for changes of the direction 
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of magnetization. The formula ( 148 1 ) is dictated entirely by the requirements 
of cubic symmetry. In the first place the formula (apart from c) must be 
even in the a’s and the j3’s separately, for reversal of either of these directions 
is irrelevant. It must be unaltered by interchange of any pair of suffixos in 
the a’s and /9’s simultaneorxsly and by simultaneous change of sign of any 
pair . The terras in and /Og are then the only possible ones of less than 
fourth order in the a’s. 

It is important to see exactly how this formula may be used during stage 
one magnetization. The direction of measurement (j3) then remains un- 
altered for the microelements or the whole body while the direction of 
magnetization (a) changes, so that c is constant. But owing to the symmetry 
of the K -terms in a’s and ^’s we can equally well use the formula for a micro- 
element with the a’s fixed and the jS’s changed if we still keep c constant. 
For convenience therefore we may proceed thus as if c were an absolute 
constant. The total result for the whole body will be obtained by summing 
over the contributions of each microelement. 

§ 12*971 . Magnelostriciion curves for Fe crystals , 

Case (i). Magnetization along (100). Since (100) is an easy direction, the 
whole holomagnetization is stage one and the magnetostriotion throughout 
can bo expressed, in terms of the shape of the natural microelements. 

For a microelement 

=0 (Longitudinal ofioot), (1482) 

\t } ( 100 ), ( 100 ) 

5A 

y (Transverse ofieot), 

t J (100>,(0^flj8») 

(1483) 

If iVJj are the numbers of mioroeloments in the conglomerate body 

orientated along, normal to and agamst acting along (100), tlien for the 
whole specimen measured parallel to H' 

^ “I' 0 — c 4- * (1484) 

Wo can now lay down our standai'd shape for the specimen by making 
81 jl = 0 for the state of no holomagnetization when by § 1 2*96 NJN == §, Thus 

c-f-K-O. (1486) 

For complete holomagnetization 
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This numerical value fits Webster’s observations . Kaya’s require 1 - 0 8 x 1 O'*®. 
For partial holomagnetization 


By (1463) and (1464) 
where 



Wa 4 


A simple reduction leads to 


(1487) 

(1488) 


§ = |{2-V(382 + 1)}, 


so that “=c(-l + y|l + 3|*|). 

This formula is compared, with the observations in Fig, 70. 


(1489) 


Case (ii). Magnetization along (111). In stage one magnetization it foJIow'S 
from § 12-692 that the mioroelements merely turn end for end wliioli does 
not change their shape. Thus we have hljl s 0 up to 
In stage two magnetization the direction of the magnetization, and 
therewith the shape of any microelement, changes. But all are similarly 
situated with respect to (111) so that the change of Ujl in bulk is tlio same 
as for any microelement. 

If 6 is the angle between the direction of magnetization and (1 1 1), so that 
cos e = then 


and 


Oil = cos e + Vt sin e, «3 = «3 = Vi ( ^ 


This reduces to 


Rt) 1 “(t) “ “ + 

L\ UdiD.aiDjBulk /(«,«.«.), (Ill) n 

(1490) 

(f) 1 (1401) 

For saturation we have oci = 1/V3, Ujl^ -f/og == - 1'7 x 10"® to lit Wobster’a 
observations, or - 1*29 x 10“® to fit Kaya’s. These results are again com-' 
pared with observation in Fig. 70, 

Case (hi). Magnetization along {110). In stage one magnetization 
microelements have their magnetization directed along (100) and (010), 
I'l^a along (00 ± 1) and along (-100) and (0-10). Formula (1481) (with 
gives 

(iL- “'“i" 


qOOAl), (110) 
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Thus [(y] 1 =^JNi+Ns-2Ns). 

The formula of § 12' 962 gives us at once 


.(U93) 


where 


We find easily 

[(?) 


)lz yr 

^wa + ^-W2.,,l “ 


(no), (no), 





Kg. 70, Thootofcioal inagnotosU'iotion oiirvca anti obsorvod magnoOostvioUonB (longltncllnal) 
for single orystals of Fo as a funotion of the liolomagnotization. 


In stage two magnotiKation the magnetization of all the microelements is 
being deviated equally from (100) or (010) towards (110). If 
then 

= (cos e + sin e)/. 72 , ag ~ (cos e ~ sin e)l^/2f « 3 « 0, 
and 

r(fl xt V, ==c(l»f{ai^4-aa2})-Kaajaa, 

L\ t /(no),(no)Jnulk \ ^ /(ajajOtal.dlO) ‘ , 


= i<=-W24“-l|. (1400) 

I -^6 

All these results are in excellent agreement with Webster’s or Kaya’s 
measurements for suitable empirical values of c and /<ai curves of 
ITig, 70 show, 
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§ 12*972. Mcignctostriction curves for Ni crystals, Very siiniliu* con- 
siderations api^ly to Ni crystals and it will be suffioioiit to suiniuarizo tho 
results. 

Case (i). Magnetization along (111). Stage one inagnotizn-tion proceeds 
to saturation. There are four classes of inioroolemont, along (111), 1*4 
along (11 — 1), (1-11) or ( — 111), along (—1 — 1 — 1) and along 
( — 1 — 11), ( — 11 — 1) and (1 — 1 — 1). We find at onoo 


[ 0 . 


H) .m 

V ^/auyiii) \ t /(~i_i-i),{ui) 

(f) “(f) 


I 

2' 

, 




For the unmaguetized state and by oonventioii c « 0. 

Applying equation (1463) and (1464), we find 


where 

Thus after reduction 


+ is 


[(?), 


“I 


1. 


'auMuuJBuiic ■’'i,”' 

To fit the observations of Kaya for saturated magnetization |/rg « 2*7 x 1 0~®. 

Case (ii). Magnetization along (100). During stage one magnetization, 
is obviously no magnetostriotion. During stage two all the 
microelements are similarly situated with respect to (100) and if oos ^ « LJL, 
then 

== cos €, = « 3 = sin €/.^2, 

-* <“") 

The observations indicate that c= - 6*1 x 10-®. 

Cwe (m> MagneUiation along (110). During stage one magnotkation. 
a / 1 mioroeloment to oonsidor; N, along 

/SA 

\ ^ \ Z I . y. _ . j 


[(?) 


(no), (no) 


lulk" 


■1*1), (110) 
~N 


O' 
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Using again the methods of § 12*962, we find 


7j) 1 

L\ >' /(no),(uo)Jnnik J/ 


During stage two magnetization, if as usual oos e - , then 


ajL = ^2 “ “To “^3 ^ 


and [(-] 1 -(-"l 

L \ ^ / (no), (no) J nulls \ I J (dia^KaUno)’ 


(1108) 


(1199) 



Fig. 71. Thoorotion-l luagnotoati'iotion out'vos and obflorvod mngnoliosbriolilons for 
singlo orystalB of Ni as a rnnoUon of tho holomagitoUKaUou, 


The general agreement between those formulae andKaya’s moasuromonts 
is fair, and is shown in ITig. 7 1 . Tho observed values given are very uncertain 
for tho smaller magnetizations, since tho magnetostriction and the mag- 
netization wore not simultaneously observed. 



CHAPTER Xlllf 

APPLICATIONS TO LIQUIDS AND SOLUTIONS 


§13*1, Introduction, It is at present far beyond tlie power of statistical 
mechanics to dednce rigorously the properties of a liquid from a given 
molecular model. Most liqiuds of our common experience are composed of 
very complex molecules. Even if we possessed detailed experimental kno'w- 
ledge of the Kquid states of the inert gases we could hardly yet hope to give 
a satisfactory theoretical interpretation. It is not that the method is not 
sufficiently clear. It ought to be possible for such simple liquids to give a 
satisfactory account of their properties as follows. Eor liquids with heavy 
molecules (i.e. all liquids except helium and perhaps hydrogen^) a classical 
approximation to the partition function should be sufficient. We may then 
formulate the problem in one or other of two ways. We may adopt as a first 
rough approximation to the liquid a model which regards it as a quasi-solid 
in which each molecule has a natural position of equilibrium differing merely 
from a moleoule in a solid in that its position of equilibrium wanders about. 
If we adopt this model, then wo may take 


-~=j=jVlogJ(T) + log£*(n 


(1600) 


(1601) 


in which W is the complete potential energy of the liquid in any configura- 
tion, § and I(T) is the ordinary partition function for the translational 
kinetic energy and internal and rotational energies of the moleoules-— 
frequently much the same as in a gas, In calculating B^{T) after this model 
the molecules must not be allowed to change places, so that if we allowed 
W-->0 the limit of £*{T) would have to be V^jNl. This model of course 
cannot validly be used in this limit. 

If we adopt the mqdel of an extremely imperfect gas, then we oan proceed 

f Tills oliapfcor has been completely recast by Mr E. A. Guggenheim. 

t The hydrogen rich liquids auoli as water, ammonia and methane in whioh each molooulo 
contains only one atom otlior than hydrogen probably form a partial exception and require a 
quantum treatment of their rotational energy content. Bernal and Tamm, Nature, vol. 13fi, 
p. 229 (1035). 

§ More strictly W is only that part of the potential energy of the liquid which depends on the 
configuration of the centres of mass of every moleoule since (1601) refers only to such coordinates. 
Potential energy arising from internal vibrations and rotations of tlie molecules (if any) must bo 
regarded as absorbed in J (T), 
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exactly as in Chapter viii and nse Theorem 6*31 for systems oooiipying a 
oominon region of space. We may then take 

+ + ( 1602 ) 

£(y)=J Je-'W2'n„(<foJ (1603) 

where the integration in B{T) is now to be calculated without restriction 
for all configurations. We shall easily see later that these formulations lead 
to identical results. 

A statistical theory of liquids is still lacking, not because of a failure of 
theory but because of the almost prohibitive difficulty of calculating B{T) 
or The utmost that we can hope to do at present is to calculate 

quantitatively the changes in B{T) or B’^{T) when certain changes are 
made in the force system W or in the nature of the systems composing the 
assembly — that is to calculate the properties of solutions given an empirical 
knowledge of the properties of the pure components, and oven this only 
tentatively. We shall give hero merely a sketch of how a theory of solutions 
can be aj)proachod by application of the general theorems of statistical 
meclianics. 

§13’11. A pure liquid. Let us start by reoalling how (1603) is evaluated 
for a gas. The volume V of a gas is determined entirely by that of its con- 
tainer, and for a perfect gas 1^ = 0 when all the moleoules, aro anywhere 
inside F, and lF~oo when any molecule is outside F, so that B(T)«F^. 
For an imperfect gas the condition “IF small” replaces TF~0, so that 
integration over the whole configuration space still moans integration over 
a hypervolume F^ of an integrand not exactly unity. This leads when 
developed to the forjnulae of Chapter vin. 

For a liquid however the conditions are essentially different, for the 
volume F is not imposed by the containing vessel but by the inter molecular 
forces. The volume F, jjrovided it exceeds a certain lower limit, determines 
merely how many moleoules are in a vapour phase. We shall assume that 
these are of negligible number and neglect them. For a simple liquid phase 
W. must have a pronounced minimum for certain configurations in which 
all the N moleoules are packed together in a volume F, the actual volunib of 
the liqriid. The large heat of evaporation and small compressibility of a 
liquid show that W will be much greater (effectively infinite) for all con- 
figurations differing sensibly from F in that volume, Since obviotisly this 
minimum value must be proportional to N, we may write ; ^ 

(1604) 
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where is independent of N, We thus obtain 

5(2’) = e-»r...|n„(c«wJ. 

where the integration is to be extended over all configurations sufliciently 
nearly consistent with the condition W ~ ~ Nio. The extent of thoso 

configurations can be estimated formally tlius.f Consider the molecules 
forming the liquid to be in one definite configuration satisfying W - • 

Then there are obviously W! configurations of identical energy which can 
be constructed by interchanging the molecules. When we are using (1602) 
and (1603) these interchanges are to be included. Further, round each such 
configuration we can specify a region of neighbouring configurations in 
wliioh W difiers inappreciably from by assigning to each molecule a 
region v over wliioh this molecule can be displaced more or less independently 
of the other molecules without significantly breaking the condition W ~ * 

Thus 

B{T) = (1606) 

■ 

Both V and /w will depend on in a manner which these considerations 
provide no means of evaluating. Wo do not therefore gain from (1606) any 
insight into the properties of a pure liquid, but we can easily extend (1606) 
to dilute solutions where it becomes significant, 

§13*12» A pure liquid as a quasi-erystal. Before proceeding with this 
extension it is of interest to examine the other approach provided by ( 1 500) 
and (1601), It is obvious that with the same approximations 

so that (1606) is unaffected. We can however with the quasi-crystal picture 
make more explicit assumptions and so reach explicit formulae for u, w, L 
and T as functions of which have been used successfully by Mottf to 
explain the electrical properties of liquid metals. 

The proposed model of a liquid is one in which it is assumed that the 
molecules vibrate about positions of equilibrium as in a solid with a olia- 
raoteristio frequency or spectrum of frequencies. The difference from a solid 
is merely that the positions of equilibrium are themselves free to wander 
slowly about, wandering which is without effect on J{T) or B*{!r) to a first 

t G«ggonheim, Proc. Jtoy. Soc, A, toL 136, p. 181 (1982). 

I Mott, Proc, Roij, Soc, A, yol. 146, p. 486 (1934). 
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approximation, For sim^^lioity wo shall assume that the vibrations have a 
common frequency Vj ^ . 


llius 


3V 






:j: 


Q~in{iiTVi,Xj)y2kT 


]3V 

; 


u = 


2irhT 




\jn{2TTVj)'^_ 

For this simple model we shall also have 


.(1607) 


so that 


F 'F 


(JcTY i 


w 


.(1608) 


It is of course unnecessary to have used the classical aj}proximation here. 
The assumption that the liquid has a minimum configurational potential 
energy of Nw' and is otherwise equivalent to a degenerate oscillator of 3iV 
freedoms each of frequency vj^ leads at once by (88) and (608) to 


F Y 
hT h 


3 log( 1 — 


w 

M' 


.(1600) 


if w is taken to include both w' and the zero-point energy of oscillation 
Equation (1609) reduces to (1608) when In the whole 

formulation up to this point the volume occupied by the liquid is invariable 
and there is no dopondenoo on pressure. 

§13*1 3, An elementary {thermodynamic) theory ofmeltinq, Mott has used 
(1608) to give an elementary theory of melting, applicable to the melting 
of simple atomic substances such as the metals. We may supi^oso that in 
the regularly ordered configuration of the solid crystal the assembly con- 
tains less potential energy than in the irregular configurations of the 
liquid, but owing to its regularity and rigidity a natural frequency vg which 
is greater than . We may therefore write 






( 1610 ) 

( 1611 ) 


where Vf^<Vg, The condition determining the melting point is 

that liquid and solid can be in equilibrium together, that is 8F«0 for a 
change from one form to the other at constant temperature, or' 

npiio.\ 
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Por the proposed model there is no change of specific heat on melting; for* 
both phases By calculating the energy or entropy of the phases it 

is easy to show that the latent heat of melting A defined as — oi" 

is given by A.^N{xoj^^WsY ' .(1613) 

It follows at once that if A refers to one gram -molecule 

( 1514 ) 

Mott* has applied this relationship to explain the increase of eleotrionl 
resistance on melting for a normal metal. In the absence of large volume 
charges on melting or complicated rearrangements of the electron levels the 

Table 62. 

Showing A and Tj^for various metals, and the observed 


and calculated values of KgjKj^ at the melting x^oint. 


Metal 

A 

VK. 

KsLi calo. 

ksJki obs. 

hvajh 

Li 


460 

1-84 ( 1 - 67 ) 

1-68 

610 

Na 


370 

1‘77 ( 1 ' 68 ) 

1-46 

200 

K 

670 

336 

1*76 ( LG 7 ) 

1-66 

120 

Rb 

620 

311 

1>76 

1-61 

86 

Cs 

600 

299 

1*76 

1-06 

08 

Cu 

2760 


1*97 

2-07 

310 

Ag 

2630 

■HR 

2*0 

1*9 

216 

. Au 

, 3180 

1336 

2*22 

2-28 

176 

mpm 

|H T HU 

933 

2-0 ( 1 * 8 ) 

1-64 

400 



694 

2*3 

2-0 



nH 

690 

1*90 

2*07 



R kSI 

606 

[ 3 ] 

2-1 

— 


HI VnH 

680 

2-2 

20 

96 

Bi 


692 

2-3 

2*1 

236 

Hg^ 

BB^BH 

234 

2-23 

3 • 2 - 4*0 

97 

Bi 


644 

6-0 

0*43 

— 

Ga 

1320 

303 

4-6 

0*68 

— 

'■ Sb 

4600 

903 

6-7 

0*07 

— 


The values' of A aro lu calories per mole. The values in [ ] are uncertain, Tbo values in ( ) havo 
been corrected for the fact that kccv^ strictly only when T’^hv/k, a condition which is not well 
satisflod for those metals; coinpAro cols. 3 and C. 

conductivity of a metal, varies as the square of the characteristic tein- 
perature.f Thus at the melting point, T - 

, (1616) 

The right-hand side of (1616) depends on calorimetric quantities only. 
The excellent agreement between the (electrically) observed and oaloulated 
values of is shown in Table 52. Por the last group the theory ob- 

Mott, loc. cit, 

t See, for example, Somraetfeld and Betho, Hahdb. d, Phyaik, vol. 24 (2), p. 607 (1033). 
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viously fails, but failure is to bo expected here duo to factors oraitted in 
using K oc 

The substantial success of (1516) suggests that the quasi-crystal model 
is at least a fair representation of a simple liquid near its melting point. This 
thermiodynamic theory of melting however is far from a complete mole- 
cular theory, for it makes no attempt to explain the sharpness ot the transi- 
tion from liquid to solid. This sharpness which is also oharaotoriatio of other 
transitions such as those from one crystalline form to another is the most 
striking characteristic of the process and must be a natural deduction from 
any oomj)leto theory. It is not possible to carry this discussion any further 
here. 

§13*2. Ideal solutions. We now extend the previous results to a mixture 
of JV'oj molecules of typo a and Np of type )3.f Adopting the quasi-solid starting 
point, the free energy and characteristic function are now of the form 

and have meanings similar to that of J above. is given by 

B^{T) = J. . . , 

in which W is the configurational potential energy and the integral is 
extended over all distinct configurations. As in §6* 61 however the number 
of such distinct oonflgurations$ is now no longer 1 but (-A^ad A^)!/lVo,l A^!. 
A simple rough evaluation of is now possible in. the special case in 
which there are no long range oleotrostatio forces and is so small that 
one may negloot its square. When those two conditions are fulfilled we call 
the mixture an ideal solution of {the solute) in a {the solvent). Under these 
conditions two molecules )3 will bo within reaoh of each other so seldom that 
such configurations can be neglected. W will therefore still have a pronounced 
minimum of the form 

Wmin^E^^u{^') + E^u)p{T), (1616) = 

for as compared with (1604) there are merely a number of centres of 
distortion which make equal contributions to , distinot from tlio con- 
tribution of the normal a molecule. It follows at onoo that wo may write 
i3*(T) in the form 

(1517) 

t Quggonhoiin, he, eii, 

X If tho two aorta of moloouloa aro inaikodly cliaaiinller iii alzo anti shape this argumoat can 
hardly ho rotauiod, but bho result (1618) romains a fair aiiproxlmatlon, ' ' 
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It follows that 


[13*2 




+ ‘^oc 




hT 






Nc 




m' 

(1618) 


In (1618) L, J^, Vg^, v^, w^, are in general all functions of 

§13*21. Partial vapour pressures of an ideal solution. If we add to oiu* 
assembly a vapour phase, which is a perfect gas mixture, then the free energy 
of the complete assembly wiU bo 

' = + 

where F is given by (1618) and F\ after (697), by 
F' 


hT “ 


log^+ 1| +i^/|log^+ 1| (1519) 


Primes will be consistently used to denote the vapour phase. The condition 
, of equilibrium is SF^^ — 0 subject to = 0 and 8( F + F') = 0, but since for a 
given number of molecules 8F is negligible compared with SF' this reduces 
to 8F' — 0. The condition that -F„ is unaffected by a transference of either 
molecule from one phase to the other is satisfied provided that 

dF dF' dF dF' 


dN, dNJ’ dNp dNf 
Combining (1618), (1619) and (1620), we find 

^ hT ^ ® NJ ’ 


,(1620) 


.(1621) 


O jy. l.tv AT./ * 


hT 


iVfl 


.(1622) 


It follows that the partial vapour j)ressure of the solvent is given by 


, N^'hT 

P0L=^~ — ^ — 




r N,+N^ 
an equation which can he oast into the form 




.(1623) 


Pt, = 


iv: 


{Pa, )o> 


,(1624) 


{Po!)q being the vapour pressure of the pure solvent. This is Rctx>ult's Law.. 
Similarly ^ 

so that at constant temperature 

.(1620) 

which is Henry's Law, 


.(1626) 



13 * 23 ] Properties of Ideal Solutions 629 

§ 13*22, Lowering of the freezing point. A familiar purely thonnoclynamio 
argument sliows that any dilute solution is in equilibrium with the pure 
solid solvent at a slightly lower temperature, than the freezing 

point TjP of the pure liquid and that A5]v/ is given by* 

^,A2:„ = log<|4» (1527) 

Using Raoult’s law this becomes 

j^^0)2^^M = log L K (1628) 

The natural statistical proof of (1628) as a property of ideal solutions is 
as follows; Uor the pure solid phase by (698) 

-§,=V{log«(2’)). , 


Combining this with (1618) and the condition of equilibrium, we see that 

log «( A) = log 2- - - Jjr- . 

In the same notation 


Since Tj 


Af 


log k(2]u°) - log 4 ( 2 ^, 0 ) , ^ 

is small, these equations can be combinod in the form 


^ N^ + Nb i^TMr.rn ^ 9 






But by the nature of a partition funotion the term in [ ] is the excess energy 
oontent of the liquid per moleoule over the energy content of the solid, so 
that (1628) is established. 


§13*23. Effects of pressure. Hitherto wo have ignored the pressure 
entirely as a variable aileoting the liquid, whieh has thoreby been taken to 
be incompressible, with a moan molecular volume VjN {^v{T)) depending 
on the tomperaturo aloiiQ.f Ror such a liquid, in sharp contrast to a gas, it 
is not possible to use V as a variable defining its state. If the liquid is actually 
compressible V becomes again a legitimate variable but a very inconvoniont 
one, since formulae become indeterminate instead of partioularly simple 

* Tho eyi)\bol A for tho Jatonb hoab of molting por yram-molooHlo, or molo, hna already boon 
Introduoocl in § 13*13. In tho notation intrortucod in tho next eootlon it would bo wrifcton A*. 

t Tlirougliout tho rest of this ohnptor wo attempt to oonfonn i;o n iiotnllon not too romoto 
from tliftt ouBtomary in physioal ohomisbi'y. It is however noooBsary ayatomatloally to dlatingiilBh 
molecular from molar (luan titles. Sinco 'svo avo primarily oonooraod with tho former, It 1b not 
foaaiblo to oomplioato tho notation by distinguieliing tliom by a spooinl affix and wo tlwroforo 
(when nooosaary) distinguish molar quantltioa by an aatorlski o,g. vgP) tho volumo per molooulo, 
the volumo por molo {gram*molooulo). TIuia t^’i'saNv, whoro N is Avogadro’s number, which 
will bo denoted throughout tliis oimptor by this spooial N, 
rsM 


34 
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■vvlieii the compressibility tends to zero. It is necessary th6rGf6rG to use p 
together with jP, and to define the state of the assembly. '!l?hG functions 
fa and are strictly functions of as well as of q\ but cannot bo 
explicitly calculated. Owing to this mathematical inconvenience of as a 
fundamental variable, progress is only possible by special devices. 

The free energy L satisfies the equation dF/dV— ~p. Lot us denote tho 
value of F (and other quantities) for zero pressure by attaching a suffix or 
affix zero. Then 

F=^FQ-]-\ydV, (1629) 


F^ 

hT 



w ^ 

“'a 

hT 




log 


We may safely assume for ordinary pressures that 


J^vfi^{N^+Np) 



hT 


F = Fo(l-,cp), (1630) 

where k is independent of p. iloreover for an ideal solution we must have 


for the same reasons that require (1616). The v’s are functions of T and p 
only and represent the average volume required by one molecule of each 
type. To conform, as nearly as may be, to thermodynamic usage we shall 
partial molar volumes vf, and the relation becomes 

^ = + (1631) 

Relations (1630) and (1631) only hold simultaneously if 

V = V = (1^32) 

where the w’s are independent ofp and of the composition. We have therefore 
assumed that ^ 

F = (1533) 

it follows from (1633), (1629) and the formula for that 


For use with the variables p the thermodynamic potential’ 


.(1634) 
is Gibbs* 


t As usages dlifor, eapeoially among physical ohemisfcs, ifc is well to insist liox'o that in this 
monograph the name </ier»iodyn(imic poienlial is used for any one of the functions JS, II, F ov Q 
(or any other function) expressed in tlje proper variables such that tho otlior thormodyuamio 
variables may be obtained from it by immediate partial differentiation. The name clmmckrUic 
funchon 18 used only for 'F and (D, Planck’s variants of F and G. Tho four tiiormodynainio potentials 
named B,bove are of course the energy, heat function, Helmholtz’s free energy (or work function) 
and Gibbs fteo energy rospeotively. 
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free energy G or Planck’s second characteristic function 0, Since 
Q^F-\‘pV, 

( J 1. O/AT j- V 0X< 




^2' log 




H 


+ Ns 


///Tiog !L (1 ^ 


(1535) 


Gibbs’ partial or chemical potentials per mole, /x„, which must be 
Avritton iXgf, fMp* in the notation of this chapter, are defined by 




Hw) ■ 

\9iVa/ 




*=n(I£\ 


Por our ideal solutions they have therefore the forms 

= PPlog V V*(l“''kaP). * • 


m(1536) 


....(1537) 




Prom those formulae wo can deduce all the equilibrium properties of such 
.solutions by purely thermodynamic reasoning. Wo need not therefore 
elaborate the details, and shall confine ourselves to a discussion of osmotic 
pressure by way of illustration. 


§13-24, Osmotio 2 n'esaure. The osmotic pressure of a solution is defined 
to bo the extra pressure that must bo applied to the solution to keep it in 
equilibrium for the solvent molecules with the pure solvent at a given 
external pressure. The definition implies that solvent moleoiilos (but not 
solute molecules) can pass freely to and fro between the solution and the 
pure .solvent, for instance through a semi -permeable membrane, The con- 
dition of oqxiilibrium is therefore 

P being the osmotio pressure. Wo find at once 

= log ( 133 “) 

Neglecting compressibility this siniplilios to 

PV*=j'e2’iog~"ii2, (1540) 

I ^(X 

§13-26. Beat of dilution, By definition an ideal solution is one in Avhioh 
the interaction between solute molecules is negligible. Any two such solu- 
tions therefore, having the same solvojit, tempera tu re and pressure, will 
mix without absorption or evolution of heat. This may bo rigorously 
established by a thermodynamic oaloulation of the total heat // sinooin my 
process at constant temperature and pressure, Involving no work other than 
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that done by the pressure, the increase in H is equal to the lient taken im 
But by its definition and (1636) 



where and jSjg are independent of and . By considering nioro goiiorn I 
ideal solutions we see at once that the total lieat terms are all strictly addi- 
tive. Any two such solutions therefore will mix without absorption or 
evolution of heat. In particular tliis applies to tho mixing of ono suoli 
solution with pure solvent. In other words the heat of {further) dilation of an 
ideal solution is zero. 


§ 1 3*3 . Further applications of the foi'mulae for ideal solutions, ( 1 ) 2^erf act 
solutions. In evaluatmg B{T) for ideal solutions wo assumed that among tlio 
permutations of the molecules among themselves those 
leading to configurations with two or more ^ molecules in contact wore 
negligible in number. It is not really necessaiy to bo so strict, for all that i t is 
necessary to assume is that such configurations have a negligible offoot on 
B{T). The formulae for ideal solutions which must hold when may 

also hold when this condition is poorly satisfied and the solutions aro not so 
very dilute. In the extreme case in which configurations oooupy tlio 
same volume and possess the same energy as or a-o( eon figurations 
the laws of ideal solutions will hold for all oonconti‘ations,f It is well known 
that such solutions exist. They are known as perfect solutions. In perfoot 
solutions it is no longer necessary to draw any distinction between solvent 
and solute. Both species obey Raoult’s law in the form 


§ 13*31. (2) Several solute sj^ecies. The theory extends at onoo to solutions 
of mixed solutes and to dissociative equilibrium between tho solu to si) 0 oio 8 , 
provided that the resulting ionization makes a negligible oontribufcion to 
B{T), The simple theory of ideal solutions will thus aooount satisfactorily 
for the properties of weak electrolytes, in which tliere is some small degree 
of dissociation into ions as shown by the oonduotivity . Ror strong eleotro- 
l^es in which the dissociation into ions is almost oomiileto tho simple 
theory is inadequate. . 


§lS-32. (3) medsduliom at extreme daution/'We almll next oonalcler nil 
Ideal solution of general solute species in a given solvent wWoh we may take 
to be water. The necessary generalization of (1637) is 


/i*H.o A^®Vo+pt>°Vo(l--iKH,op)+i^:Tlog-^r— ^ ,..(1643) 

•^HiO "s 2va ' ' 

SuT"' ‘ ^ -"oro 
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■where is the oliemioal potential of H 2 O in the pure solvent at zero 

pressxire, a function only of T, and tho prime in denotes that the solvent 
is excluded from the summation. Ti^e now neglect the oompressihility and 
suppose that yN^4.N,,,o, 

On expanding tho logarithm and retaining only the first order term wo 
obtain ^ m'’*h.o( 2’) +P t»ii.o - i?2’(S^'iV^)/%.o • 

If Cj 9 * denotes tho concentration of the ^th solute species in moles/ 0 . 0 ., this 
may he written (^^n.o ^'^ii.o ii^ed not he distinguished) 

/^*ii,o ” ~ Cp*) (1644) 

Equation (1544) forms a convenient starting point for the study of the 
equilibria of solutions at extreme dilution. Equations (1628) and (1639) 
take the corresponding forms 

i>= 2iT(Sf,'op*) (1B«) 

These formulae are duo to van ’t Hoff, Tlie formula for P is of perfect gas type. 

TJie chemical potential of the solute speoios can be similarly sim];)lifled. 
Tho same approximations lead easily to 

+ (1640) 

Eor a given solvent, is independent of tho composition of the solution. 

§ 134. S-regidar solutions, TJie difficulties in evaluating B{T) are so great 
that only for ideal or perfect solutions have accurate formulae been so far 
obtained, and then only accurate in form — no evaluation in terms of inter- 
molecular forces has been possible. The method of treatment can however 
be extended somewhat further still when oortain simplifications can be 
mado-t Lotus consider a mixture of a-moleoules and Up /J-moleQules, and 
assume that both types are approximately spherical and of equal radius. 
Lot us assume further that they “pack” in the same way so that each a- 
and j9-moleoulG has on tho average tho same number r of neighbours, If tho 
molecules are strictly oloso-packed, r « 12, but there is no need hero to assign 
any particular value to r provided its value ife tho same for both typos of 
molooulo, We shall assume next that tho turn liquids mix completely in all 
proportions without volume ohango. Iflnally •wo shall ossumo that in any 
configuration of tho propor total volume the ^ootential energy W may be 
regarded as the sum of oontiibutions from each pair of molooulos in dirobt 
contact. The wider definition of Hildebrand is not yet susceptible of 
statistical analysis. To avoid confusion we refer to solutions bbeylrig tho 
restricted definition as s-regular (strictly regular). ' f > ' ■' / 

t Regular solutions wore first cloflnod by Hlldobrand (loo. oft p. 63ff) dfSiihg (loflnttloii 

than that hero given which is duo to Quggonhoiin {Proa, Moy, Soc, A, volM WSi fp.i 805 (1086)), 
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Let us denote the potential energy of normal oonfignrations of the pure 
a-liqiiid of molecules by (as usual) and that of the pure j3-Iiquicl by 
Then according to the stated assumptions the liquid formed by 
mixture of these two pure liqxiids, with their molecules in an arbitrary 
configuration, will have a potential energy of the form 

W ^ (iY„ - X) Wa + (^ “ (1647) 

There are ^r(iV’„ + iV^) pairs of close neighbours in the mixture in all. If rX 
of these are (a,^) pairs, then the numbers of (jc,a and both 

bo reduced by \i'X below these maxima. Since the energy W is made up of 
the sum of contributions of each pair of close neighbours the result (1647) 
follows at once, 2wjr, 2w^lr and 2wj„|g/?‘ being the oontribution of each 
a, a, and a,jS pair respectively. We can give another interpretation 

of as follows; If we start with the pure liquids and interchange an 
interior «-moleoule with an interior the total increase of potential energy 

M^'e shall denote this quantity by 2A and write 

If + + (1648) 

We can then put B'{T) in the form 

B'{T) = exp^ - J. . , , , . (1649) 

Defining a mean value X by the equation 

J. . . J(dca (da)^)^^ - J. . . (d 

and evaluating the remaining integral as in § 13‘2, we find 
N^w„+NfWf+XX\(N^ + l<l,,)\ ^ 

W j ~NjNf 

The formulae of § IS* 2 for —FjkT and are affected by the addition of 

the term ~ XXjhT to the right-hand side. The same addition must be made 
to ~t?/A;TandO/^. 

While depend on the temperature in an unknown manner, the 

differential quantity A = — — will only vary with the temperature 

in so far as the change in tightness of packing may affect differently 
from and We may reasonably expect tliis differential effect to bo 
small and we shall therefore treat A as independent of the temperature. 
The corresponding changes in other thermodynamic funotions follow at once 
from the changes in F or Q, (An extra - A9X/3T in and A(X - TdXjdT) 
in F and H.) The thermodynamics of s-regular solutions reduces therefore 
to evaluating X. .. 


-B'(T) = exp^ 
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Without evaluating X we can at once draw the conclusion that, if A = 0, 
s-regular solutions are perfect) the necessary condition is 

= (1561) 

To evaluate X. various assumptions have been made* all equivalent to 
(1)2= {N^~X) (1562) 


T’Jio x^hysioal moaning of (1562) is that there is completely random mixing, 
or that the ehango of entropy on mixing is the same a-s for an ideal solution. 
Solving (1552) for 1, wo obtain 


X = N^NpliN^+Np). (1553) 

It is easy to see however that (1562) is incorrect.f By its definition X must 
bo a funotion of , Ng and XjhT and so for given function of XjJcT . 

In particular when XjlcT = co X = 0, when XjhT — Q X satisfies (1563) and 
when XfJc'I'— —co X m equal to the lesser of N„ and It seems obvious 
that X inoroases steadily as XjUT decreases from +oo to — oo. ITor a given 
non-zero value of A X cannot bo independent of T, 

An equation for X muoh nearer the truth than (1662) is 

{X)^ = (N ^ - X) (Nfi ~ X) . (1664) 

Since 2A/r is the work required to ehango an oc,a i:)air and a pair into 
two a,^ pairs and XyN^-X and N^-X are proportional to tho ilumbers 
of a,/3, a, a and /3,)3 pairs respectively, this is an equation of quasi- 
dissooiativo equilibrium of tho correct form . On solving for X wo obtain 

2(c2^/'-'^-''~l) 


If iXjrJC'T^ 1, a,j8 pairs in contact must bo rare and tho liquid must be 
expected to separate into two phases a dilute solution of ^ in a and another 
of a in )3. If on tho contrary >- UjrhT^ 1 there will practically bo chemical 
combination between a and We can therefore expect the mixture to 
behave as a single phase withoiit any complications duo to compound 
formation only when f)(l)* It is thorcfoi'o of interest to examine the 

value of X when | g 2 A/W(;a' ^ j [ < i . (1660) 

On expanding (1555) when (1550) is satisfied wo find approximately 


= r 1 ^ g--. (e2A/>‘fcr „ 1)1 (1667) 

This shows that (1553) is a first approximation for X but is valid only when 
\2XfrJeT\ 4 1 unless N^jN^ is smali. Ij’or a sufficiently dilute solution (1667) 


* Hlldobiwul, J, Amer, Cham, Soc. vol. Cl, i). OG (1920)j SontoliftMl, Oim. vol. 8, p. 321 
(1031). 

f Guggonhohu, loo, ciL 
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is valid no matter what the value of A and ( 1 55 3 ) is a valid first approx i matioii 
to it. Formula (1666) and not (1663) should bo used for X in nil thormo- 
dynamio functions for s-regular solutions, but (1566) may bo approx iniatod 
to as indicated above. 

§ 13*5. Strong electrolytes. When certain substances such as common salt 
are dissolved in water, the solution has a comparatively high coiicluotivity, 
showing tliat charged ions must be present, and the effocts of tho solute on 
the coUigative properties of the solution (vapour pressure of solvent, freoydng 
point, osmotic jn’essure) is much larger than predicted by the laws of ideal 
solutions if the solute is present mainly as molecules of NaCl. Wo o>vo to 
Arrhenius the suggestion that for such substances, called strong elcclrolykiSt 
the solute is composed largely of the independent systems ISTa'*' ami Cl*". 
Study of the optical properties of such solutions also leads to tho oonolusion 
that at least in dilute and moderately concentrated solutions thei'O are very 
few NaCl molecules, and in many cases the properties of the solnbioii can bo 
accurately accounted for on the assumption that no undissociated in olooules 
at all are present.* 

It is of interest to examine whether this complete dissociation of salts 
is to be expected theoretically. f The equilibrium point of tho simple 
dissociation a 4- jS is given by 

yN.ru' 

where the /’s are the usual partition functions, modiiiod so far aa may bo 
necessary by the effects of the surrounding solvent. If -wo start with fclie 
partition fmiotions for free oc-, and a^-systems at ordinary temperaturea 
(a, ^ monatomic), we may use the formulae of Chapters il and I'Ci and so 
obtain as in (463) 

/tt/g /^^(WaWg/Wafl) IcT\^ 1 

f.r \ I 

where q{T) is the vibrational partition function for a)3. I^his lies between 1 
at low temperatures and hv/JcT, y the vibration frequency of tho molooiile, 
at high, and can be assumed to be 1 with sufftoient accuracy hero. If a is 
the ^tanoe apart of Na+ and Cl~ in the molecule, then 
we therefore have . p , ap 

No(Nd /27r(m„Wfl/w„o)A;2hiG-x/*2' 

-15 ) 4^ (1068) 

VO* sTmM Ohm. London (1000), ZHI./. Utoolroohm. 

t Of. fluggenhelm, Jteporl o/CTem, Sril. A,s., Omioimry MMiny, p. 08 (1081). 
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Tlie results of Chapter x show that the lau*- of force between Na'*' and Cl~ 
may be taken to be 2-6 

which gives a = 2'4xl0“® cm., and y = 5’3 olootroix-volts. Using these 
values, and reducing the concentrations to moles <pcr litre , wo 
hiid for 7^ = 300° K. . ^ 

10 - 88 . ( 1659 ) 

Thus in vacuo NaCl is (naturally) completely undissooiated. 

We must now introduce the modihcations duo to the solvent. If wo 
continue to regard the free ions as unhydraied — that is as free systems not 
specifically associated with any water molecule, whoso motion on tho 
average has tho oharactoristios of a free particle in n gas except for tho oxti'a 
frequency of collision — wo liave yet to remember tliat tho energy of dissocia- 
tion in the solvent will be loss than x> If ''ve regard tho solvent merely as a 
.continuous medium of dielectric constant D, tho energy of separation would 
be reduced to xlD> Wo thus obtain in water 10 <^1, but this pro- 

cedure must overestimate the real correotion to x ^ molooular solveiit. 
In tho very strong fields near an ion a saturation olTect sots in, which will 
reduce considerably the ofiootivo value of D. Tho correct value of JO' for 
NaCI must bo very much loss than 7 (as oaloulated on tliis basis), and a very 
considerable degree of incompleteness in tho dissociation is predicted for 
ordinary concentrations, in distinct disagreement with the actual facts. 
TJio error can only have entered by ignoring hydration t tho intimato olTcot 
of tho solvent molecules on tho free ions. 

Similar calculations can bo made for other ion pairs such as 

(MgCl)‘i-TJ:MgHH--i-Cl- /CI'-0'2, 

and NalClOi) 5± Na‘i- -I- (CIO,)-, JO - 10^. 

In the latter tho muoh greater value of JO^' arises from tho groat number of 
rotational states for tho free ion (010,)“, whioh aro praotioally as numerous 
as those of tho original molooulo so that we have put 

Comparison of the results for NaCl, (Mg01)'>’ and NalClO,) indicates one 
way in whioh onr negloot of hydration has led us to gross undorestimatos of 
JO, We may have greatly undorostimatod tho partition functions for the 
free ions by ignoring the possibilities provided by tho neighbouring water 
molecules for new states of motion nob available to a free ion in vacuo , An 
estimate of this effect may be made by adopting the model of a liquid given 

* Oonooiitrafciona aro so oomiaonly gtvon In jnolos (gram-molooalos or gram«ioti 8 } pdi* lltro 
solution Instoad of por 0,0. that In tlds ohaptor a special notation, sooins .(IcslrttWo, 



538 Applications to Liquids and Solutions [13 '6 

in §13*12, and taking Na+, Cl~ and NaCl in the solution as units in the 
quasi-crystal structure. 

Consider a quasi-crystalline mixed liquid containing Nq water molecules 
and Nci) Np, Ny molecules of three other systems which will ultimately bo 
taken to be Na+, Cl- and NaCl in dissociative equilibrium . Let /o , /a > > fy 
be the effective partition functions for their respective states of motion 
associated with given positions in the quasi-lattice. Then the arguments 
giving (1618) give here 

^ [ 7i7 (-A^ + + + iVy)/ O i 

hT ~ 'lc~ ^ 


Nr 


N^ 


(laao) 


The condition of dissociative equilibrium is 


[: 


3_ 

dNjdN^ 


'1t' = 0 

dNy] 


(1661) 


so that, when j?V„ -f -I- ATy , 

M^JAi 

NoNy'- fy * 

The complete partition functions for a, jS, y are now A^o/a» AJj/y 

It is also easy to deduce these forms directly from the classical partition 
function 


~ j. . . J exp[^ " ^ + W ((Zi,!78,g'8) |] dpi^.. dq ^ , 

(1662) 


.in which the potential energy W has a similar well-marked minimum asso- 
ciated with each water molecule, or quasi-lattice pioint. The integral thus 
breaks up into ATq equal parts one for each water molecule, and reduces at 
once to Nq/q.. 

If Wci is the minimum of Wiq^q^^qf} in (1662), it is obvious that A^o/a 
oannot exceed VC2mm.JiTf 


¥ 


, Q-^oJJeT^ 


.(1663) 


It is easy to verify however that for reasonable types of field (1663) can reach 
a value nearly of this order. If and are negative, so that —w^ 
are “heats of hydration at the absolute zero’’, the calculated values of 
will be increased by the factor This factor, previously omitted, 

may be expected to be of such an order as largely to cancel the over correction 
for D in the earlier estimate, but it cannot of itself lead to large values of AC+ 
unless there is -also a large heat of hydration and a correspondingly largo 
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Jioat of solution for the salt. Largo heats of solution are rare, and therefore 
a still more careful analysis is required. 

In formulating and evaluating (1662) we have thought of any water 
molecule as providing locally a field W in which the ion can move, hut as 
itself unafi’eoted by the attachment of the ion. It is just here that the extra 
off 00 1 enters. The states of motion of the ion relative to its attached water 
moleciilo have already heon accounted for in (1663). [The mass should 
more strictly bo replaced by m„WII,o/(??^a■^'^ITJo) for relative oscillations.] 
An extra factor mf^ is provided by the change from/o for the water molecule 
to /o' for the (HgO-ion) complex, If wo regard the water molecule as rigid 
and assume that both its translations and rotations are api:)roximately 
simple harmonic oscillations of frequencies i^o jq respectively, we may 
approximate to/g with the oxiu’ession 

(hTyn^Y 

\hvj \/tvJ 

If it wore hold by the same field, the complex would have a translational 
frequency vg' given by , a 

■V= ) v„. 

One of its moments of inertia and therefore one of its rotational freedoms is 
unaltered. '.Ihe other two moments of inertia Avill increase from about 
2 X 10”'^*^ to l)y a factor of about 50. It follows that /o' e; lO^o • Since 
this increase presumably apjilies to both ions, ICi‘ is increased by this ofCeet 
by the factor 10*^. Kvon if considerable allowance must bo made for the 
stronger fields holding the complex than those holding the HgO molecule, 
10 remains largo enough for dissociation to bo practically complete uj) to 
normal solutions (1 mole per litre) of suoh salts. 

In conoliision wo may summarize this discussion by saying that the 
observed degree of (almost com])lete) dissociation of such a salt as NaCl in 
aqueous solution cannot be accounted for if the ions Na'i' and Cl"" are 
offeotivoly free systems, oven if the dielectric constant of the medium has its 
lull value down to molecular distances. When the effects of the intoraotion 
of the ions with individual melooiiles of solvent (hydration) are taken into 
aooonnt the high degree of dissooiation follows naturally out of general 
theoiy, the effect of the factor duo to the great incron so of possible states 
of motion for tlio hydrated ion being oven more important than the energy 
laotor in determining the degree of dissooiation, 

§13*61. Generaliiiea concerning hydration of ions. We have seen in the 
preceding sootion that in order that a simple salt may be highly dissociated 
its ions must bo intimately associated with at least one water molecule, and 
therefore in this general sense hydrated. To form a more preoise picture of 
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hydration, and in particular to determine it quantitatively, various methods 
have been used. Methods based on the transport of v^ater by ions in non- 
aqueous solvents are really irrelevant as then the water is held by the ion 
against the attraction of the molecules of the less polar solvent not against 
the attraction of other water molecules. The number of attached water 
molecules per ion thus conies out too high. Methods based on mobilities in 
aqueous solution assume the validity of Stokes ’ law for the terminal velocity 
of a sphere in a viscous liquid to extend much further than can be justified, 
A simpler and tlieoretlcally sounder method is provided by a study of tho 
densities of ionic solutions. In sufficiently dilute solution the iiartial molar 
volumes become constant and additive. They can be determined exjieri- 
mentally. 

Now it is clear* from, a variety of evidence that ivater has an irregular 
4-Goordinated structure, of open type, very similar to the regular 4-co- 
ordinated structure of ice. Each water molecule is generally surrounded by 
four others arranged more or less at the corners of a regular tetrahedron. 
On the otlier hand when HjO molecules occur coordinated round ions in 
crystals they are closely imoked round the ion and the number of H 2 O 
molecules coordinated to a given ion is just that number for which room is 
allowed by the relative sizes of the ion and the water molecule. Suppose now 
that an ion is introduced into liquid water. If it has a sufficient attraction 
for HgO molecules it will cause some of these to pack tightly round it. The 
contraction associated with this packing can be calculated by comparing 
the volume occupied by each water molecule round the ion in a crystal 
with the molecular volume of j^ure water. In many oases this contraction 
is greater than the volume of the unhydrated ion and the partial ionic 
volume will then be negative. 

A quantitative study of partial molar volumes shows that aU monatomic 
positive ions except the large Rb+ and Cs'** are completely hydrated in tlie 
sense that they are surrounded in water by a tightly imoked layer of as many 
water ipolecules as their size allows, just as they are in crystals. The excep- 
tions Rb+ and Cs'f* are so large that their surface field is insufficiently strong 
to coordinate the water. Monatomic negative ions are in general large and 
except for E“ appear to be unhydrated. Polyatomic negative ions are a 
fortiori unhydrated, while all multivalent monatomic ions are hydrated. 

According to this more developed view of the structure of liquid water 
the computation of the degree of dissociation of a strong electrolyte becomes 
still more complicated than appears in § 13‘6, The tentative calculations of 
that section remain however sufficient to show that hydration is an impor- 
tant factor ill enhaiioing the dissociation for monatomic ions, especially 
* Bernal and Bowler, J, Ohm, Physics, vol. 1, p. 616 (1933). 
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multivalent ones. As the caloulations of that section also show, such 
onhanceinent,is not required for polyatomic ions and, as we see here, it 
probably does not occur for thorn. 

§13’B2. The ''anomalies*^ of strong eledrolyles. The osmotic coefficient. 
Wo have just aeon that strong electrolytes, in water at least, are almost 
completely dissociated at low concontrations, certainly up to tenth molar 
(ct~0vl). At such concentrations to regard the solute as 100 per cent, 
dissociated into ions is at least as good an approximation as to assign any 
other constitution to it. It is therefore of great interest and importance to 
discuss thoorotioally the behaviour of solutions of such completely dis- 
sociated electrolytes at low concentrations — so low that the solutions are 
extremely dihite in the sense of § 13>32. If they were ideal they would then 
obey the equation (1614) here repeated, 

= /^®*ii,o(^) +p^^*ii,o ~IIT v*n,o Cf}*), 

If on the other hand they do not obey these laws, the deviation maybe token 
noooiint of by a ooelYioientj: g defined by 

(1664) 

ITor a solution obeying (1604) equations (1646) become 

P^RTgiS/cp*) (1606) 

Thus g is equal to the ratio of the observed lowering of the freezing point 
(or observed osmotic pressure) to the values calculated for the same solution 
assumed to bo ideal; it is oallod the osmotic coefficient, It might equally well 
bo called the freezing point ooeffioiont. 

In aqueous solutions of non-electrolytes g does not usually deviate 
appreciably from unity at concentrations much below molar (c'l'-'l). In 
solutions of strong electrolytes, however, g deviates oonBidorably from unity 
for concontrations as low as thousandth molar (c"!' ~ 0-001). Those deviations 
were formerly Imown as the anomalies of strong electrolytes , They are clearly 
duo to the oileots of tho long range oleotrostatio forces hitherto noglooted, 
which we must now include in tho manner foreshadowed in §§ 8*8--8'82. 

§13*6. Affflications and developments of the theory of Debye and Eilchel, 
Having already diaoii^od in Chapter viir tho moaning of tho average 
oleotrostatio potential round an a-ion of charge wo can now simplify 
the notation and denote this field by charge on the ion 

so that is the valency. Under certain conditions, aboady fully Isp^oified, 

t BJowum, ZaiU /, JUleklrochem, voh 2<1, p. 326 (10 18). 
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will satisfy the Ppisson-Boltzraann equation (808- 1) which since is 
spherically symmetrical reduces to 


r^dr 



Ilf 

D V 




( 1606 ) 


If all the exponents in (1666) are small for all imiiortant values of r, it takes 
the aj)proximate form, first discussed by Debye and Hfiokel, 


11 

r^0r 




DhT 



(1667) 


already solved for the simplest case in § 8* 82. A slightly more general solution 
will first be developed here. We shall now not entirely neglect the sizes or 
short range forces between tlie ions, but shall assume that they may bo 
represented by assigning the same diameter to them all or by using a com- 
mon mean diameter a. In view of other uncertainties and approximations 
a more refined treatment is hardly justified. Then (1667) holds for r>a, 
wliile for r<a there can be no other ion present and the electric intensity 
for values of r just less than a must be z^ejr^I). We have also 




{r>a), 


where B and G are constants. To satisfy the boundary condition for r~>co 
we must have G—0, and to satisfy the boundary condition for the con- 
tinuity of electric induction at a we must have 


_ I 




Z e 

from which it follows that B = ~ 


D 1 + Ka' 
The boundary value of is therefore 




aD 1 + Ka^ 


(1668) 


and the average potential due to the rest of the ions at the surface, and so 
inside the interior of a specified a, is 


I / \ 1 


( 1660 ) 


The sufficient condition that the fluctuations should be negligible is still, 
as in § 8*82, that 




e^K 


DhT 


< 1 . 


.(1670) 
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Siiioe i( vanishos with tlio concontration, this condition is certainly satisfied 
for solutions siifliciontly dilute, To study numerical values we write 

No 

If wo dofino the ionic strength I of the solution by the eq^uation 
then /c = 0>324x 10« 


for water at 0° 0. With the same values of /<:, D and T (1670) reduces to 
n-n’d the condition of smallness may be taken to be satisfied for uni- 
univaleni solutions Jmndredih molar (ct - 0*01) or less. 

Wo conclude that there is a range of fairly great dilution in which the 
use of the Poisson-BoltKinann equation (1606) may give an accurate account 
of the ionic distribution laws, by providing an adequate method of approxi- 
mating to J3{T). The use however of Debye and HuckoVs apin'oximation 
(1607) in place of ( 1 500) is not thereby justified and it remains to examuie in 
§ 13-7 whether a more accurate account can bo given by avoidmg this 
approximation, ’which at this stage has been introduced merely for mathe- 
matical con voniGHoo . As wtis pointed out must satisfy tho relation 

(803) which in the notation of this section requires that 




dzfi ^ dz^ 


(1671) 


near tho centre of tho ion in q iiostion. From formula (1609) and tho definition 
of K in (1607) it is easily verified that (1671) is satisfied. Since moreover wo 
must have — it is necessary that and this condition is 

also satisfied, ifhus the solutions wo have obtained are internally self- 
consistent. Wo have emphasisjod this point because when attempts are made 
to solve (1660) more aooiiratoly tliey lead os wo shall see to solutions lacking 
this self consistency and it is therefore by no means certain that such solu- 
tions are any more valuable than that given in this section. 


§13*61, Thermodynamic functions in the theory of l^ehye and Biickel. 
Wo have already soon in § 8*8 how to calculate the contribution to T made 
by intermoleoular forces in general and intorionio oleotrostatio forces In 
particular. Formula (812) in § 8*82 gives a limiting form for tho contribu- 
tion to T when the charges on the ions are built up from zero to their actual 
values in a reversible isothermal ju’oeess at constant volume. In obtaining 
this result we have had to assume (implicitly) that tho dielectrio constant 
was indoj)ondont of tho charges and of tho pressure since the pressure will 
change during the charging ju'ooess in order to preserve tho oonstant volume. 
It seems likely that this assumption, that the isothermal D is oonstant, will 



544 Applications to Liquids and Solutions [13*61 


be most nearly fulfilled at constant pressure. The more exact meaning of D 
is discussed at the end of this section. 

Let us assume that the solution of discharged ions is ideal, and that in 
the actual solution at the same temperature and pressure 


+ + F = + (1672) 

(?jand Ft being the values of these functions in the discharged ideal solu- 
tion. The work to be done on the solution in charging up at constant pressure 
and temperature is then equal to 11^ + , where is the electrostatic work 

and the hydrostatic work to be done by the external pressure. Then 

= TF„--5?F„ G,^W,. (1673) 


We have already calculated the simplest case of in §8*82. We now see 
that if tins calculation is emended by taking account of variations of F in 
K — ^they are in fact negligible — it will give with greater reliability . The 
calculation may now be extended by using (1669) in place of (811*3). Wo 
thus find that, ignoring the F changes, 

XHX 


« s 


w|‘t 


+ A/cct ^ 


(1674) 




where T(a;) - [log( l + a;)-aj + |a:®]. (1676) 

ft/” 

For high dilutions r(aj) ~ 1 and (1674) reduces to 

(1676) 


The function T(a;) is tabulated in Table 63. 


Table 63. 

Yahiea of the Dehye-Uilckel functions r(aj) and a{x)for even values of 



X 

t{x) 

a{x) 



t{x) 

Or ( a ?) 

O'OOO 

0-0000 

1-000 

1-000 

0-030 

0-1732 

0*886 

0-786 

O'OOl 

0-0316 

0-976 

0-964 

0-040 

0-2000 

0-870 

0-769 

0-002 

0-0447 

0-987 

0-936 

0-060 

0-2236 

0-867 

0-788 

0-003 

0-0667 

0-960 

0*922 

0-060 

0-2449 

0*846 

0-717 

0-004 

0-0633 

0-964 

0*912 

0-070 

0-2646 

0-836 

0-700 

0-006 

0-0707 

0-049 

0-902 

0*080 

0-2828 

0-827 

0-686 

0-006 

0-0776 

0-946 

0-893 

0-090 

0-3000 

0-819 

0-671 

0-007 

0-0837 

0-941 

0-886 

0*100 

0-3162 

0-811 

0-669 

0-008 

0-0894 

0-937 

0-879 

0-110 

0-3317 

0-803 

0-046 

0-009 

0-0947 

0*934 

0-871 

0-120 

0-3464 

0-790 

0-636 

0-010 

0-1000 

0-931 

0-866 

0-160 

0-3873 

0-778 

0-607 

0-020 

0-1414 

0-906 

0-818 

0-200 

0-4472 

0-762 

0-669 
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Wo can now justify the neglect of F~variatious in k by sliowing that 
hy means of the relation V^=:dGJdp. It will be sufficient in investi- 
gating orders of magnitude to use (1676). Then since koc (T^D)"^ 


F = 


6“^ 


„ / 1 1 9F^ 3 1 9Z)\ 

'2V,dp 2D dp)' 


Since for the ai^i)lioability of the theory we have ehc/DJcT^ 1, it follows that 

Evenfor a solution as concentrated as one molar c*= 1 0“®, c+ = 1 , MT 

will be at most of the order of 10 atmosi)lieres, while the compressibility 
— 9F/F9jp of a liq^uid is of the order 10"^ and dDJDdp at most comparable. 
It follows that even for a one molar solution 

IWN10“^ 

and for more dilute solutions it will bo still smaller, thus justifying our 
neglect of the variation in F in the charging process. 

The contribution of the electrostatio forces to Helmholtz’s free energy 
is given by —pV^ — G^^p dGJd}'), (1677) 

Their contribution to the partial potential of the solvent, according 
to (1636), is given by 

dG, die 9F 


/x6*n,o ■ 


N 


die dvmn,o* 


e^ie 




== ra 1 + - 'nr. - 2 iog( h- x) 


.(1678) 

.(1679) 


where , , 

^ l-\-x 

Values of the function o-(a’) are also given in Table 63. From (1678) w^e- 

obtain at once a formula for g, the osmotic ooofiioiont defined in (1601). 

Comparing this definition with the corresponding equation for an ideal 

solution, wo find by sxibtraotion 

(1 -g)v*^,Q PT 21^' C/ - FAr,0 . 

Hence, according to (1678) 

eV GQ*Ztt^ 



Formulae (1674) and (1670) lor G^ contain D, the dielootrio constant of 
the medium, which has been introduced as a parameter entirely external to 
the distribution laws of the assembly. In fact D is temperature (and pres- 
sure) dependent, showing thereby that it is strictly a property derived from 
the distribution laws — of course from the orientations of the molecular 
dipoles. In forming other thermodynamic functions from G this variation 

FSM 35 
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of L with T and^) must of course bo taken into acooimt. Though to do this 
is essential to preserve the ordinary thermodynamic relationships and must 
be a better approximation to the truth than ignoring the variation of D 
altogether, wo have no right to assume that the terms so derived are exactly 
correct. D has entered our equations as a coefficient in certain energy terms 
and strictly speaking all energy terms (before averaging begins) must bo 
functions only of configurations. In calculating the two free energies it is 
necessary to form this complete configurational energy W and evaluate 


'f 
J J . 


integrated 


over all 2 mssiblo configurations in a single stage. Ill 


allowing a temperature variable I) to enter our W we have already approxi-* 
mated illegitimately by averaging in two stages, first over the dij^ole orienta- 
tions and then over the ionic configurations. A series of successive jJarbial 
averagings cannot gh'^e exactly the true result. Nevertheless this successive 
partial averaging is all that we can attempt to carry tlirough, and tho results 
given by it, though inaccurate, should bo of the correct form and order of 
magnitude. 


§ 13' 62. Bml of dilution in the theory of Debye and Hiicheh Tho heat of 
complete dilution A of a given solution is defined as tho heat absorbed when 
a large (effectively mfinite) quantity of the pure solvent is added to the 
solution at constant temperature and pressure. If U is the heat function for 
the original solution, li^ for the ^^ure solvent added and //«, for the resultant 
mixture, then the definition states that 


(1681) 

]?or an ideal solution, on the other hand, the heat functions are additive 
(see §13'26) so that = 

Moreover E = !/'■ -f J/g , B^ == B^\ so that 


7^= 


9tl> 9 

f r ~ _ 7'2 e — m2 AL 

dT dT 






-’’[(iL 








.Km + 

mdvim 


• 

(1682) 


. Hence* 

da (d 

'i 1^' 


vi',23,rJ L 

. 

(1683) 


* Tile original formula of Debye and Hiiokel contained only the 8/9T term and is inoorroot. 
Tlio need to include 8P/9T ^yafl pointed out by Bjorrum, ZeU.J. physical. Ohem, vol. 119, p, 146 
(1926) and 3F/93' by Soatoliard, J. Amer, Ohem, Soc, vol, 63, p. 2037 (1931) and independently 
by Gatty, Phil, Mag, vol. 11, p. 1082 (1031). That there should be a dajdT term was suggested by 
Gross and Halporn, Physikal, Zeii, vol. 26, p, 403 (1926), and by Bjorrum, Trans, Par, 8oc, vol. 23, 
p, 446 (1027). The diameter a is quasi-erapirioal, ami must certainly be expected to be temperature- 
dependent. 
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As nothing is known of dajdT wo oan only ovalnate (1683) for dilutions so 
groat that 0^ is given by (1576), Then 




€‘‘IC 




^9^ 1 


,(1684) 


Inserting ninnorioal values for aqueous solutions at 26° C, wo obtain for tho 
heat of ooinplete dilution in calories per mole of electrolyte whoso molooulo 
yields oations of valency z^. and q„ anions of valeiioy z_, 

= + (1084*1) 


where 


A = 1376 


H 


Td^ l^m 

DdT'^zydT} 


Since for water at room toinporatures {T/D) dDjdT is roughly — 1*4, tho 
greater part of tliis term is oancelled by tiro unit term. Thus A is very sensitive 


Table 64, 


Values of D, dDjdT and 1 + (TjD) dDjdT for ivaler at various Uinperalw'ea, 


12*6“ C. ■ 

26'* C. 

' 40" C. 

AnthoL-itiGS 

D 

dD 

dT 

, , TDD 
^ DdT 

D 


O'dD 

— A 

D 

DD 

~dT 


83a0 
83'29 
83'a4 
82'77 
82 81 
79-42 

~0-370 
-0-303 
-0-370 
-0-308 
- 0-404 
-0-308 

B 

78 '54 
78-67 
78-77 
78-20 
77-84 
76-40 

BISUM 

-0-371 

-0-374 

-0-337 

-0-329 

-0-474 

-0-142 

1 

73-28 

73-41 

73-71 

73-18 

72-24 

71-48 

-0-341 

-0-320 

-0-322 

-0-330 

-0-340 

-0-248 

-0-467 
- 0-300 
-0-307 
-0-411 
-0-612 
-0-080 

Wyman (1) 

Drake, ofco. (2) 

Drudo (3) 

Drudo (3) 

Kookol (4) 
Cukhboi’taon, oto. (6) 


(1) Wyma», PUys, Bcv. vol, 36, i). 023 (1030), 

(2) Eralco, Pioroo ami Dow, Phya, Itav, vol. 36, p, OIB (1030). 

(3) Driulo, Wicil, Ann, vol, 60, p. 48 (1800). TUo livst ontiy givoa tho (l^aros dorivod by nn 
interpolation formula; tho boooikI sot wore derivotl jgrapIUciiHy. 

(4) Kooltol, /l?m, (1. Physikt vol, 77, p. 430 (1025). 

(6) Ciitlibortsoii and Maars, J, Ohm. Son, vol, 62, p, 483 (1030). 

to variations in tho value assigned to dDjdT which is not partionlarly well 
determined experimentally, so that A oannot bo fixed with an aoouraoy 
better than about 16 por cent. The term in dVjdT is woll doterminod but 
considerably less than tho imoertainty in 1 + {TjD) dDjdT ^ and will there- 
fore bo neglooted. In liable 64 relevant values by various authors are given, 
arranged roughly in order of reliability. 

At concentrations above tenth molar tho boats of dilution for voi’ious 
electrolytes in water are highly speoifio being of either sign . Tlio only accurate 
measurements at high dilutions are those of Lange and Robinson * and their 
collaborators. These are in good general agreement with the theory. They 

* Lango and Robinson, Ohm, Jtev, vol. 0, p. 80 (1031).' 
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show for example that at high dilutions I'L > 0> so that on further dilution 
heat is evolved as required by (1684‘1). They show secondly a variation 
approximately proportional to the square root of the concentration. Thirdly 
it is found that the limiting slope of the //g, curves is determined pri- 
marily by the valency type of the electrolyte; being least for uni-univalent 
electrolytes, considerably greater for uni-bivalent and greater still for bi- 
bivalent electrolytes. All this is in agreement with (1 584*1) , The determina- 
tion of the absolute value of tliis limiting slope is experimentally of extreme 
difficulty owing to the great dilutions at which measurements are required. 
Thus no clear cut comparison can be made between the theory and exx3eri- 
ment on this point even for uni-univalent electrolytes. It is fair to say, 
however, that within the uncertainty of the exx)erimental data thei’o is no 
inconsistency between the absolute value of this limiting slope in theory 
and experiment. 

§13*63. Comparison of theory and experiment for the osmotic coefficient. If 
we insert numerical values for water at 0° 0. and introduce the ionic strength 
I ( = ca^za^), we obtain* for g 

1 -g- 0*3747^ (1686) 

when a is measured in Angstrom unilbs. When all ions pu’esent have tho 
same numerical valency 2 , the valency factor sirapMfles to z^. When all tho 
positive ions are of one valency and the negative ions of another z„, tho 
valency factor reduces to The formula for g is then 

l-f7^0'374|2^.2_|J^|a7^) (1686) 

and as 7-^0, CT-> 1. If then 1 — g is plotted against the square root of tho 
ionic strength for solutions of single electrolytes we should obtain curves 
with a slope near the origin equal to 0*374[2^2_|, and the slope should 
decrease as the concentration increases. 

Experimental values for g are obtained by taking the ratio of the freezing 
point depression of the solution to its value for an ideal solution of the same 
concentration. As the dilution increases the freezing point depression 
decreases approximately in proportion to the concentration and so the 
accuracy of g varies inversely as the concentration. The relative accuracy of 
1 — g decreases still more rapidly. Instead of comparing observed and theo- 
retical values of gf or 1 — it is therefore better to compare observed and 
theoretical values of the lowering of the freezing point over a whole range of 
ionic strengths for an arbitrarily chosen value of a. The results of such a 
comparison may be summarized as follows; In practically all cases, where 

* The coefficient in a is more exactly l/3’08 but the round value is accurate enough for most 
purposes, especially as tlio adjustable parameter a is semi, empirical. 
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reliable freezing point data are available for dilute aqueous solutiona of 
strong electrolytes, there is agreement within the accuracy of the measure- 
ments between the observed and calculated freezing point lowering if the 
value assigned to a is sidlahly adjusted. For example the data of Hovorka and 
Rodobush* agree with the theory with an accuracy of 0-000 1° at all ionic 
strengths to 0-01 if the values in Table 65 are assigned to a. These values 
of a are of the right order of magnitude, The best data for some other electro - 


Table 66. 

Values of a, fitting the Debye-IIiichel values of g to liodehuali'a measurementa . 


Electrolyte 

KCl 

CsN07 

KaSOj 

Ba(N 03 )a 

MgSO,i 

GuSO,, 

Tj£lg(&Oj)3 

a, A. 

3-8 

3-0 

3-0 

2-1 

3-0 

2-2 

3-0 


lytes are fitted by assigning to a values that are much smaller than the 
possible closest distance of approach of the ions — for instance 0*4 A. for 
KNOgf and 0-0 A, for KlOg.:!: The true value for the closest distance of 
approttcli of two ions in a solution should be oitlior very nearly the same as 
the mean of the ionic diameters determined in crystals, or greater if the ions 
are permanently hydrated. The true values cannot ho less. It must be 
reluctantly admitted that the parameter a is not a real mean ionic diameter, 
hut rather a parameter correcting for a whole variety of thoorotioal im- 
perfections . This is Gspeoially so for solutions containing small ions. 


§13*7. More accurate solutions of the Poisson-IioUzmann egiiaUon, Tlio 
impossibly small diameters of the xiroceding section can in part at least bo 
ascribed to the inaoouraoy of the apjiroximation by which (16Q6) is re]dac6d 
by (1667), an inaoouraoy whioh enters so soon as zeifi is oomxparablo with hT, 
More acourato methods have been developed but they ai’o necessarily rather 
elaborate; for the sake of simplicity wo shall oonsidor only a solution con- 
taining N moleoulos of a symmetrical elootrolyto whoso, ions have ohargoa 
±Z€, and are all of tiro same size, This restriction is not serious since wo 
shall find reason to believe that the results of the extended oaloulafcions can 
only be valid (if at all) in this case. Wo shall also only oonsidor oxi)lioitly the 
first stage of the extension. 

The Poisson-Boltzmann ocj nation for this simple assembly reduces to 



Srre N 


sink 


hT 



* Hovorlca and Rodobnsh, J, Amer, Ohem, Soc, vol, 47, p. 10 M (102^). I’lio values of aaotunlly 
given in this paper are oomputod incori-ootly owing to a misprint in Dobyo and Hiiokol’s table of 
valuca of a, (Ib-Ivato oonnnunioation to E, A, G.) 
t Adams, J, Amer, OJiem, Soa. vol. 87, p, 481 (1D16), 

I Hall and Harkins, J, Amer. Ghon, Soc, vol, 38, p. 2008 (lOlOJ, 
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The solution of this equation is required for which -» 0, dtjjjd/)' 0 (r oo) 
and difjjdr = - zejLa^ (r = a). It is oonvenient to introduce the notation 

N\^ zei/ia , /iroo\ 

Vj ' ^~DhTa 

^4 

with the houndary conditions 


(/)^00), 
{p^x). 


2 /-» 0 , dy/dp-^O 

dy^ 

dp X 

Debye and Hiickel’s approximation consists in imtting sinh^/^y. 

There is no difficulty in principle in obtaining the desired solution ’without 
this approximation. It has been achieved in an elementary way by Miiller, * 
who used the approximation sinh7/ = 2 / only for suflioiently large values of p. 
Dor such values of p the solution of Debye and Hiickel 

yip)^Ae~P (1690) 

is valid, but for smaller values of py(p) deviates from (1600) and the value 
of A cannot be determined from the boundary condition at p = x. Muller 
therefore continued (1690) inwards by graphical integration to p = a% 
determined A to fit the boundary condition, and so finally found y{x) as a 
function of b and x. 

An analytical determination of the solution of (1689) has also been given 
by Gronwall.f The complete solution of the problem given by Gronwall, 
LaMerandSandvedl is too lengthy to develop here and we shall be content 
to describe Gronwalfis first step beyond Debye andHiickel’s approximation. 
Equation (1689) may be written 


where 


<f>{y) -Bm}Ly-y== S ^2n+i^(2w+ 1)1. 

it=i 


.(1691) 

.(1692) 


We now transform the differential equation into an integral equation by 
means of the Green’s function of the left-hand side,§ obtaining 


y{p)^ 


bx e®-P 1 


l+ cr p 2p 




This form is exact. It may be verified by direct differentiation and attention 
to the boundary conditions. 

* Miiller, Phi/aikal. Zeit, vol. 28, p. 324 (1927); vol. 29, p. 78 (1928). 
t Gronwall, Proo, Nal> Acad, Set, vol. 13, p. 198 (1927), 
i Gronwall, La Mer and Sandvod, Physikal, Zdt, vol. 29; p. 358 (1928). 

§ See Courant and Hilbert, McOiodm dcr nathmalischen Physik, vol. 1, pp, 273-276 (1924). 
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Tho Dobyo-Hitokol aolution neglects ^ entirely. A next approximation is 
obtained by substituting this oriido solution in As /<-> 0 and so this 
term is of tlie order and the error at this stage can bo shown to be of 
order .'r'^log.'r. Wo have therefore 


/ \ 1 f'® , hx e®~^\ 


.(1694) 


l + a* l + 


{6/(1 

, (2?i+l)! . 

CO jj ZtI'J-I 


*co 

g~2(n-|-l)a;c< 

Jo 


(lea. 

(1 ' 


c:ibn-x-\-x^)~x^ S ^ . 

Wo thus find on reverting to tho original notation that 




il’ho more complete discussion of Gromvall, La Mer and Sandved sho’w^s 
that (1505) may bo replaced by 

z4^zh^jD]cT(t “ / 


-1)/ 


(1606) 


1 -f- Kd 


' I ' ' 

:^\DhTh) 


y2a^\i{>(^)i (1696^1) 


where the y 28 i.i{'<n) are dotermihablo functions of kcc, 

The equation for ihp{a) is, in this symmetrical caso, derived from (1606) 
by changing the sign of z, Tho potential due to tho distribution about the 
central ion is given by the second term correct to terms in Using (1696) 

for iffain) and charging up the ions as in §8*82, wo find that 


2Nzh^K 


^,<CH (2u-|-2)!(2n-] 


-1)1' 


.(1600) 


Tho more elaborate work of Gromvall, La Mer and Sandved is oorroot to 
higher powers of i<a. 

If tho solution oitlior of Mill lor or ol’ Gronwall, !La IMor and Sandved is 
applied to tho experimental data more reasonable values are obtained for a 
than those of § 13*63. In fact Gronwall has shown that, if tho values of a 
derived from tho exact theory (equation (1691)) are denoted by and those 
of the preceding section by ( 1 ^ , remains i)ositivo oven if %-> — co. Wo shall 
not however go further into tlie details of these solutions of tho Poisson- 
Boltemami equation booanso there is considorablo doubt whether their 
validity extends any further than those of tho equation of Uobyo and 
Hiiokel. As we have already seen in § 8*8, tho conditions of setf-oonsistenoy 


must be satisfied by the 0’s in the general case, Owing to the Special sym- 
motiy of (1696) the condition is here autdihatioolly satisfied. 
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Owingto the restriction, of (1696) to two sets of equivalent ions only tho order 
of charging cannot be changed (preserving neutrality) in this spooial oaso, 
so that the second condition does not operate. For this special oaso thoroforo 
the only condition that can fail is the equality of to 11^^ and it is pos- 
sible that, though this condition cannot he exactly fiil|illod, its faiUu'o is nob 
serious. It is apparent at once in the general case that tho do not dopond 
on the and solely through the combination which ocoiu’b in k, 

but through other combinations as well. The conditions of solf- 

consistency then inevitably fail, and far more complotGly than in tho 
symmetrical case.' It must be regretfully admitted that this most ijromising 
method of evaluating B{T) cannot bo carried logically beyond tho first 
crudest approximation. The extended theory of Gronwall, La Mer aird Sand- 
ved at least for symmetrical electi’olytes does not appear to he so r'adically 
involved in these inner failures, and as a semi-empirloal extonshm can 
apparently be used with confidence so long as the Poisson-Boltzinann 
equatioix itself is valid. 


§13*71. Bjm'um's treatment of ion association. Wo have soon that 
attempts to improve on Debye and Hupkers theory by solving luoro 
accurately the Poisson-Boltzmann equation are in general dooinod to 
failure in spite of their empirical success. The Dobye-Hiiokel theory itsolf 
is valid when both 






DhTa 


< 1 . 


The second condition is independent of the ooncontration, and it is thifl 
restriction to large ions which we have still to find a general moans of 
avoiding. 

An entirely different method of avoiding this restriction has boon pro- 
posed by Bjerrum,* at first sight less elegant and more arbitrary than 
that of Gronwall, but free from inner oontradiotions. The prinoiplo and 
application of Bjerrum’s method is simple so long as all ions Imvo tho 
same numerical valency and we shall confine attention to this case. 

It is olear that the radius < 



is a critical radius in any theory, for if a > j then Debye and Hiiokel’s theory 
applies m Its ongmal form. We imagine therefore the oenfae of every ion 
surrounded by a sphere of radius q. Dor each ion there are then the following 
atenatives: There may be (1) no other ion. (11) one other ion of opposite 
ohai^ (m) one other ion of the same charge, or (iv) more than one other Ion, 
n I e the spherical shell r = q. The relative frequency of these arrangements 

• Bjemim, Kgl Damli, Vii. Sehk., Mallh-fy,. MM. yol. 7, No. 8 (1026). 
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can easily be evaluated approximately, for in calculating distributions in 
whioh one ion (or a few ions) are within a certain small region immediately 
round the central ion tlio screening effect of the other (distant) ions may be 
ignored. The potential due to the central ion at a distance r can therefore be 
given the simple value zejDr. The average number of ions of the opposite or 
the same charge within the sphere r^qia therefore 




dr, 


the -I- sign roferring to ions of oi^posito and the ~ to ions of the same charge. 
For suflioiently small values of N this number is small compared Avith unity 
even for the + sign and still smaller for the negative sign. We may then say 
that wo have effectively a fraction a (a < 1) of ions Avith an ion of the opposite 
sign witliin the sphere r = q, and a negligible fraction Avith an ion of the same 
sign. The fraction Avitli tAvo ions Avithin r=^q can easily bo seen to bo of order 
at most a* and may therefore also bo assumed to be negligible. The remaining 
fraction 1 — « has no other ion Avithin r ~ q. Of the four possible arrange- 
ments only (i) and (ii) are effectively pr’osont. 

The novel idea in Bjerrum’s treatment is to deal with these two olasaea of 
ions separately. The fraction a is called associated ion qMirs and tlio fraction 
1 — a free or imassooiated ions. Bjerrum’s a]>proximation is now to ignore 
tlie effect of the eleotrostatio field of an associated pair on the remaining ions 
and to apjjly Bobye and Hiiokers theory of the free ions, assuming of course 
that they have an efi’ectivo diameter q, for if they come closer than q they 
cease to count as free. 

For sufliciontly small concontfations avo have shoAvn that 

i7n^exp(eVIDiM')dr. (1698) 

To extend the theory, at least roughly, to values of a for Avhioh the condition 
1 fails, wo oan calculate a by treating the distribution as one of dissociative 
equilibrium between the associated ion i^airs and the free ions, in the manner 
of § 9*0. The condition of dissociative equilibrium takes the form 


^ fu^ 

Avhoro/i,/jj and/i 2 arc the i)artition functions for the free ions and the asso- 
ciated pair respectively. Only the ooniigurational factors can oontributo to 
this ratio and it is easily shown that 


E , 

477 1 * r^oxp{zh^lDrkT)dr 
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if the electrostatic forces between the distant ions are ignored. To this 
approximation therefore 

^ ^ j^47r exp(gge7.gf/gg0 , (1699) ' 

and to the next approximation 




where KJKco maybe derived thermodynamioally from .Debye and HiiokoFs 
value for Q^. and therefore the ratio so calculated, is a function of 
K = /c(a) which must be given the value 



8iri\^(l-a)2:2e2\J 
LkTV ) ' 


( 1001 ) 


Thus Kg and a can only be evaluated together, by a process of successive 
aj^proximation. The necessary calculations liave been carried through by 
Bjerrum for aqueous solutions of uni-univalent electrolytes at 18° 0. and 
the values ob tabled for a are given m Table 66. 


TabiiE 66. 


Degree of association « of uni-univalent ions in water at 18° C. 


ax 10® ora. 

2-82 

2-36 

1-76 

1-01 

0-70 

0-47 

qja 

2-6 

3 

4 

7 

10 

16 

ct in moles 
per litre 
OUOOl 






0-027 

0-0002 

— 

— 



— 


0-049 

0-0006 

. — 

— 

— 

H* 'IvH 


0-106 

0-001 

— 


H^ iiiTH 

HTlnlH 


0-177 

0-002 

■t 1 lUH 


HmbsH 

HTinvH 


0-274 

0-006 

HTnpfl 


HMiitH 

HriiftH 


0-418 

0-01 

Hi' 'iijfl 


Hi SiTH 

HTiktSH 


0-629 

0-02 

Hi 

lE 

Hi weM 

BTiafiH 

0-137 

0-632 

0-06 

Hi !i iliH 


Hi iff« 

0-106 


0-741 

0-1 

0-029 


Hi twH 

0-163 


0-804 

0-2 

0-048 

BEEh 

0-121 

0-240 

0-437 

0-864 


The entries of this table can easily be transformed to apply to other 
valencies and other solvents by making use of the fact that the osmotic 
coefficient g depends only on the ratios q:a ‘. or is a function only of 
cz^jD^T^ and of aDTjzK The method of computing g according to this theory 
should be sufficiently obvious and it is left to the reader. 

Values of y =g{ft:(a)} are derived from (1680) using the oorreotions neces- 
sary to allow for a. By comparing the values of g obtained from freezing point 
measurements ivith calculated values much more reasonable values of a are 
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obtained than from the simple theory, especially for bi-bivalent electrolytes, 
and for nni-nnivalent electrolytes in solvents of lowoi? dielectric constant 
snch as the alcohols. 

§ 1 3*73. F%io8s' 8 disciission of the choice of q . Before leaving this subject it 
is jn’oper to enquire why precisely the distance q should have been taken 
arbitrarily as the critical radius distinguishing between free and associated 
ions. The answer is that the exact value of q is iinimi^ortant, and that the 
final result is not greatly different if we replace gr by o.g. \q or Sg. A revised 
form of the theory due to Fuoss* makes this point clearer by virtually 
eliminating the arbitrary choice of q. 

In Fuoss’s treatment erery ion is paired with some one ion of the opposite 
sign according to the following convention. A positive ion and a negative ion, 
the centre of tvhich lies at a distance between r and r -f- dr from the positive ion, 
are defined to be an ion pair providexl that no other unpaired negative ion lies 
iviihin a sphere of radius r drami round the positive ion. I^ot the centre of a 
partionlar positive ion he talcon as origin and lot (?(?') dr bo the probability 
that this ion forms a i^air with one of the N negative ions at a distance 
between r and r-hdr, there being no unpaired negative ion nearer than a 
distance r. We may then assort that (?(r) will bo proportional to to 
4:10'^ dr IV ; to the Boltzmann factor oxpizh^fiyrhT) (this neglects screening); 
and finally to the probability /(r) that an unpaired negative ion is not already 
present in the volume ‘inr^jZ. The probability that the first unpaired negative 
ion is present in the spherical shell x<r a; + dx is by definition (?(»;) dx and 
therefore the probability /(r) that no such ion is anywhere present in the 
si3here of volume 47rr®/3 is ’ 

f{r)^l-rOix)dx. 

J a 

Combining these statements wo see that we have assorted that 

a(r)dr=^rHre<»l'\l -j' 0(®) (1002) 

For small r the in-obability Q{r)dr must reduce to the ordinary average 
number of ions of opposite sign, that is to 

With this boundary condition equation (1002) is easily solved giving 
(?(r) « r^ exp ~ J dx - , (1 

* Paoss, 3V»««. Jfan iSoc. vol. 80j p. (1084h ' ■ 
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It is easily verified that 

(•V^ I* <x> 

G(r)dr 2 i G{r)dr^l. 

J a J a 

We now study the dependence of G{r) on r. We see that G{r) has stationary 


values when 


2 2(7 4:7tN . ^ 


r r* 


.(1604) 


There is always one maximum value, and there is also a minimum if q> a. 

If the concentration is faii'ly small so that q < {VjN)^ and if also (/ > a, then 

the minimum occurs at / . it o ^ 

/, , 47rWe2 . \ 

»-=2(l + -pr 2? +•••) 
or at r c:i q^ and the maximum at 

r = (F/27rW)i{l ~ 2(7(F/27rW)“^+ . ..} . 

or at ?’ oi ( F/ 27tN)^ = p , These give 

while for ions in contact G{a) ~ . 

It is thus approximately true that G{a)a:NIV while (?(p)cc (W/F)^ so that 
at low concentrations Q{p) > G{a)y while at high the order will bo reversed. 
For given solvent, temperature, valency, and ionic diameter there will bo 



Kg. 72, Shonving the distribution funotion Q{t) as a function of r. 
Thus for aqueous solutions of a bi-bivalent electrolyte the critical concen- 
tration is about ten thousandth molar. An example of G{t) is shown in 
Fig. 72 for this case. The various characteristic distances in Angstrom 
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units are a = '1*6, (F/2iV)^ = 202> l//c» 163» < 2 ^= 14, /?= 138, and their varia- 
tions as ct changes can be derived at once from the foregoing forinnlae. Tlie 
maximum at E and tlie inflexions at D and F move however only at rates 
proportional to both vertically and horizontally wliilo A and G move 
upwards at rates proj)ortional to c'b It follows that over a very wide range 
of values of c'' there are very few ion pairs at G in the neighbourhood of 
r ~ 1 / compared with those round A or E or both. It is therefore legitimate 
to divide the ion pairs up into those two classes by an arbitrary ooiivontion 
provided that the dividing radius is chosen near q ns Bjerrum has done. It 
is clearly then the correct first approximation to treat the two distinct 
classes as contributing to the electrical energy according to the Dobye- 
Hiiokel theory for the distant pairs while giving zero for the associated 
pairs. There is therefore no ground for the assertion of Gronwall, La Mor 
and Sandved* that .Bj err urn’s assumptions are arbitrary. 

§13*8. Specific interactions of ions. The most valuable oontribution of 
the theory of Debye and Hiiokel consists of the limiting laws for infinite 
dilution, (1676) and the formulae derivable from them. The formulae in- 
volving the mean ionic diameter a may be fairly satisfactory if a is not too 
small. When a is small they iail, and the variations, such as those of Bjerrum 
and of Gronwall, whicli attempt to correct for this fniluro are all oumborsomo 
and none of them exact. Moreover the treatment of the ions as rigid spheres 
is far too crude to take account of the specific in’oporbios of various ions of 
the same valency, for the ions differ not merely in size but also in shape and 
polarizability, all of which factors have to bo roiH’esontod by a change of a 
in this theory and its extensions. It is a-n obvious suggestion for improvo- 
mont that in a solution containing several kinds of ions independent values 
of a should be assigned to each ion pair. It would be necessary howevor to 
ensure that the partial potentials of the various ions satisfy the relations lilps 

dN^ dN, 

and any simplification of the oaloiilation would be liable to fail to i)roBervo 
these necessary relationships. 

Anything like a oomploto calculation being at present ai)paL'ontly out of 
the question, an attempt has been made by Guggonhoim to solve the simpler 
problem: Given the equilibrium properties of dilute solutions of each single 
electrolyte, to calculate the specific eq^iiUbrium properties of a solution co»- 
taining several such electrolytes. A standard of comijarison is required to 
which we can refer the properties of any actual solution of electrolytes. 

* Gronwall, La Mor and Sandvod, ifoc. ciL 

J Guggonhoim, Proc, 18<A Scandinavian Scientific) Gono>'csfit Goponliagou (1020); PM, Mag. 
vol, 10, p. 688 (1030). 
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Among a variety of possible standards the most convenient seems to be an 
imaginary electrolyte containing a mixture of ions of the same concentrations 
and valencies as those of the actual electrolyte, which accurately obeys the 
formulae of Debye and Hiiokel for a definite value of the parameter a. The 
value we shall actually choose for a is 3*08 x 10“® cm. 

Let us now consider two actual ions, a and in a given relative con- 
figuration. Their mutual potential energy can be regarded as the sum of 
thetwoterms + (1006) 


where is the value for the two standard ions of the corresiJonding 
valencies and measures the specific (peculiar) deviations of the inter- 
action of the given ion i)airs from that of the corresponding standard ion 
pair. Dor all except small distances is effectively the Coulomb energy, 
wliile is negligible except at very small distances, V/e shall now make 
the assumption, strictly illegitimate, that the contribution of to the 
thermodynamic functions can be added as a correction additional to the 
electrostatic terms arising from . It maybe expected that this api^roxi- 
mation will be reasonably accurate so long as the contribution is small 
compared with the electrostatic terms. Wo tlien write 0^ as before for the 
contribution of the mterionio potentials to Q and may break this up into 

= + (1606) 

being given by (1674) for the cliosen a while is an additive term 
vanishing whenW^^p — O. Now this additive term arises from effectively 
short range forces and may therefore be evaluated as a contribution to 
log B{T) hy the methods of Chapter vnx for imperfect gases. The arguments 
there used must be generalized so that the standard value of B{T) is not 
for N ions but contains the interionio energies . Whereas in Chapter 
vin we found an extra contribution to Helmholtz’s free energy of 


y 



e-Wa^/A:2’J f/oj. 


the integrand being effectively non-zero over a short range only, so here the 
extra contribution will be, to the same approximation,* 


y ^ 01 ,^ 


^<xNb C 


(1607) 


in (1607) denotes summation over every type of ion j^air, and the 
symmetry number is 1 when a 4= /3 and 2 when a. — ^. The expression 
(1607) is strictly D/, calculated by establishing the at constant tem- 
perature and volume, Dor reasons similar .to those given in § 13'61 it is 

* TJio factor V in tlio denominator ia lioro inoxaob, It will bo a more ooinplioated oxprossiou of 
the order and dimenaions of V, depending on tho toinporatiire. Wo aball aoe howovor that tho 
diatinotion need not bo ptosorvod. 
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liowevor probably more acourato to take it as equal to We thus obtain 
the following expression 

eV JcT Nr^Na r 

(1008) 

Not all the speoiflo terms are equally hnportant; the term arising from 
pairs of ions of the same sign for whioli > 0 will be small oompared with 
those arising from pairs of ions of opposite sign for which We 

may therefore simjjlify to the expression 




e'^K 


hT 


(1809) 


where li is any cation and X any anion, and ^ coefficient depending 
only on the tomporature, but speciiio to the pair of ions in question. Those 
®^oh be determined by the properties of a single electrolyte, and 
the equilibrium properties of a general mixed elootrolyto will then bo 
derivable from (1000). Tor example the speciiio contribution to the 

partial potential of the solvent ivator will bo 










^U,X ) 


awH,o 

=a “ • (1010) 

Tor the sake of brevity we shall discuss the implications of this foinnula 
for the case in which all the olootrolytos in the solution are of the same 
valency type, each raoleoule dissolved yielding cations of valency and 
g_ anions of valency z_ so that + Lot c* be the total con- 

centration of eleotrolyto in moles per unit volume so that 


1 




ti. ^ Sf- 

and let the composition of the solution bo defined by the fractions r ^, . . . , f, 
for the cations and aq , . . . , for the anions, suoh that 

etc, Then 

/i'”^*ii,o === — N ii! 2' r *11, 0 2+ 2- ^ ^2t,x * (1811) 

The corresponding contribution to 1 — as in § 13*01 is 


or 


m- 


^ ^ii,x ) 


f Of. Branstod, J, Amr, Ghem. Soe, vol, 4i, p, 877 (1022). His forniulfvbion of the “prlnolplo 
of spoollio intorivotion" states thabj “Ions are iiiiiforinly Influenced by ions of tholr own sign and 
spooifioally Influenced only by ions of tbo opposite signs,” 
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this may be shortened by writing 


[18‘8 




fZ.t-'f'S'- 




Then the complete expression, in the notation of § 13'63 is 

= 

!For single electrolytes tliis reduces to 

l-j7 = 0’374|2+z_|7i£r(/4)-2C*i»„ (lOHl) 

There is excellent agreement between the best freezing point data and ( 1 (1 1 II) 
for single electrolytes of various valency types. The values of the l*n,x ■which 
best fit the data are given in Table 67. With these values the disagrooinont 
between theory and observation is probably less than the oxporinienfciil 
error for all ionic strengths uj) to tenth molar. Such data as are availalilo 
for mixed electrolytes appear to be in good agreement with the thoory.t 

Table 67. 


Values ofl^j^^xfitti'^0 freezing point data for simple eleotrolyies 
i - <7 = 0*374|2J+2!_ 1 cr(/^) - qc*l^u,x • 


Electrolyte 

7 


ql*n.x 

Authority 

HCl 

1 

+ 0'276 

+ 0*276 

(4) 

LiCl 

1 

-0-223 

-0*223 

(8) 

NnCl 

1 

+ 0*136 

+ 0*136 

(3), (8) 

KOI 

1 

+ 0*006 


(8) 

... 

— 

+ 0*083 


(1), (0) 

TlCl 

1 

MHKSlfflHI 

+ 0*40 

(4) 

LiNOa 

1 


+ 0*26 

(7) 

NaNOa 

] 

0*00 

ff*00 

(7) 

ICNOa 

1 

-0*24 

-0*24 

(7) 

... 

— 

-0*29 

-0*29 

(1) 

CsNOg 

1 



(6) 

NftIO, 

1 

-0*40 


(2) 

KlOa 

1 


-0*40 

(2) 

NujSO^ 

K2SO4 



-0*00 

(0) 


0*00 

0*00 

(2), (6) 

Ba(N08)2 

f! 

-0*41 

’-0*66 


MgSOj 

1 

0*00 

0*00 


CuSO,i 

1 

-1*7 

-1*7 


Ea(N0a)a 

4 

+ 2*0 

+ 3*9 


La2(S04)fl 


0*00 

0*00 



(1) Adams, J, Amtr, Chem, 8oc> vol, 37, p, 481 {1916). 

(2) Hall and Harkins, ibid, vol. 38, p. 2668 (1910). 

(3) Harkins ai^d Roberts, ibid, vol. 38, p. 2676 (1010). 

(4) Randall and Vansolow, ibid, vol. 46, p. 2418 (1024). 

(6) Hovorka and Rode bush, ibid, vol. 47, p. 1614 (1926). 

(6) Randall and Scott, ibid, vol. 49, p. 047 (1927). ^ 

(7) Soatohard, Jones and Prentiss, ibid, vol, 64, p. 2090 (1932). 

(8) Soatohard and Prentisa, ibid, vol. 64, p. 2690 (1932), vol. 66, p. 4366 (1033). 

t For further dotaila, seoi BrOnated, J. Amer, Ghem, Soc, vol. 44, p. 877 (1922) j Guggonhohfl, 
PhU, Mad, vol. 19, p. 688 (1036). 
























CHAPTER XIV 

ASSEMBLIES OF ATOMS, ATOMIC IONS AND ELECTRONS 

§ 14!’1 . Introductory, Wo have already had occasion to consider incident- 
ally examples of gaseous asseinblios in which atoms, ions and electrons are 
present in dissooiativo equilibrium. Wo shall have occasion in the following 
chapters to discuss systematically assemblies, especially at high and very 
high temperatures, which are composed entirely of atomic ions and electrons. 
These discussions of course have reference to the state of matter in stars. It 
will be necessary to give a general survey of the present state of atomic 
theory, at least on the formal descriptive side, so that wo may be able to 
write down at will the partition function, or an effective approximate form 
of it, for the internal energy of any atomic ion. We have then to reformulate 
the general theory of dissociative equilibrium in terms of atomic ions and 
electrons instead of atoms and molecules and introduce correcting terms for 
the eleotrio charges of the particles. This would bo a simple matter were it 
not for the outstanding difliculty of tlie convergence of the partition func- 
tions which must be disposed of in some way during the process. We are not 
in this chapter ooncernod with assemblies of electrons or atoms dense enough 
to require the statistics of Eormi-Dirac or Einstein-Eoso. All the formulae 
used are based on classical statistics. The more general case will be con- 
sidered later in Cha];)tor xvi. 

Wo shall assume that no molecules are present in the assembly; they can 
easily be included when required. Let 

iio* bo the (average) number of neutral atoms of atomio number Z 
in a volume F; 

i¥F ho the (average) number of such atoms r-times ionized; 

N bo the (average) number of free electrons. 

In general atoms r-timos ionized must be defined to mean nuclei aocom-' 
panied hy Z~r electrons, each of which has insufficient energy to effect an 
escape. Those Z—r electrons combine together to form the stationary states 
of the ion in which the state of each electron can be described by four quan- 
tum numbers. T'he most convenient state of oonventionally zero energy is 
that state of the assembly in which the only constituents are electrons ahd 
bare nuclei at rest at infinite separation. The bare nucleus may usually be 
assumed to be struoturoless. This is of course untrue, but except when we^i, 
discuss the break-up and re-formation of nuclei their structure is irrelevant* 

* Thia ia of courao only oorroot booanao avo aro not oonoornod horo with formation of moleoulca. 
Wo have Boon In tho atucly of H* in § and again in § 7'31, that the nuoloar woighta are not only 
relevant but important. 


PSM 


36 
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and it is a legitimate simplification to regard them as structureless massive 
charged points, for which the standard weight dpi . . . dqjh^ is assigned to the 
element of phase space dpi,., dq^. The bare nucleus will therefore have a 
partition function VFg^{T) of the usual form (172T). The electron has a spin 
with two imssible orientations in a magnetic field. We shall use m for the 
mass of the electron and iif for the bare nucleus Z, It will seldom be neces- 
sary to distinguish between and (r<2). The partition function 

for the free electron will therefore be F(?(T), whore 

= (16U) 

which we have already used in Chapter xi, 

Consider next the normal state of each atomic ion. Let the successive 
ionization energies of the atom Z be xq> Xi^ •** j ^116 the weights of the 

normal states rn/. These y’s are all to be defined with reference to a series of 
normal states or states of least energy so that y/ is the work required to 
remove one electron from an atom, which has already lost r electrons and is 
then at rest in the state of lowest energy possible for its remnant of {Z—r) 
electrons, and leave it again in its state of lowest possible energy for the 
remnant of (^ — r — 1) electrons, the atom and the extracted electron being 
at rest at infinite separation. For the ?'-times ionized atom in its normal 
state the partition function VF/{T) is therefore given by 

(1616) 

Each ion possesses in addition a set of stationary excited states of greater 
energy content. If every excited state could be treated formally as a con- 
stituent of a perfect gas this would cause w/ to be replaced by where 

V(?')= S (1610) 

8 = 0 

The state s = 0 is the normal state and wo continue to write w/ and Xr 
instead of (to/)o and (y/)^. The energy of excitation is Xi^-^ 

{x/)s is the energy corresponding to the stli spectral term (suitably ordered) 
of the r-times ionized atom Z. In fact b(T) does not converge. The altera- 
tions necessary will be discussed at length later in §§ 14'4, 16-4. It is evident 
from (1616) that an application of statistical mechanics to such assemblies 
requires a working knowledge of or approximation to (rn/)g and (y/)^ for 
all r, s and z, 

§14'2. General features of atomic structw'e. We shall start by sum- 
marizing the general features of atomic structure which will form the basis 
of our discussion. Following Bohr it is well known that the electrons in the 
atom can be classified first of all according to their principal quantum 
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number n (1,2,3,...) and azimuthal quantum number k 1) as 

Wfc electrons. The broad outlines of the periodic table of the elements can be 
at once accounted for in this way if it is reinembei-od that just so many 
electrons and no more oan be packed into each of these groups or subgroups. 
It was early recognized that the maxiinura number of electrons in any group 
with principal quantum number n must bo to lit the periodic table. 
The numbers of electrons in the % subgroups must be 2{2k + 1), as was first 
shown by Stoner and Pauli. Wo recall of course that 

2S(2/(!+l} = 2n2, 

0 

These numbers of electrons follow of course from the requirements of anti- 
symmetry, that no two electrons shall have the same wave-function, a 
requirement usually known as Pauli’s principle, especially in this connec- 
tion, When any group or subgroup of electrons is full it forms a symmetrical 
structure without mechanical or magnetic moment and interacts witli 
other electrons at least to a first apinoximation like a simple central field 
of force. 

We have started by introducing the closed groups in the atom on account 
of their descriptive importance, but logically they are complex and are 
arrived at at a later stage. Wo turn next therefore to describe the states of a 
hydrogen-like atom with just one electron, observing that owing to the 
symmetry of closed groui)s any atomic ion containing only closed groups 
behaves qualitatively exactly like a bare nucleus in forming states for the 
next electron, 'l.’horo are only quantitative energy difleroncos in the states 
duo to the dilTorent effective central field. 

'Phe states of the hydrogen-like atom containing one spinning electron are 
described by four quantum numbers n, k,j and s,* The i)rincipal quantum 
number n takes the values (1,2,3,...). The azimuthal quantum number k 
takes the values (0,l,2,,,.,n — 1). The angular momentum of the spin of tho 
electron is |^/27r. This momentum compounds with tho “orbital” momen- 
tum k to give the total angular momentum j of tho atom. Tho j values of 
tho atom are thoroibre /o = 0, j = ^ ; 

k"^!, j~k±^. 

The total moment of momentum of tho atom is represented as usual by 
(A/27r) {j{j •+• 1)}^, If the atom (or electron and orbit) as a whole is orientated 
by an external magnetic field, then tho possible components of the momen- 
tum along the field are s/i/ 27 r, whore s takes tho (2jH- 1) values 

• * 'J'IjIb is \isually donofcod by m, whioli wo avoid to save ooufuflion with tho masa of tho olootron* 

3fi-3 
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The complete set of states therefore corresponds to the following sots of 

values of the four quantum numbers n, s. 


Table 68. 


The quantum numbers of the states of a one-clcciro7i atom. 



W e see at once that they verify the formulae 2n^ and 2 ( 2h 4' 1 ) « 2k -I- 2 H- 12& 
already given, and, assuming Pauli’s principle, that the general structuro of 
the periodic table must follow. We note in addition that struoturally tlio 
spectrum of hydrogen is exactly analogous to that of an alkali; the only 
difference arises from the aoeidental ooinoidonoe of certain terms in tlio 


hydrogen spectrum for different values of h which do not ooinoido for an 
alkali owing to the energy variation with k in a non-Coulomb central field. 


To an approximation which is in general ample for our applioations the 

terms of a true one-electron spectrum depend only on n and ai;o given by 

the Balmer formula dt azqi o 

Xn=-McZ^ln\ (1017) 


where R is Rydberg’s constant. The typical one-electron spectrum is thus 
(in agreement with observation) what is called a spectrum. It con- 

sists of sets of terms labelled 2 ^, ^P, ap, 3^, ... corresponding to 
A - 0, 1, 2, 3, 4, of which the terms are single and all the others double. 
Different terms with the same label correspond to different values of «, but 
then structure is always independent of w. All the terms are completely 
resolved by a magnetic field so that no degeneracy remains. The weight 
unity 18 therefore attached to each magnetic state, and wo sliall find that 
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tins agrees with the limiting principle, The weight of all ^8 terms is 
therefore 2, of the terms 4 + 2 = 6, of the 0 + 4 = 10 and so on, or in 
general the weight of each separate term is 2^‘ + 1 . At the moment this is 
only justified for strictly hydrogen-like atoms, hut we shall see directly 
that on the same basis all closed configurations have also weight unity and 
the same set of weights therefore ai)ply to the states of all atoms and ions 
constructed of closed groui3s plus one extra electron. 

When wo come to atoms with more than one extra electron the same 
principles can still bo applied. Subject always to exclusions by Pauli’s 
pringiple, if wo have two electrons in n, h,j, s and n', h\ j\s’ orbits, originally 
thought of as independent of each other, \ve obtain thus one possible 
atomic state. Subsequent introduction of the mutual perturbations may 
alter the energy but cannot touch the existence of the state. Por given h 
and n', h' , for example, the variations of j, s and/, s' are independent and 
the total number of states found should be 

2a(2/t+l)(2iS;' + l). (1618) 

This is in fact correct. ]!f we allow h and h' also to vary, the total number of 
states for given n and n' should be 

(1019) 

which is again oorroot. In practice of course the actual states of an atom 
with two electrons do not present themselves in this way. The atom as it 
Avere constructs itself by compounding the four momentum vectors of the 
two orbits and the two electrons in a certain order of tightness of binding. 
The four vectors have possible components in a specified direction ranging 
between ± ± ± |, respectively. It can bo shown Avithout much 

difficulty that the order of compounding is Avithout olfeot on the total 
number of terms and total Aveight or number of magnetic states. The com- 
position commonest in actual tAVO-eleotron spectra is based on the formation 


of the vector orbital momentum I from h and /o', 

.\h-W\<,Uh-\^h' (Z-Zcif^i'-O), (1020) 

and the eloctronio momentum r from I and 

r = l, 0. ......(1021) 

Then I and r combine to give the /values specifying the total moment of 
momentum of the atomic system (or rather its maximum resolved part), 
iifl'^iely (j-nfr = 0). (1622) 

In the particular ease of two electrons we therefore got 

(1023) 

( 1024 ) 
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that is sets of singlets and triplets containing four terras in all for given I 
of total weight 4{2Z4-1). If k' — O, l^ky and this agrees with (1018). If 
h, /c'4:0, then we may suppose h' ^Ic (otherwise we interchange them), 
and the possible I values are (/c + /c')} (^ + ^'~1), {h — h'). The total 

/C+/C' 

number of terras is 4(2/(;' + l) and the total weight 4{ S (2/ -hi)} or 

k-k' 

4(2/(!-h 1) (2^;'-h 1) in agreement with (1618). Subject still to exclusions by 
Pauli's principle the argument can be extended to any number of electrons 
extra to the closed groups. The total nuinber of states formed by such 


electrons in (Wi)/;^, orbits is alwaj^s 

2«(2/ci+l)...(2^g-hl), (1625) 

or in Wj , . . . , orbits for any 7o’s 

2%^..?i/. (1026) 


Let us now try to put the maximum number 1) of electrons into 

any one subgroup of azimuthal quantum number /c, remembering Pauli's 
principle. For all these electrons n and Ic are the same and therefore one at 
least of^’ and s must differ for any pair of electrons. Since there are exactly 
2(2fc +1) different imirs of possible values of j and a, there is one way and one 
way only in which an antisymraetrioal wave-function can be constructed. 
There must be one electron in each orbit, and since the values of s are sym- 
metrical about zero the resultant j for the atom is zero, and wo have a 
single state of weight unity. This is the theoretical basis of our previous 
assertions about the properties of closed groups and subgroups. 

There are of course always reductions in the number of states given by 
(1626) and (1626) whenever two electrons have the same (njc) or the same n. 
This is of particular importance for the smallest possible values of n and k, 
Avhen it describes the fact that certain otherwise expected spectral terras do 
not occur. For larger values of n it can usually bo ignored, for what will be 
required is the asymptotic form of ( 1 626) for large and it is easy to see that 
(1626) remains asymptotically true in sjute of Paxili’s principle, It will bo 
sufficient to consider a simple case of two electrons in states of the same n, 
and to exclude all states of the same k which of course is a gross over- 
estimate. The total number of states by (1626) would be 4w^, By the other 
estimate the actual number is at least 

n~l 

4 Sft,fc.(27!-fl)(27tf'-pl) ik^k'), 

0 

n-l 

or 4%"*- S (275 + 1)2, 

' 0 

which is asymptotically still 
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In assigning these total weights wo have been counting together all states 
construotocl out of so many orbits of given or given n'a. It is often 

permissible to group the orbits of higher C[uantum numbers in this way 
because the differences of the energies of the various states in the group are 
not signifloant. For states of lower quantum numbers this will not always 
be true, though it is often oven then legitimate to group together all terms 
formed out of orbits of given (iijc). Wo should therefore complete these 
rules by formulating the corresponding rules for the weights of single states 
(o.g. one of the P or D terms of an alkali spectrum) and for a group of 
multiple terms (e.g. the of P or D terms of an alkali spectrum). The 
necessary analysis has already been implicitly given. 

The terjns of any atomic spectrum can be conveniently classified into 
multiple terms and the multiple terms into sets of sequences to which the 
labels S, P, P, P, G, ... are attached. There is just one such set for a one- 
oleotron spectrum; in complex cases there may bo many more. The labels 
S, P, P, P, G, ... still oorrespond to the values 0, 1, 2, ... of i!. The number of 
components of any multiple term has a maximum value p (equal to 2?’+ 1). 
The number of components in the multiple iS, P, P, P, terms is always 

the lesser of the two numbers {21 + 1, 2r+ 1). A sot of terras of maximum 
multiplicity* p is labelled Pp^ pD^ p.F, .... In no case can p - 1 be greater 
than the number of electrons forming the incomplete group of orbits being 
compounded togetlrer. The individual terms of a multiple term are dis- 
tinguished by their j values derived from (1022) and are labelled 

PP^, Pl)^, P.Fj 

A number n can bo prefixed to this symbol to specify the current number of 
the term in the sequence, or sots of numbers can be prefixed to specify the 
quantum numbers of the group of orbits out of which it is constructed. In 
any case any such term is degenerate and splits into 2j + 1 magnetic states 
in an external field, so that its weight is 2^* -f 1 , 

One other typo of grouping is sometimes employed. Wo may group 
together all the terms arising from the addition of g electrons in given 
orbits to an atomic core which is not composed of clo.sod configurations but 
has some of its electron s in an incomplete group of given orbits. Eemera- 

boring the offoots of l?auli*s principle the sot of orbits composing tlie core will 
give rise to a countable number of states OTj,, which is the weight of the core 
if its enei’gy difTorences are insignificant. The result of tins is of oorirse that 
the total number of states of the final system is no longer given by (1626) 
and (1626) but is larger by the extra factor . 

* ITor this tho aymbol r (or Jl or 211) is inoro often used, but wo have iiaod r for tlio aasooiatod 
quantum number, 
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We oollect together tlie leading results: 

(1) The weight of a single term ,pPpPVj,,„ in any speotrum of any 

atom is 2j + l. (1627) 

(2) The total weight of any mnltiple term pP, pP , pE, ... = 0, 1, ...) in 

any spectrum of any atom is 

( 2 f+l)( 2 Z+l) (2r+l=p). (1028) 

(3) The total weight of all terms arising from q outer olootrons in given 
71 }^ orbits attached to a core of total weight is 

2«?(2/:i+1)...(2/(:5+1)Wo, (102fl) 

If the core is a bare nucleus or consists of closed groups of olootrons, then 

= 1. This formula is subject to reductions when any of the q outer oloo trona 
are in orbits of the same n and h, 

(4) The total weight of all terms arising from q outer electrons in orbits of 
given principal quantum numbers n attaolied to a core of total weight Wq ifl 

(1030) 

If the core is a bare nucleus or consists of closed groups of olootrons, then 

= 1. This formula is also subject to reductions when any of the q outer 
electrons are in orbits of the same n. 

There are no exceptions to these rules. 

In conclusion we shall find it useful in applications to have a table of the 
weights of the lowest states for a number of atoms. ^The weight whioli is of 
most value in this connection is the sum of the weights of all terms in wliioli 
all the electrons are in orbits of the normal (least possible) values of ii a nd 
In oa^es of doubt as to which orbit is normal after ^=18 (o.g. botAVOon S-j 
and 4o) the most useful value refers to states of ions of largo ooro oliargo. 
For these there is no doubt Avhich is the normal orbit for tlie offoot of tho 
smaller n overwhelms that of tho larger h. In these oaloulations full aooouiifc 
has been taken of Pauli’s principle. The Aveiglit is tho Aveight of tho group 
of normal terms for the atom named or for any atomic ion with greater 
nuclear charge and the same (stated) number of olootrons, After atomic 
number 18 the normal state of tho atom and singly charged ion Avifclr tho 
stated number of electrons may bo different, as one or tAvo of tho Sg orbits 
may be initially replaced by 4 q orbits. The atomic symbols aro theroforo 
inserted purely as a descriptive reminder, and it is not implied that tho 
weights necessarily apply to the normal state of a neutral atom with Z 
electrons, but only to the normal state of ions of nuclear charge Z and tho 
stated number of electrons provided Z is large enough, In tho range of this 
table it is probably sufficient that Z should exceed tho number of olootrons 
by two or more. 
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Table 69. 

Weights of the grou 2 ) of normal slates for various atomic ions. 
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Atom 

No. of olecti'ons 
in groups 

Weight 

Atom 

No. of electrons 
in groups 

Weight 

Closed 

XJnolo.sod* 

[typo] 

Closed 

Unclosed* 

[typo] 

1 H 

0 

1 [lo] 

2 

19 K 

18 

l[3a] 

10 

2 Ho 

2 

0 

1 

20 Ca 

18 

2 [3a] 

46 

3 Jui 

2 

l[ 2 o] 

2 

21 So 

18 

3 [3a] 

120 

d Bo 

4 

0 

1 

22 Ti 

18 

4 [ 82 ] 

210 

6 B 

4 

i[ 2 ,] 

6 

23 V 

18 

6 [ 82 ] 

262 

0 0 

4 

2 [2x1 

16 

24 Cr 

18 

6 [ 82 ] 

210 

7 N 

4 

3[2i] 

20 

26 Mn 

18 

7 [ 82 ] 

120 

8 0 

4 

4 [2i] 

16 

26 Fo 

18 

8 [ 82 ] 

46 

9 F 

4 

6[2il 

0 

27 Co 

18 

0[32] 

10 

10 No 

10 

0 

1 

28 Ni 

28 

0 

1 

■ 11 Na 

10 

l[3o] 

2 

. 29 Ca 

28 

l[4o] 

2 

12 Mg 

12 

0 

1 

30 Zn 

30 

0 

1 

13 A1 

12 

l[3i] 

0 

31 Ga 

30 

l[4x] 

6 

14 Si 

12 

2 [3x1 

16 

82 Ge 

30 

2 [4x1 

16 

16 P 

12 

3 [3x1 

20 

33 As 

30 

3[4x] 

20 

16 S 

12 

4 [3x1 

16 

34 So 

30 

4 [4x1 

16 

17 Cl 

12 

6 [3x1 

0 

36 Br 

30 

6[4x] 

6 

18 A 

18 

0 

1 

36 Kr 

36 

0 

1 


* 111 tlio older tliooiy all these eulhxes -would have been inoroosod by unity. 


Wo havo still to oonsiclor tho form of the term values x< Except for 
liydrogon-liko atoms exact formulae cannot be given. But in the simpler 
one- and two -electron spectra most sequences of terms can be put approxi- 
mately in Rydberg’s form ^2 




'{n~(x.) 


whore G is the core charge or charge on tho rest of the atom other than a 
single outer oleotron, and a is a constant, provided we consider terms of one 
sequence only, in ■wdiich only the principal quantum number n of a single 
series oleotron is allowed to vary. It is frequently important to use exact 
values of tho earlier larger ;i^’s. When those are roquh'ed observed values 
must bo taken. Eor tho later smaller terms (1631) will usually suffice, or 
sometimes even rougher approximations such as zero. 

The only im])ortant quantities remaining to be specified before we can 
handle assemblies of ions and electrons are therefore tho ionization energies 
Xf and to a loss extent (x/)s small s. As wo have said, these must in 
general bo taken from observation, but this can only bo done direotly when 
tho corresponding spectrum has been fully analysed. Thus xq Xi" 
(sometimes x%> Xa* Xr* several more values of r) have usually 

been dotormined in this way, but much work will be required before the 
higher values are thus determined. It must be remembered that these are 
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the successive ionization energies of the atom. The removal of (say) the yth 
electron often corresjDonds to a process well known and accurately observed 
in X-ray spectroscopy, but the energy values derived from X-ray spoctro* 
scopy are valueless to us. For these energies are the energies required to 
remove certain electrons from an intact atom or molecule, while we require 

Table 60. 


Successive ionization energies for oxygen {Z=S). 


lonizotion energy 

Accuracy 

Symbol 

vjR 

Eleotron volts 


64 

866 

0 

Xb® 

64 

730 

B 

X6® 

10-2 

140 

A 

X.i® 

7-8 

106 

0 



77 

0 

Xa® 

4-0 

66 

0 

Xi® 

2-6 

36 

0 

Xo® 

1-0 

13i 

0 


Table 61. 

Successive ionization energies for iron (^=26). 
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to roniovo the same electron when all the outer more loosely bound electrons 
are already gone. This often requires twice as much energy — ^iu certain cases 
it can oven require five times as much. 

Table 02. 


Successive ionization enerffiesfor silver (Z = 47). 


Ionization onorgy 


Ionization energy 


... . 


vjli 

Electron 

Accviraoy 


vfR 

.Elocfcx’on 

Accuracy 

bymbol 

volts 


Symbol 

volts 


V 


2210 



Xa," 

02 

860 

D 

X46‘" 


2160 



mm 

1 

_ 

Average 

D 

Xd/’ 


616 



Xio-' 

i 


800 


Xl3^’ 


600 



Xl8*’ 

30 

600 

B 

XlQ*’ 


480 


B 

Xl7*’ 

— 

460 

C 

X.11*’ 


400 


C 

Xi(i‘” 

24 

350 

D 

Xio‘‘’ 


440 

0,000 

0 

xifi" 

\ 




Xob" 


420 

6,700 

6,600 

C 

C 

Xii” 

X13*' 

r 

, 

Average 

300 

D 

Xa7'’ 


300 

6,300 

c 

Xia-‘’ 




Xa*'*’ 


170 

2,300 

A 

Xi/’ 

1 




Xao'*’ 


100 

2,100 

B 

XIQ^’ 

11 

160 

0 

Xa.i‘’ 


164 

2,100 

C 






Xaa” 


160 

2,000 

C 

Xs. 





Xaa*’ 


140 

1,900 

0 

K 





Xai" 


136 

1,800 

0 




Average 

D 

Xao*^ 


— 

1,700 

G 



80 

Xao" 


120 

1,000 

G 

Xa" 

Xa*’ 





X3«!’ 


106 

1,400 

G 





V \ 









Xaa*’ 



Average 

D 

V 

Xo 

0«60 

7i 

0 

V 

Xai 



1,200 





Xaa'*’' 










In lihoso taWcB 0 donotoa observed or equally eertain values. 

A „ tl>ooi‘otloal estimates with error probably less than 3 poi* cent. 

li II It II »» *> j> 1-^ >> 

0 It It II »» tf >> n 

D „ estimates quite possibly In error by more than 30 per coat. 

We must fall back therefore on theoretical asymptotic formulae and 
extrapolations by their means of known results. It has been shown by 
Hartree* that the majority of the x/ can be fixed with reasonable security 
in this way, Hartreo has constructed tables for oxygen, iron and silver as 
representative atoms, and others can bo oonstriioted by his methods. But 
most oaloulations of highly ionized assemblies such as stellar interiors can 
be carried through for I’oprcsentativo atoms or simple mixtures and need 
not employ large varieties of atoms. 

* Hartreo, Proc, Oamb, Phil, Soo. vol, 22, p. 461 (1924). 
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In constructing and using a table of successive ionization enoigioa we 
must assume a definite order in whioJi the electrons are to be removed (oi 
to return) ■wliioli is the same as the order of tightness of binding. In ficooul 
ance with the arguments of the earlier part of this section wo assuino the 

2(lo), 2(2o), 8(2i), 2(3o), 6(3i), 10(82), 2(do), G(di), 10(42), 2(6o); 

There are of course the well-known temporary departures from thia order 
aheady mentioned, and the two Sq oi'bits do not follow the 42 orbits but the 
4g orbits for the heaviest elements. We shall not usually malce calculfttious 
explicitly for these. We give below tables taken from Ilartreo s paper. -Llioj^ 
were calculated in 1924 and could be made more accurate if I’ovised mow in 
the light of later evidence. But they are amply accurate enough for the 
purpose for which they are req^uired. Those for oxygon and iron havo been 
so revised in parts. 

§ 14*3. The partition function for a single electron , bound or free^ vti the 
presence of a nucleus. It remains to show that the weights assigned in. the 
preceding section are consistent with the limiting priiioiiilo so that) tho 
partition funotion 

passes over continuously into the classical form 

for large quantum numbers. Since the x’s concerned are all small and tend 
to zero for large quantum numbers like 1/w®, this I’oducos to showing that 

(1032) 

when the integral is extended over the proper region of phase spaco. The 
factor 2®' allows for the two orientations of each electron. In the rest of the 
oaloulation the electron can be treated as structureless. Wo shall start witli 
a detailed analysis of the limiting form of the partition funotion for n. single 
electron bound or free in the i^resenoe of a fixed nuolous of charge Ze, •\vJiioh 
we require in full later in the chapter.* 

Consider for simplicity a volume V in the form of a si^hero of radius A 
with the nucleus fixed at its centre. The classical partition funotion for a 
single movable electron is, in polar coordinates, 

(1088) 

ivhei-e (1034) 


* Plailok, Ainn, il, I^hysik, vol. 75, p, 678 (1024). 
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T]ie oleinents of solid angle dQ.p and dPif define the directions of the inoraen- 
tnm and position vectors respectively. T]ins/(!r) can bo ivritten 

f{r) = 2— + Zeh)^ rdrdx (1636) 

Wo will Hupposo that A is so large that a y' oan be chosen so that 

Z€^IA4x'<1<^P- (1636) 

This req_uironient is usually satisfied in practice with an ample margin. 
Then the contributions to/(jP) can be divided into three parts: 

{1) oo>x>0. Electron Tree. Classical. 

(2) /8(7'). 0>x>~-X' Tloctron Bound. EfFoctivoly Classical.*'* 

(fi) /8(^’)- Electron Bound. Quantized. 

In (3) the integral form of the partition function must of course be replaced 
by the usual sum over the possible stationary states. 

Case (1). In/i(r/’) we have over practically the whole of the 

effective domain of integration. Hence Ave replace the factor (;\;r^+ 
by x^r and find ^ __ (2,rt»i2')i V 


the usual formula for the partition funotion of a ffoe olootron. Corrections 
for the neglect of Ze^jr in fi{T) will be made later by applying Debye and 
Hiiohors theory of ionized media. 

Case (2). Inf^iT) we have ofleotivoly x/ZcT — 0. Hutting a = — ;n; we find 

= doij\Zeh‘~ar^}l^rdr, (1037) 

where a is the smaller of Z^^ja and A . 

Case (3). In/8( J") we have to replace the integral by the quantized sum 

/3(7’) = B2wW''2' (xn=^BhoZyn% (1038) 

and n'-={ShcZ^lxf. (1830) 

Wo now return to evaluate /a ( 7') > putting r~{Ze^lo(,)8m^<l>. Then 

whore a is aro8in(ad/.^e8)^ if this is real or else |7r. The double integral 

therefore divides into 

rawBliiM/ZeUi . ,, , , ,, tt da 

anV(bOQB^<pd(p+ \ j, 

Jo aUo Jz,*iJ 32(x^ 

2 Ci'^oosOdO . .. 2 , TT rx' da 

{Zi^lA)^jQ 8m'‘0 Jo ^ ^ ^ 32Jz€V^a^ 

* If tlio limiting prlnolplo la aatlafJijd, as wo ahall shortly verify. 



674 


Assemhlies of AtomSf Atomic Ions and Mectrons [14f3 


The repeated integral can be evaluated by integration by i)arts and is found 
to have the value I- — -^ 5 ^. Thus 


,Z67r2(2w)^(^e2)8r2 TT 1 "I 

^ InZe^)^ 48(y')frJ’ 




“32 


^ i9-n{Ze^)^ 

S2 {Z.BhoA)i 


[Ze^f 48 
1 in 
3(/)d’ 


(1640) 

(1641) 


We can now see at once that the limiting princix:)lo is obeyed for an atom 
with a single excited electron. For the contribution to the phase integral, 
corresponding, according to (1639), to energies y' between ± say, is by 
(1641) the difference of the values of/ 2 (iP) for ^2-' ± ^ or 

!{(«' + 

Avhich is asymptotically This result can be extended at once to the case 
of a number of electrons each indejoendontly in specified orbits of large 
quantum number n-^y The foregoing analysis apjilies formally to each 

electron if Z denotes the i)roper effective nuclear charge. Since Z disappears 
from the result, its actual specification is unnecessary. Q?he corresponding 
phase space is asymptotically 2 %!^ . , , 


§14*4. The approximate characteristic function. The method of excluded 
volumes. A direct and accurate evaluation of T for the assemblies contem- 
plated in this chapter would bo an affair of some difficulty. There are two 
methods possible for approximations due in essentials to Urey and Planck 
which are subject to quite different adverse oritioisins. The fact that they 
confirm each other qualitatively and even roughly quantitatively can bo 
regarded as some Justification for a belief that the resulting formulae for 
T/7; are a fair approximation to the truth. 

In the theory of Urey and Fermi* we treat the various atoms and atomic 
ions as possessing an actual volume from which they entirely exclude other 
systems, as in van der Waals’ elementary theory, of an imxiorfeot gas, We 
use the formulae of §8*6 and assume that the ionio volume in an excited 
state has a radius of the order of the diameter of the central orbit described 


(after Bohr’s theory) by the most highly excited electron. The resulting 
excluded volumes are therefore really fictitious. Physical reality can only 
be ascribed to them by the somewhat doubtful argument that they represent 
that region of space Avhioh must be empty for the ion in question to exist in 
that state at all. To the expression for ^Vjh so obtained we add a correction 
for the till then neglected electrostatic charges. 


* Uroy, Aslropbjs. J, vol. 49, p. 1 (1924); Formi, ZcU.f. Physik, vol. 20, p. 64 (1924). 
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In tliG tliGory of i?laiiok we proceed initially more logically by trying to 
generalize the calculations of the preceding section into a simplified 
calculation of B{T). But the simplifications which have to be made are 
rather severe, and it is satisfactory that the form of the result is checked 
by the other method using an entirely different type of approximation. 

ihe ^Yjh for the theory of Urey and Permi, omitting the electrostatic term, 
has already been given in equation (772). Let us denote the atomic ion of 
general type (r, 5 ,«) by the suffixes « or jS for shortness, and use the suffix e 
for quantities oharacteristic of the electron. will then mean a summation 
over all atomic types, and a summation over all pairs of atomic types; 
free electrons are excluded from either summation. Let the average excluded 
volume of the {?’,s,z)-ion for interaction with an electron be (w/}s,e, and for 
interaction with an atomic ion . T'lien in the notation of this 

chapter we have 


'r/i=iv(iog^-i- 1) +2;„,A'(iog^V i) 

in which 


...(1642) 

...(1043) 


tt/(70 = S 3 (<), exp[ - {x/- (X/) ^ 

......(1644) 

In transforming ''Yjk wo have left unmodified tlie partition function for the 
free electron, 'ifhe oxoludod volume corrections, when not small, are only 
qualitatively correct. To determine {M/)^ we have 

(1646) 

To the 'F /& of ( 1642) we must add the contributions of the radiation in the 
enclosure, and of the electrostatic potentials. The former is properly additive, 
the latter is not, and if the excluded volumes had a genuine physical exist- 
ence, the eleetrostatic and excluded volume effects would interact and ought ' 
to be introduced together. Since however we can only aim at qualitative 
correotness here, wo shall be content with the rough approximation of 
adding a separate electrostatic term. If we could adopt the approximations 
of the theory of Debye and Hiiokel, the arguments of § 13' 61 would give us 

9/3 


In calculating this wo have assumed that any ion of type (r, 5 ,») can be 
treated as a point charge of charge re. 
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To formulato this theory quantitatively for other atoms with ono excited 
electron we obviously replace afi® by ot,nfj{r-h 1)^ Avhero is the oflective 
quantum number and (r-h 1) the core ohargo. Since the excluded volumes 
are only of importance for states of great excitation, it will bo suiiioiently 
acourate to group all states of given j)rinoipal quantum number together 
with the approximate excluded volume 1)'* weight 2 s2TO(,. 

For an atom with any nmnber of excited electrons ’wo must presumably 
replace Ug by (WglnKix , denoting thereby the greatest oiTeotive qiumtum 
number among the excited electrons in the sth state. In general wo shall be 
able to arrange the states into series in whicli the quantum defect is roughly 
constant and Ug increases by unity from term to term. Those quantum 
defects will vary considerably vdtli tire h of the greatest orbit and with 
variations in any of tho quantum numbers of tlio other oxoitod orbits, but 
as a first approximation it will bo legitimate to ignore those variations and 
group together all tho terms in w{7') whioh have a given principal quantum 
number for tho greatest orbit, Wo oan then write 

u/{T)=^y:g{I,/ ( 1049 ) 

where S' is summed ovoi.' all states in whioh tho principal quantum jiumbers 
of every electron aro loss than or equal to s and ono at least is equal to 5. 

To oluoidate (1640) further we must group together tho terms that belong 
to given numbers of highly oxoitod olootrons; lot there be q of those and 
z-r olootrons in all. Then for those states we can ignore tho variations of 
{Xr% and take ixVh efieotively 

X/'f* ••• “I* 


the energy required to remove entirely tho q highly oxoitod olootrons from 
their normal orbits. These states contribute to ufiT) 

• •+x*r-|. j-iWa- {s/ (to/) J e- 

If wo ignore reductions in tlio ro’s for equivalen t orbits, Avliioh do not aHeot 
tho terms of highest order, wo find from tho rules tliat, summed over all 
states with tho q principal quantum numbers of the oxoitod olootrons less 
than or equal to s, 


2 

*'(7 > 




HQ 3a 


Therefore, by difiorentiation, 


S/ Mr 






38(7-1. 


These states therefore contribute to n/{T) 


3a * 


5 ? 


PSM 
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In this summation we shall for this approximation omit the quantum clofoofc 
and replace the sum by the integral 


Jo 


g3g~lg-a80/(r+l)3^5^ 


or 


F(k) 


{r+iy 


is 


The contribution to is therefore 

r(l + iq) (1Q50) 

There is a similar contribution for every i^ossible value of q. The comploto 
result may be written 


<7=2— r 

u/{T)==w/-^ S r(l + |f7)uj%2 2ff 

(7=1 


(r+1)^ 


9a 


is 


(1661) 


It win often bo found that one term in (1661) is dominant for given values 
of the density and temj)erature. In such a case nearly all the atoms If,* 
present will have just q excited electrons and the rest Z'-r — q in normal 
orbits, If there is at most a single excited electron 

i 

e-XrW (1052) 


W/(T) = ro/+7rV,,+i 


(r+l)3] 


9a 


This is the simplest generalization of the theory of Urey and Termi. These 
authors do not give these approximate summations, whoso accuracy is 
ample for most applications, 

It is naturally possible to calculate average values derived from 
by the same process. The average energy content of any atom is given by 

M'«g|,logV(y). 


in which of course only the exponents differen- 

tiated. We find 


s {x/+...+x’,+»-jr(i+te)<+„ 2 « 


X e~ixr‘‘-\---‘n^r+q-i)llcT (1063) 


dT 


When the term o' = is predomniant in (1661) and so also in (1663) we have 

(1664) 


^ log w/(T) = x/ + . . . + 


The energy content is the same as if these q* electrons wcrofree and at rest 
relative to the ion. 
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Other expressions which occur in the general formulae are 

•i Mp i Mp vp^^ + ”c„p ' 
TJiese may ho evaluated as 


dv vm 


jlogw/{7’) 


respectively. 

I’lie aoouraoy required in those formulae is reached by retaining only the 
dominant term q~q* in (1061). To this approximation 

_ __ ___ 

m' 


■,\ogu/{T)^ JfZ^g^loga- 


..(1666) 


(1866) 

13F K8i?J ® ' V N+S^M^ ' ' 

In general </*, the average number of bound but highly excited electrons, 
will vary with r and z and must bo written (<?/)*. Then 
1 1 E Iff M ® 



1 Tatv. ivr . N •^I'ZpMp 

....:.(1668) 


§14*5. Planck's theory. In the foregoing tlioory there is an arbitrary 
element, the choice of oxoludod volume. This is physically and theoretically 
unsatisfactory. Instead of attemijting to patch up the tlioory of imperfect 
gases in this "way so as to apply to assemblies of atoms, ions and electrons, 
Planck has attempted to make a direct simplified calculation of Gibbs’ 
phase integral, and so B{T), for such an assembly by generalizing the 
calculation of § 1 4- 3. 

Por an assembly consisting of one electron and one fixed nucleus [Ze] 
contained in a sphere of radius A about the nucleus, the calculations already 
given are almost complete, Por the electron free we have 

Por the electron bound 


o J^'^iZEhcAp 




(Ott 


Now by familiar arguments we have approximately 
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f'{T) = 2e^y>^^’^' + 


Ott 


[14*B 

(1660) 


In constructing partition functions hitherto we Imve found it convenient 
to take the normal state of lowest energy as standard. With this convention 


/'{T) = 2 + 


U(ZBhcA)i 


Ott 


(1660) 


In all such apj)roximations it may be necessary to include a iinite number 
of terms besides the first term for the normal state before the terms of high 
excitation are lumped together with the remainder. Thus the complete 
form of/'(T) would be 

f'{T) = S w,e~<Xi~Xs)ikT+^ (ZWicA)^ j 

In general either the first term (a~ 1) or the remainder is dominant (the 
latter for large values of T). When however the remainder is negligible, it is 
often necessary in discussmg fine points, such as the appearance in absorp- 
tion of lines arising from the first few excited states, to include the first few 
terms in the former part o£f{T), Only the first term contributes sensibly to 
the numerical value o£f'{T) itself, but the other terms control the distribu- 
tion of the small fraction of atoms in the early excited states on which tho 
phenomena in question depend. 

When the assembly of volume V contains a number of fixed nuclei and 
one electron, /{T) is still given by (1633) with 

It is however now impossible to carry out the exact integration, and tho 
most reasonable simplifying assumption is that when y < 0 all terms in 
are negligible except the largest. This means that we treat as free all states 
of the electron in which its energy is greater than the energy of escape from 
the nearest nucleus when all nuclei have the same charge, and is in a sense 
equivalent to ignoring molecule formation. This simplification should be 
reliable so long as the nuclei are not too close together, Each nucleus then 
makes a contribution to the phase integral like (1636) and therefore like 
(1660), which may be described by saying that each nucleus has this par- 
tition function for a bound electron, if A is so chosen that on tho average the 
bound electron is nearer to the selected nucleus than to any other. If there 
are M nuclei we must therefore take 

M.jnA^^V, 

The essential part of the condition (1636) is then that 
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The metliod can now be genoralizod for a number of nuclei of different 
l)ositive chargee . The condition that the electron should be bound to nucleus 
1 rather than to nucleus 2 is now naturally 


ZJi\ > Z^jr ^ , 

This moans that to each nucleus {Ze) wo must attach an average volume 
j)roportional to Z^, If we now doiino a radius A b}'^ tho equation 


(1603) 

then the actual radius for uso with a nuolous {Z^e) will bo given by 




3 


.(1664) 


The partition function for an electron bound to a nucleus {Zi^) may there- 
fore bo written 


L07r\47rj J 


.(166fi) 


^die permanent constant in [ ] will bo written Q\ it lias tho numerical value 

<3=h017x IQi^om.-J. 

Lot 118 now allow tho nuclei their natural freedom of movement. Their 
moan velocities are very slow compared with tho volooities of the electrons, 
and to a first rough approximation tho I’ule for fixing the particular nucleus 
to wliioh an olootron with negative energy is bound is not affected. It is of 
course strictly the relative kinetic energy of electron and nucleus which 
sliould bo used in the binding lailo, and wo replace this by the kinetic energy 
of the olootron (relative to tho centre of mass of the assembly as a whole). 
A closer approximation here would be of interest. To tho approximation at 
present proposed the foregoing formulae can bo regarded as independent 
of the motion of the nuclei. "I"ho calculations of the phase integral of the 
assembly for tlio nuclei therefor o take tlioir ordinary form and yield the 
ordinary partition functions for massive particles; tho electrostatic forces 
between the nuclei themselves lead to no complications (being repulsive), 
and are (or should be) allowed for in the term (1640), " 

Lot us next suppose that there is more than one electron in the assembly, 
but that no nucleus can catch more thhn one electron. We can ignore also 
tho repulsive force between the oleotrons. Then tlie foregoing analysis 
suffices to determine the partiiiion function of any nuolous which has oaitght 
an electron, and tho whole value of B{T) can best be evaluated by the usual 
combinatory rules of § 5*2. In our notation therefore 

= 2 <2 :^^^ exp( - A.-i/ifcl’), V- i .(1666) 
and using (1660) we can apply all the usual formulae. ' . 
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To extend these arguments to the capture of more than one electron is not 
diffioultj provided rather rough approximations are sufficient. We shall ob- 
viously approximate fairly closely to the holding power of an atom r-tiines 
ionized by assuming that it holds excited electrons like a point ohargo 
(?' + 1) e. This approximation will be very good when all the oleotrons except 
one are in normal or nearly normal orbits. In general it must underestivialc 
the effioiency of the ion at holding its last electron. An overestimate of the 
efficiency can be obtained by assuming that the ion holds like a point charge 
[r + q) e, where q is the total number of its electrons in highly excited orbits. 

In order to estimate the value of u/lT) we again consider separately the 
parts arising for various specified numbers q of highly excited electrons. Tlio 
weight of the remaining core of the atom with electrons in normal orbits is 
. This core now catches q electrons in succession into highly excited 
orbits acting on one assumption like a point charge (r + 1 ) e and on the other 
like (r + q)€. The contribution to u/( T ) , estimated according to the foregoing 
version of Planck’s theory, will therefore be the continued product of con- 
tributions for each electron in order with an extra factor for the weight 
of the core. According therefore to the holding power assumed we find the 
following limiting approximations for 


n/{T ) = S + 1 Q^\ 




k 


X (1007) 


or 


%/{T) = w/ + 




V 



X (1008) 

In (1668) {M/)^ denotes the average number of atomic ions of atomio number 
Z, r -times ionized, with q highly excited electrons. These equations givo 
upper and lower limits for u/{T), A closer approximation than either can 
probably be obtained by considering an (?’-f2') -times ionized atom and let- 
ting it catch q oleotrons in succession into excited orbits. If wo assume that 
the number of orbits so obtained is not altered by later captures and that 
at each stage the ion captures like a point ion of the now net charge, wo can 
replace (r + qyi in ( 1 66 8) by (r -I- 1 ) . . , (r + q) and obtain 


q^e-r 
S='l 

ik 


i"i 

If no other considerations entered one should prefer (1669) to (1667) or 
(1668) in applications, The clustering of the free electrons round the positive 
ion will however decrease its holding power for highly excited electrons, and 
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ternia of largo q are mainly iiiiioortant for largo NjV when this shielding ia 
largest. When as here tliis shielding is not directly allowed for, formula 
(1667) is to be preferred. It is undoubtedly at this point, that is in the 
correot enumeration of bound states, that the present theory is weakest, and 
a bettor method of enumeration is greatly to bo desired. 

Those u/{T) may bo used for a direct constimction of 'F, which is formally 
the T for a mixture of porfeot gases with radiation and the electros tatic 
terms added. There are iii this theory as here develojjedno excluded volumes. 
The residual atomic cores of electrons in normal orbits do possess volumes 
which can be taken account of in the usual way . But tho olTeot of these is 
usually extremely small. 

Ill apiilioations the most important combination is 
sometimes happens that one term of (1067) is dominant for a given density 
and temperature, and then tho dominant terms of u/{T) generally 

correspond to equal numbers of electrons in normal orbits^ and a difloronoe 
of one highly excited electron. In such a case 


u/{T) ' 




V 


i-i 




(1670) 


If 8 is tho average number of free electrons i:iei' atom, then it i.s dofinod by 
It will then bo permissible as a very rough approximation to write 


and so 


V7/y “ QXVIN)^ ’ 


(1671) 


When wo no^v form the eq uations of dissociative equilibrium tho oxiionontial 
factors vanish, Tho ratios 31 %, are oon trolled entirely by the (f-l-l)^ 
factor. The x/ control tho numbers of electrons in normal orbits. 

As a chock on tlio somewhat speculative ai^proximations which have boon 
necessary at oortain stages in this ohaptor, it is well to compare the formulae 
for w/( T) given by the two theories in tho simplest case of a single excited oloo- 
tron, When tlio permanent constants aregiven their numerical values wo iind: 


For the theory of Urey and Fermi, ^ 

JV'(2')=ror“+7’40xlO“roV,()’+l)t(j^) c-Xr>ia, 

For the theory of Flanok, ^ 

«/(?’)=<+ 1’017 X c-Xr'/»2'. 

Those formulae arc in substantial agreement. 

The following chapters consist largely of applications of those formulae. 



CHAPTER XV 
ATMOSPHERIC PROBLEMS* 


§15«1, Scope of Chapters XV and xvi. In tliis clmptor and tho following 
we shall set out to apply oiir general theorems to special probloniH of the 
properties of matter in a gaseous state which is nearly x^erfoot. We slmll of 
course disouss only such iwoblems as arise out of tho study of ecxunibi’inni 
states of such matter or as can be treated at once by ai)]plioation of tho pro- 
perties of the equilibrium state and tho laws of moohanisms dDlailod. in 
Chapters xvii and xix. Problems essentially requiring the tlioory of trans- 
port phenomena or of radiative eqhilibriiiin are therefore oxoluded. Tho 
problems that present themselves are of two classes: (1) atiii 08 i>horio 
problems, this chapter, and (2) xwohlems of the interior of a gaseous star, 
Chapter xvi. The equilibrium and quasi-equilibrium xmoperbies of atmo- 
spheres — extensive assemblies of perfect gas constituents in a Bbrong ex- 
ternal field of force — consist only of the properties of assemblies winch oan 
be treated as isothermal. We have already derived Dalton’s law lor the 


distribution of the various constituents in an atmosphere of poribtJt gasoB, 
Until recently the only other problem discussed was tho rate of escape of 
molecules into space from the boundai‘y of the atmosphoro of a plaiiob or a 
star.f Thanks however largol}^ to tho v’^ork of Saha and Milne a iiinnber of 
other interesting atmosphoi'ic problems have boon, proposed and aolvocl at 
least to a first approximation. The contents of tins chapter consist thorefoi'D 
of discussions oftlie following problems; (1) Tho equilibrium of an iaotliornial 
ionized atmosphere and the ijermanont elootrioal fields and charge b existing 
in it. (2) The behaviour of tho absorption sx)eotra formed by stellar i.’ovorsing 
layers. (3) The normal esoaiJe of molecules from tho atmosxjhoro of tlie earth 
or a star. (4) The formation by radiation pressure of tenuous liigh-lovol 
atmospheres (chromospheres); (4) in outline only. Of those the first alone 
refers to a true equilibrium state. Tho second and third can properly bo 
treated to a first ajDproximation by using equilibrium proper ties. In the 
fourth equilibrium properties play a smaller part. It is however justifiable 
to give a sketch of them for the sake of a systematic account of this wliolo 
group of problems. An account of the third is rendered tho more desirablo 
because great advances in treatment have been made since Jeans" account 
was wiatten, and the theory is now probably in a final form. When all is said 
however it is obvious that these researches merely deal with special Toaturos 

» S. Cl,a„d,.a«oW,«, wl.a 

t Jeans, loo, oil, chap, xv, 
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of a stellar atmosphere. A proper theory embraoing them all, based as it 
must be on a study of the assembly subject to the flux of radiation from 
below, would lie outside our range. Though no such theory has yet been 
completed, great advances have recently been made in the study of the 
absorjDtion 8j)ectra formed by stellar reversing layers, and we shall sum- 
marize some of the results of the more complete theory whioh oannot itself 
be inolucled. 

In an atmospheric problem the main field of force may be regarded as 
external to and independent of the assembly disoussed. In a star, considered 
as a whole, this is not so, and the raaiir field arises from the gravitation of the 
matter of the assembly itself. In Chapter xvi therefore the start corre- 
sponding to that of Chapter xv would be a discussion of the isothermal 
gravitating gas sphere of ionized material. In the absence of olecti'ioal forces 
there is nothing to add to Emdon, * We could make some comment following 
Rosselandf on the effect of electrioal forces on the radial distribution of 
different elements. The api^lioabiUty of these remarks to an actual (non- 
isothermal) star is however doubtful. It is obviously outside onr province 
to attempt any discussion of the large scale interior constitution of a star, 
Avhioh depends on many oilier iaotors besides the projiorties of the equili- 
brium state of a given body of matter. !For this the roador will naturally 
turn to Eddington. I But whatever the large scale structure of a star, the 
small scale struoturo is essentially that of matter in the most oomiDloto 
thermodynaraio equilibrium. § ^j?ho equilibrium properties of stellar material 
are important, and tlio main part of Chapter xvi is therefore devoted to an 
attempt to oaloiilato as accurately as possible the equilibrium state of 
matter at stellar temperatures and pressures. 

§ 16' 2 , The equilihrhm of an ionized atmosphere, \ \ Wo start by disoussing 
an atmosplioro of a single primary constituent, say Ca, in equilibrium with 
its ionization products Ca'*' and elootrons. We later consider extensions to 
moro complicated atmo-sphores, but those are not easy to make exactly. 
By (198) and (666) for the 5th oonstituent 

“ {%)o 1 07 2) 

It is necessary to inoliido an eleotrostatio potential 0 as well as the gravi- 
tational f^, sinoo Dalton's law entails a separation of the charges. By (791) 
for each constituent 

V2(ma I- Cg 0) =» iTrms 

* JSmdon, Qashu^dn, 

t BosHoIand, MontUy Not, 11, A, S, vol. 84. p. 729 (1024). 

f ISdcHngton, Tha internal consiilulion of the (1020); Jo&ua, Aslronowy and Goamogony 
(1028). 

§ Eddington, loc, cit, p. 21. || Milno, Proo, Camb. Phil. Soc, vol. 22, p. 403 (1026). 
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wliere Q is the constant of gravitation. As tlioso iiold for all 

V2^=:47rG‘S3?»g7ig, 


must have 


[15-a 
and wo 
.(1073) 


VV=-47rS3 6g?ig. (1074) 

These are the complete equations. Owing liowevor to the anialliiOHs of (hn^ 
compared with we may usually neglect altogether the gravitational Hold 
of the atmosphere itself and replace (1673) by = 0, so that if tho 

curvature of the atmosphere may bo neglected, and otherwise ^ — OMlr^ 

where M is the mass of the central body and r the distance froni its centre. 

By (666) the ionization constant is constant in space, so that tho condition 
of ionization equilibrium affects only tho constants (Wg)^ . Millie whole equili- 
brium problem may therefore be solved without roforenco to thin condition, 
provided the constants of integration (^g)^ are adjusted to satisfy it. If tho 
suffixes 1, 2, 3 refer respectively to the neutral atom, tho ion and the elootron, 


we have therefore, curvature neglected, 

= (1076) 

^ = (^)o ^ ...,..(1070) 

^ = (^)o , (1077) 

coupled Avith ^ “ 47 r 6 (^‘- wi^) . (1078) 


For an atmosphere stratified in planes j/; will bo a function of z aloiio. \'Vo 
recall also that = ^2 + and is very small. 

Let us write = - ^(Wg ~i)h)g-\AcTf, (1070) 

denoting differentiations with respect to z by primes, and difforontiato 
logarithmically (1676) and (1677). Then 


nl_ + ' 

^ hT 

_ i(Wa + m3)g , 

hT 


.(1080) 


.(1081) 


We can reintegrate (1680) in the form 
^a = (Wa)oexp|-az-J''/c?2j, 


^ 3 =(»^a)oexp 


= .,,(1932) 
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From equations (1681) and (1082) we can oliminate and^, and from tke 


result eliminate 


fdz by differentiation. We find 


* 

With the help of this equation we may determine the behavionr of / and so 
the general ohai’actoristics of the atmosphere. 


§ 15*21. Form of f for large positive z, at the outside boundary of the atmo- 
sphere. .If the resultant charge on the whole body and its atmosphere is zero, 
then at the outer boundary i// = 0 and 


IcT 


—f<o 


Wo search for an aj)proximato solution of (1683) by replacing / by /m and 
writing/' = Then ^ satisfios 

= (1684) 

d:7T6^ ■■ 

Therefore ^ = ~ V(^^2 ^3)0 ir exp/co 2 - exp ( ~/«z) }, 


of which the second term is negligible compared with the first ; y is a constant 
of integration, lloturning to/' and integrating, wo find 


/”/oo 


“If 


° ----- g/jrr ' ' ~ ^ V(”3”3)o (1086) 

It is easy to show that the error in this equation is Fi'om this 

it follows that 


'i 


fdz^ 




kT 






^I{Vii)o 4 - 8 , 


where 8 is a constant of integration. Inserting this in (1682) we find 


Tla 


. 1 * 

•^exp — 

_ ''^3 U -J 


n-rre^kT , 


^3 == (^3)0 X) exp V(^2^a)o ye 


-msffeik’J} 


...,..(1686) 
■I,,., (1687) 


J 


and in order to satisfy (1681) we must have D — 



688 


Atmospheric Problems 




We can draw interesting deductions. Since the extra exponentials tend 
to unity as we hav^ ultimately 




{z very large) ^ 


(1688) 


which is Dalton’s law, when the electrostatic forces have become trivial. 
The “when” is however instructive, for this occurs wlien 


A.ir^W 




is small compared with unity. On using (1688) we see that this condition is 


‘^TTGVcTn^ , 


(1689) 


For electrons on the sun 4/ne'^fm^g'^ is 4'86 x 10 ^'^. Thus the partial presstiro 
of the electrons' must be wejl below 10 ~ 2 ® dyne/cm. ^ or 10 “^'^ atmosjjhero 
before Dalton’s law becomes effective. Wo have then reached a region so 
tenuous that the density there is far below the probable density in inter- 
stellar space! In no region which can be considered as belonging to the 
atmosphere of the sun or of any particular star do we even approach t!io 
condition (1689). 


§ 15*22. The form of ffor large negative z, at the base of the atmosphere. On 
referring to equation (1683) we see that the right-hand side tends to infinity 
as 2 ~ CO, and therefore iff has a limit at all that limit must bo zero. There 

are no physically possible alternatives. For largo negative z the equation 
therefore approximates to 

87re2 

/" + a/' = ~^V(»^a%)oe~“"/. (1690) 

This equation must be solved asymptotically as 2 -^ — oo, a and the 00 - 
elHoient of being numerically small. By the substitution’'* /=<xfi-»? 
(17 -H 00 ) it is easy to show that 


From this it follows that to a sufficient approximation 

/=aexp[^-? 0{az) j (1601) 

From this form it follows at once that [ / dz converges , and ap j)roximatoly 

J — CO 

i»]. 




* Wo insert a to take oaro of tho dimensional factor in/. 
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We can now suppose that —oo is olioson for in (1082). Then since /'-^O 
(^ 2)0 — (^ 3 ) 0 * suflioiontly largo negative z wo shall therefore find 
approximately - 

The meaning of this distribution law is that the ions and eleotrons are dis- 
tributed as if they were both of mass equal to their moan mass — with no 
tondenoy to sej^arate out and consequently no electric field. This fusion wo 
have shown to occur at the base of the atniosidiere, or in the interior of the 
star, but the question of interest is where for this purpose does the interior 

start. It starts obviously as soon as | fdz is small compared witli unity, 

J —03 

that is to say as soon as 


2r 8rr6V(?ra?t3)o 1^ 


aL J ’ + 

For calcium on the sun this reduces numerically to 

6-4x 1, 




which is satisfied as soon as the electron j)ressur6 is greater than say 
10-10 clyno/om.8, or 10“22 atmosphere. Even this figure corresponds to a 
density loss than that of interstellar space, so that so far as separation of 
electrons and ions is ooncoriied, the interior of the star, in which separation 
is impossible, may bo taken to inoludo the whole of the star and any atmo- 
sphere that can properly bo regarded as private to it. All wo have to do in 
any problem of an ionized atmosphere in equilibrium is to use (1092) 
instead of Dalton’s law. To produoo this there is a constant eleotrio field 
acting outwards of intensity separation of charge 

necessary to produce this is altogether trivial. 


§16*28. Further observations. If the charge on the star has a surface 
density cr, then, as z ->• -I- 00, 

— €l//' ItTCT. 

This alters slightly the form of the solution as »-> + 00 , but does not affect 
the conditions as «-->•- 00 , sinoo those are indopondont of /oo. Henoe the 
eonolusions of § 16*22 are valid whatever the charge on the star. 

Again wo have shown that /-> 0 as « ->• - 00 and th at 

f'->Um2-ma)glkT, 

a positive quantity as z -> - 1 - 00 . From the form of the relation for/' , namely 

it follows that if/ starts positive for largo negative z then/' > 0,/inoroaSe8 
and /' oan never vanish. Since / has to he positive for large positive z, it 
follows that/ and/' must both always he positive and/ steadily increases. 
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For the nncliargecl star this iniijlies that the resultant charge down to 
any level is always negative since a8/> 0, >n ^ . But this negative charge 

is excessively minute. Applying Gauss’s theorem to (1679) we see that the 
excess charge o- per unit area is given by 

- 47ra = - ^(Wa - Wg) fif/e. 

The excess number of electrons ijer unit area is therefore 
which for ionized calcium on the sun is O-S I 


§ 15*24. Multivalent ions and their compensating free electrons. The theory 
for an atmosphere of a single set of positive ions of charge + and the 
corresponding electrons is very similar. In place of the equations (1676)- 
(1078)™ have (1603) 

^ == (^)o erimiQz~e4,)ikr ^ (1694) 

~ ~~4L7T€{y^^ — nf), (1696) 

Wo now define / by the equation 

Ua+1 

and reiDlaoe the last equations by 

^ = (%)oexp[ “aa-ug I /dg), 

\ + 9 

_ \ V''~ v^+l k'i\ 

(’^ 3)0 expl - 03! + fdzU 

4:TTC^ 

f* — (% ” 


the equation satisfied by / behig now 

Ua(?i'a)o • 

...(1696) 

The conclusions which can be drawn from this equation oorrespond exactly 
to those drawn from (1683). The ions and electrons never separate out 
appreciably in the atmosphere proper, and for largo negative 2 , /-> 0, f 0. 
If then 2 o is taken as - oo, we find (^)o = Wa(?^)o and the distribution laws 



(1697) 

Wg = ( 712)0 . ,,....(1698) 


There are just times as many electrons as ions, and both possess the 
exponential factor of a neutral particle of mass (tWj + + 1 ) • 
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§15*25. Atmos^iherea with more than one positive ion. This case is \m- 
forfcunately much more complicated, and it is of course more typical of 
actual atmospheres. It is sulfioient for illustration to consider two positive 
ions and electrons. The neutral atoms required by the dissociative equi- 
librium are also present, but need not be explicitly considered. The equations 
then are - ^ ^ 

n^ = (»;)o , 

t/j” = - 47r€(?2<iUi + n^v^ “ ^a) ' 


If it hai^pens that Wi W j ^ ( 1099 ) 

i, Ug -j- 1 

the substitution eifj' ~ — g - 1 - JcTf 

uj -H 1 

reduces the loading terms in all three exponentials to equality. We are then 
led to an equation for / similar to but more complicated than (1696), but 
from which the same conclusions can be drawn. This equality will never bo 
satisfied by the main constituents of an atmosphere, oven approximately. 

When (1699) is not satisfied a formal approximation to the solution of 
the sot of equations proposed appears to be; difficult. This however is not a 
serious drawback, for in view of the extremely small separation of electric 
charges which we have found in soluble oases we may safely assume that there 
is no separation in the more general case, so that 


WiUi *h WgKg •— 7^3 — (7q)o Ui “h { 7 ^ 2)0 ~ (%)o ” ^ (1700) 

Starting from this proper simplification Eddington* has attempted to 
obtain further information as follows. If wo writ© out equation (1700) in 
full it takes the form 


(1701) 

Strictly speaking equation (1701) determines ^ as a function of » and the 
problem is solved. It is however difficult to extract much information from 
it as it stands. Bifferentiating it with respect to z wo find after reoiTange- 


ment that 


•€.//« -g 


yi(vi -I- 1) 7hMl«^(ua + lj7^ 


Ui(ui-|-l)77i-|-U3(y2*l-l)7lj 

in which we have written for shortness 


■ 7 %', (1702) 


7%-{-l>pW-3 Wg -H tigWs 

y^-fl ' Vg-hl ’ 

* Eddingtou, U'he internal conalUuHon qf the stars (1020), § 192. 
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It will be observed that the coefficient of g is such that this last ecLuation 
might be oast in the form (1703) 

where /Z is a suitably weighted mean value of the for the different species. 
An equation of this form holds for any number of species. Eddington has 
now suggested that one may (roughly) integrate (1703) or rather its general- 
ization for a spherical body of gas as if jl were constant through the gas. If 
this is done one obtains formulae for the distribution of the various species 

of which the formula — , 

% (^ 2)0 




.(1704) 


^3 (^^3)0 

is typical. Such formulae may be taken to show that those species for which 
/i at any level will tend to concentrate into the higher levels and those for 
which ix>fl to concentrate into the lower levels; but the effect of this con- 
centration itself will be to modify /z in such a way as everywhere greatly to 
cut down the space rate of concentration. The degrees of concentration 
given by Eddington on the assumption of p, constant must therefore be 
overestimated, but by exactly how much has not been determined. 

Some reliable information may be obtained in a simple way as follows. 
Let us suppose that in a certain region the. conditions are dominated by the 
first constituent. Then approximately 





n2 = (w2)oe-“i'®, 


where cc^' = 

We find that a^' < 


Vi+1 

if 


mg — m3 — m3 

Ug-fl 1^1 + 1 


or 


JL 

kT' 


/X2</ii 




(1704-1) 

(1704-2) 


and we shall certainly find a region of control by the first constituent if we 
can go deep enough into the atmosphere ( 2 ->- 00 ) without other disturb- 
ances. G-eneralizing we might say that in an isothermal atmosphere the 
deepest levels will be controlled by the constituent for which 

or (W 2 i-m 3 )/(ui + l) 

is greatest,’ but this only holds. if the effectively undisturbed isothermal 
region is extensive enough to differentiate between the various constituents. 
In the region of control by % the rate of space variation of % given by a^' 
may even be reversed so that increases upwards (a^' < 0). 
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As we rise in the atmosphere ( 2 : -» + cxd) this state of things must reverse 
and control must pass over to the second constituent. We shall then have 



Wg — m 
Ug+l 


gz, 


'^ 2 = ^ mg + uaWg g 

^ 2+1 kT’ 


where 


/ ,,, (^2 + 1 ) ^>^1 - vi(^2 - ^3) g 

^2+1 JcT' 


We can verify that as it should be for this region. 

A special case of particular interest is that in which the constituents 
1 and 2 are the single and double ions of the same neutral atom 0. Then 
mi=mQ — m^, m^ = mQ — 2m^, vi = l, v^^2. Applying these formulae we 
find that in the deep region 

= (^)o ^ Q-lm^rnr ^ 

^2 = fi)o . % = (%)o e-^^oozlkT ^ 

so that the concentration of double ions does not alter. In the high region 

Uq = (no)o Q-'^^^oelkT ^ Q~UooelkX ^ 

= (n^)^ e-imoO«lkT ^ Q-imoggikr . 

Here we leave this application. Our main conclusion is that large scale 
electrical effects profoundly alter the vertical distribution of the ions and 
electrons in an atmosphere, in general refusing to let them separate. In 
effect they alter g for ions and electrons in the way we have attempted to 
calculate, but the actual fields required to do this are very small, and apart 
from this modification of g the resulting fields and charges can always be 
neglected. Certain similar applications to stellar interiors will be made in 
the next chapter. We should in conclusion record the warning that an 
actual atmosphere is submitted to a strong one-sided flow of radiation from 
the photosphere of the star, and that selective action of this radiation may 
seriously modify any conclusions drawn when gravity is the only external 
force acting. The atmosphere cannot then be an assembly in statistical 
equilibrium, and the type of effect which may enter is discussed in § 15-5. 


§ 15*3. Stellar absorption spectra. The atmosphere of a star, when we have 
reached the deeper levels of the preceding sections, still of extreme tenuity, 
will consist of a mixture of atoms, ions and electrons in a state in which each 
constituent behaves approximately like a perfect gas. The mixture as a 
whole is electrically neutral as the separation of electrons and ions in the 
gravitational field is trivial. We shall verify later that the deviations from 

38 
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the perfect gas laws required by the theory developed in Chapter xiv are 
insignificant for the regions to be explored in this section. We shall regard 
this atmosphere to a first approximation as an isothermal homogeneous 
slab in statistical equilibrium, but subject to a flow of radiation of all wave 
lengths, corresponding to a higher temperature from the lower levels 
{photosphere) of the star. Such a slab forms an idealized revers'mj layer, 
forming by specific absorption dark lines in the continuous spectrum. Our 
object in these sections is to show how the theorems of statistical tnochanics 
can be applied in a general way to explain the behaviour of tliese ahsorptimi 
lines, particularly in regard to the march of their intensities as we pass 
through the series of spectral types, and to deduce at least rough information 
as to the temperatures and pressures in the reversing layers of most stars. 
We shall not enter into great detail, since a full account is given in Mias 
Payne’s Stellar Atmospheres* to which the reader should refer. These sections 
will therefore be confined to a summary, with supplements to her account. 

The first successful quantitative application of the theory of statistical 
(or rather in his case thermodynamic) equilibrium to stellar reversing layera 
is due to Saha.f An atom absorbs a different optical spectrum for each stage 
of ionization, and in fact a different set of lines' for each stationary state 
belonging to each stage, and therefore the relative intensities of the absorp- 
tion lines of its successive spectra in the spectrum of any star must give 
some indication of the relative numbers of atoms in the various stages of 
ionization in the reversing layer, and therefore of the temperature and 
pressure. 

The early applications of this idea may be divided into t wo main gi'oups. 
The first is typified by comparisons between the spectra of the normal solar 
reversing layer and sun spots, and between spectra of giants and dwarfs of 
the same spectral type. It was shown that the intensity differences are 
largely explained by changes in the degree of ionization resulting either from 
temperature differences (sun and spot) or from pressure differences (giant 
and dwarf ).f A similar successful comparison may be drawn between the 
spectra of the reversing layer and chromosphere (flash spectrum). | In the 
second group attention is devoted to the general march of the intonsity of a 
line, or group of lines, through the sequence of stellar spectral types, and an 
attempt is made to deduce the temperature scale from the positions in this 
sequence of the first and last (“marginal”) appearances of the line. At such 
a point the fraction of atoms in the reversing layer capable of absorbing the 

* Mss Payne, Stellar Atmospheres, Harvard Monographs, No. 1 (1925). More reoent accounts 
to which reference should be made are Miss Payne, Stars of High Luminosity, Harvard Monographs, 
No. 5 (1931); BusseU, Zoc. in § 15-34. 

t Saha, Phil. Mag. vol. 40, pp. 472, 809 (1920); Proo. Boy. Soc. A, vol. 99, p. 136 (1921). 

t Saha, he. cit. (1) and (2); Russell, Astrophys. J. vol. 65, p. 119 (1922). 
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line must be very small, and if the pressure is known the temperature can 
be calculated.* 

But the precision of the early calculations was questionable owing to the 
difficulty of formulating the conditions for the marginal appearance of a 
line.f Firstly we do not know a priori how small the “ very small” fraction 
of atoms must be at marginal appearance. Secondly the point of marginal 
appearance will depend on the relative abundance of the element giving the 
line — other things being equal lines due to a more abundant element will 
persist to a smaller fractional concentration. A similar difficulty may arise 
from different atomic absorption coefficients for different hnes. Large 
’uncertainties may arise from all these causes. 

However, the general qualitative adequacy of the theory carried the 
conviction that imperfections of this kind were imperfections of our know- 
ledge and not of the theory; it is reasonable both a priori and on the evidence 
to conclude that in the main the intensities of absorption lines vary in the 
same sense as the numbers of atoms capable of absorbing them. The next 
step was to formulate this conclusion explicitly : Other things being equal, the 
intensity of a given absorption line in a stellar spectrum varies always in the 
same sense as the concentration of atoms in the reversing layer capable of 
absorbing the line. The foregoing difficulties are then in the main avoided, if 
we devote attention in the first instance to the place in the stellar sequence 
at which a given line attains its maximum intensity. This will be attained at 
the maximum concentration of atoms capable of absorbing the line, and 
the conditions therefore only involve the temperature and pressure. We do 
not now require to know the relative abundance of the various elements, 
the efficiency of any atomic state as an absorber, or the absolute number of 
effective atoms required to form a line. The temperature at which, for a 
given pressure, a given line of known series relationships attains its maximum 
is simply deducible from the properties of the equilibrium state. A number 
of such calculations will be given in the following pages. Consequently in 
the first instance each observed maximum of a line in the stellar sequence 
connects the temperature and pressure of the reversing layer at that point 
of the sequence. This appears to be the most satisfactory way to apply 
Saha’s theory quantitatively to fix stellar temperatures and pressures. $ 
We therefore summarize the results of such calculations. But we can then 
attempt to refine them in various ways, and show that each observed 
maximum can probably be made to determine directly a temperature in the 

* Saha, loc. cit. (3), and Zeit.f. Physih, vol. 6, p. 40 (1921); H. H. Plaskett, “The Spectra of 
three 0-type stars”, Puh. Dorn. Astrophys. Oha. vol. 1, No. 30 (1922). 

f These difficulties were discussed by Milne, The Ohaervatory, vol. 46, p. 113 (1923). 

X Such calculations were made by R. H. Powler and Milne, Monthly Not. It.A.8. vol. 83, p. 403 
(1923), vol. 84, p. 499 (1924); R. H. Fowler, Morahly Not. It.A.S. vol. 85, p. 970 (|926). 
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stellar sequence, without assuming a jjressnre. The pressure is itself dolor- 
mined by the theory, being that of the layer in Avliicli tlio absor ption lino ia 
formed. We find that this refined theory, largely due to Milne and liusaoll, 
requires the height of this layer to vary in a dolinito way from lino to lino. 
Instead of assuming a pressure, we assume that a certain funotion of tlio 
properties of the atom and its abundance and gravity on tho surface of tho 
star may be assumed roughly constant, the value of tho constant depending 
on whether we are following the intensities along tho giant or tho dwarf 
sequence. There is reasonable ground for belief that this assumption is true 
on the average, so that the derived temperature scale should bo reliable. The 
final step, not here reached, will be to regard each observed maximum in tho • 
known temperature scale as fixing the value of this function and to deduce 
therefrom abundance factors or absolute values of atomic absorptio]! 
coefficients. For this step we require a quantitative theory of tho forJiiation 
of an absorption line. Such a theory is now available froin tho work of Milno* 
but to discuss it lies beyond the range of this monograph. 

Lines absorbed by the neutral atom in its normal stato, vdiioh wo shall 
call normal lines ^ will be shown theoretically always to doorcase in intoiisity 
as we traverse the spectral types from ilf to higher tomporaturos. T'his is 
almost obvious without calculation, for the fraction in tho normal state 
(initially practically unity) can only decrease as the tomperaturo inoroasoa. 
An exception to this absence of maximum could occur if in atmosphorcs of 
very low temperature the atoms in question were all removed by con- 
densation or chemical combination. Such considerations are however not 
usually of importance and will not be referred to again, It is easy to see that 
aU other lines should have a maximum somewhere. Consider first a lino 
absorbed by some excited state of a neutral atom, which wo shall refer to ns 


a subordinate, line. The fraction of atoms in this excited stato is tho j)roduob 
of two factors; (1) The fraction of the atoms not yet ionized ; (2) tho fraotiou 
of these neutral atoms in tho proper state. Tho first factor dooroasos steadily 
from 1 to 0 as increases, while the second increases steadily from a very 
small value. This must lead somewhere to a maximum in tho product. 
Similarly for the normal fines of any ion, wo start at lo^v temper at urea with 
atmospheres in which there are no such ions, and pass through a stage af 
which almost all are once ionized, to a final stage in whioli all are in still 
Iiigher stages of ionization. Again we find a maximum.! 

In the first stage of the discussion we find it oonvoniont to oaloulato 

* he. eil, in § 16'34. 


t In identifying this maximum with the obaorved maxinnim wo nsauiiio that tlio avortvgo 
abundance of this atom changes only very slowly (if at all) along tlio Btollnr soquonco. There ia 
every a iiriort consideration in favour of this assumption wliioli is of course oesontial. Otherwise, 

the absolute abundance of hydrogen there, a barren and unsatiefylng oonolusion. 
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pi’Gssures for maxima at a given temperature. Tlie general result of the 
comparison with observation is that observed and theoretical maxima can 
bo fitted together into a consistent scheme provided that the pressure in the 
layers whioh reverse strongly ordinary subordinate lines is of the order of 
10“‘‘ atmosphere. Similarly in layers which reverse strongly normal lines of 
atoms and ions and nearly normal lines of the metallic transition elements 
the pressure must be of the order 10~®-10“^° atmosphere. At the second more 
refined stage we see that this result is expected and that on the whole all 
observations fit into a logically consistent whole, leaving outstanding a 
number of interesting minor discrepancies. 

l''he observational material on the positions of maxima in the sequence of 
giant stars is mainly due to Miss Payne and Menzel.* Por dwarfs there is not 
the same sequence of material, and we have mainly cross comparisons with 
the giant sequence at spectral types F and G. 

§ 15*31. The statistical theory of absorption lines. To carry out the calcu- 
lations suggested in §16*3 we use equations (1646)]* and the method of 
§8*6 to determine the and then difierentiate with respect to T to 

determine maximum values . But the general formulae simplify greatly here. 
In the first place xflT^r+i i^^ver greater than about 0*7 for any atomic ions 
with whioh we have to deal in reversing layers and is usually nearer 0'6. 
The successive stages of ionization are thus well separated, and it is found 
that wo never have to consider more than two consecutive stages of any 
atom at any one time for a subordinate line or three at most for a normal lino . 
Secondly, excluded volumes and tlie electrostatic energy can be ignored 
entirely, except of course for the oonvergoncy factors due to the former in 
iif{T), We shall find further that in all calculations of maxima w(T) reduces 
to its first or at most its first two or three terms, for which the excluded 
volumes can bo ignored, and that the highly excited states make no ofiectivo 
contribution. We shall therefore start the calculations with these simplifica- 
tions, whioh are easily Justified a pos/mm. 

It is convenient to express tlie laws of dissociative equilibrium in terms of 
Pg the partial pressure of the free electrons, and a’o , , . . . , .t,, the fractions of 

any atom present in the neutral, singly ionized, or s-times ionized states. 
Then the equations of dissociation (479), generalized as in § 8-6, reduce to 

oj ~ jhT)^ (1706) 

ft!, ¥ Hr{T) ’ ■ 

with X, ft!,, — 1 . 

* MisB Payiio, ITfti’vai'cl Cii'oulav, No. 258 { 1024) ; he, dt, oliap. viii ; Monzel, Harvard Oiroular, 

Noa. 2B2, 250 (1024). _ 

f It ia hero a matter of indifforoiico wliothor wo uao Uroy’a or Planck’s form for u/{T), siuoo 
tho skatOB of liigli excitation prove nogligiblo. 
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Wo need not here retain the affix z. Let {n^)a bo the fraction of all the atoms 
of one type which are r-times ionized and in their ath state. Then (1645) 
reduoosto 


]?or discussing the maxima of the states of the neutral atom we may ignore 
Xj. for r > 2 owing to the rapidly increasing y’s. Inserting numerical values 


in (1706), we find* 


ft/ft 


Uq(T) 


Wo(T)cXo/*2’^.o.664%(7') 


.(1706) 


/ X (^ 0 )^ 6 ^*=^' 

^ UQ(T)eXolk^+0^6Uiii{T)Typ/ 


.(1707) 


The maximum value of (Wo)^ for given pressure occurs where 9(Wo)g/0T = 0, 
or where 

0»664^i(y) . f (xo), + py + hT%'lu, 


V, 


Th-x^^"^' (1708) 


This gives the pressure in dynes/cm. ^ which* can be converted to atmo- 
spheres with sufficient accuracy by multiplication by 10“®. Wo have also 


/ \ ix<i)s + 


{(%)s}inax ~ (?^o) 


max 


(^^ 0)3 e~^Xo~(xd>syi‘>^ 
~^) ■ 


(1709) 

(1710) 


The same formulae hold for the maxima of the subordinate lines of the 
y-times ionized atom, when we replace the suffix 0 by r and ignore all stages 
of ionization except r and ?’+ 1, A simple verification, which we omit, is 
required first to show that for the relevant temperatures x^. + a 1. 

We conclude that any subordinate line should have a maximum given 
by these formulae. I?or any normal line of a neutral atom (xo)s“Xo 
(%)g has no maximum for hThi^fuQ reduces to zero, and (1708) merely gives 
T== 0, Formula (1709) reduces to (aJolmax = 1 iu this case. 

We must next examine the numerical values of %(T), ‘Wi(T) and their 
differential coefficients. From (1708) it follows that near the maximum 
pJT^ and must be approximately equal, and we shall find that the 
actual orders of both are about 10“®. For the approximate form of Uf{T) 
we take (1661), in which a is given by (1648), We may take^^ —p^ approxi- 
mately. The numerical value of [(r 4 - 1)®/9«]^ is therefore of the order 2 x 10® 
at most in a reversing layer. It follows at once from (1661) that we have at 
most one highly excited electron, and that the states of high excitation of 


* Tlio mimorical factor hero is twice that (0*332) used in the work of R. H. Powlor and Milno, 
booauao wo have horo oorrooted for the weight 2 of tiio free oleotroh. All tho weights used in the 
two papers {loc, cii.) are ■wrong, though tho roaults are hardly affected. Effeotivoly correct weights 
wore used by B. H. Eowler, loo, oil. 
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even this one electron make a negligible contribution to ^^(T) (less than 
1 per cent.). In reversing layer problems therefore it is only the first few 
terms oiu,.{T) which need be considered, and usually only the first (constant) 
term and tho term to which the subordinate lino under discussion belongs. 
Wo verify in the same way that the contributions of highly excited terms to 
hT%'{T)IUj.(T) are equally negligible in the equations for the maxima. 
Returning now to the early terms, suppose that for simplicity 

Uq{T)==Wq-\- {mQ)ie-^Xt,-(Xo)iVki\ (17U) 


Then 




1 ^0 


.(1712) 


Unless Xo” (Xo)i> energy of excitation, is small compared with hT, the 
effect of the second term in Uq{T) is negligible both in (1711) and (1712). 
Even if xq ” (xo)i small, uf{T) will still be of no importance in the formula 
for unless this second state of small energy of excitation is also the state 
in which the atoms must be in order to absorb the line in question. In that 
special case (xo)8“ (Xo)i ^nd the denominator of^?g becomes 

{Xo ~ (Xo)i} ^0 > 

instead of {xo (Xo)i}'^o(^)> which is the value when Uq'{T) is ignored, Wlien 
the excited states are nearly normal this correction may be considerable, 
No effect of this sort can be produced by /cThti {T)lui{T), which can always 
be neglected. We can therefore replace (1708) by 

^ Q’fi6t^i(g^) (xo)8 + (1713) 

^0 Xo-lXoh 

which in this form is always valid if toq is taken to mean the sum of the weights 
of Just those states which differ in energy from the normal state b;^ an 
amount which is very small compared with Xo~(Xo)8‘ I^"^ calculating 
(%)max wo can always ignore Uq{T) and iifiT) so that 

(Xo)8 + pg’ 

To discuss a normal lino of the ionized atom we must retain three stages. 
Then ^ ^ O'fifil u^jT) 

2h ML) 

!ri Q>064^i(y) y. 

Pe ML) 

oiq 4" jTg ~ 1 ) n^ — )t 

If we solve these equations for we find that 


(1714) 


% = 




u,{T)-\-ML) 


p. 


O'604 


T“!leXo/A“’ + %(!Z') 


(1716) 
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Thus the maximum of Wj will ooour when 


kThi,'{T) - q||j{Xo + ikT-hTHt,'lu,}u,(T) 

+ 5:^ + ‘JeT + kTH^'M UiiT) = 0 (1710) 


If we can ignore the term in we then find 


2^5 = 0*664 


Xi + py + hTH^lUj -^(xo+XiVhT 

\xo + ^lcT-lcT%^lu,'u,m] 


(1717) 


The order of the two terms retained from (1716) is (UqUq)^ 
at the maximumj and this maximum occurs at a lower temperature tliaii 
that at which the maxima of any subordinate lines of the ionized atom occur. 
The conclusions as to the negligibility of the terms of high excitation hold 
therefore a fortiori. The order of hTHif{T) will therefore bo 




which may be important in (1716) if there is an excitation j)otential of the 
ionized atom comparable with ^(xi-“Xo)* When this is the case (1716) must 
be solved as a c[uadratio for , At the maximum, if Wi'(T) can be ignored 


(y, \ s, - 


(1718) 


which is approximately equal to and therefore nearly unity. 

If, as can hapj)en, the term in uf{T) is of larger order than the other t^vo 
terms at the suggested maximum (1717), then the third term in (1716) can 
be ignored and we have 


0*664ifcT%/(T) 




(1719) 


The maximum is due in this case to the switch over of the majority of the 
atoms from the normal state to the first excited state as the temperature 
rises, and in the determination of the maximum we can ignore second stage 
ionization entirely. If for simiDlicity we "write here 


then 


%(T) = TOj + {^ 1)1 ^ 

^Q*664(TOi)i{xi-(yi)i} 


Pe= 


{Xo b ~~ kT^ttf juf} 


, ...(1720) 


In this case 


(^l)r 




'ai(T) -}- 0{{wf)i er^Xx-^iW^’^y 


(1721) 


which again differs only a little from w^ufT) or unity. 

In certain oases in calculating maxima of subordinate lines of an ionized 
element of very small energy of excitation it may be necessary to use the 
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apparatus of these paragraphs taking aooount of three suooessive stages of 
ionization. But no general discussion of the negligibility of the various 
u{T) and u'{T) can expect to cover all cases, and when doubt arises it is 
always a simple matter to write down an explicit 2- or 3 -term formula for 
the whole relevant part of u{T) and use the exact values of u{T) and u'{T), 

§15*32. Numerical calculations. We present in this section numerical 
applications to a selection of the available observational material. To do 
more would take up too much space, and the selection is wide enough to 
justify the theory. It is obvious from a cursory inspection of the rest of the 
material that it will fit into the same scheme. The observed positions of the 
maxima are taken from Menzel or Miss Payne, and the spectral data from 
Backer and Goudsmit,* 

Throughout the calculations we group together all the lines of a multiplot, 
ignoring the energy differences in the initial and in the final state. This is 
legitimate, and our discussion therefore refers to the maximum of the 
multiplet as a whole rather than the maxima of its component lines, but 
these are indistinguishable. The only noteworthy inaoouraoy in this sim- 
plification is that the fraction of atoms at maximum is that capable of 
absorbing some line of the multiplet. The fraction capable of absorbing one 
given lino is naturally loss, and in some applications this point may need 
attention. We tabulate for each element or each group of lines of each 
element the dataf used in the calculations. This is followed by the observed 
j)osition of the maximum, and then by a few calculations for a series of 
maximum temperatures of the electron pressure, the fraction of atoms in 
the required stage of ionization, the fraction in the required stationary state, 
and the product of this last fraction by the electron pressure. 

(i) V. l^i^-oj^lpart); AA 4396, 1390, 4386, 4379; Xo = 0*30, (xo)i= 0*02; 

Uq{T) - 28 -I- 30e-0'28/fc2' ^ 26 -I- 36e-o-3a/ftr, 

Por the least blended lines no maximum is observed. It lies below M 3. 


7’inax 

Pg atm os. 

(•'Uolinax 




l'07x 10~“ 


2-17 X 10-1 

2-32 X lO-ifl 

■Eflj 

2-44X10-T 


2-64 X 10-1 

0.2 xlO-8 


(ii) Ba'K AA4934,4664; 6*18, 9*96; 

KXi"Xo)-2-386>l*612-Xi-(Xi),; 

Uq{T)^1 4 - uML) = 2 + u^{T)=: 1 . 


Baokor and Qoudsmit, Atomic Energy Slates, Now Yovk (1032). 
t Bnoi'gios in olootron volts, 
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[Variations of Uq{T) may be ignored.] Tlie maximum must lie at M 3 oi’ 
just below. 


Tjnax 

Pf atraos. 

(ni)7?e 

2600 

3000 

3600 

1*60 X 10-11 

4'6 xlO-o 

2*72 X 10-1 

I'OQx 10-11 

4*0 xlO-o 

2-72 X 10-? 


(iii) Cr. 15^-eP; AA4497; yo==6-76, (xo)i-6-81; 

Uq{T) = 7 + 26e~i’“o/*^, 'ai(ir) = 6 + 30e-0'‘^o/*='' + 20e“i‘2t>^*=''. 

The observed maximum lies at ilf 1 (Menzel). 


Tijiiax 

Pt atmos. 

(•TJolmax 

{(%)diiiax 

(^lo)l7le 

2600 

6-0 X 10-11 

0-87 

7*8 xlO-8 

3-0 xlO-i® 

3000 

1-74x10-8 

0-87 

l'60xl0-a 

2*78 X 10-10 

3600 

1-21 X 10-0 

0-87 

2-GO X 10-8 

3*2 xlO-8 


(iv) Sr+ 12 ;S^- 12 p; AA 4216, 4078; Xo = 5*666, 10*97; 

UXi - Xo) = 2*662 > 1*816 = ~ (xi): ; 

Wo(T)==l, i^i(P) = 2+10e“i*8W 

The obsei’ved maximum lies at ilf 0 (Menzel) or K 2 (Payno), the latter is 
probably the more reliable. = 1 . 


T^max 

Pt atmoH. 

{ni)p^ 

3000 

3600 

4000 

2-42 X 10-11 

2-02 X 10-8 

6-8 xlO-’ 

2-42 X 10-10 

2-02 X 10-8. 

Q-8 xlO-’ 


(T) Mg. M 6184 , 6173 , 6167 ; x„ = 7 . 01 , (x,);: 

«„(r) = l, «i(2') = 2; (roo)i = 0, 


4'92; 


Tmax 

Pc atmos. 

(®o)max 

{(l^o)i}jnax 

(^0)lP€ 

, 3600 
4000 
4600 
6000 

2-42 X 10-8 

7-2 xlO-? 
1-14x10-8 
1-08 X 10-« 

0-68 

0-68 

0-69 

0-69 

8-1 xlO-i 
2-47 X 10-3 

S-7 xlO-3 
1-19 X 10-3 

1-06x10-11 

1-78 X 10-0 

6-4 X 10-3 
1-28x10-0 


Uq{T) = 26 + 36e-005/*2>^. 21e-i*5c/*if', == 30 + 28e-o*83/*2'+ . 

The observed maximum is well determined at iC 2. 


6*69; 



I— ; 

T’max 

Pf atmos. 

(!Co)iaax 

{(^oisiaiax 


3600 

4000 

4600 

4-0 xlO-o 
1-67 X 10-’ 

3-3 xlO-8 
— 

0-82 

0-83 

0-83 

3-7 xlO-3 

6-8 xlO-3 
1-10x10-3 

1-47 X 10-11 
1*13x10-8 

8-6 X 10-8 . 
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(vii) Ca+. AA3968,3934; xo = 

Kxo-Xi) = 2-87> l'69==Xi“(Xi)i; 

u^{T) = 1, ufT) = 2 + u^{T) = 1. 

There are observations of a maximum at K 0 (Monzel), but it is possible that 
there is no maximum before M 0 (P^yne). (%)jntix= i* 


2^11 ax 

Pi atmos. 


HHr 

6>8 Xl0“i^ 

0-8 X 10-11 


7*4 X10-" 

7*4 X 10-« 


2-66 X 10-’ 

2-aOx 10-’ 

4600 

3 9 xl0-« 

3'0 X 10-“ 


(viii) Zn. AA4810, 4722 (4680); = (Xo)i=^B’33; 

■?to(T)— 1, 'Wi(P)==2; (ti7o)i = 9. The observed maximum is well determined 
at 0. 


mmmgm 

Pi atmos. 

(•roiniax 




1-38 X 10-“ 

0-Gl 

4-9 X 10-1 

6'8 X 10-1“ 


8-4 xl0"fi 

1 

0'02 

2-62 X 10-“ 

2-12 X 10-’ 


There are well-determined maxima of many lines of Pe**' and Ti'*' at 
P6, some rising to PO and some falling io OO, but xi foi’ these elements 
is not yet well determined. The values 10*6 and 13' 0 volts are given by 
Backer and Goudsmitfor Po+ and ■Ti+ respectively. The following caloula- 
tion is carried out for 16 volts and represents a mean value for the ll’e+ 
and Ti+ linos rather than an aoourato oaloulation for any single line of either 
element. 

(ix) Po*K AA4173‘3, 4179, 4417; ai^proximately Xi=16, 

{Xi)fl— ^^’3; %(jf') = 60, 'aa(P) = 37; (ro^)y=12. There is a well-observed 
maximum at P 6. 



Jig atmoa. 

(a’t)inax 

{0^i)i}max 


6000 

1*37x10-“ 


8-0 X 10-1 

1*22 X 10-1“ 

7000 

1*30x10-’ 

HIsH 

1*89x10-“ 

2'4Qxl0-i« 


(x) Mg+ 1 ap- 1 AA4481; IS- 00, (xi)i = 6-15; u^{T)=^2,Uj,{T)==li 
(^i)i == 16. There is a well-observed maximum at .4 2. 


2’inax 

jjt atmos. 

(^'i)jnax 

{(iii)ihnftx 


■v 9 

9*0 X 10-“ 

0*48 


2-30x10-1“ 


8>2x 10-® 

0*48 


6-8 xl0-“ 

■SH 

6*3 X 10-1 

0-49 

2*12 X 10-1 

1*12x10-’ 
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(xi) H. Balmer series; AA4861, etc.; Xo — 13*61, (xo)i = 3*386; 'IIq{T)^ 2^ 
Ui{T) = 1; (tug)! == 8, The maximuin is at A 0, by definition of the type. 


il'inax 

jOj atmos. 

(^o)max 

{(^o)i}inas 

(«o)l??e 


3-3 xlO'5 
2*62 X lO-* 
1-44 X 10-“ 

■SB 

2*70 X 10-“ 
1*06 X 10-® 

9*2 Xl0“ii 
2*76 X 10-“ 


(xii) Si+ AA4131, 4128; 16*27, (yi)i = 6*47; «i(7') = 0, 

u^iT) = 1; (aji)i = 10. The observed maximum is well defined at A 0. 


T^max 

atmoa. 

(aJilmax 


(Wi)i3^ 

10,000 

6-9x 10-« 

0-47 


8*8 xl0-“ 

5*2 X 10-11 

11,000 

4-3 X 10-5 

0*47 


2*61 X 10-5 

1-08 X 10-® 


(xiii) C+ l2Z)-iajP;AA4267;xi = 24-28,(yi)i = 6*31;%(T) = 6,«2(T) = l; 
10. The observed maximum is well defined at J5 3. 


T^max 

1 pi atmos. 

(!l-’l)max 

I {(«i)l}max 


14,000 

1.96x10-“ 1 

0*34 

1-88 X 10-’ 

3-7 xl0-i“ 

16,000 1 

3-7 X 10-6 1 

0-36 

l*26x 10-« 

4.0 X 10-11 

18,000 

3.7 X 10-1 

0*36 

6'6 X 10-*^ 

1 

2-02 X 10-“ 


(xiv) He. Sharp and diffuse series of par- and ortho -helium; AA47i2, 
4471, 4922, eto,; ;;^o = 24*47, (y(,)j^~3*48 (mean); = u^{T) = 2; 
(too)i = 3 (par-He) or 9 (ortho -He). The observed maximum is well defined 
at B 2-3. 


7*111 ax 

Pi atmos. 

(rtJo)max 

“■ — — 

{(aQ)i}inax 

[par -Hoi 

(Wo)lPe 

■■1 

2-08 X 10-1 
2-76 X 10-“ 

0-248 

0-269 

1-76 X 10-’ 
1*00x10-0 

4*7 X 10-11 

2*70 X 10-“ 


(xv) N+, 1 iP' - 1 iP; A 3996; = 29*48, (xi), = 11*06; %(?") = 9, W2(T)- 6; 
(-071)5= 3. The observed maximum is at B 3-6. 


2*max 

Pi atmos. 

(^’i)max 

{(%)«}max 

(Wl)»7'e 

18,000 

20,000 

8*6 xlO-6 
1-36 X 10-“ 

0*46 

0*46 

1-03 X 10-0 

3-4 xlO-o 



(xvi) SH+ 13;Sf-23p; AA4662, 4567, 4674; X2=33*36, (Xa)^^!^*^^; 
= 1, WaiP) = 2; (t0a)s= 3. There is a well-defined maximum at B 1-2. 


rjnas 

Pi atmos. 


{(naiJmax 


18,000 

2-48x10-6 

0-49 ’ 

7-1 XlO-o 

1-77 X 10-1“ 

20,000 

2-82x10-1 

0-60 

2-44x10-6 

6-9 xl0-“ 


(xvii) 0+. l^P-PP; AA4417, 4416; Xi=" 36*00, (xila^ 11*63; 

Wi(T) = 4-f- I0e"^‘^^*^'-|- u^{T) = Q\ (toi)8 = 6. There is a well-defined 
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maximum at 5 1. [A niiinbor of other O'i' linos with varying down to 
8*6 volts have maxima at 5 1 or perhaps at slightly higher temperatures 
towards ^0.] 


^^'inax 

Pt atmos. 

(a.\)inn.x 



18,000 

4*7 X 10-0 

0-40 

M3xl0-’ 

■pKIjM wm 

20,000 

5-7 X 10-6 

0-40 

5-0 xlO-7 


22,000 

4>6 X 10-1 

0-41 

l'66x lO-o 

A 


(xviii) Si-i-H-. 22^--22P; AA4089, 4116; X 3 = (X 3 )fl = 20*98; 

%(!?’) = 2, 'M.,i(P) = l; (rog)g = 2. The observed maximum ocours in O-typo 
stars at Plaskett’s 0 9. 


2’inax 

pt atmoB, 

(i^almax 

{(^^-nlshnax 


24,000 

M4x 10-6 


4-7 XlO-" 

B*4 X 10-11 

26,000 

7-4 xlO-B 


MO X 10-6 

8-7 X 10-1“ 


(xix) C++. AA4649, 4661, 4683; X 2 = ^Q*36, {xa)««18*06; 

u^{T) — \^ u^{T) = '2i\ (TCf2)a=3. There is a well-defined maximum near that 
ofSi+++at09. 


ff'inax 

Pf atmos. 


{(«a)e}max 


24,000 

I'73xl0-B 

0‘46 

l‘52x 10“« 

2-62 X 10-11 

26,000 

l'20x 10-1 

0'40 

4-3 xl0”« 

6'3 Xl0-i“ 


(XX) N++. 12p~22Pa; A4098; (X2)«== 19-20; 

Uq{T) = 1; {w 2)8 = 2. The maximum has not been roaohed among the 0-typo 
stars investigated. 


5f'Tnax 

Pe atmoa. 

{^U2)niax 

{p^2)g}niax 


IIEmqS^^h 

7-3 xlO-n 

||||RR9|| 

6-7 X 10-’ 

4-2 X 10-1“ 


4*1 xlO-» 


1-49 X 10-0 

6-1 X 10-11 

HbiI 

1-82x10-1 


3*1 X 10-“ 

6'7 X 10-1® 


(xxi) He+. “4686 series A 4686; = 64*16, (xi)fl = 0‘02; %(T) = 2, 

-zta(T)=l; (tnOa-lS. 

‘ ‘ Piokering series ’ * ; AA 6 4 1 2, eto , ; ( Xi)8' == 3 * 3 9 ; (wj )j|» = 3 2. 

The lines seem nearly to have roaohed their maximum at the end of Plaskott’s 
sequence of 0-stars. The observed maximum may be taken to ocour at 0 6. 
The calculations are for the 4686 series. 


Tjnax 

Pe atmos. 

(aJilmax 

{(ai),}raax 

[“4680“’] 

MiPt 

■En 

1-06 X 10-® 


l*46x 10-» 

1-64 X 10-1“ 

6-9 xlO-*! 

0-222 

3*5 X 10-’ 

2-03 X lO*-!® 


4-7 X 10-“ 


1-76 X 10-« 

8*3 xlO-® 
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In addition to these maxima the observations show no maximvini for any 
iiormal Hnes of any neutral atom in the sequence of giants, in frill aooord 
with the theory. To illustrate the way in which the concentration of atoms 
in a given state in a reversing layer varies with the teniijeratnro aeoorcling 
to statistical theory, using merely the equation (1707), we roproduoo a 
figure* showing typical curves, These are only roughly aoourate and for 
apiolications are now superseded hy the curves given by Russell (§ 1£5*34). 


§16'33. Discussion and theoretical developments. A first appro^x-inialion , 
It will be evident from a survey of these tables that there is excellon t general 
agreement between theory and observation as to the positions of the 
maxima in the sequence of giants, on certain conditions. Wo have to suiqioRe 
that the partial pressure of the electrons in the layer in which the lines 
originate is of the order atmosphere for the normal liiioa of the 

ionized atoms Ca'*', Sr** and 13a’*', and the nearty normal lines of very small 
energy of excitation such as those of V, Cr (and Ti); we suppose further that 
it increases steadily as the energy of excitation increases (comparGd with 
the energy of ionization) until it reaches 10~® atmosphere for subordmato 
lines of average excitation energy such as those of Mg, Mg *- and and 

finally perhaps 10 ^ atmosphere for the lines of exceptionally great oxoitation 
eneigy such as those of He and He***. The elementary theory of tho maxima 
was based on a given value of p^. This is confirmed by the more oomplobo 
data so long as we confine ourselves to lines of similar depth in the various 
atoms. The variation of the necessary p, with variation of depth, which is 

t e same thing as variation with (?is)njax > suggests the next stage in a more 
refmed investigation. 


Consider any slab of atmosphere in equUibrium at a mean temporaturo T. 
Ihe concentration of any atomic species of mass m and charge ve is given 
approximately by , 


We have aheady men that the electrostatic term ^ may profoundly modify 
the equilibrium distribution of ions. We must be content to assumo that 

v^v^e-^^’ozfkT^ ( 1722 ) 

variation of 

lom™ JT ‘mm »‘“osplieres along tho stellai' sequouoo. Uomo- 

SherafoJn in tlio exponent in (1722). 

therefore tlie tluokneas of a given alab will be fixed by an equation like 

where A ie some oonetant suoh as 1 or 10. and 0 and 1 refer to the bottom and 

* Powlor and Milno, toe. di. (1). 
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top of the slab. Tbus the thickness of homologous slabs varies as Tjm'ff 
from star to star, and atom to atom. The number of any atomic species per 
cm. 2 of tlie stellar surface therefore also varies like Tjm'g, [In an atmosphere 
i^erfectly mixed by large scale convections, such as the lower atmosphere 
of the earth, m' will have a common mean value for all atoms.] 

If pg is the partial pressure of the electrons at any level in the slab, then 
the concentration of electrons Vg is given hy Vg~pJhT, If oi is an abundance 
factor for the element in question, defined by the equation 

_ Number of nuclei of given atomic number per cm.^ 

Number of free electrons per cm.^ ’ 

then the concentration v of these atomic nuclei satisfies 

r = = ajpg/Zd jT, 

and tlie number of these nuclei per cm.^ of the stellar surface in a given slab 
willmryas ^ 

leT^m'g' ™ m'g' 

If is the fraction of these nuclei which provide atoms r-times ionized 
in state 5, then the number of atoms per om.^ of the stellar surface in a state 
to absorb a given line will vary as 

(1723) 

mg ' 

In (1723) C(j, (w^)g, and rnf are functions of Z the atomic number. 

We must now consider more closely the conditions under which a strong 
absorption line is formed. There must be enough suitable atoms per om.^ to 
form it. ’ It cannot therefore be formed at too low a pressure, or too high in 
the reversing layer. But at the same time it must be formed as high as 
possible in the reversing layer in order that the temperature difference 
between the absorbing material and the photosphere may be as great as 
possible.* The actual position of the effective layer Avill be fixed by the 
balancing of these two factors. Viewed from the outside we may regard an 
absorption line as a particular wave length at which the absorption coeffi- 
cient of the stellar atmosphere is abnormally great, so that we can only see 
into the star down to an abnormally small depth, a depth which is that of 
the effective slab for this line. 

In our elementary calculations we start by determining maxima by 
d{n/\jdT = that is for a given value of copjm'g. This means that for the 
selected value of (effectively) pjg we get the best absorption at the tem- 
perature so determined. It remains to examine how to choose or fix the 

* Seo § 16‘34 for a quantitative formulation. 
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proper value of The maximum concentration of 

suitable atoms per cm.^ in the slab of the chosen varies as 

^((^r^)a}m a\Ve 

m'g 

The value of p^ for \ise hero must bo large enough to give enough suitable 
atoms but no larger. Now it is well known from general evidence that to 
produce a strong absorption line one needs about the same number per om.^ 
of any sort of atom in the suitable state — or more generally that the number 
which is required will vary as l/(a/) 3 , where a is the atomic absorption 
coefficient for selective absorption of this line by atoms in the suitable state. 
The argument therefore suggests that 

^{(^^lalmaxiPg „ 11724) 

mV (a/)/ ^ ^ 

where .4 is a constant, which this elementary reasoning cannot fix. There 
is considerable evidence that (oc/)^ is of the order 10® and not subject to 
much variation from state to state or atom to atom for the lines of stellar 
importance. 

In equation (1724) there are several factors which it is legitimate to ignore 
in a first approximation, for the argument is not sufficiently refined to take 
account of their probable variations. Wo have already made some comment 
on m', or rather m'g. This really represents the force of gravity on the atom 
as modified by electrostatic fields and radiation pressure, in particular for 
the pressure due to the selective absorption forming the line. Gravity itself 
increases along the giant sequence approximately as but it is very 
doubtful if this variation will remain effective in m'g. Again co must decrease 
os T and therefore increases, but this is a slow variation, and it will vary 
by unknown amounts from atom to atom. It seems reasonable to conclude 
from this rough argument iJiat calctUaled in the preceding section 

ahov/ld have a roughly constant value for all maxima of absorption lines in 
stellar spectra. This conclusion is tentative. Argument and conclusion must 
both be replaced by a more exact theory. 

This conclusion, it will bo seen, at once accounts for the variations of^?g 
required by the calculations on which we commented before. Wo see now 
that if the constant value of i® ®®’y ^ x 10“^" {p^ in atmospheres) , 

the theoretical maxima lit coherently with the observations, and dotermuie 
with some precision and convincingness a stellar temperature scale. We 
give below the resulting temperatures derived by interpolation from the 
tables. It will be observed tliat the equation 


rsM 
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determines directly, without explicit assumption as to 53 g, as the root 
of the equation (for subordinate lines) 

2x10"^°— ^ {iXr% + '^Vl( ^ ) q}^Q-(2x/~{Xr‘^sW( .(1726) 

^ {x/-{xrV{x/+mMW ^ ^ 

There are of course slight modifications when u/ and ttVi-i ii'^oluded. We 
derive maxima from (1726) by assuming that m^gjwoi. is rouglily constant 
from atom to atom and star to star, and have fixed its mean value by a 
rough average over all the stellar material. 


Table 63. 

The stellar temperature scale derived from absorption line maxima. 


Atom 

Temporaturo 
of maximum 

Spectral typo 
of observed 
maximum 

V 

2,600 

Below MS 

Ba+ 

2,700 

M3 or below 

Cr 

2,900 

Ml 

Sr+ 

3,000 

MO [A 6] 

Mg 

3,700 

A 2-6 

Fo 

3,800 


Ca+ 

3,100 

KO [? MO] 

Zn 

4,800 

(?0 

Fe+ 

7,000 

F6 

Mg+ 

9,000 

A2 

H 

9,260 

AO [A2] 

Si+ 

10,600 

AO 

N+ 

18,400 

B3-6 

G+ 

10,800 

B3 

He 

18,800 

B2-3 

Si++ 

18,000 

Bl~2 

0+ 

21,100 

BO-l 

gi+++ 

26,000 

09 

C++ 

26,400 

09 

N++ 

20,100 

Not observed 

H6+ 

36,000 

Nob observed 


This scale is eminently satisfactory, and there are few anomalies in the 
individual entries. When the uncertainties in the material are remembered, 
there remains' only one glaring inconsistency, the value for N’'', Xt must be 
admitted that for whatever cause, this maximum does not fit in with this 
approximate theory. The approximate theory also cannot account for the 
Ca+ maximum for type KO, but the more refined theory which wo shall 
discuss in the next section makes important modifications in tliis ease. 

§ 15’34;. The foi'maiion of absorption lines, A second approximation. In 
the previous sections we have shown in a general way how statistical theory 
enables us to give a rough explanation of the observed linear sequence of 
stellar spectra. A more detailed and logical explanation can only bo obtained 
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by combining statistical theory with a proper theory of the actual formation 
of the absorption lines themselves. We need something more exact to replace 
the quantity “average concentration of atoms in a state lit to absorb the 
line’’ which underlay our first approximation. We must also define more 
precisely what we moan by the intensity of an absoiqjtion lino. The complete 
theory, which is largely duo to Milne,* involves a solution of the problem of 
radiative transfer in stellar atmospheres and lies outside the scope of this 
monograph. We must content ourselves with a brief account of general 
principles. 

The theory of the formation of an absorption lino originated with 
Sohuster’s| classical discussion of the following problem; A layer of gas is 
placed in front of a bright background which radiates monochromatic light of 
frequency v with an outwo/rd flux equal to nQ^.for each cm.^of radiating surface. 
The layer of gas contains N atoms (or molecules) per cm,^ of the radiating 
surface and each atom has a scattering coefficientX a„. The flux emerging from 
the layer of gas is uFy per cm,^ surface. The problem is to determine F^jQ^ . 
It can be shown that p , 


If now the material above the radiating surface is characterized by different 
values of a,, for different frequencies, the Schuster-Miliie formula gives the 
residual intensity as a function of v. This formula has obvious applications 
to the theory of the contours of absorption lines, but it m ust be remembered 
that in using it we assume that there is sometliing in a real star oorresiJonding 
roughly to Schuster’s radiating surface. In practice the “photosphere” 
lying at the base of the reversing layer is taken to correspond to this radiating 
surface; but this is merely a matter of words unless the photosphere is more 
sharply defined. 

If .a,, is a sensitive funotion of v in the neighbourhood of a oharaotoristio 
frequency vq and otherwise zero, then is unity oxcox^t near vq and as v 
passes through vq r^ will x^ass through a shaiq) minimum. We thus obtain a 
fair representation of a line contour. Hence a comx)arison of the observed 
contour with the Schuster-Milne contour combined with a quantum deter- 
mination of ay provides an astrophysioal determination of JV the number of 

* Milno, Monthly Not, }i,A.8. vol. 89, pp. 2, 17, 1C7 (1028); MoOi'Oft, Monthly Not, li.A.S. 
vol. 01, p. 830 (1031); Milno and Ohandroaokhar, Monthly Not, It. A, 8, vol, 02, p. ICO (1032); 
Milno, Phil. Tram, A, vol. 228, p, ‘121 (1029). 

f Sohiifltor, Adroiihya, J. vol. 21, p. 1 (1006). Tlio formula (1720) is duo to Milno (loo, dl,). 
Solnmtor gave a loss acourato form of it. 

t A aontfcoring oooffloiont is defined ns follows i Tlio flux of racllatlou In a boam Is . It falls on 
a slab of thioknoss Sa; containing n atoms por o.o., and omorgos as a flux - My, tho rest of tlio light 
being dollootod (soatterod) uimltorod In froqnonoy into otlior diroobions, If S/,,=;/p 7 Ja,,Sx', ay is 
oallod tho ntomio scattering ooolTloiont for radiation of fror^uoixoy r. 


39-3 
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scattering atoms above tbe iDliotosphere. Such comparisons and determina- 
tions o£ N have been made by Stewart and by Unsold.* 

The idealization of stellar atmospheres to Schuster’s conditions forms tlie 
basis of an acceptable theory, but the theory must inovide at the same time 
for fixing the precise level of the photosphere, for otherwise “the niimbor of 
atoms above the photosphere” has no precise meaning and Stewart’s and 
Unsold’s determinations ofi^ are useless. In actual stellar atmospheres the 
upper layers contributing to the line absorption continuously shade off into 
deeper layers contributing to the general opacity for light of all freqiionoies. 
To give a precise meaning therefore to these determinations of N wo must 
answer the following question: What is the height of the transparent atmo- 
sphere {i.e, one without general opacity) equivalent to the infinite column of the 
real atmosphere in which the atoms at greater depths are lost more and more in 
the general fog {opacity)? This question has been answered by Milne. If 



'where Ky is the coefficient of absorptionf of the atmosphere per unit mass 
averaged over the frequencies of the absorption line in question, Xy is called 
the optical thickness of the atmosphere down to depth .r. Then if is chosen 


so that 




.(1727) 


X is the level of the photosphere to be used with the Sohuster-Milne formula, 
and the values of N determined by Stewart’s and Unscild’s methods mean 
numbers of atoms above the depth The physical meaning of Ty is that it is 
the optical thickness (or fogginess) that the atmosphere must have so that 
the atoms down to this level (:r) when fully viewed against a bright back- 
ground would produce the observed line contour. In the real atmospliore 
the atoms below T„(a:) are contributing some effect, but the atoms down to 
Ty are not fully viewed, and if fully viewed would produce the same effect 
as all the atoms down to t,, = oo more and more obscured as the depth in- 
creases by the general fog. 

The relation (1727) enables us at once to define the intensity of an absorp- 
tion line more precisely. Consider a given absorption Ihie in a number of 
spectra and select in each that point on the line contour where the intensity 


* Stewarfc, Aatro2)hy3..J. vol. 60, p. 30 (1924); Unsold, Zeit, f. Phijsilc, vol. 44, p. 793 (1027), 
vol. 40, p. 706 (1928). ' 

. j Tlio coefBoiont of absorption is defined just as the soattoring cooffioieiit so tliat the flux in 
a beam (of mixed frequencies) falling on a slab of scattering material of density p is reduced by 
S/v=/j<xv/)S* in passing through the slab, Avhero kv is the average absorption oooffloiont of tho 
material for tho frequencies in tho beam. Tho difference is that tho radiation so removed is not 
re-emitted ^yithout change of wavolengtli but converted into heat energy and re-omitted as tem- 
perature radiation in equilibrium witli tho absorber at its aotual temperature. 
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ratio r has a previously assigned value, say r Determine the oorre- 
spending frequency Then where i^q is the centre of the lino, 

measures the width of the lino for the prescribed value of r, r ^ ^ In general 
this width will vary from spectrum to spectrum. But by Schuster’s formula 
the selective optical thickness, will be constant. Since oc (v- vq)'^ 

^oc(r^-vo)2. (1728) 

Consequently a study of line widths for given r provides information about 
the number of atoms N above a certain optical depth t,, given by (1728). 
In particular the line will be widest for given v Avhon N down to given 
attains its maximum. We may assert that the intensity of an absorption line, 
defined as the line loidtli for a prescribed ratio r, is 2 }roportional to the square 
root of the number of atoms in a column of the atmosphere which has a giren 
optical thickness t ( =f7’/(?‘ + 1)) w the continuous background, 

Tliis formulation explains at once, Avhat wae at first thought to bo a 
paradox, why the lines of neutral atoms are enhanced as we pass from 
dAvarfs to giants of the same spectral type. Other things being 8Upj)osed 
equal the consequence of a smaller surface gravity on the giant is a general 
reduction in the mean pressure in the reversing layer, causing increased 
ionization and a reduction in the concentration of neutral atoms. But at 
the same time the reduction in the pressure makes the stellar atmospliero 
more generally transparent, so that to traverse a column of assigned optical 
thickness we have to descend to much greater actual dejoths. Hence if the 
effect of the increased transparency more than compensates for the lowei; 
mean concentration of neutral atoms, the observed increase in intensity 
will be accounted for. Actual calculations show that this increase must in 
fact take place, 

We have shown that according to this more acourate theory wo have to 
calculate the number of atoms in a given state down to a given t. It is a 
comparatively simple matter to do this, given the electron pressure p^ at 
the depth corresponding to t. We shall illustrate the calculation by a simjfie 
example. 

Let p be the atmospheric density at any level, n the atomic concentration 
of a particular atom of mass m and j3 the proportion by mass of those par- 
ticular atoms to the whole atmosphere at this level.* Then 

mn~ /3p. (1729) 

Let y be the depth measured inwards from a suitable level of reference. 
Neglecting radiation pressure, the equation of hydrostatic equilibrium is 

dpldy^gp, (1730) 

* TUo m usod hero may roquiro to to modiflod to allo^v for tho oHoots dlaoilflscd in §§ 16‘2- 
ld-26. but it is unneoossary to talco explicit nottoo of any suoli offoot. 



614 Aimosph&ric Problems [ 16 ‘ 34 ! 

Let .^ 2 , ... be, as before, the fractions of these atoms which arc 

neutral, once ionized, etc., N their total number down to a depth A, and 
the number r-times ionized. Then 


N: 


rh 

ndy, nXydy. 

) J 0 

Neglecting any yariatioii of ^ with y it follows that 


^ 1 / 


(1731) 




^jp-Po) 

mg 


X^Xlp. 


.(1732) 


We can choose the reference level so that effectively ^o = 0. Let p^ bo the 
electron pressure at depth li. The typical ionization formula (1706) can bo 
written 




.(1733) 


where a function only of T, The general method of procedure is now 
to express p, , in terms of , /jT^ , Zg , . . . and evaluate the integrals 

(1732) taking T and therefore the 7C/s as constants. The expressions for 
p, a‘j,, a:^, ... differ according to the conditions of the inoblem, To take an 
example : if the atoms in question are just becoming onoe ionized in hho 
presence of an excess of atoms already onoe ionized, we have a.*, ^ro « 1 — a', 
Pg=ip. From (1732) and (1733) we then deduce 


R 




° mgl 




;)■ 


.(1734) 

(1736) 


^ .V,=M/C,Iog(l + & 

In these equations pg is the electron pressure at depth h. To determine it> we 
have to calculate the optical thickness t down to the same depth. For tJiis 
purpose we need the coefficient of general absorption in tlio oontinuons 
spectrum. Under stellar atmospheric conditions this is of the form* 

: '<y^v{v)pJP^y (1738) 

where y(v) is a slowly varying function of the frequency v. Hence r is given by 

1 


and in this example 


_ const, 
ff 0’ 


.(1737) 


In general we have an expression of the form 

(Nr), being the number of atoms per om.^ of photosphere r-timea ionized 
* Gaunt, yrnTW. A, vol. 220 , p. 168 (1030). 


.(1738) 
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and in their sth state, and associated with (1738) an expression for the 
optical thickness of the form 

r = '^mp.)- (ITSO) 

In the proposed method of analysis we fix attention on points of the 
contour of an absorption line with a specified value of r which are therefore 
associated with a given value of t. The method of maxima therefore consists 
in making (1738) a maximum for variations of T and^Jg subject to (1739), 
The maximum is therefore determined by 

9i// 


.(1740) 


T = associated ^g) are therefore determined as the roots of 

(1740) and (1739). 

To examine the effect of variations of g we differentiate (1738) keeping T 
constant and treating j)g as a function of g given by (1739). We thus deter- 
mine the sign of d{N^)gldg. For the simple exainp)le given above in (1734), 
(1736) and (1737) it is easily proved that 


^o<o 

dg 


dg 


< 0 , 


±l^\ 

dgW 


< 0 , 


thus showing that the lines of the neutral and the once ionized atoms must 
both be enhanced as we pass from dwarfs to giants of the same surface 
temperaiurei and the once ionized linos enhanced more than those of the 
neutral atom, results which are nearly enough equivalent to asserting that 
there is a similar enhancement on passage from dwarfs to giants of the same 
spectral type. 

The above theory has been applied in groat detail and with great success 
by Russell* whoso final results are summarized in Figs. 74 and in Table 64. 


Table 64. 


Revised stellar temperature scale [after JRusaell) derived 
from more accurate analysis of observed maxima. 


Element 

Caloulatocl 
temporaku’o 
of maximum 

Observed 
spectral typo 
of maximum 

Calculated 
spootral typo 
of maximum 

Si 


GO 

02 

H (Hy) 

7,600 

AO 

Al 

0 


. — 

A^ 

He 

10,200 


Bi 

O'- 


Bl 

B2 


20,000 

Bl 

J33 

Si+-'-+ 


BO 

J30 

Ho-i- 


0 

07 


* Russell, Ailrophya. J, vol. 78, p, 239 (1938) j or Mt Iftlaon Oontribuiion, No. 477, 












log L. 



Pig. 74 R. Behaviour of tho absorption lines of niotals and hydrogen for stars of tho main 
segxionce. Tho ordinates in all threo figures give tlio relative atrongtlw of tho absorption linos 
on a logarithmic scale. 
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5040/r QQ Qg Q y Qj2 0,1 

rig. 74 c. BoliaTiour of tlio abaorption linos in high tomporaturo stars of tho main Be(iiionco. 


Ono of tliD most important resulte of Russell’s analysis is tho explanation 
of the position of the maximum of the H and K lines of Ca*' in spectral 
type K. The maximum lies in type K because in giant stars the diminished 
pressure and enhanced transparency of the stellar atmosphere at low tem- 
peratures throws this maximum forward to the point at which first stage 
ionization is comj)letod. Finally we may notice on comparing Tables 04 
and 63 that Russell’s results preserve tho original results as a good first 
approximation which can in any event only bo improved upon whore 
detailed information about lino contours is available. 

§15*35. The pomts of marginal appearance. Decay of lines past their 
maxima. When tho stellar temperature scale is known, with or without the 
help of tho positions of the maxima of absorption lines, it is possible to draw 
some information about the factor w« (§16*33) or /3ap, (§16* 34) from the 
temperatures of the points of marginal appearance of an absorption line, 
When a line is just visible we may suppose that the oonoontration of suitable 
atoms required to form it must reacli a certain minimum value proportional 
to l/«; that is a(?i.,.)g has some fairly definite value. Since wo Itnowpg and T 
wo can derive from this a corresponding value of cocc. Since the values of a 
are all much the same, wo can thus derive values of cu or rather relative 
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values of to for different elements — that is their relative abundance. lo 
result is of course admittedly only a rough approximation . Such o aloulatioii R 
have been begun by Miss Payne (q.v,) with interesting results. 

In connection with these and future calculations there is ono important 
observation to be made from the statistical side. It will be obaorvod that 
the typical curves pf the concentration of atoms in given state a shoAvn in 
Pig. 73 are markedly unsymmetrical about the maximum. The rise to tlio 
maximum is much steeper than the fall off for liiglier temperatnroB. So far 
as the suggested argument goes the value of wa derived from first and hint 
appearance should he the same, and these theoretical curves suggest tliat 
lines should fade out much more slowly than they come in. For many lines 
this is directly contrary to observation. The observed rise and fall in inten- 
sity are reasonably symmetrical about the maximum. There is howovei’ ono 
well-recognized exception, the Balmer series, which unlike most other linos 
has not faded out even in the hottest stars. 


While the theory can perhaps hardly claim to bo able to explain com- 
pletely the symmetry of the observed curves, the marked dillerenoo betweoii 
the behaviour of the Balmer lines and the lines say of Si or Si'*' and niotallio 
lines generally is accounted for by the simple theory when the oalo illations 
are made so as to allow for successive ionizations. This was not done for 
Fig. 73, but has been included by Russell in preparing Figs. 74. Any lino 
of the spectra HI, Hell, etc. is a line of the last spectrum tho atom can 
emit, for it has no further electrons to lose. Spectra such as Si I, T"oI, Sill, 
etc. belong on the otlier hand to atoms that can lose a regular soquouco of 
fur^er electrons at not too widely spaced ionization potentials. Spectra 
such as SilV, Mgll and probably Nal will be efleotivoly tho last spectra of 
these atoms, for the next electron is separated by a big step in ionization 
potential, and will not become effectively removable at tho temiroratiiros 
of stellar reversing layers. The numerically different behaviour of ‘‘last” 
and not last spectra can at once be established. 

The beha^our of any state of a “last” spectrum tvill continue to bo given 
or empereturea far beyond by equation (1707), for no further stage 
reached. The behaviour of a state of a “not last” spectrum 
determmed on the contrary by (170S) and (1706) as before, but -with 




.(1741) 


maximui of a h!! f ever relevant. This leads to (1707) near tho 

But ITrt ° ™ atom where (1741) reduces to »„ + *, = 1. 

But at higher temperatures we have successively ®, + *, - 1 * u. - =1 

roXS’/f ^ ' cilm'in^shedrTr^;!;:! 

reason for tins deoiease is easUy seen. So long as the commonest ion has 
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merely to oatch one electron to get into the required state, the chance of 
doing so diminishes as the temperature rises, it is true, but not excessively 
rapidly. But if it has to catch two or more electrons, its chance of being in 
the proper state diminishes more or less lilce the square or higher power of 
the former chance. In the case specified we have 


and so 







(^o)s “ 


uAT) 




(1742) 


At liigh temperatures, far past the maximum, this can be combined with 
Xf. + Xr.y^ = 1 and the usual relation (1706) between x^, and . We thus find 




{'ujfjg e~fxo~to)sV5fVi! 


" (1743) 


This equation holds through the region in which R3,. + a:,.,,.i = l suflioiently 
nearly. It holds also for si^ectra other than the first if we replace the suffixes 
0 by ^ and the index r by r — t. 

Simple calculation for an idealized case ^vill best sliow the efiect of the 
extra term in (1743), We will compare the spectrum HI with an idealized 
Sil of the same term values and ionization potential, 13' 64 volts, followed 
by successive ionization potentials at 20, 31*6 and 46 volts, and carry 
through the calculations for a temperature of 26,000° K. and 2)^—4 x 10"® 
atmosphere, roughly the maximum of the Si IV lines. !For simplicity we will 
ignore differences of weight and take (too)^ and "nnity. Dropping 

factors tile same for both atoms wo find 


HI (Wo)acc 


V, 


Sil (^to)«cC' 


1 + 


0*664 

~P^ 




0*064^ 

Pe I 


lO-fl-48^ 


J^Q-14'80 ^ 




There is thus an extra lO"®’** at 26,000° K. reducing the lines of the idealized 
Sil compared with those of HI. The fraction of H atoms capable of absorb- 
ing the Balmer lines at maximum is about 4 x 10“®, which is only reduced 
by an extra factor of 10"^'® at 26,000° K. The reduction factor of similar 
Sil atoms is therefore 10"^®''^, 
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§16*4. The escape of molecules from the bouTidavy of a% isothe^'mal atuiO': 
sphere. The i*ate of escape of molecules from a planetary atmosphere is a 
problem which has exercised theoretical physicists for many years. The 
earlier calculations, which started with Johnstone Stoney, have been 
sufficiently described by Jeans,* but they all contain an unsatisfactory 
feature in the arbitrary choice of a ceiling to the atmosphere. The rate of 
flow of molecules past the ceiling, possessing more than the velocity of 
escape, is then evaluated and taken to be the rate of loss of molecules from 
the atmosphere. A numerical result can only be reached at all by this method 
for the molecular distribution law typical of an isothermal gas in a constant 
field. The calculations have however been greatly improved and oast into 
a final form by IVIihief and Leniiard-J ones,$ whose work entirely supercedes 
the earlier discussions, 

The first advance on tlie old calculations was made by Milno by intro- 
ducing the idea of the “cone of escape For simplicity he regarded all the 
other molecules as fixed except those whose escape is in question, and for 
a given position in the atmosphere calculated the solid angle above tlio 
moving molecule, not screened by other molecules, The restriction of fixing 
tlie other molecules is not very serious, and he also evaluates in some detail 
the atmospheric distribution laws under the assumption T oc where r 
is the distance from the centre of the star or planet. He then shows that tho 
number of molecules moving past a given level into the cone of escape has 
a fairly sharp maximum at a particular level in the atmosphere — ^the level 
of escape — and takes this maximum value as equal to the rate of escape. 

In spite of the advance made in this calculation, which defines properly 
the hitherto undefined level of escape or ceiling, there are still not entirely 
satisfactory features, for obviously the number of escaping molecules cross- 
ing a givendevel must continually increase as the level rises, starting from 
zero at the surface of the planet, Though the maximum Milne calculates 
may and in fact does represent fairly accurately the escaping molecules 
integrated for all levels, we may reasonably ask for a still better theory, and 
the remedy lies in a more accurate enumeration of the molecules starting 
off at a given level into the cone of escape. Incidentally wo can remove the 
restriction that the other molecules are fiixed. These are the final improve- 
ments due to Lennard- Jones. We shall give some account of his work here, 
which is carried out for isothermal atmospheres. An extension to Milne’s 
general case has not been made. It would be laborious and lie outside our 
scope. For the isothermal case Milne’s approximate theory is satisfactorily 
confirmed, so that Milne’s results are probably reliable in general. We make 
* Somat Dynamical {Theory of Qaaes, 
f Milno, Tram. Oami, Phil, Soc. vol. 22, p. 483 (1923). 

J J. E. Lennard -Jones, Trans. Gamh. Phil. Soc. vol, 22, p, 636 (1923). 
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these applications the oooasion for presenting a general oalonlation of the 
mean free patli and the general method of ennmorating molecules by the 
volume element in whioli they last suffered a collision — matter ■which wo 
have not found place for elsewhere, but which is of great importance in 
many applications of statistical mechanics which lie just beyond our scope. 

All calculations are of course made on the assumption that the extremely 
slow rates of escape are without sensible effect on the equilibrium dis- 
tribution laws, 

§16'41. The free paths of molecules in a unifomi or non-uniform gas. In 
accurate calculations of the type that follow the important quantity is not 
so much the average distance between consecutive collisions (free path) 
travelled by all molecules as the free i^ath for a molecule of given velocity, 
or what is the same thing, the chance that in time dt a molecule of velocity 
0 will suffer a collision. This idea was introduced by Tait.* The molecules 
are supposed to be rigid elastic spheres of diameter o-. 

Consider a molecule of velocity c. The chance of collision with a second 
molecule of velocity c' in' an element of time dt is equal to the number of 
molecules of this type contained in a cylinder of cross-section and 
length Vdtf where V is the relative velocity. If the direction of o' with 
respect to c be described by the usual Eulorian angles 9, <f), then the number 
of molecules in this cylinder having velocities between c' and o' + dc' and 
moving in dco about 0, ^ is 

2^T j ®~^”'°'*^^V^dc'sin0d0d9!t x ira^Vdi (1744) 

The relative velocity V is of course given by 

7^,= o'® —200' cos 0, (1746) 

If we denote by ©(c) dt the average number of collisions in time dt (the 
chance of a collision in dt) with any other molecule, then 

0(c) = 7rvcr®^^^~| J J J BmOdddf. 

(1740) 

The ^-integration is immediate; the 0-integration can bo carried out by 
transforming to the variable V (c and c' fixed). By (1746) 

sin0d0 = 7(Z7/cc'. 

The limits of integration for V are Jo - c'| and o H- o'. Wo are thus left with 

( w r . 

Q-hm'WrQ* + 3 o ' 2 j (IqI 

+ ^1" e“i«'°''/^V®(o'®-{- 3o®)(i!c'J. ...(1747) 

* Tait, Min, Trans, vol. 33, p. 7'1 (1880). 
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The first integral can, the second cannot, be evaluated in finite terms. Wo 
find, after simple reductions, 



H ^ W 


A2fcT/) 


where 


0(aj) = + 1) J e~^^dy, 


(1748) 

(1749) 


The average number of collisions in a small path length dl is therefore 

©(c) dljc. 

This is therefore the chance of the free path terminating in dl. The chance 
of continuing unaffected is therefore 

c 

Let /(I) he tlie fraction of c-moleoules projected in a given direction from 
a given origin that describe without a collision a path greater than I, The 
fraction of these molecules that survive a further distance dl without a 
collision is/(i+dl), and therefore by the last argument 

0(c) 


It follows generally that 


/9r " 


(1760) 


0 ( 0 ) 


dl 


,(1761) 

in this equation at the worst both c and vin ©(c)/o may depend on7 and the 
dh’eotion of projection and v also on the origin. If we ignore changes of c 

e(c)=0(o)/.c, 

a function of c only, then 

f{l)^6 , (1762) 

It follows that the fraction of c-niolecules with a path length between Z and 
l + dl before a collision is 

' ydl 


.(1763) 


~e{o) 

0(c) vdle ® 

When V is constant (1762) reduces to 

J{1) = e-vm ^ ^ Q-vXo)^ (1764) 

defining the mean free path \{c). The fraction of paths between Z and Z + dZ 

dl 


reduces to 


A(c) 


»-//A(c) 


(1766) 
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These are well-known formulae. The name mean free path is justified by the 

Idl 


equation 


J 0 


m 


Q-mo)^X{c), 


,(1766) 


Similar arguments hold in the general case using (1761). The mean free 
path of the molebules may then bo defined by putting 

V J 0 0 


or 


tMo) , 

r 

[‘"JincT]] 

o 



vdh 


m 


,.(1767) 


If G is large compared with the average molecular velocity, so that the 
argument of ijj is large, 






2J = 


and formula (1767) becomes 


rA(«)) 

Jo 


vds^- 


Tra* 


,(1768) 


This equation gives the length of a cylinder of base ttct® which ooiitains on 
the average just one molecule, and the free path is that which we get by 
regarding all the other molecules as fixed. For uniform density we have the 
well-lmoTvn result A(co) = l/OTa^. (17159) 

The integral in (1761) or (1762) may, and in atmospheric problems does, 
converge when I ~^co. In that case the definition of A (c) by (1764) or (1767) 
fails — it would make A(c) infinite, and the integral in (1766) diverges. This 
means that as the path increases /(?)->/(oo) so that a non -zero fraction of 
the original molecules survives to execute infinite free paths. The fraction 
which so survives is 


r/; 


0 ( 0 ) 

0 


dl 


■0(0) 


or 




vdl 


if variations of c may be neglected. 


§ 15’ 42. The number of molecules with specified vdoGities which cross or 
strike a given area in given time. We have already had occasion in § 1 1*2 to 
use such a formula, and it will be considered in greater detail in § 17*8. The 
formula (1968) there obtained is 

V 

This is the number of c-molecules which strike an area f^jSi moving within 
a solid angle dot making an angle 0 with the normal to dS, The number 


OdcdcvdS, 

^27TkTJ 


,(1760) 
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^hioh cross a geometrical interface is tHo same, and similarly obtained. 
The molecular density at the wall or interfaoo is v. 

Since this is also the number reflected from such an » ^ 

the equilibrium state, the foimula (1760) must hold for an oqudd.wuni Hta^ 

whatever the fields of force in the gas. It applies therefore in atmosphoni 
Tjroblems for atmospheres in equilibrium, even when tlio free patlis arc vm y 
long. It is however of some interest to obtain this fornmla in a more spocia 
way, using the idea of the free path, so as to see what coiitrihiitionB tlm 
various elements of the gas make to the actual nunihei . « i • i « 

The molecules in (1760) must have had tlioir origin, tliat m thou* If in 
collision, somewhere in a cylinder of infinite length on the base ilS wit i 
generators parallel to the molecular velocity. If the niolooules move in a 
field of force, the “cylinder” becomes a tube of flow enclosed by the fainil3'‘ 
of free trajectories passing through the perimeter of dS, lii ao counting lf>i* 
the molecules which cross di8 we shall cissociaiQ (ill the moleoidcs wilh (h(* 
volume element in which tlmj last collided, a classification which is iniportnnt 
in many applications. Molecules which cross dS v'ith velocity c in die start 
from their last collision as Co-moleoules moving in • 

When the gas is in equilibrium the number of collisions per unit voluino 
after which one molecule has specified volooitios must bo equal to tho 
number before which one molecule had the same specified volooitios. Henco 
in a length dl of such a cylinder or tube there will bo 

<5)(Co) dl cos OqiISq 

such collisions per unit time, since %{Cq)(U is the fraction of CQ-'inoloouIoa 
that aufier a collision in time dt. This can be written 


oos 0,th,dwodldS„ (1701) 


This is the number of proper molecules which are shot off per unit time from 
an element at distance I along the tube from djS so as to cross (W if imditt" 
turbed. Not all of these reach dS. The number which succeed is reduced by 
collisions to the fraction 

A J 0 


The total number of o-moleoules crossing in the spooifiod direotion in 
unit time is therefore 

(iSrf Jo” oos dl, . . .(1702) 

Such formulae can sometimes be used in non-equilibrium states provide cl 
MaxwelVs law remains valid. To see how in equilibrium (1762) reduces to 
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(1760) we oonsider the simplest case of a uniform field of force at right 
angles to d8. Then \mCQ^ - \md^ + mgzQ , 

CQ^dc^dojQ = duadv^dw^ = o^dcdoit 

\ UjVf'lV j 


— ^ c^dcdu) — — c^dcdoi, 
dw Wq 


Also 


y^Q-V^O^oPc'-^ V. 


Hence (1762) reduces to 



c^0~hnc^lkT OdodiodS 


f\0(Co) 

J 0 



dl, 


which is (1700). This reduction holds equally in the general ease. 


§ 15*43. Free paths in an upper almoaphere. We will now apply these 
results to an upper atmosphere where the free paths are very long, so that 
the change of v along the path cannot always bo neglected. When account 
is taken of the decrease of gravity with heiglit we have, at a distance r from 
the centre of the planet, m «(>•- ») 

r=roe ' (1763) 

whore i-o is the density at the base of the isothermal part of the atmosphere, 
g is the value of gravity and a is the radius of the planet (both strictly for 
the base of the isothermal atmosphere). As is ivoll known this formula loads 
to a finite atmospheric density at infinity. The “atmosphere” would then 
fill space and there would bo no problem of escape. It is not however con- 
sistent with obvious physical facts to regard such an extensive atmosphere 
as belonging in any sense to a particular body. The atmosphere has efiec- 
tivoly ended at distances comparable with tlie planet’s radius at most. The 
chief dilfioulty in (1703) arises from negleoting the mass of the atmosphere 
itself and treating g as constant. Milne* has shown that when this is taken 
into account an appropriate formula applicable at all distances is 

e-floU-V'-) {g^^mgr^ikT-^), (1704) 

where t'o refers to any convenient level in the atmosphoro. Tins gives an 
atmosphere of zero density at infinity thougli of infinite mass. The mass of 
the atmosphere does not really seriously afi-oot the distribution law in any 
important region or the rate of esoapo, but the use of (1764) avoids trouble- 
some difficulties in the calculations. 

We shall now investigate in such an atmosphere the free paths of o- 
moleoules,.with the simplification that we shall ignore the effect on the free 

* Miliio, loo, ciU oquation (25). 
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path, of the change of c in the gravitational field and the curvature of the 
path. The first of these steps is justified because for the molecules that will 
interest us (escaping molecules) c must be large compared with (2/cjr/w)^ in 
any region in which collisiozis matter. In the integrand of (1761) is 
only slowly variable and we may use (1762), The second is justified because 
the length of the exact hyperbolic path is sufficiently represented by its 
asymptote. 

If the c-moleoule starts at radius r at d to the vertical and proceeds to M 
after a path s, then the exponent in (1762) is 

— 0(c)J v{Ii)ds, 


where with sufficient accuracy M — o' + 3 cos 6, This neglects terms due to tlio 
cmwature of the layers of the atmosphere of order (5 sin Using (1704) 

this reduces to 


j?'q0(c) 




(1766) 


go cos 6 

The fraction of c-molecules projected from a level r at an angle 6 with the 
vertical which could escape to infinity without a further collision is given by 
taking the exjzonential of (1706). 


§16*44. The loss of molecules from a simple isothermal atmosphere, By a 
trivial adaptation* of (1781) we see that the number of c-molecules shot off 
in unit time from a spherical shell of radius r and thickness dr at an angle 
between B and B + dB with the vertical is 

e-h»«We30(c)sin^d0dc x (1700) 

We have hitherto been studying only the conditions for avoiding further 
collisions. We must now introduce the further condition for escape that 
c>c„, where Cg = 2ga^(r, (1767) 

We find therefore at once that dL,, the total number of escaping molecules 
produced by the level i\ is 

To find the total rate of escape, dL must be mtegrated with resjDeot to r 
from the surface of the planet to infinity. 

There is no need to give the further work in detail since no further question 
of principle arises, and the calculations are somewhat laborious. Molecules 



♦ In (1701) tile volume elomont was cos B^dldSo, wliioli hero becomes 4nr*dr. 
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of course theoretically escape from all levels, but owing to the exponential 
factor in (1768) only effectively when the argument does not much exceed 
unity. In order to obtain a concrete picture we may usefully simplify (1768) 
by replacing the exponential by zero when its argument is greater than unity 
and unity when its argument is less than unity. In fact since only orders of 
magnitude are of interest this simplification may be used in computations. 
This is the method used by Lennard- Jones ((/.t^,). 

To obtain an idea of the level at which escape effectively begins we quote 
the results obtained by this simplified method of calculation for the 
outer helium* atmosphere of the earth, for which j/=981, ro — 6'39x 10®, 
T = 219°K., /d/m = 2*08 X lO"^. We have therefore — 135*6. We may take 
further a = 2*0 x 10"®, vq = 7*46 x 10^^ (base of the stratosphere assumed to 
lie at 20 km. height). We then find that the exponent falls to unity for the 
most favourable conditions c ~oo, 0 ~ 0 at a critical height r^ given by 

ro=l* 086 ro. 

The critical level is about 540 km, above the base of the stratosphere. Above 
this height we can define a rapidly expanding cone of escape in such a way 
that the exponent becomes less than unity inside a cone of given semi- 
vertical angle about the vertical for c = oo as soon as r roaches the values 
given in the table below. 

Table 66. 

Variation of com of escape with height. {MartlVs helium.) 


Somi-vortical 
anglo of oono 

1*086 

V~rc)ho 

r— km. 

0° 

0 

640 

26'’ 

0*00080 

646 

46° 

0*0030 

569 

06° 

0*0076 

688 

86° 

0*0212 

070 


Inside the cone of escape for given r and 0 the velocity must exceed a 
certain lower limit to reduce the exponent to unity. T^'he variation of this 
with angle is shown in Pig. 76. The variation of finite free ],)ath with dii’eotion 
(defined as the distance required to reduce the undofiected beam to 1/e of 
its initial strength) at a point in the upi^er atmosphere is shown in Pig, 76. 

In terms of the critical level so defined it can bo shown by treatment of 
(1768) that with su Ifioient accuracy 

j. _ [nQ^) 

* Olmpman anti Mllno, Quart, J. lioy. Met, Soo. vol. 40, p. 367 (1020). I'liia paper is fclio aotu'oo 
of all tlio moteorologioal data in tho disousaioii lioro. 





Pig, 76. Showing the variation of the velocity of oaoapo ivitli angle for a level in the oartli’a 
atmosphere at wliioh the least velocity of oecapo is l-O x 10® oin./aoo. 



78. Showing the variation of free paths with direction in tlio earth’s upper atmoapUoro. 
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Tile critical level as we have defined it makes the ex^ionent in (1708) unity 
for cos 0 “ 1, c = 00 , 0{c) = ttcj® (see (1748), etc.). Hence 


eGroV'’o ~ 1 = , 

TTVqO^'q 


(1770) 


an equation in wliioh, owing to the size of q'q > 1 may he neglected. The use 
of this reduces (1769) to 


2^0 (?o rQh~^o / 27Tk T\^ 2 gVff f 27rm \ ^ 


\ m ) 


\hTj 


(1771) 


■ The equation (1771) will hold so long as is free to bo fixed by (1770), that 
is until ?•(, falls to the solid surface of the planet. After that, when?’o is so fixed, 
the equation (1769) can be shown to hold, Equation (1771) makes L pro- 
])ortional to vq and independent of a. The indejDendenco of u is interesting 
and might have been foreseen, Eor the rate of production of possible 
escaping molecules is proportional to and the rate at which these are 
thwarted by collisions is inversely proportional to cr®. 

Table 66 gives various calculations of the rate of escape by these formulae 
for various gases from various bodies. The rates are in all oases slower than 


Table 66. 

( 1 ) Rate of escape of helium from Mars . 


Isothormal atmosphoro. 


Surviving molO" 
culfu’ density at 
the planot*B 
siu’facio 

Years olapsodj 173“ K. 

Y'ears olapscdj 273“ K. 

HoHum 

atmosphoro 

Mixed 

atmo-gplioro 

Helium 

atmosphoro 

Mixed 

atmosphoro 


0 



0 

IQia 

2-97 X 10® 

2-97 X 10“ 

1'68 X IQi 

l*C8xl0i 

lO" 

C>04x 10® 

6-04 X 10“ 

8-10 X 10-1 

3-10x101 

10® 

9'77 X 1011 

8*01 X 10“ 

2-08x10“ 

4-74x101 

10® 

0*77 X 101® 

M9x 101“ 

2*08 X 10^ 

0-32 X IQi 

10‘ 

9>77x 101“ 

l'40xl0i“ 

2-08 X 10“ 

7-90 xl0‘ 

10® 

0'77 X 1011 

l‘79x 101“ 


9-48 X 101 


(2) Barth's hydrogen. 



210° K. 

300'* IC. 

. 

1-89 X 101“ 
1-89 X 10“ 

0 

2 X 10*1 

0 

2 X 10*1 


. 0 

2-08x101“ 


those given by Joans, so that' the interest lies rather in the cases. wliioh are 
regarded by him as critical. The table also includes oalculations for miited 
atmospheres for which the original paper should be consulted. The much 
greater rate of loss of the lightest constituent from a mixed atmosphere in 
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the final stages is due to the effect of collisions with tho other coiistituonta 
in keeping up the supply of faster moving molecules, "rhe caloulationM for 
mixed atmospheres give of course a better rej)resontation of the facts ioi 
the later stages, but the later stages are not of much aBtronoinical import-* 

ance. ... 

Applications of these formulae may also be made to determine tho 
of the electrostatic potential of a star set by the possibilities of escape in ill la 
way of electrons or positive nuclei. For these referenoo should bo made to 
Mihie’s paj3er.* 

§ 15*5, Problems of the calcium chromosphere. Observations at ecIi])S 08 of 
the spectrum of the high level gases surrounding tho sun shoAv that the // 
and K lines of ionized calcium are emitted up to very great heights aliovo 
the apparent limb. Heights of U, 000 km. above the limb wore recorded in 
1905 by Mitchell, t and still greater heights have been recorded in inoro 
recent work. This means of course that calcium ions must exist continua lly 
(presumably more or less in an equilibrium state) ui) to such heights, and tlio 
problem at once arises as to how they are supported. A simple calculation 
shows at once that no such extensive atmosphere can possibly exist in 
ordinary statistical equilibrium. Beyond the apparent limb of the sun wo 
should expect the atmosphere to consist of matter Avhich in oquilibriiiin 
would have the properties of a perfect gas, and therefore wo should ox[)ecfc 
the atmospheric density law to hold — that is 

and g has its solar value 2-73 x 10^. Even if we assuino a tomporaturo of 
6000° K. (the actual temperature must be loss), wo find that this means a 
density ratio at the top and bottom of a 10,000 km. layer of lO^^o. Tliis 
would be somewhat reduced by the electrostatic fields as in § 16*2. If tho 
atmosphere were a simple mixture of oaloium ions and oleotj’ons tho IHctcJi' 
would be 10^“®, but in no case can we supi>ose that tho index of tho factor ia 
reduced much below this order. If therefore wo suppose that V'O have a 
calcium atmosphere in ordinary equilibrium the density ratio must fall off 
at this prodigious rate. The density at the sun’s limb may not bo exactly 
Itnown, but it is certain that it is not excessively large. Tho pressure is 
certainly not of order much greater than one atmosphere, and if this wore 
all due to calcium atoms, the density would be IQis. A reduction of this to 
10 leaves us practically no calcium atoms at all, certainly not enough to 
be visible. In fact the thickness of the effective calcium atmosphere would 
be of the order of 100 km. at most, rather than 10,000 km. or more, 

* jffilne, loc, cit, 

t Mitoholl, Aalrophya, J, vol. S8, p. 407 (1018). 
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This has long been recognized, and tho consequence admitted that the 
calcium atoms seen at eclipses Avhich constitute the permanent calcium 
chromosphere cannot be matter in approximately thermodynamic equi- 
librium. They cannot therefore bo matter supported by the ordinary 
material pressure gradient of which the underlying mechanism is molecular 
collisions, and tho only other possible meolianism of supi^ort is radiation 
pressure. This idea has been developed in quantitative form by Milne* in a 
series of important papers, with the result that much new light has been 
thrown on the nature of such atmospheres sirpported by radiation and many 
allied questions, and the observed facts roughly but satisfactorily explained. 
We shall give an account here of so muoli of these researches as does not 
require a study of the general laAvs of the flux of radiation, and summarize 
tho rest. Wo must naturally make free use of the laAvs of radiative pro- 
cesses which are collected in Chapter xix, to Avhich Ave shall refer forward 
here. 

If the pressure arising from tho reaction of the atom to the flow of radiation 
from the photosphere is to balance the force of gravity, the pressure must, 
on tho atomic scale, be very large indeed. An atom of course interacts Avith 
light of all frequencies, but only strongly Avith light of the frequency of its 
own absorption linos (§ 19'2) or of a frequency great enough to ionize it 
(§ 19* 3). For Ca+ near the sun there will bo practically no x:)hoto -ionization 
since tho absorption edge lies too far in the ultra-violet, so that tho calcium 
chromosphere must bo supported (at least mainly) by the radiation pressure 
due to the formation of the H and K absorption lines themselves. 

Tho B and K lines of Ga‘‘' form a close doublet — I ^P. It will obviously 
be legitimate in a first survey to imagine that the two lines are fused to form 
a single one of their united strength. The states of the atom concerned are 
then to bo thought of as tAvo only, of Aveights 2 and 6. Wo shall And that any 
Ca^' atom is only in tho excited ^P state for a very short fraction of all time, 
so that multiple absorptions to still higher states will bo comparatively 
infrequent and may be disregarded. Fi'om the 1 ^P state tho excited Ca+ 
atom can return either to the normal 1 state omitting B and K or to the 
intermediate metastable 1 W state emitting the lines A A 8498, 8642, 8662, 
which may also be regarded as fused, and tho state as a single state of 
weight 10. It follows that this group knoAAui to astrojfliysioists as X should 
bo visible in the sun’s chromosphere wherever B and K are visible and Avith 
closely connected intensities, OAving to photographic diflioulties in the deep 
red and infra-red region of these lines this has not yet boon established 
observationally, but the X lines liavo been traced to groat heights by Curtis 

* Milno, Mo7ilMy Not, li.A.S. vol. 8-i, p. 364 (1024), vol. 86, p. Ill (1024), vol. 80, pp. 8, 678 
(1026, 1020). 
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and Burns,* The existence of this metastable W state is a complication to 
the analysis, which however may be avoided at first by the following con- 
siderations. Since the state is metastable and the densities in the region to 
be discussed turn out to be extremely low, a Ca+ atom in the state will 
remain there permanently until it reabsorbs one of the X lines and returns 
to 1 Consequently for present purposes the state acts like an extra 
normal state. If the wave lengths of li and K and X were approximately 
equal we could even regard the 1 and 1 states as fused into a state of 
weight 12. Though this cannot be done, it is clear that a first discussion 
omitting all reference to the 1 ^I) state will bo correct in essentials, liable 
merely to subsequent numerical correction. 

We propose therefore the simplified problem of the formation of a high 
level chromosphere of Ca**" atoms (and electrons) supimrted by the pressuro 
of the absorbed li and K radiation, the atoms being idealized systems of 
two stationary states only, of weights 2 and 6. The problem is not an 
equilibrium one, but the state of the matter in this atmosphere must be 
determined by enumerating and balancing all the atomic events, using the 
atomic formulae of the equilibrium theory of § 19' 2, The only atomic events 
of importance are absorption and emission of// and K, satisfying Einstein’s 
laws. 

Consider the state of an atom at the upjDer boundary of the chromosphere 
— that is so high that there are too few atoms above it to alter effectively the 
outflowing li and K radiation or to return radiation to the atom from above. 
We may suppose that the sun’s continuous photospherio radiation I{v) is 
that of a black body at temperature T (about 6000°IC.).t Erom the point 
of view of the Ca*^ atom this may to a first approximation be regarded as 
uniformly distributedoverthehemispherebelowitandreduced by absorption 
below to a fraction r of the photospherio value. Such an atom must on the 
whole be in equilibrium so that the average rate of absorption of upward 
momentum from the radiation must exactly balance the rate of increase of 
downward momentum due to gravity. Spontaneouse mission of radiation 
by the atom is isotropic and so contributes nothing on the average to the 
momentum. Stimulated emissions are directed, but for the frequencies in 
question too rare to need inclusion. 

By (2016) the chance of absorption by a normal atom in time dt is 
B-^I{v)dvdt in isotropic p'-radiation. The chance is reduced here to 

dvdt. 

* Eolipso of 1028, Jan. 24. Curfcls and Burns, Pub. Allegheny Ohs, vol. 0, p. 06 (1026), More 
recently Davidson, Monihly Not. B.A,S, vol. 88, p, 30 (1027), has recorded preliminary com* 
parisons of H, K and X by observations without an eolipso, 

t Eabry and Buisson, Gompiea Bendus, vol. 176, p. 166 (1922)j H, H, Plaskott, Pub. Horn. 
Aslrophya, Obs. vol. 2, p. 263 (1023). 
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Tho avoragG time t ' that a normal atom remains in the normal state before 
absorbing**' is therefore given by 


Ijr' ^\rB^H{v)dv. (1772) 

Neglecting stimulated emissions, the ohanoe of emitting in time dt and the 
average life t in the excited state are given by and r~ljA^. Using 
(2020) and Planck’s law for I{v) wo find 


T ( v) dv Wn h' 


(1773) 


Now the average life in both states together, during which the atom absorbs 
just one quantum, is t + t', and the U 2 )ward momentum absorbed with this 
quantum is liv cos 0/c which averaged over the hemisphere has the value 
Ihvjc. It follows that for equilibrium 


'}ng{T + t') = ^hvjc, ( 1774) 

Por tho numerical values T=0000°K., A =3960, hvlhT = Q'05^ 
wi = 40 X 1*66 X 10"^'^ and (7 = 2*78 x 10*, we find 

T/T' = rx3*64xl0“3, 

T + T^eiT^ = 4*6 X lO"®, 

T = rxl*62xl0"’. 


Tho Ca'*' atoms hero considered on the upper boundary of the chromo- 
sphere will be almost ideally undisturbed and their absorption lines will 
have thoir natural narrow width, The observed E and K lines of the sun 
and many stars are broad, but it can only be tho centre of the line with 
which wo are ooncorned in tho upper chromosiihere. The observed value 
of r for tho centre of tho E and IC linos averaged over tho sun’s diso is about 
O-ll, Wo thus find t = 1'8x10-8, ^i=6'6x10'. 

Tho simplicity of the argument and the data leading to this result are 
noticeable, and give this determination of r great weight, f 

A number of interesting deductions may bo drawn from these formulae. 
Equations (1773) and (1774) may be used to derive a formula for r, namely 

r = ......(1776) 

TOa hv 

* Tlio RTgumonb fcoivi tlio olianco in time dl to tho frfiotion nob Iiaving abaorhod after time t 
and tho moan Hfo t' Is that of § 1C 41. 

•\ An important oonbrlbution to tho theory has boon made by Unsold, Zeil, f, Phyaik, vol. 44, 
p. 703 (1927). IIo points but that wo now hnow and t thoorotioally with somo cortainty, for 
the strength of tho ooinbincd U and K absorption oooilHoiont is almost exactly tlio same as if each 
atom oarrlod one classical oloobrou vibrating with tills frotiuonoy. fho true value of t is sliglitly 
loss, than tho valuo derived by Milne. Tho atoms aro moro absorptive. Tho disorepanoy may bo 
aooountod for by tho proportion of dotibly ioniisod oaloliim atoms wiiioh must bo supported in 
otpillibrium by tho radiation pressure of tho II and linos alono. 
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lfp{v) is the residual central intensity in the line, eo that tlu« 

can be expressed very simply in the form 

(177«) 

c 

If the right-hand side of equation (1776) is greater than unity there can bn 
no absorption line, and the type of high lovol chroinospheiio oquiHV>rinni 
here contemplated cannot occur. This ^vill happen if tho atom is too hoa vy, 
if g is too large, if vfT is too large, or if t is too largo. Using tlio valuo of t 
deduced from the sun for Ca+, the critical photospliorio tomporatiiro ])oli>w 
which a calcium chromosphere cannot bo formed is 4400° K.. for a star with 
the same surface value of gravity as the aim. 

If the right-hand side of (1776) is less than unity a calcium chroinosplioro 
may still be impossible, for tlie photospherio r-radiation will bo reduml 
below I(v) in the lower absorbing layers (reversing layer) . But so long as iVio 
r of (1776) is less than i\, the reduction ratio when the -radiation is free of 
the pressure -supported layers, a chromosphere will bo formed at mico, foi' 
equilibrium is impossible for Ca*^ atoms at the top of the rovorsing layer, ivud 
they will be driven out by the radiation pressure until a aoreen is formed 
sufficiently deep to cut down the linally omergont i/-radiation to tho 
fraction r. 

Values of r for various stars have been given by Milne as follou's; 


Tablb 67, 


Residual intensities iii the centre of the T1 and K lines. 


Star 

Mass 

[Sun's mass = 1] 

t) 

T 

f 

Capella 

Sirxus 

Plaskett’s massive 0-sfcar 

4-2 

2-43 

86 

O'Oevx 10'' 
P73 xlO'i 
0'60 xlO‘‘ 

6,500 

11,000 

24,000 

0-0 10 

0-0043 

0-00010 


This table shows that for hot stars the residual intensity in the oontro of 
t e ine must be very small indeed if a calcium ohromosphore in equilibrium 
IS formed. It is probable that the formation in those oases is never oomplofco 
tor two reasons, Firstly there must always bo a loss of Ca*)- atoms from tho 
c iroinosp eie for a variety of causes of which tho most important may bo 
photoiomzation. For stars with a hot photosphere this will bo no longer 
^ ©oondly there will be a loss by radiative Gjoction from the star 

form?r be contmually going on especially during tho attempted 

ioimation of a chromosphere of a hot star. 

presented essentially irx only the upper 
h^niam coni, Hone for the calcium chromoaphoro. They apply only to S .0 
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normal absorption lines of an atom (or ion) wliose ionization potential is so 
high that photoionization hardly occurs. All that we have said of Ca+ 
applies also to Sr+ and Ba*** but probably to no other atoms whoso radiations 
we can observe in stellar spectra. Bor example the X>-lines of sodium are 
found in the chromosphere only to 1000 km, They could bo supported like 
Ca'*' by radiation pressure if the ionization potential (S-l volts) weroin’ob- 
ably not too low. Hydrogen and helium extend to considerable heights in 
the chromosphere but jnainly by absorption of light in the visible region 
from excited not from normal states. For helium certainly there is a meta- 
stable state concerned, the lowest state of the triplet system which is 
almost certainly the reason for the occurrence of the lines of the triplet 
system much higher in the chromosphere than the singlets, In general 
however the discussion of the support of such atoms is much more com- 
plicated. 

In all the arguments above wo may sux^x’oso that the calcium ions are 
accompanied by an equal number of free electrons, since the electrostatic 
fields will prevent any separation of the charges as in § 16‘2. 

We have yet to show that the density distribution in sjiace of the calcium 
chromosphere set up in this way is such that the chromosphere can extend 
to tlie great heights at which it is observed. For this the reader must refer 
to the original i)apers.* The result of this investigation is that the pressure 
of radiation at any given level is proportional to F(v') defined above and 
to {^H“'^ 2 )/(^i'f-W 2 ). The ratio njni decreases outwards and 

increases outwards and at groat heights tends to a limit fixed by the boun- 
daiy conditions already discussed. The density p of the chromosphere at 
height misgiven by 

In this formula Tq is the ** temperature of the chromosphere assumed 
uniform, as measured by its pressure, that is by the mean kinetic energy of 
its constituent systems, Av is the effective width of the absorption lino of 
residual intensity F{v) and oJq constant fixed by the theory, equal to the 
height of the equivalent homogeneous atmosphere. Heights are measured 
from an assumed level at which the intensity of v-radiation has its xfiioto- 
spheric value. Curvature of the layers and ohange of (/ with height have 
been neglected. f 

Milne discusses also the case in wliicli at the upper boundary the radiation 
pressure supports a fraction 1 — /x of the weight of the atom and shows that 
* Milno, Zoo. cit, (2). 

f An oxtoiiBion of tlio tlicoiy to a Bphorloal Biin ima toon inado by P, A, 'Paylor, MonlUy Not. 
vol. 87, p, GOB (1027). 
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the distribution law changes over rapidly to the exponential type as if the 
atoins had an effective mass \im. Such chromospheres he calls "partially 
supported”, and those with p,=0 above "fully supported”. In the case of 
partial support, remembering the eleotrostatio effects (equation (1602)), 
we have ^ ^-fimgxrnT^ ^ (1778) 

The theory therefore gives just the type of extended atmosphere required. 
For calcium on the sun the density theoretically decreases in a fully supported 
chromosphere by 1/23 in 14,000 km., compared with 10'®°“ when radiation 
pressure is neglected or 10~® and 10“®® for /x » O-Ol or 0* 1 , Values of as great 
as O'Ol must be impossible on the sun. 

§15’51. Further devehimenis in the Iheonj of the chromosphere. Milne’s 
theory outlined in the preceding section has removed the outstanding 
difficulty caused by the great extension of the calcium chromosphere. 
There remain however very serious difficulties over the finer details of the 
chromospheric structure. The recent work of Pannekock and Minnaert and 
of Menzel* has shown that to a rough approximation the density distribu- 
tion in the chromosphere mimics that of an isothermal atmosphere at a 
temperature so high that the calcium atoms would have random velocities 
of the order of 16 km. /sec. Menzel andMcCreaf fiu’ther have given evidence 
based on Doppler broadening to show that these velocities are real. 

At first sight these facts seem to be in such marked disagreement with 
Milne’s theory of support in monocliromatic radiative equilibrium, that 
entirely different theories have been put forward, none of which however 
could be regarded as logical deductions from the laws of atomic physios 
and statistical mechanics. A theory which preserves the satisfactory features 
of Milne’s theory and at the same time removes its outstanding difficulties 
has however recently been proposed by Chandrasekhar. This theory has 
not yet reached a final form but it promises to prove completely satisfactory. 

Chandrasekhar starts from the observational result that the emergent 
flux of radiation in the chromospheric lines is not constant over the sun’s 
surface but oscillates considerably about a mean value equal to the residual 
intensity in the line used by Milne. Spectroheliograms taken' in calcium 
light indicate that the emergent flux varies from place to 2 )lace by a factor 
of 2 or 3, the average distance on the sun’s surface between neighbouring 
maxima being about 10,000 Imi, If in conformity with Milne’s ideas we 
assume that the mean emergent flux corresponds to full support, then 
calcium ions over a hot spot will be accelerated upwards and over a cold 

* Pannekook andMinnaerfc, Vorhmd. d, Kon. Akad. v. Wttcn, Amlerdmi, vol. 13, No. 6 (1028) j 
Menzel, Lick Ob$. Pull. vol. 17, p. 1 (1931), 

f MoOrea, Monthly Not, B.A.S. vol, 89, pp. 483, 718 (1929). 
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spot accelerated downwards, and from a consideration merely of dimensions 
it follows that the velocity fluctuations so engendered will be of the order 
where A is the linear scale of the flux fluctuations over the surface. If 
A = 6000 km., then = 30*8 km ./sec. This is of the correct order of magni- 

tude. Tollowing out these ideas Chandrasekliar has shown, with suitable 
approximations, that the density distribution, though not strictly an 
exponential function of the height, is not widely divergent from the ex- 
ponential law suggested by the observations, and tliat the atoms should 
actually possess the observed velocities. 

We are still, however, far from a ooraplote theory of the chromosphere. 
The hydrogen ohromosi^here for example still presents an unsolved problem. 
For further information reference should be made to a recent discussion by 
MoCrea.* 

• MoCrea, MtmlJihj Noi, vol. 06, p. 80 (1986). 



CHAPTER XVI 


APPLICATIONS TO STELLAR INTERIORS* 

§16*1. Bosseland's theore.m. We shall start this chapter with some com- 
ment on an application by Rosselandf of the theorems of §§ 1 6*2-1 5-215 to 
the far interior of a star. He there discusses the effect of electrical holds on 
the relative distribution of different elements in the interior of a star, as wo 
have done for atmospheres in the sections quoted. 

It will be sufficient to consider the assembly of § 16*26, but we must now 
use the general equations (1672), (1673) and (1671), since both gravitational 
and electrical fields arise from the matter of the assembly itself. The point 
made by Rosseland is that, if (1699) is satisfied, then the substitution 


^ V. + l ^ Va + l ^ 


.(1779) 


reduces all the exponential factors in the three distribution laws to the 

common value ^ ^ 

jct\, Vi+i Syl. u,+i (1780) 


The equation for ^ remains 

VV = 47r(?^{mi(%)o + W 2 (« 2 )o + ^^ 3 (^) 0 }, 

and the equation for ijj becomes 

These two equations are consistent arffi the relation (1779) is a possible 
solution of the problem if the values of (?ii)o, {^ 2 ) 0 , (^^ 3)0 are suitably fixed, 
that is if the ratio of the mass density and charge density at a i)articular 
point has the correct value, The analysis of §§16*2-16*26 shows however 
that in that simple case even if the hiitial condition is not satisfied the exact 
solution approaches the corresponding particular one with extreme rapidity , 
and one may safely assume that it does so here too. In the interior of a star 
therefore whose material consists of any number of mixed ions, if the 
conditions (1699) equivalent to (1779) are satisfied for each pair, the gravi- 
tational and electrostatic potentials will be everysvhere in the ratio (1770) 
and the constituents will be everywhere mixed in the same proportions. The 
space variation common to all components is given by (1780). 

Interesting conchisions oould be drawn if this uniform oonstitution oould 
be established even in the restricted isothermal case. It is therefore neces- 


* I have to thank Dr Harfcree for the numorioal calculations in this ohaptoi*. 
■f Bosseland, Monthly Not, vol. 84, p, 720 (1024). 
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sary to examine (1699) with some oare to see how closely it could bo satisfied 
in a star. Since atoms are largely reduced to nuclei and free electrons, and 
since the masses and charges of nuclei are very nearly proportional, it seems 
at first sight as if (1699) would be very nearly satisfied for stellar material, 
and Rossoland’s theorem might aj)ply. But the satisfaction is not exact, 
For oxygen, iron and silver nuclei, for example, the values of (mi — m^) ({v^ + 1 ) 
are 1*78, 2*08, 2*26, In order to assert that the electrical forces really main- 
tain the isothermal stellar material at a constant constitution, an almost 
exact equality would bo required. We may conclude that this elleot will very 
much reduce the rate at avMcIi the relative concentrations of the heavier 
elements increase towards the centre, but on the stellar scale the concentra- 
tion to the centre in an isothermal star would still be overwhelmingly great. 

As we have said, further consideration of large scale efiCeots is beyond our 
scope, and we pass on to the study of the properties of matter in equilibrium 
at stellar temperatures and densities. 

§ 16*3. Stellar material. In the radiative theory of the steady states of a 
star the important quantity that must be provided by statistical theory is 
the equation of state of the stellar material. The material consists of atomic 
ions and electrons in dissociative equilibrium, and the equations of Chapter 
XIV permit this equilibrium state to bo calculated so long as the density is 
not too high. 

To a first approximation stellar material behaves like a perfect gas of that 
number of constituents which is required by the dissociative equilibrium. 
It is therefore customary to write its equation of state as the perfect gas 
equation in terms of the temperature, density and the mean molecular 
tveight p.. In the first instance this is calculated from the number of atomic 
ions and free electrons, but any corrections to the ijressuro, for example for 
electrostatic effects, can bo incorporated as oorrcotions to the mean mole- 
cular weight, It is this corrected mean molecular weight /z.* which is required 
in stellar theory. 

In addition to the moan molecular weight, the pulsation theory of Cepheid 
variables requires a knowledge of the ratio y of the specific heats of the 
material together with the radiation it contains — or in other words of its 
adiabatic curves in p, V coordinates. 

Both /a* and y can be derived at once from the formulae of statistical 
theory given in Chapter xiv. The calculations however are somewhat 
intricate and have not been completed on any reliable theory f except for 

■f Fairly oxtonsivo caloiilations ^voro made by Ji. H, Fo^rloi' and Qnggoiiliolm, Monthly Not, 
vol. 85, p, 030 (1026), using an oarlior loss noonrato version of tlio theory , Tlioir roBulta have 
boon uaod by Eddington, he, cil. ospooially § 180, to olioolc tlio nioro oloniontavy approximations. 
Tho alterations made in thoir rosiilta for n* by tlio moro oxaot theory will theroforo bo noted horo. 
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/lA*, for which some results are given in this chaj)ter. Finally stellar theory 
req[uire8 a calculation of the mean absorption coefficient of stellai' inatorhvl 
in the state specified for the radiation passing through it, which is praotioiilly 
black body radiation of its own temperature. This calculation loads us far 
afield into atomic theory and we shall not attempt to give it hero. 

We will now summarize the formulae to bo used, with the notation of 
Chapter xiv: 


T 

h 




VQ 

N 






. FF * ) 


,(1781) 


The electrostatic contribution "^yjh is not accurately known. Dobyo and 
Hiiokers theory (§§ 13’61, 14'4) gives 

T. 2^77 




(1782) 


We have also, repeating former equations, 
{27TmhT)^ 


G{T)^2 
F/{T) = 


{2TT'mJ^kT)^ 




.(1783) 


a=i 


is^.,{p+i)«ikr/ 

X ......(1785) 

Q = 1-017x1012, N^l.,^,rM/. (1780) 

We define s«, the average number of free electrons per atom of typo by 
the equation = (1787) 

sottat (1788) 

The pressure p is given by p = 2' dH^jdV, ....,,( 1 7 89) 

the material (as opposed to the radiation) pressure by (1789) in whioli tlio 
term arising from the radiative term in (1781) is omitted, Tho density 

p==S^ilfW/F.' (1700) 


p is given by 


If the dependence of F/ on V is ignored, so that the gas mixture is porfoot, 

we should have ' n m « 

,_ FpT 


p = - 




p,= 




,(1701) 


where R is the gas constant per mole and the chemical atomic V'oight, 
As it is we have „ ^ 

= (1792) 

defining /i*. 
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The equations of dissociativo equilibrium are obtained by making d'Y = 0 
for all variation of the type 

SiV = = -8i¥/ = Sa. (1793) 

If T, p and the ratios of the various i)f®’s are then given (matter of given 
ohemioal constitution, temperature and density), the equations oan be 
solved completely. 

The aotual procedure is rather to assume values for N/V and T, and solve 
by successive approximations. It must be remembered that Planck’s 
theory is only shown to give a valid approximation to so long as in all 
oases the private oatohmg region of each ion is so largo that on its boundaiy 
the potential energy of an electron duo to the central nucleus is small com- 
pared with kT. This condition is (1662) in the simple case there considered. 


It easily extends to f ^ (r + 1 )3 1 1 


<^kT, 


which may be taken with sufficient accuracy to be 


3-}- 1 




<^kT. 


,(1794) 


It must bo remembered also that is not accurately given by (1782). Wo 
havo to conclude at present that as soon as the terms arising from 'Fg 
become important in evaluating /x* tlie present theory ceases to bo reliable, 
and, in view of Eddington’s discussionjf that the electrostatic correction 
is overestimated by (1782), 

For simplicity in the actual calculations the equations of dissociative 
equilibrium have been taken in their perfect gas form, ignoring the ofleot of 
the variations on the u/{T), It is easily verified that tlie omitted factors 
never differ much from unity; the greatest value they take is about 10®'^. 
Therefore their omission can hardly affect seriously or give an undue bias 
to the oaloulated values of fx,*. It is not worth while including them until 
we have a proper theory of the elootrostatio effects. 

Calculations have so far been made only Ibr stars composed of iron which 
are given below in Table 68, and are shown plotted in Eig. 77. 

The first six columns in Table 68 need no comment. The seventh gives 
the pL* of (1792), When wo apply (1789) to (1781) wo find 

Now the various terms in u/ oorresjiond to different numbers of excited 
electrons, and therefore ydlogu/(dV takes the simpilo form 


* Bcldingbon, loc, cil, § M'*!. 
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Equilibrium states of matter in stars of iron {m^ = 55- 84). 

refcrostatio corrections are omitted except where specially recorded.) 
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h'!' 

It follows that {iV + 1 + 


and therefore that 

^ i^+s„,J«n-fe7) A'+s^Ji'ni+ia*)’ 


(1796) 


when eleotrostatio effeots are neglected. 

On inspection of these results we see that the values of ja* seem to differ 
in a rather irregular way (but not seriously) from the old results of Fowler 



and Guggenheim except for the highest densities, where the now values are 
higher as they should be. The irregular differences arise from a number of 
partially compensating changes in the data and the theory used, and are 
not significant. J^t is satisfactory to record that the old values are not far 
wrong at least for the more massive stars. 

The control calculation with the estimated electrostatic correction has 
only been made for one temi)eraturo, but this is sulficioht, for its importance 
can be seen to depend almost entirely on the mass of the star, that is on 
and hardly at all on T or p separately for given T^jp- "^^he following 
comments therefore apply sufficiently nearly to all temperatures. The 
estimated correction becomes sensible (1^ per cent, in ji*) at a mass about 
twenty times the sun’s mass, and has increased to 3^ per cent, for a mass 
about 1’7 times the sun’s mass, fi'he average number of highly excited 
electrons per atom is here about 2*4, calculated of course neglecting the 

41'2 
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screening power of free electrons. Comparing and fi* wo soo that we have 
reached a mass at which the number of highly excited electrons liaa an 
appreciable effect on n*. For the reasons given we cannot claim that our 
theory gives a reliable value for q (the true value being less), so that we liavo 
here reached the limit of safety; the next entries show that q and the eleotro- 
static correction are beginning to increase rapidly. ^l?he electrostatic cor- 
rection has however been overestimated by a factor of the order of three. 
We may conclude that the values of p* as calculated without electrostatic 
corrections are sufficiently reliable down to masses twice the mass of tivo 
sun. By a cancellation of neglected effects the values given for /a* without 
electrostatic correction ore probably nearly correct doAvn to masses equal 
to the mass of the sun. Below that mass none of our oaloulations oan be 
relied upon. 


§16-31. An approximate method for evakiating the mean mokmilar weight 
of stellar material. The numerical results of the preceding sootion illuatrato 
the general principles involved in determining as aoouratoly os possible the 
mean molecular weight of stellar material at a specified temperature and 
density. But in actual applications the chemical constitution of a star ia 
not known and it is therefore convenient to have some rough but ready 
method which will yield rapidly sufficiently aoourate results. Suoli a metliod 
has been developed by Stromgreii.f 

, In this method the approximation made is to ignore difforonoos bot'woon 
the states of first and second -electrons, or between the states of any 
of the iy- electrons, etc., and to ignore the differences between the states 
of Z--electrons belonging to normal or excited configurations. Any atoinio 
configuration is then specified sufficiently by the numbers {nj^nj^.n^,..,) 
specifying the nnmber of its Z-, . , . electrons. The energy of snoJi 

a state with a nucleus of atomic number z may be talcon to be 


where the y s are constants representing the mean ionization potentials of 
the various shells, and the weight of the state by 




When Pauli’s exclusion principle is aUowed for it is easy to verify tliat 




.(1790) 


Similar formffiae could he used to replace the weights given in Table 69, 

^ the equations of dissociative equilibrium oan bo 

6 0 owmg form. We can consider the equilibrium between 

t B. Strdmgren, Zeit. f, Aatrophysih, vol. 4, p. 119 (1032), vol. 7, p, 222 (1933). 
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atoms in the single configuration (%,%,, for short {n) and free elec- 
trons and the corresponding bare nucleus wliioh is here denoted by the 
configuration (0,0,0,. , . ) or (0). It is obvious that the equation of dissociative 
equilibrium then takes the form 

M,nf “ VW') ^ 

This equation embodies a general princqde of considerable value. It shows 
that dissociative equilibria can always be handled when convenient as 
between single states or single groups of states of all the systems concerned 
instead of as between the whole corpus of states. 

Now in the jnesent problem and both contain as com- 

mon factor the^partition function for free particles of mass in a volume F. 
Dropping those factors 

= (1788) 

It follows that 


>4/ 




N 


Miof IVQ{TI 








isynjt 


.(1790) 


The evaluation of the total number of bound electrons by this method 
will be aufiiciently illustrated by the calculation of , Let 


VG{T) ' 


(1800) 


so that depends on only through the factor It follows 

tliat CO 

S 


n 


)<«0 


8rK(l + a;)’ 8 


i'*=0 


(1801) 


The other shells give similar contributions. Quito generally wo see that the 
number of bound electrons of principal qixantum intmber n round a nucleus 


of atomic number z is 


2n'^ 




.(1802) 


It has been convenient to follow Stromgi’en in this derivation in order to 
show the nature of the approximations involved. We now see by inspection 
of (1802) that it is, as it must be, of the standard electronic form 


VJ^ 


l + e^rik'i'jy 
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in which. A has been evaluated from the density NjV oi the classioal free 
electrons. 

Stromgren has used (1802) to compute the elections retained by the 
elements 0, Na, Mg, Si, K, Ca and Fe for various values of T and V 0(^)1 N , 
considering only K-, L- and iH-electrons. Electrons if jiresent in higher 
orbits have important excluded volumes which cut down their niiinbors 
and they can be entirely neglected without serious error. He assumed that 
in the stellar material 0, (Na + Mg), Si, (IC+ Ca), and Fe are present by 
weight in the ratio 8 : 4 : 1 ; 1 : 2 (“Russell’s Mixture”), and calculated the 
number of free particles per unit mass of the mixture for various values of T 
and YG{T)IN. The following Table 69 summarizes his results. The unit 
mass chosen is the mass of one hydrogen atom. 


Table 69. 


The average mtmber q of free particles per unit mass 
{the mass of one hydrogen atom) of MusselVs inixture. 


, Ipgio T 

logio{FG'(?’)m 

3 

4 

6 

6 

mi 

8 

0 

10 

6-4 

. 



— 

mumum 



0-61 

0-62 

0-6 

— 

— 





0-63 

0*54 

6'8 

— 

WiBIm 


0-63 



0-64 

0 - fi 4 

7-0 

0*44 

. . . 



0-63 

0-64 

0-64 

0-64 

0-64 

, 7-2 

■m 




0-64 

0-64 

0-64 

0 - C 4 

7-4 


0-61 



0-64 

0-64 

0-64 

0-64 

7-6 


0-61 

0-63 

0-64 

0-64 

0-64 

0-64 

0-64 


TIio vahiG 0>5<1 is tlio limiting value for oomploto ionization foi’ all the atojiiB of tho inixturo. 


The table can be used to determine /x* for matter whicli oontaiiia any 
proportion of hydrbgen and Russell’s mixture. If the proportions are x 
parts hydrogen and 1 — a; parts mixture by weight, then 


^ 2a; + ^(l — aj)’ 


(1803) 


In stellar applications /x* is usually determined “astrophysioally” from 
Eddington’s mass-luminosity-effeotive temperature relation and (1803) is 
then used to determine a*. Stromgren and Eddingtonf have both made such 
calculations and found that according to this analysis there should be about 
30 per cent, hydrogen by weight in the material of the sun, and a larger 
percentage in more massive stars. Further discussion of these developments 
lies outside the range of this monograph. 


t Eddington, Monthly NoU jR.A,8> vol, 92, p. 471 (1032). 
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§16*3. Matter of great density. Wo have not yet investigated whether 
matter of the densities and temi^eratiires appearing in Table 68, or of still 
greater densities, can really exist and still more behave approximately like 
a gas of mixed dissociating constituents apin’oximately perfect. We have 
omitted all mention of excluded volumes in the foregoing discussion. It is 
these, and the fields of force arising from permanent electronic structures, 
which will make the mixture depart from perfection — in particular reduce 
largely its very high compressibility. The highly excited electrons and the 
electrostatic corrections do not have any such effect, and can be ignored in 
this connection. 

A complete formulation of the problem might have started by assigning 
to every possible type of electronic structure with its electrons in their 
lo^vest or at least in tightly bound orbits a definite field of force — ^^vith 
siiflioient accuracy an excluded volume, such that no part of any pair of 
such oxohided volumes may overlap. The characteristic function for such 
an assembly can bo written down to a first approximation, using § 8*6. It is 
easy to see however that such elaboration is unnecessary, for the largo 
volumes of the more complex electronic structures will make them occur 
on the average still less often than in the assembly for which the calcula- 
tions have been made, where their excluded volumes are all zero. If 
therefore we take the simplified assembly for which the calculations have 
been made, estimate reliable excluded volumes for the dominant tightly 
bound electronic structures, and show that such excluded volumes are 
insignificant, the existence of matter at such densities with the properties 
of a perfect gas will be established, and the foregoing procedure fully 
justified. 

On examining the details of the calculations it appears that the most 
important surviving electronic structure contains two electrons only in 
their normal orbits — that is helium -like iron. Apart from the excess nuclear 
charges which contribute only to the electrostatic correction (the complete 
electrostatic correction increases the compressibility), wo may bo certain 
that the helium-like iron ions will interact as if the radius of their excluded 
volumes bore the same ratio to the radius of the excluded volume of two 
ordinary helium atoms as do the radii of the corresponding Bohr orbits of 
the two electrons.* Allowing for screening, the ratio of the radii of the 
orbits of helium -like iron and normal helium is about 1*7/26* 7. The excluded 
volumes for helium -like iron are therefore smaller than those of helium by 
a factor (l*7/26*7)'i or, say, 1/(16)3. 

For a gas of M helium -like iron ions in a volume V and A ( = 24ir) 

* Tlio radius of an orblfc of tlio old quantum theory is a reliablo guide to the position of maximum 
density of olootrloity (the important region) in quantum meohniiios. 
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free electrons we shall have to a first' approximation an equation of 


state 


= AT + J// + 1 {NMv., + JilfX}. 


The electrons are practically without volume. The excluded volume for a 
free electron and a core is and for two cores . It is perhaps legitimate 
to suppose that on the average. The ratio of the correcting term to 

the main term is therefore nearly enough Mv^JV, In the same way the ratio 
of the correcting term to the main term for normal helium is (say) . 

The excluded volumes afiect the pressure of ordinary lioliuin gas by 1 per 
cent, at a density of about 0'0043 gm./o.c. The 1 per cent, correction will 
therefore be reached in a gas of helium-like iron plus electrons at a density of 

0'0043x^x{16)3x4 = 840. 

In two important respects we have probably iinderestimated the density 
for a 1 per cent, correction in this calculation. The greater tomi)erature of the 
stellar material must diminish rather than increase corresponding excluded 
volumes, and it is likely that the volume excluded to free electrons may not 
be comparable with Wo may conclude that stellar material will in 
general reach densities of the order of 1000 gm./o.c. or more before we find 
any departures from the compressibility of a perfect gas due to those pro- 
perties of finite extension of the constituent systems which make the 
ordinary gases of our experience imperfeot. 

Whether we can go fm’ther than this — to densities of 10,000 or 100,000 
with the same compressibility — the theory we have developed is unable to 
say. Such matter can only be discussed when we have a proper method of 
including electrostatic effects and use the correct Termi-Dirao statistics for 
the free electrons. Wo shall not attempt to introduce the eleotrostatio 
corrections more accurately, but neglecting them shall apply the Termi- 
Dirac statistics to stellar conditions. The effect of Pauli’s exclusion principle 
undoubtedly dominates the properties of matter at very high densities such 
as are met with in white dwarf stars and oontrols their ultimate fate as 
“black dwarfs”. We shall take this opportunity therefore of deriving the 
exact equation of state of matter of great density (degenerate matter) 
allowing for the relativistic variation of mass with velocity. 

§16*31. Assemblies of electrons with relativistic energies. At extremely 
great densities the equation of state of matter is entirely controlled by the 
electron pressure; the contributions of the heavy nuclei can be entirely 
ignored. We have already discussed electron assemblies obeying Permi- 
Dhao statistics in the region of degeneracy in § 2*73 and again in Chapter xi, 
when we used freely the formulae for such assemblies to build up the eleo- 
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ti'on theory of metals. In § 11-21 equation (1019) we gave the formula for 
the electron pressure which we shall require hero for stellar applioations, 
namely 


2 ik / 3W| 




.(1801) 


This formula was derived on the basis of Sohrddingor’s equation, and there- 
fore assumes a non-relativistio relationship E =p^^j2in between momentum 
and kinetic energy E, For present purposes therefore, whore it will bo 
necessary to consider also the more general relativistic relationship 

2 \1 






1 


(1806) 


it will bo convenient to obtain (1804) de novo by a slightly different arrange- 
ment of the arguments. 

Consider an assembly of N electrons in a volume F. The amount of six- 
dimonsional phase space available for an electron whose momentum lies 
between and jD,,, in absolute value is then and the num- 

ber of states available to such electrons is accordingly 

2^47rp,„Mp,K- (1806) 

The generating function E can therefore be put in the form 
SttF 




¥ 




(1807) 


which is easily reduced to (22d;) when E On using the relativistic 

(1806) this can bo put in the forms 

Z=~j\E+mG'^){E{E+2m¥)}hogil + Xe~^^l>^'^)dE\ (1808) 

(J'2^m2c<i)iii;'log(l + Ae-»)£?^l' (1808-1) 

cr¥ j,„o‘ 

In (1808-1) JS?' is the total energy including the rest energy wo® and in con- 
sequence A has boon differently defined. 

From these formulae, with the help of the standard relationships 

i^=A|~, E^hmzjd0.\ p:=^hTdZjdV, 

all the details of statistical equilibrium with relativistic energies can be 
derived. For example using (1807) wo have the formulae 


■N 


JcT 


= Z, p 


^ ¥ Jo 1 
“3A»Jc 


l + eS/ftr/A 


,(1809) 

......(1809-1) 
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§16*32. Classical assemblies of relativistic electrons. '\ Wo piiiiHO for a 
moment to obtain the limiting forms taken by these formnlao when tho 
assembly is still classical and the exohision principle can bo ignoi;od but not 
the relativistic variation of mass with velocity, This will occur at toinpora- 
tures sufficiently high. We then can simplify (1808-1) to 

J }HC« 

and by the substitution JS' = mc^ cosh fx to 

This can be expressed in terms of the Bessel function /f „,(«?) in tlio foi‘in:[; 


_ STrFmVA ( / mc^\ ( mo^\ ] 
— Y^^\hT ) ~ W ) ) ■ 


(1810) 


The case of interest to us is when IcT^mc^-, in tho other limiting case 
mc^^kT the relativistic effects can be ignored and tho formulae roduco to 
those of the ordinary classical assembly. Either from ( 1 8 1 0) or more directly 
by neglecting mc^ in (1808) we then obtain 


167rWT" 


(1811) 


The coefficient of A in (1810) is the relativistic form of tho ordinary partition 
function and (1811) shows its limiting form for exceedingly high tompor- 
atures, 


§ 16*33. The equation of state of completely degenerate matter. When !7' -> 0 
the factor 1/(1 + e®^*^/A) tends to 0 or 1; its limit is unity when p^ and 
otherwise zero, p^^ being fixed by the condition that (1809) then gives tho 
correct value of N. The limiting formulae are therefore § 



(1812) 

Stt . 3.0 . 


(1813) 



,.....(1814) 


t See Jiittner, Ann. d. Phjaih.vol. 34, p. 860 Zeii, f. Phyaik, vol. 47, p. 642 (1928). 

% See Watson, Bmd Function, p. 181, Cambridge (1022), 

§ These formulae can be derived in an entirely olomootnry way from (1800) nutl tlio oondifcion 
that when J* 0 the lowest N states are all full and tho rest empty, Tho prossuro is thon given ftft 
tho rate of transport of momentum across any interface in tlio nsaomtly wliioli oati bo onloulfttocl 
aa one-third of the integral of (tho number of eleotrons with momentum bohveon w* and jj* x dp*) 
X (i>*) X (the velocity of these electrons ( =dE(dp^)). 



661 


16*34] Completely Degenerate Electron Gas 

From (1813) and ( 1 8 1 4 ) it follows tliat 

( 1815 ) 

If the relativistic mass-variation with velocity is neglected so that 
in (1815) becomes Stt 

^=T5rt3(J>*T. 

Combining this with (1812) we re obtain (1804). In stellar applications to 
the theory of white dwarfs one assumes that the matter is sufficiently dense 
and cool for (1804) to bo a valid apj)roximation. The equation of state of the 
material is then 

(1816) 


where 


• 9-89 xlQi^ 

^ 60 \Tr/ m(/A*mjj)^ 


(1817) 


In (1817) is again the mean molecular weight of the stellar material on 
the chemical scale and irijj the ihass in grams of a conventional hydrogen 
atom of atomic weight unity. We have used the relation p — {N jV) pi.*injj 
which agrees with ja* defined in (1796) only if the electrons are much more 
numerous than the nuclei. In other cases it defines /a*. 

For matter in this completely condensed state a simple estimate shows 
that the negative potential energy is very roughly equal tot 8’9 x 
wliile from (1814) the total kinetic energy of the assembly is roughly 
4*2 X lO^^pi Comparing these two estimates wo see that for matter of the 
density occurring in the white dwarfs, about 10® gm./o.o., the total kinetic 
energy is about twice the negative potential energy. This fact removes a 
difficulty, originally pointed out by Eddington, that on classical statistics 
dense matter would ultimately contain far less energy tlian the same matter 
expanded in the form of atoms at rest at groat separations. But if the 
dense matter behaves according to the theory hero given, a sample ex- 
tracted from a star could reconstruct itself as an expanded gas at a very high 
tem^^orature. 


§16'34 Relativistic degeneracy. We will now consider the exact form of 
the degenerate equation of state allowing for the variation of mass with 
velocity. On substituting (1806) in (1813) wo have 

( 1818 ) 

^ 3m/i® J 0 (1 

t 11, II. L’owlor, Monthly Not, R,A,S, vol. 87, p. IM (1020). Tho index of p must bo 4 oii almoab 
any view of donso mattov. Tho actual proportionality oonataiit hero given ia uno^rfcain and likely 
to bo overestimated. 
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[16‘34 


(*-£)• 


This can be integrated in the form 

where f{x) - x{2x^ - 3) + 1)^ + 3 arc sinh a*. 

The parameter x is fixed by the equations 

N Sttw^c^ „ N ^ 

which yield , p~Q‘ 886 x 10® 

The function /(a*) has been tabulated by Chandrasekhar.]' 
IVom (1820) it follows that asa-^0 


,(1819) 

.(1820) 

.(1821) 

.(1822) 





(1823) 

wliile as a’->co 


f(x)~2x^. 

(1824) 

Hence as a;->co 



or 



(1826) 

wliere 


Jic l'228xl0i® 

. (1820) 




Comparmg (1817) and (1826) we see that these limiting forms of tiio exact 
equation of state yield the same value for the pressure for a doneity f>' 

given by /TC\^ 

= -1-9X10V*- (i827) 


We infer that for densities greater than 10® the relativistic effoots booomo 
imiJortant. 

IHnaUy it is worth noticing that the setting in of relativistic degoiioraoy 
does not revive any difficulties of the nature of that discussed in § 16’33. 
This is clear on comparing (1826), which also gives the kinetic energy, with 
the estimated negative potential energy S-OxlO^®/)^- The total kinetio 
energy is more than ten times the negative potential energy . 

The equations of state of degenerate matter here discussed have boon 
applied to the theory of stellar structures particularly by Milne$ and CJian- 
drasekhar,§ but such apphoations lie outside the scope of this monograph.|| 

t Oliandrasekhar, Jilonthli/.Not, R.A.S, vol, 96, p. 226 (1036). Suoli oivloulafcionfl wore ijrafinado 
by Stoner, Monthli/ Not, }i,A,3, vol. 91, p. 444 (1931), but leas ftooiiratoly and loss oxtenaivoly. 

I Milne, Monthly Not. S,A.S. vol. 91, p, 4 (1931), vol. 92, p. 610 (1032). 

§ Chandrasekhar, Monthly Not, E,A,8. vol. 96, p. 821 (1936), 

II It has recently been contended by Eddington, Monthly Not. ll.A.8. vol. 96. p. 104 (1936), 
that (1806) is invalid and does not apply to an electron in any stationary state in an oiiolosuro, 
but only to electrons represented by progressive waves, If his contentions are oorroofc then tho- 
formulae derived from (1806) are meaningless and wo must always use formulae derive cl from 
E='pif^f2m (l,e, Sohrfidingot’s equation) for electrons ropresontod by standing waves In an 

. enclosure. 
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§ 16’4. Aasemhlies of electrons and positive electrons. It is now certain that 
a quantum of radiation of sufficiently high frequency on interaction with 
matter, or oven two quanta interacting with eaoli other, can bo converted 
into a pair of positive and negative electrons, and conversely that a pair of 
jiositive and negative electrons can he annihilated, emitting in the jn’ocess 
one or two quanta of radiation. The minimum energy required to create a 
pair is 2wc® and such elleots will therefore only ocour with a frequency to 
make the pairs significant for the equilibrium properties of the assembly at 
temiieratures of the order 2mc^jhy that is 10^"^ degrees. But at suoh tem- 
peratures, if they anywhere exist, the number of ordinary electrons is no 
longer fixed, but only the excess of the number of ordinary eleotrons over 
the number of positives. The modified equilibria so established can be 
calculated at once by a simple extension of the usual method. 

Let e,. be the energies of the states of an electron and 2 ^ 0 ^ + rfy those for 
a positive electron. Let N be the number of eleotrons when there are no 
positives, and the energy zero bo taken to be the state in which there are 
no positives and the N eleotrons are all in their lowest state. The eleotrons 
and positive electrons each obey the Bermi-Birao statistics. Wo therefore 
form the generating function 

n,, ( 1 + xz^r') n,. I ^ ^ 

and can see at once that the total number of complexions is given by the 
coefficient of Thus 

0 = + . ...( 1828 ) 

The necessary extensions of the usual theorems to integrands of this typo 
Avhioh have an ^sentii^ingularity at the origin are easily made, It then 
follows that, if N_ and N.^. are the average numbers of ordinary and positive 


eleotrons present in the assembly, 

hL = A^Il,.log(l + (1829) 

- A S, log( 1 -h W^J’/A), (1880) 

A being determined by the condition that 

(1881) 


From these equations any desired formulae can be obtained. We shall 
bo content to discuss here the classical limit since the temperature is so 




664 : Applications to Stellar Interiors [ 16*4 

high before is sensible that degeneracy is iinlilcely to have set in. In that 
case, if we ignore the variation of mass with velocity, 

^ ^ .,.( 1832 ) 

so that the nnraber of pairs is determined by the “reaction isochore’’ 



The pressure is given by the obvious equation ^3 = {N^, + i\T) hTjV which oan 
easily be reduced to 

, = ( 1834 ) 

The pressure is always greater than, and on these approximations tends at 
high temperatures asymptotically to, the value 

= ( 1836 ) 


At these high temperatures however the neglect of the variation of mass 
with velocity is hardly justified, and the limiting form Will be better repre- 
sented by taking the partition function from (1811) and so using 
l^TTYh^T^joVi^ in place of 2[27rmhT)^Vjh^. The argument is otherwise 
unaltered. We then find 


N.^N- 

72 


2667r%0T0 

co/ri 


g-2}Hc3/&a' ^ 


( 1836 ) 


" cVv^ 




( 1837 ) 


The pressure may be regarded as the unavoidable material pressure 
in an assembly due to the creation of pairs, It is interesting to compare it 
with the ordinary radiation pressure at various temperatures. The maximum 
value of the ratio p±lpji according to (183S) occurs at a temperature of 
about 4 X 10® and is then only 10“^. The value of according to (1837) oan 
be larger. Inserting numerical values into (1837) and (332) we have 
Pi =4‘66x pjj = 2‘63 x 

Thuspi/p/t tends to the limit l-S x 10-^ as and is otherwise always 

smaller.' 

Though these pressures are always trivial compared with the radiation 
pressure, the actual electron densities that they represent are still very high. 
When T x 10® the material pair density mpi.jhT reaches values 

between 10® and 10^. Interesting speculations based on this result have 
been made by Heitler.* 

* Hoitler, Proc. Oamh, Phil. Soc. vol, 31, p. 243 (1936). 
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§16*6, Assemblies in which nuclear transformations can occur and reach 
eqtiilibrium. It is now recognized that, provided the necessary energy con- 
ditions are satisfied, very large ntiinbers of nuclear transformations can 
occur, so much so that wo may conclude tJiat, given time, nuclei could attain 
relative concentrations in equilibrium, It is still doubtful whether nuclei 
should be regarded as composed solely of protons and neutrons and whether 
these are independent particles or should be regarded as capable of trans- 
formation into each other with the emission of positive or nogativo electrons. 
But these doubts concern mainly the mechanisms by Avhioh equilibrium is 
reached. Whatever the ultimate constituents of nuclei may be, an analysis 
into jn’otons and neutrons or protons and electrons will equally enable us to 
study conveniently the statistic ttl equilibrium of an assembly of nuclei. 
Wo shall adopt here an analysis into protons and neutrons as likely to be 
closer to the truth than any other. 

Discussions of such assemblies with transmutation obviously provide a 
basis for an equilibrium theory of the abundance of the elements and 
calculations of this kind have been made in some detail by Sterne.* We 
shall give a brief sketch of this work without intending to imply that the 
actual abundances of the elements in terrestrial or stellar matter must corre- 
spond to equilibrium abundances under some particular conditions. Indeed, 
since we believe for good reasons that hydrogen is the dominant constituent 
of stellar matter, it is palj)able that such matter is not no^v and probably 
never lias been in an equilibrium state for nuclear transformations, though 
it may be on its way thither. On the other hand we shall be able to draw 
some conclusions which may have significance for the abundances observed 
in the earth's crust and in meteorites. 

Let us consider then an assembly of protons, neutrons and various com- 
l^osite nuclei. The electrons necessary to neutralize the assembly are present 
but need not bo referred to explicitly. The protons and neutrons obey separ- 
ately the Fermi-Dirac statistics; nuclei of odd mass number (odd total 
number of protons and neutrons) obey the same statistics, and nuclei of 
even mass number the Einstein-Bose. We take the state of zero energy of 
the assembly to be that in which all tlie nuclei are completely dis- 
sociated into protons and neutrons at rest in their lowest states. The energy 
of formation of a composite nucleus of rest mass niff , that is its energy 
in its lowest state relative to the defined energy zero, is then given by 

In this formulation c is the velocity of light, and are the rest masses 
of the proton and the neutron, which it is sufficiently accurate to equate, 
Zg and Eg are the numbers of protons and neutrons in the nucleus respeo- 
Storno, Mmlhly Not. Ji,A,S. vol, 93, p. 730 (1033). 
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tively. It then follows by the usual arguments that, if and are 

the average numbers of free protons, free neutrons and nuclei of type s iii 


the assembly, 



where 


(1838) 


The upper signs refer to nuclei of odd, the lower to even mass number, and 
the €y enumerate the kinetic energies of the states of motion of the various 
systems, the least possible value being zero for each system. Using these 
equations and given total numbers of protons and neutrons, the equilibrium 
concentrations can be calculated in any given case. We shall not however 
give any such calculations, since the most interesting consequences of 
these equations are qualitative. 

Equation (1838) may be written in the form 

T log fis = + ^si ^ log ^ nijy*~m*], 

= .23(iriog7?) + W,(yiog^)+^(^, + W,)(4-/,). 

(1839) 

In the form (1839) /j, and/g are Aston's packing fractions. They are so 
defined that for any atomf of mass m^* on the scale 0^® = 16, 

mg*=(^g + Wg)(l + lO-p ^ 

We observe further that each pair of variables and i;, and Xg and /Xg 
increase together and that for even nuclei, when the lower signs are taken, 
Xg-^co as 1, so that pg < 1. 

We can gain valuable information by using T log 'r){ = x) and Tlog ({ = ]/) 
as cartesian coordinates and drawing the “abundance lines ” 

Z,!>!+N,y+^{Z,+N,){f^-f,) = 0 ......(1840) 

for all even nuclei. Since fig < 1 only points below and to the left of all these 
abundance lines represent possible states of the assembly. Moreover when 
the representative point (a?, y) moves towards the abundance lines, the 
assembly must consist almost solely of that even element whose abundance 
line is first approached by the representative point. Fig. 78 shows that this 

t In an expression such as mj,* ’-irif* we need not distinguish between nuclear and 

atomic masses. 
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line can belong to light, heavy or medium elements hi various regions of the 
diagram. In the central region that abundance line is first approached for 
which the perpendicular distance from the origin 


ih-fs) 


(mi) 


WR 

is greatest. Since + + never greatly different from 72for 

nuclei of oven mass number, this perpendicular is greatest for that nucleus 
for which /j,—/g is greatest or for which the packing fraction f^ reaches its 
greatest negative value. This occurs for iron or among the miolei of the iron 
group. It is possible therefore to find conditions — very extreme conditions 
it is true — ^for which the nuclear equilibrium is one in whioJi the nuclei of 
the iron group are in great excess as they are in fact in iron meteorites and 
perhaps the earth’s core. 



JSTo such effect can occur under conditions for which classioal statistics 
are sufficiently accurate. For then the concentration is roughly pro- 
portional to fMg and that nucleus is dominant for which 

has the least negative value , Koughly speaking this is that nucleus for whioli 

has the greatest value or that nucleus which has tlio greatest mass defect- 
nuclei from the neighbourhood of tin. We know of no matter for which a 
maximum abundance is realized in tliis region. 



CHAPTER XVII 

MECHANISMS OP INTERACTION. COLLISION PROCESSES 

§17’1, The nature of the equilibrium state. We liave pointed out in the 
introductory chapter that the Equilibrium Theory of Statistical Mechanics 
is essentially of a thennodjmamio nature, Its laws are independent of all 
mechanisms of interaction. It has merely to bo supposed that the necessary 
interactions can occur. It is only when we begin to discuss the far more 
difficult theory of (non-equilibrium) steady states of flow that the actual 
laws of the mechanisms actmg become relevant, or can be deduced from the 
experimental facts. It was also pointed out that the laws of equilibrium, 
being thus in some sense universal, must be conformed to by the laws of any 
mechanism. The actual details of the laws of interaction between molecular 
systems and between such systems and radiation are in general no longer 
obscure, being given by theoretically straightforward applications of 
quantum mechanics, Rut such applications are often too difficult or tedious 
to carry through in practice. Statistical mechanics can still help towards 
the development of the theory of steady states by analysing carefully the 
restrictions that its laws impose on the laws of interaction, so as to leave vague 
for further calculation as little as possible in these laws. This is valuable help, 
and this chapter gives an account of such help as can thus he given to the 
study of the laws of interaction by collision in assemblies of perfect gases, or 
between perfect gases and solid walls. The laws of interaction with radiation 
are treated in Chapter xix. The treatment is primarily olassioal, but the 
modifications of form required by Eermi-Dhao or Einstein-Bose statistics 
are noted at the appropriate places. Quantum mechanics introduces no 
modification of principle into this field. 

In the olassioal kinetic theory the laws of interaction of structureless 
molecules are all that interest us ; we visualize molecular encounters as purely 
conservative collisions either of elastic spheres or point centres of force, 
This conception has of course long proved fruitful in the study of transport 
phenomena initiated by the work of Maxwell. By way of introduction to 
this chapter we shall present the olassioal theorems of Maxwell and Boltz- 
mann, inoluding the latter’s famous //-theorem, from this slightly unusual 
angle. 

In the equilibrium state of a classical perfect gas the positions and 
velooities of each set of moleoules satisfy Maxwell’s law. The distribution 
function for any one set is, let us say, 

f{u,v,iD)dudvdw ...,.,(1842) 
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per unit volume, and the function/ must be the same whatever the mechanism 
by which it is set up. This is the position at which we are left by the general 
meohanisniless equilibrium theory. It remains to examine whether the usual 
mechanism of classical conservative collisions is a 23ossiblQ mechanism which 
will preserve (1842). Now if a certain type of collision between molecules 1 
and 2 with velocities 'iq, and transforms these into 

and Wg*, tag*, then the number of such collisions i^er unit volume ^Der 

unittimois fJ^dtii...dw,Vpdpd>l,. (1843) 

111 this expression V is the relative velocity of the t^vo molecules before the 
encounter begins, andp and 0 are polar coordinates, in a plane tlu'ough one 
molecule normal to the direotion of 7, which define the jiosition of the initial 
asyinjitote of the necessary relative orbit. The symbol /j is short for 
Gto, These collisions all destroy molecules of velocities 
and^ig, Vg, Wg and create molecules of velocities and^tg*, Wg*. 

Conversely, since any conservative orbit can also be travelled in the reverse 
sense there are a set of reverse collisions, in number 

,..c?Wa*7*p*dp*d^/*, (1844) 

which destroy molecules of velocities %*, %*, and %*, ttg*, Wg* and create 
molecules of velocities w^ and u ^ , ^> 2 , w^ , The relation between (1843) 

and (1844) can be simjjlified, .By aiDplying Liouvillo’s theorem to the 
element of phase sjjace of the conservative system formed by the two 
molecules we find that 

dill . . . dw^ Vp dp d^i - dui * . . . dw^ V*p* dp’^dtjj^. . . . ( 1 84 6)f 

The proposed collision mechanism will therefore certainly conserve the 
equilibrium state if this requires that 

AA-AW, (1846) 

a relation equivalent to Maxwell’s law. Since equation (1840) is a suffi- 
cient condition for the jDreservation of equilibrium, the classical collision 
mechanism is therefore a possible mechanism which can act and preserve 
the equilibrium state, a conclusion which was of course suifioiontly obvious 
withoxtt calculation. 

Detailed balancing. It is important to observe that equation 
(1846) has far wider imjjlications than wo have just drawn, for it asserts 
that there is a detailed balancing of all the individual typos of collision wliioh 
can be specified by the velocity exchanges as above. According to (184C) 
exactly the same number of collisions of any one type and of the corre- 

t since the ayatoms are oonaorvatlvo wo have also F=F*, If the rolablvo orbit is doaorlbocl 
under a central force and ao la plane and ayininotrioal about the apse 
Tims in thia almplo case dui ... dxOi^duP ' ... dxo^*, ” 

43-8 
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spending reverse type must occur per unit volumo per second. This condition 
of detailed balancing is naturally sufficient for tliQin'eservaiion of eqxiilihrhmh 
but asserts (at least at first sight) far more than is asserted by the nicro 
requirement that equilibrium is preserved. It does not necessarily follow 
without further investigation that detailed balancing is also necessary and 
therefore equivalent to the demand for the preservation of equ.ilibrium. On 
certain assumptions however it is possible to prove this equivalence for the 
classical collision mechanism and the proof, given in §17*2, constitutes 
Boltzmann’s il-theorem. Thus for the particular mechanism of classical 
conservative collisions under central forces the two requirenionts of 


(a) Detailed balancing, 

(b) Preservation of equilibrium 

are equivalent. 

Bor other mechanisms it is not always possible to prove this oquivalonco, 
and in fact examples are known for which condition (6) is definitely less 
restrictive than condition (a). The study of particular mechanisms in this 
way has in the past been a study of considerable importance by which much 
light was thi'own on the laws of particular* mechanisms before their funda- 
mental properties were properly understood through tlio development of 
quantum mechanics. W e now know that all mechanisms of interaction confowi 
to the requirement of detailed balancing. This is guaranteed by tJio Hormitiaii 
character of all interaction matrices in quantum mechanics. T’ho frequency 
of transition from a state r to a state s is governed by a factor of the form 
\Vr,\\ where 7 is a certain matrix and the term in its rth row and afch 
column. The frequency of the reverse transition differs only by containing 
the factor and for Hermitian matrices these factors are always equal. 

In spite of the fact that we now know that all nioohanisms conform to 
detailed balancing and know so much more about meohanisms in general 
thanks to quantum mechanics, it is still not without value to study particular 
mechanisms from the statistical point of view without appeal to quantum 
mechanics. One can in this way better than in any other obtain a deep 
insight into the nature of the equilibrium state. We shall analyse particular 
mechanisms keepingboth requhements in mind, in order to see when require- 
ments (a) and (6) are or are not equivalent from the statistical point of view. 


Umt^mechanisms. In classical kinetic theory moleoules are 
structureless. In the extensions now required their eleotronic structure 
ecomes relevant and in general more than one inechanism may be causing 
a specified change of state in any system. The question then presents itself 
whether or ™t we can discuss separately the effects of the separate 
meohanisms. The arguments that follow are those of the classical radiation 
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theory. Suppose we have a system X whioh can undergo a specified ohange 
by interaction with other systems Y or Z. Suppose wo can effectively change 
the concentrations [Y] and [Z] independently of each other, of [X] and of 
the temperature. This will be the case if Y and Z are sei^arablo in the equi- 
librium state from each other and from X. They will be so separable for 
example if they refer to different atoms, but not if they refer to different 
states of the same atom. Interactions between X and Y and X and Z will 
then certainly occur with unconnected frequencies. Tliis still applies if Y 
means the temperature radiation in the assembly, with the proviso that then 
the “concentration” — the density of the radiation — cannot bo varied in 
equilibrium independently of the temperature. Let Py be the frequency 
with which (X, Y) interactions occur per unit volume at unit concentrations, 
converting X from a state 1 to a state 2, and Qy bo the corresponding fre- 
quency of the reverse process, for an assembly in full statistical equilibrium. 
Wo consider now only an assembly of effectively perfect gases, and suppose 
that the systems are distributed entirely indeioondently of each other, in 
accordance with the ideas of classical statistical mechanics. Then wo see 
that for equilibrium we must have 


K] Wa.i + mPY-\-[Z'\Pz + - + [ YfPyy + ... + [ yj [2] p,.. + .. . 

+ [y]-P>',r.d+-} 

■=m{QM+[y]QT+iz]Q,+...+[rrQyy+... + ir][Z]Qy,+... 

+ mQy,M + -]- (1847) 


We have here allowed for all sorts of interactions, radiative, simple and 
multiple collision processes, and mixed radiative and collision processes. 
Now so long as [T], [Z], . . . are independent variables, and there is a unique 
equilibrium relationship between [X^] and [Zg], this equation has important 
consequences. If the ratio [Xj]/[X 3 ] is independent of [.7], [Z], , , . and so is 
a function of the temperature only, then 


^rad _ Pr + -Pr,rnd _ P;f + P;?,rad „ 

^rad + ^y.rad rad 

_Pyj_ 

Qrr *■* Qy, *“ 


(1848) 


The effects of plain interactions by collision between X and 7 and inter- 
action by collision accompanied by the absorption or omission of radiation 
cannot be separated, and such terms really occur in every fraction. Apart 
from this however wo see that the ratio of the frequencies of each separate 
process and its reverse process must bo equal to a definite function of the 
temperature [Xj]/[X 2 ]. The process and its reverse are inseparable and form 
together what we may call a unit mechanism. We can go still further than 
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this later. For the present we can be content to note the indopondenoo of 
the different processes, whose laws therefore can be separately analysed. 

If the change from Xj to is one of dissociation, the arguments are the 
same, though the form is a little different. Suppose for 6xami:)le tliat 
dissociates into and F. Then \X.f\ is a function of tlio tenipera* 

ture only, and we have 

0 0 _ -^ini _ Py 'b -^rirnd ^ 

Qrad Q^ + ^2,rnd ^rr “I’ ^rr.rad 

Pz d' -^.rad _ QS'IO) 

^QYz + Qyz.m ra ‘ ^ ^ 

Thus, naturally enough, no process in which no Y is concerned oan malco np 
an Xi from an . The Q’s of all such processes must vanish. More generally 
every process must pair off with a reverse process in which one more .1^ is 
concerned — the Y in fact which is to be caught by the Xg to make it into 
an Xi . The pairing off is therefore such that it is possible as a dynamioal 
reversal of the origmal process, and the lav'^s for such pairs can in goneral bo 
discussed separately. 

No difference is made in these conclusions by the requirements of Einstein - 
Bose or Fermi-Dirac statistics. The number of transitions by X*s from state 
1 to state 2 under tlie influence of radiation for example is then no longer 
[XJPj-ad but depends on the number of systems already in the state 2 and 
in particular must vanish in the Fermi-Dirao statistics when tho state 2 is 
full. The number of transitions must be now assumed to bo 

[X,]P,,,{X,±[Xg]}, 

where Xg is a constant defining the number of distinct states in tlio grouj) 2; 
the + sign refers to the Einstein-Bose and the - to Fermi-Dnao statistics. 
The number of reverse transitions is similarly now [XgJ^^rftdf-^i ± [-STJ}. 
The same extra factors occur for all types of transition, and equations (1848) 
. are replaced by 

-Prad^ -Py + -Py.rad _. -Px + P^.rad ^Pyy_ _ _ M/Ma ± [Xg]} 

Grad + ^^ + 02.rad Qyy^'" Qyz ^/{^l i M} ‘ 

( 1860 ) 

From these equations all the same oonolusions oan be drawn. 

It remains impossible by these general arguments to separate tho effects 
of, for example, two different states of the same atom, and theso must ho 
considered together in any further analysis. We have however shown that 
it follows merely from the assumption of a unicLue equilibrium state that 
the laws of interaction between any molecule and radiation or any moleoiilo 
and any other group of atoms or molecules must lead separately to tho laws 
of statistical equilibrium. The precise /om5 (1848)-(1860) in which these 
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oonolusions are embodied are those for perfect gases. Tliere are analdgons 
forms for the interaotion of solids and gases which we shall also discuss. The 
oonolusions oan be extended in slightly different forms to imi)6rfect gases, 
but these we shall not discuss here. 


§ 17‘2, The numbers of classical collisions of given type in a gas. The general 
form of the number of oollisions of a given type per unit volume per unit time 
has already been given in (1842). To derive it we reoall that hdUidv^dw^^, 
whioh we shall here contract tofido^y is the number of molecules of the first 
type in unit volume at any time, and near each of thorn there is a volume 
Vpdpdxfi in whioh the centre of the molecule of the second tj^o must lie in 
order to effect contact within the specified time. Tho number of such 
molecules isf^do^ per unit volume; hence the formula. !For elastic spheres of 
diameter cr, if 9 is the angle between F and tho lino of centres at collision, we 
have ^) = (rsin0 and dp — aeonOdO, The element pdpdijj oan then bo con- 
voniontly replaced by 

where dQ is an element of solid angle about a direction specifying the line 
of centres at the instant of collision. The number of collisions then booomes 

fiff^aW ooBOdoxdo^dO,, (1851) 

This is the number of collisions which destroy a jiair of molecules 
and '^2 ^-i^d create a pair Wi*, Wi* and Since 

and dD=‘dQ.^, the corresiJonding number of reverse 
oollisions creating a pair % , and «2 > ^2 > ^2 desti‘oying %*, 

and Vg*) ^ 2 * IS /i^/gVFcos^dCidOada. .....,(1852) 


In these collisions the velocities after collision are given in terms of the 
volooities before and the direction cosines of tho line of centres by the 

equations 5 ti*=«i+iFoose, «a»=»j-/Foosd. 

= % + mV cos 0, = ?;2 — mV cos 0, 

s= tCi 4- nV cos 0, =5 tag — nV cos 0, 

72 {u^ _ UiV 4 (Va - vff 4 (% ~ 

F cos 0 = Z(tta ■“ %) + m{v^ - vf) 4 n{xo^ — tVi), 

We shall confine attention in this section to properties of the equilibrium 
state deducibio from (1861) when / has Maxwell ’s form 







.(1854) 


and V is the molecular density. The number of oollisions per unit volume per 
unit time in which tho relative velocity lies between F and V'hdV is an 
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important quantity. If the velocity of tlie centre of gravity of tlio pair is 
U, V, W, and the velocity of 2 relative to 1 is tj, tlioii 

U = + Wg), ^ = Wg - , etc. 

If we transform (1861) to these new variahlos, wo find 


cioiaog c{u ava\/vd§(ir}d^, 

+ V + '^i) + = w( U 2 -I- V2 -I- w^) + |«i 

and the number of collisions of the specified type is 



If we integrate tliis for all values of the motion of tli e centre of gravity of 
the system, which is always unimportant in questions of collisions, wo find 

*"^( 4 ^) 00 s OdidrfdldCl (1850) 

If we express the relative velocity in splierioal polar coordinates V, 0, </>, 
with the dh’eotion of the line of centres for axis, wo find 

^^( 4 ^) sin ^ cos (1857) 

For a given direction of tlie line of centres 6 can range from 0 to -W, and 6 
from 0 to 277, and 

Jo Jo 

The direction of the line of centres can then range over the whole splioro, 
but every collision is then counted twice over, since every oolJision is 
counted separately with the molecules interchanged. Dividing by 2 to 
correct for this, we find the total number of collisions im' unit volume por 
umt time, with relative velocity between V and V + dV, to bo 


(1858) 


.reU-kno,vn tcnlZ tto 

{irl ' (iseo) 


r^cr^l - 


We shaU require also similar formulae for collisions of uuliko molecules 
Suppose these have masses and «»,. diameters andT Sm Site 
apait of the centres on collision is now o-ig, say, where 

If is repkoed by e,, the form of (1861) is then still valid. The roduotlon tc 
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the motion of the centre of gravity and the relative motion now however 
requires the equations 

{mx + Wg) U = nixUi + Wg Wg , ^ — — etc, 

In these variables do^ do^ — dU dV dWd^dr) dC, 

+ v-^ + Wxf) + \'niz{uf‘ + vf- + 10^) ~ -^(WjL + ??i'a) (U^ + 4 . W^) 

JPormiila (1866) is therefore rej^laced by 
\ 5' 1 


2 vii + wig 




WiWg 


I'^IcT 


^27r{7nx + m2,)JcTj 
and formula (1868) by 

^TrVii/gajg^ 


Q 2 m,+ VHj' '“'"o•^ 22 FcOS 0 ^?^C?'> 7 dSc^, (1860) 

r jnij.^t 


Wimg 




e VHV (1861) 


\27r(Wi + m^)hTj 

Since the molecules are now distinct, collisions are not oountod twice over 
as before. The total number of collisions is noAv 

' 2TT{7nx-]-m^)kT]^ 


2^1 I^2 0‘i2^ 


mj^mg 


(1862) 


It is frequently convenient in aiqdications to rewrite (1864), (1868) and 
(1861) in terms of kinetic energy, or kinetic energy of tlie relative motion. 
If we write \m{u^ + + lo^) — tj, 

then Maxwell’s law for the number of molecules i^er unit volume with 
kinetic energy between rj and t) + dy] becomes 



TJiis will frequently bo written 1 ^( 7 ;) and the molecules with this kinetic 
energy will be oallod -molecules. Similarly, if 

the number of collisions per unit volume per unit time in which the kinetic 
energy of the relative motion lies betAveen 7 ^ and tj -I- dy is 

2^2(7^ / 77- 

(/e2')*(m) 

If T/a=,, 

2??li-hW2 

the number of collisions between molecules of different types per unit 
volume per unit time in udueh the kinetic energy of the relative motion 
lies betWGonTj and Tj +a! 7 ^ is 


.(1864) 


?!Via^/M^i+l!!a)\* (1866) 
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§17*3. Boltzmann* a IPtlieorem for a simple gas. Wo }iavo oxanihiod in 
§17‘n the logical position of this famous theorem in tlio oquilibriuin theory 
as here developed. We may enunciate it most satisfactorily thus: 

Theorem 17*3. Boltzmann* s H-theorem, In an assembly of perfect gasesy 
in which the only interactions between the systems are conserveUive collisions 
with central forces, the preservation of an eguilibriwn stale regxdres dUcvihil 
balancing. 

Since detailed balancing (/j/g -ff^f^*), which is equivalent to MaxwoIPa 
law, obviously preserv^es the equilibrium state, the theorem tolls us that 
detailed balancing, Maxwells law and the prosorvatioii of an otjiiilibriuut 
state are in the case of this mechanism all equivalent. Tho idea of Bolte.- 
mann’s proof is of course to construct a function B (praotioally tho entropy) 
whose constancy requires detailed balancing. Wo start with tho flimplost 
case of a gas of a single kind of hard elastic spherical molooulo of diamotor cr 
in the absence of external fields, 

For such a gas / can be changed only by molooiilar collisions, f so that wo 
can oonibine (1861) and (1862) and integrate over all tho volooitios of tlio 
second molecule to give its time variation in the form 


df r f 

J (1800) 

The integrand M considered to be expressed as a function of , . , „ by 
means of equations (1863). ^ > a .X 

moL'id * ** “ essential to the argumont that tiio same 

shoZ roIdT^ iT state, wliatevor they may bo, 

Sr:"?:" ^ eguiubZn zj. 

anecessaxyexphcTtrs:::"^ 

Consider now the function 

•^=J/ll0gAd0i, 

Zl the number of molooules and tho form of t 

and therefore constant in the equilibrium state. Then 

f=/(l+log/0f*„ 

( 1808 ) 
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But it is ec^imlly true that 

//=j/2log/af?Oa, 

and that “ = (/i*/8* -/i/a) ^ oos ddo^dO. ; 

oonibining those wo find an expression similar to (1868) with log/a in plaoo 
of log/i , and combining this with (1 868) we find 

^=Kf|f{2+IogAA)(/i*A*-/i/2)'^o°3®*i*a“ 

But by precisely similar arguments we can start with 

•»= 

and find 


The variables of integration may now bo changed from the starred variables 
back to the old variables, and 


F* cos 0 * do^ doa* dn *'* = F cos 0 do^do^ dSl , 

If we make this change and combine (1869) and (1870) we find 

- K f f f (logAA -iogA*A*) (AA -A*A*) y oos Odo,do,da, 

....,.(1871) 

<0, (1872) 

because the integrand is never negative, The equilibrium state is possible 
if and only if AA=A*A*. 

that is if there is detailed balancing. 

We include for completeness the familar proof that 
log/i -h log/a « const, (coll.) 

implies that /is Maxwell’s distribution function. Lot 

tion of the velocities of a molecule such that xi H' Xz 1® constant in a collision, 

Then 

is a solution of the equation for the distribiition function, and log/- x 
satisfies the same equation, The most general solution is therefore 

log/=i ai x' + aaX" “I- «a X'" > 

where the x’s are all the functions of v, w such that Xi + Xa 1® constant in a 
collision. We know of five such functions, energy, throe components of 
momentum, and mass. There are no others possible, for the four constant 
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relations involving velocities give four indej)endent relations between the 
six Wj*, . . . , and the old Two relations must be left unfixed in 

this way to depend essentially on the direction cosines of the line of centres 
at impaot. Thus 

log/= + 0:2 ww + «3 wy + cf.<^mw + ag + 

f=s A ^ 

whore A, j, Uq , ioq are constants, which is of the required form. 

It will be observed tliat tlie detailed collision relations hardly enter into 
tliis proof. It is only necessary that there should be some relations giving 

the u* in terms of the , which conserve momentum, energy and tlio 

extension of the element of phase space of the system. 

§ 17*31. Extensions of Boltzmann^ s H -theorem. The extension to the case 
of a number of different types of molecules is very simple. In place of equa- 
tion (1866), when classical collisions are the only mechanisms acting, wo 
find a set of equations of the form 

^ = VoosOdo.da (1873) 

If we now define the function H by the equation 

^=2, /.log/gdOs 

and apply the same analysis, we find 

^ = - p, Sj J {log fj^ - log////) (/,./« -////) V cos e do,. do,dO.. 

(1874) 

Trom this it follows that H is constant if and only if 

that is to say if we have detailed balancing for every choice of a pair of 
molecules in collision. Prom the equation for a pair of similar molecules 
Maxwell’s law follows as before. Prom the dissimilar pairs it follows by the 
same argument that the mass motion and temperature of each species of 
gas must be the same. 

Let us finally extend the theorem to general classical encounters under 
central forces between molecules subjected to an external field of force. The 
distribution function now depends on the position in the gas and wo may 
write it explicitly for a volume element dco ( « dxdy dz), 

f{%v,w,x,y,zd)doi, 

so that f {f dodos extended to a unit volume is the molecular density there. 
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We will assume that force components 3^., per unit ma^ act on the 
molecule of the rth kind, so that its equations of motion are 

Uf~Xfy etc. 

If we now consider all the molecules of the ^'th type in the element dodoi at 
Uy V, to, X, 2 /, 25 , t, we see that, apart from collisions ^ after a time dt these mole- 
cules will lie in an equal cell of the same space and velocity ranges as before 
but centred about the point 

Uy-^Xfdl, Vy-\-Yydt, Wy + Zydt, Xy-\-nydt, yy-\-Vfdiy Zy+Wydt, ti-di. 

Moreover since the motion is determinate these molecules are the only ones 
(apart from collisions) which at time t H- dt have the u, v, a;, y, 25 so specified. 
The number of such molecules is by definition 

fy{Uy -f Xy dt^.^.^Zy H' Wy dt ,t + dt) dOydoi, 

and wo have just seen that this difiers from fydOydcn only by the collision 
term. Thus proceeding to the limit dt~-^0, 



(1876) 


For general classical encounters under central forces we have 

JJI Vpdpd^do, (1876) 

where the starred velocities are given in terms of the initial velocities (and 
p and (ft) by the detailed laws derived from the central orbit. Equations 
(1876) and (1876) together form a very important integro-difforential 
equation for / which should bo satisfied for all states (not merely equi- 
librium ones) of a gas of molecules undergoing classical oncounters. It is 
known as Boltzmann's equation. 

§17*32. The equations of mean values. To derive the general form of the 
//-theorem wo must introduce the equations of mean values. I'hese equa- 
tions form the starting point for all accurate investigations of tran8x)ort 
Xjhenomona in gases, f but those lie outside the range of this monograph and 
wo shall formulate them only to lead up to the //-theorem. 

Let <liiu,Vy W,x,y,z,t) be any function of the arguments specified, such that 
all the integrals in the following arguments are absolutely convergent. 
If we multiply every term in Boltzmann’s equation for fy by <f)ydOy and 

A gonoral acooimfc in Jeans, loc. cit, olmps. vm-xiv, TJio nmiii rcconb dotailod invostlgabions 
are Ohapmnn, Phil. Tram. vol. 211, p, 433 (1011), vol. 210, p. 270 (1910), rol. 217, p. lit (1017)5 
Enskog, Jmug, Disa. Upsala (1017), Arkiv fdr Matcmalik, vol, 10, No, lo (1021), Kungl. Svenaka 
Akad. vol. 03, No, 4 (1022); J. E.' Jones, Phil. Tram. vol. 223, p. 1 (1022). i 
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integrate for all velocities of the inoleoules in any spooified volume olomont, 
we obtain 

1^, ^ jur do, + Z, J (j), do, 

= s, I III -fr/a) Vpdpdiljdo,do, , 

say. In this notation \,{^r) denotes the rate of change in tho avonigo value 
of <l>, in the given volume element for molecules of typo r prcjclucod by 
collisions with molecules of type We can ex 2 Dress the last equation more 
simply in terms of mean values if we remember that 

j fr^rd'^r ^ 

where t/f, is the mean value of tp, and N, the total number of molooulos of 
type r in the given volume element. Then 





Inserting all these expressions we obtain 


These are the equations of mean values. Putting 


(1877) 


^r"=log/r 

we obtain for the right-hand side of (1877) 

J/r[| + + S, X~2 log/, do, + S. A„(log/,), 

” ■ + (1878) 

On referring to Boltzmann’s equation. (1875), and (1876) we see that (1877) 
can be written 


J -/,/.) VpAp64do, 


^^r + Sj,Aj,(l0g/^), 
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and tlie first terms obviously vanish. The equation of mean values reduces 
here to p t 

(1879) 

which is to hold for every volume element. Written at length this becomes 

3 f 9 r 

J fr J log/, do,. 

= JlJ I log/r(/r*/e* -frfs) (1880) 

When there are sjDace variations the function li is naturally defined by 
H = S, JJ /, log/, do, doj . 

Multiplying (1880) by doj, integrating over the whole gas and summing for 
all types of molecule, we find 

= S, s, Jj IJI losMf*f* -/,/,) rpdpd<ljdo,do,dw, 

and by the usual repetitions 

= - iK JJJIJ (log/.'/.- log/.*/.*) (/./. -/.*/.*) Vpdpd^do,do,d<o. 

The last terms on the left must vanish on integration, for the integration 
includes the whole gas and therefore extends to regions in which the mole- 
cular density vanishes. In a volume element in wliioh the molecular density 

vanishes/, must also vanish and therewith J«,/, log/, do,. Wo therefore 
end by obtaining 

^ = -iS,s, JJJjJ {iogfj,-iogf*f*){fj,-f,j*)ypdpd</,do^^^^ 

(1881) 

This is the general /d-theorem and requires as before detailed balancing for 
the equilibrium state. 

§ 1 7 • 33 . The general form of MaxwelV a law for equilibrium alalea . It is no t 
without interest to complete the argument and see liow tlie laws of the most 
general equilibrium state followfrom/,/^ =/,*// and Boltzmann’s equation 
(1876) which in this case reduces to 

y u 4. y Y — 0 


,.( 1882 ) 
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Tiie form of for detailed balancing in eaoli volume element is of ooxirfio ati ll 

but so far as detailed balancing is concerned v^yjy Wq, fnno- 

tiona of a*, y, 2 . We may substitute this value of/,, in (1882) and roquij.-o tlio 
e(^uation to be satisfied for all w,., t?,, , , On ec[uating coofficienta wo liud 

dx dy dz ’ 


^ 0 , 

dx 


dy 


diOQ 

dz 




dx dy'~ dy dz 


.9«o, H o 
+ to'”®' 


1 / " 4 / Wfv VW 

Tlie &st thxee of these eijuationa require that the temporataro ftliall be 
constant throughout the assembly. The next six are tire equations whiol. 
characterize a rigid body. They specify that, tiiough tim mass motion m,w 
vary from point to point in the assembly in the equilibrium stato, the 
variation is such that the assembly moves as a rigid body, with a ooi'tain 

u^orm rotation superposed on a translation. These equations boing satis- 
ned we are left with. ® 

that^^ satisfied if X, , are derived from a potential finiotion 

v,=(v,)5e-®»M, Hv^)^ constani), 
and finally 2,.1>„ = 0. 

spaoification of the general equihbrinm state is hlioroforo 

J Jl 7 PotenHalxry With a molecular distribution f^mction 


fr ^ 1 2^^^ e~^^^^^r'Si(Ur~ii())^+nirXr)lkT ^ 


s ^7 ,a T ^ ^ '^<=^rywUre normal to tU OfadkJof v, , 

2 r ir ~ 

yield the number of collisions of! Ji ! ^ emendations to 

• Started br ZLZZ T ! f P“' 

TO?. 42, p. 481 (1927) J BotUo^Vetl /! Oriistoin and Kraniora, Zeii. /, 

Nordheiiu, Proa, Jioij. Soc, A, rol. 119 p OgO 11028?* vov* 

eo, p, ets ,1030,; 
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and the form of Boltzmann’s /f-tlioorem strictly according to quantum 
meohanios. We shall not aim at maximum generality, but merely at a 
sufficient account to show how the reformulation can be carried through. 
In unit volume of the gas there are/gdog molecules of type 2, each of which 
may be regarded as a scattering centre for an incident stream of molecules 
of type 1 approaching with relative velocity F. Quantal scattering, like 
classical, leaves the motion of the centre of mass of the pair unaffected, and 
provides a definite chance of deflecting the relative velocity through an 
angle 0 into a solid angle doi. The stream of molecules incident on each 
scattering centre has a flux density of molecules per cm.^ per sec. given by 

FAdoi. 

Quantum theory enables us to calculate explicitly, when tlio law of inter- 
action of tlie molecules is given, a target area ff{Fd) rfw, whioli for sym- 
metrical molecules depends only on V and d, such that eacli scattering centre 
deflects molecules into dm from an incident beam of unit flux density at a rate 

a{Zd)dm. 

In our problem therefore each sucli scattering centre produces a pair of 
molecules with their relative velocity F in dm at a rate 

VfidOia(}^y0)dm. 

The rate of production of such pairs [velocity components %*, Wj*; 
^ 2 *> ^ 2 *] by such collisions per cm.'’ of the gas is therefore 

fih^Oido,^VcT(J^iO)dm. (1883) 

The required formula is however not yet oomj)lote. We have taken no 
account of the statistics satisfied by the molecules so that (1883) is only 
correct if there are present in the assembly no molecules with the velocity 
components of the joroduct pair. To allow for these interferencost wo have 
to multiply (1883) by the factor 

(i±AW)(i±AWb 

taking tlie upper signs for the Einstoin-Bose and tlio lower for the Eermi- 
Birao statistics. The ^’s are such that do give the number of 

possible quantum states in the velocity ranges do^*^ so that these 
factors vanish with the lower signs when the /’s have such values tliat all 
the possible states are full. With the definition of/ here in use 

and — 

but it is unnecessary to use those actual forms. The oomplote quantum for- 
mula therefore for the number of collisions per unit volume per unit time 

t It 18 impoBsiblo to claim that tlio insoi'tlon of tho factor can bo Boon a priori to bo correct 
for tho Einstoin-lBoso atatietios. iPor tho Pormi-Dirao liowovov lb can bo Boon at onco to bo at least 
plansiblo. 


1»8M 


43 
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Tvliich convert a pair of molecules (ui^v^,Wi\u^yV^,w^) into a pair 

6y deflecting the relative velocity through an angle 0 into a 
solid angle dw is 

/i/2{l ±fi*M{l ±f^lA^) Vamdo^do^dui (1«H4.) 

Little progress can he made with this formula on the lines of § 17*2 inileaa 
the statistical interference factors can be neglected flo tliat (1883) with 
classical statistics and qiiantal interactions is suflioioiiijly aooiirato. Wlion 
(1883) may be used the equilibrium value of/^ is still of Maxwoirs hmii 
(1864). If the velocity components are expressed in terms of the com- 
ponents of the velocity of the centre of mass and the rela tive velocity so tliafc 

L' = («^i^i+’^2^2)/(Wi + m8), etc., 

the number of collisions of the specified type is 

( ilYl 77Z 

j Va(V,0} dU ... d^dm, 

(1885) 

winch differs only from (1866), generalized to unlike moloculoa, in replacing 

a cos e by aiV,d). On integrating over all velocities of tho centre of mass of 
the pan we find as before 


( TTt TTh \ ^ 

j y^m cl£c^dida>. 

(1880) 

This is the number of collisions in the gas per om.s poi- see. in wliioh tho 
hv1w!^i ‘‘*‘7 is clollootod 

the total T ® Wo find 

the total number of oolhsions at relative velocity between V and F + dK b y 




WiWa 


^TT{m^+mQ)hT) 


^ 1 ya 


(1887) 


where 


s(y)=j<7{V,e)du, 


(1888) 


J 

collision enumerated in n 884 ^ rp^m iwore important. Lno, 

Th.«.ava..S“ta“;2TJS.“vT^^^ 
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/icZoi we have to integrate (1884) with respect to do^ and dca. These collisions 
therefore contribute to dfijdt tlie term 

- ±fi*IA*) (1 ±f,*IA*) •■■( 1889 ) 

We must now account for the reverse oollisions which oroato molecules in 
the gi'oiij) fido^ , The general collisions of this typo in which a ])air of mole- 
cules with components becomes a pair 

WjjVa.Wa) by cleiiection of the relative velocity through an angle 0 into the 
solid angle doj* occur to a number 

per unit volume per unit time. In this expression it is i^oasihle to replace 
V*cr*d 0 i*do 2 *do)‘^ by Vado^do^dcv, on account of the reversibility condition, 
a fact that is most easily seen as follows by changing over to the velocity of 
the centre of mass and the relative velocity. In tliese coordinates 

do-j^do^ c=f c * ® dC * dO, * V^'^d F* dw 

and . do^do^^^OHOdaVHVdui*. 

The solid angle elements occur in this manner boc arise the element of solid 
angle doi which contaiiis the relative velocity before the rovorso collision is 


and similarly for dw*. Moreover 

F«F* c=c*, dn=dn* 

since none of those quantities are affected by the collision, The reversibility 
condition therefore reduces to a ==(7*, a relationship which expresses the 
’Herinitian character of the interaction matrix, and is therefore an im- 
mediate consoquonco of quantum raoohanics. We are now in a position to 
combine (1889) and (1800), thereby obtaining 

f =11 ±/i/A) (1 ±hlA) -/iA(i ±fx*IA*) (1 +/8*/^i/)] 

xVa{yfi)do^doy, ......(1891) 

in wliioh the integrand is expressed in terms of 'Wj, , i’l , and tlio 

direction cosines of dw. 

Lot us now restrict attention to a simple gas, bo that/j^ and /g represent 
the same distribution law, and consider the function 

//=j[AIogA-(4-l-A)log(l+AM,)]*i, (1892) 

which is the analogue of (1807). The lower signs (Fermi-Dirao statistics) can 
be included in tlio argument by clianging the sign of A-^, Then, due to 
ooUisions, f f.dl. 


43-8 
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which reduces on using (1891) to 

xV^{V,0)do^clo^cloi (IHIKJ) 

But it is equally true for a simple gas that 


dH f, 

it J'°®i 


/a 






■ > ■ • I >(1 H9*i ) 

Equations (1893) and (1894) can be combined in the form 

-/i/a(l + |^)(l + ^)] X Vamdo^do^dc. (1806) 

We can also start with 

H=j[AnogA*-{A,*+f,*)ios{i +//M4)] do,*, 
and by the same devices as in § 17-3 reach the final result) 

1 f f +A*Ml*) +A*M/) 

dt 4JJJ ^ A*f^{l+fJA,){l+AlA,) 


xVa{V,6)doj^do2doj. 

Erom (1896) it follows as before that 

dH ^ 
dt 

and therefore that equilibrium is possible if and only if 


.(1890) 


/i/a 


/i*/, 


*p * 


,(1807) 


(1 +/iMi) (1 +AMa) (1 (1 +///^i.a*) 

when the velocity components , w>i ; «2 > > ^ 2 ) Wj,* 

are connected by the conservation conditions holding in a oollision. Ife 
follows at once that the equilibrium state demands detailed balancing and 
that for a gas with no mass motion 

Inic^/fcT 

1 +/ 1 M 1 

which is equivalent to the usual formulae of Einstein-Bose or Eermi“.t)jrao 
statistics. 
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We conclude by observing that a strict analogue of Boltzmann’s 
integro- differential equation (1876) remains true in quantum ineclianios if 
the simoe-variation of the external fields of force remains so slow that the 
considerations of Darwin* apjjly, showing that the wavo-iraoket representing 
a particle undisturbed by collisions moves in nearly uniform external fields 
like a classical particle. The distribution function / therefore satisfies the 
equation 


^ ^ 5Mi Sf 1 ^ ^ 3® ^ dy 

whore the right-hand side is given by (1891). 


Ml: 

dz 



§17’4. Golliaions of the first and second Jcind.'f The next raeolianisni 
Avhich wo shall examine is that of inelastic impacts between electrons and 
atoms. It is well known that such collisions occur freely as s oon as the energy 
of the oleotron exceeds a certain minimum energy, which is that required 
to excite the atom hit from its normal stationary state to tlie next state of 
greater energy, ISIo such process can occur and preserve equilibrium unless 
it is aocompanied by a corresponding reverse process, the two together 
forming a unit mechanism. The associated process is hero a s%iperelasiiG 
collision, oallod by Klein and Rossoland a collision of the second kind. This 
balance of inelastic and superolastio collisions is of course now clearly 
understood as an oxamplo of quantal reversibility (§ 17 - 11). The analysis wo 
shall use here is i^uroly statistical; its importance was first made clear by 
Klein and Rosseland. 

Wo start as usual with a classical formulation. The frequency of occur - 
ronco of any typo of collision can always bo expressed in terms of a target 
area, whioli must bo a function solely of the atom hit and of the relative 
velocity and line of impact of the electron hitting it. This target area which 
determines the chance of a successful collision may in an individual collision 
depend on the orientation of the atom or molooule struck relative to the line 
of impact, and on other valuables. The average target is however usually all 
that matters, and is obtained by integration over all these other variables, 
which are then no longer offeotive, 

The electrons are so light that in a first treatment the volooitios of the 
atoms can be neglected compared vdth the velooities of the electrons, and 
the atoms treated as fixed (or of infinite mass). If jq is the density of the 
typo of atom or molecule under discussion, then the number of collisions per 
unit volume per unit time bot-weeii tiiese atoms and -electrons in wliioli the 

* Dai'win, Proc. Roy, Soc, A, vol. 117, p. 2B8 (1027). For a moi'o oomploto xu'oof see N'ordlioira 
anti Kikiiolii, ho, cil. 

t Klein and Kossokntl, Zeit,/, PJtysik, vol, i, i). 40 (1021). 
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line of impact lies at a distance between aiid^vl-# from tlio atoniio 

nucleus (or centre of mass of the molecule) is by (1863) 

If Si® is the probability that such a collision will excito tho atom afcrnok 

from state 1 to state 2, the number of such successful oollisioiiB is 

1^1 . 27Tpdp . Si® (p^ri) ph]) dr]. 

If we now define a function S-^ir]) by the equation 

8 x\r]) = 2 tt Sj® {p,r)) p dp, 


TV'e find that the total number of successful collisions of the first kind by 
ly-electrons per unit volume per Unit time in the equilibrium state is 



( 1800 ) 


The foregoing analysis in terms of an impact paramotci’^i is not valid ill 
quantum mechanics unless p is large compared with tho do Broglie wave 
length of the electron. When this condition is not fnlfillod wo start ns in 
§17’34 with an incident stream of electrons of flux density ix(r)) dr] 

electrons per imit area per unit time impinging on centres oaoh of which 
possesses a total target area 81 ^( 7 ]) for excitation from state 1 to state 2, 
The result (1899) remains unaffected, 

This expression is only relevant when whore is tho extra on orgy 

of the atom in state 2 over that in state 1 . When > Si^r]) e= 0. 

By the general discussion of § 17*1 the reverse process can only bo 0110 
which oooiirs with a frequency proportional to and to tho olootron doiiaity . 
It must therefore be some sort of collision. It is hardly possible to supj)oao 
that any other sort of collision can be concernod except those whioli. aro 
the direct reverse of the inelastic impacts. These arc collisions in wliioh an 
■j^'clectron interacts with an excited atom and removes its suporfluoiiB 
energy , leaving it in its normal state. The energy I'enioved is oai'riod off by 
the electron as extra kinetic energy of translation, so that tho oolllsion anay 
be termed superelastic. The total number of sucoessfulsuporolastio collisions 
by 7?-eleotrons per unit volume per second can be written 


^AHv) Kv)dv, ( 1000 ) 

where pg IS the density ofthe atoms in tho state 2. It is possible that > 0 

for any value of 1?. 

It must be noted that jS'i®(ij) and ^2^(1^) have a purely atomic signifioanoo j 
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they may Tbo called the mean elToctive target areas of the atom for -elec- 
trons. It is important to observe that these areas by definition cannot 
depend on any statistical parameter such as temperature or density.* 

By oonsidoring the conditions for the preservation of the /^(7^)da'\v for 
the velocity distribution of the electrons a fundamental relation can be 
established between and SzH't)). The concentrations and are 

oonneoted by the relation (see ( 197 )) 

( 1901 ) 

The number -electrons destroyed by inelastic collisions is 

0 (’?<^ 13 )' 

The number of '>7-oleotrons created by inelastic collisions is 

+ ^la) } I^iv + Vi2)dy} (i?>0). 

The number of -electrons destroyed by sui)er elastic collisions is 

{^i'n)dv (i?>0). 

The number of T^-eleotrons created by suporolastic collisions is 

0 iv<Viz)' 

Butting in the equilibrium values of ii{y)) and vjv^ avo see at once that the 
action Avill balance and leave the equilibrium undisturbed if and only if 

where -1-^13) ^V(l?^’%a)■-■Wa^'S'2H^)] (ij>0), 

s=0 (^<0)> 

and a is a constant. But by a stop by stop argument this condition can be 
shoAvn only to be satisfied if ^ 

i/V(^):-0 (allr)). 

Hence 071(17 -I- r)i2)^Av “!* W = ( 1902 ) 

This is Klein and Rossoland’s result. It guarantees the preservation of the 

* IIj should of oom'so bo romomborocl that if wo oxporiinont with dirootod olootron stroams and 
atoms oriontatod by magnotio Holds (o.g, Skiniior and Appleyarcl, Pfoo. Poy. ^'oc. A, vol, 117, 
p. 22'1 (1027)) tho target areas for a given switch may well bo difforont fi'om those for iinorlontatcd 
collisions, It is obvious tliat tills Is in no way oontradiotory to tho stateinonts in tho text, 
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efiuilibrium (distribution law of ©iGctron volooitios for all f • ‘lb also 
guarantees tlie preservation of the clistribution law of atomic states ( 1 DO l ). 
For the rate of destruction of atoms in state 1 by this nioolianism is 

and the rate of creation 

These rates will balance when 


f C’? + ’? 12 ) 2 ) dr) = xn 2 rjS2Hr))e dr) (100 iJ) 

Jo Jo 


wliioh is satisfied for all values of T in virtue of (1902), 

It should be observed in passing that conversely (1002) can bo decliicod 
directly from the fact that (1903) must hold for all T, Fciiiation (10011) ia 
of the general form 


f{r))e~vl!^'-^dr)^0 {all T), (100‘J) 


and there exists the following 

Lemma. Iff(r}) is a continuous function of r) for r)^0 and satisfies the general 
conditions of Fourier^ s integral theorem^ and if 


1 ^/( 7 /) = 0 {allT), 

then /(^)*0 (7;>0). 

This lemma is a direct corollary of Fourier’s integral theoroni, Thoro m 
no physical reason to question the aj)plioability of the ooiiditiona of the 
lemma to the function /( t;) derived from the atomic target areas in (1003). 

The relation (1902) just obtained on the hypothesis of the preservation of 
the equilibrium state can be obtained at once on the hypothesis of detailed 
balancing by equating (1899), with r) replaced by ^ + 7/12, to (1000). Thus for 
this simple mechanism of interaction between electrons and atoms with only 
two stationary states the hypotheses of preservation and detailed balanoing 
are again equivalent. 

One might expect to be able to deduce from the preservation hypothoflie 
t at a relation of the form (1902) holds for the frequencies of every possible 
switch by collision in an atom with n levels. It appears however that 
no such deduction can be drawn. An atom with w possible levels has 
^ohani ^ switches, all of wliich we must regard as forming a single 

A detailed presentation of the case m = 3 is instruotivo. There are throe 
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switches (to and fro) to consider. Sufficiently slow'rj-QlQGtvom are created only 
by collisions of the first land at a rate 

+ ^ 12 ) ■ 1 + In) dr) 

+ + Kv + Vn)dv 

+ ( 1905 ) 

They are destroyed only by collisions of the second Jcind at a rate 

{P 2 S 2 HV) + -s-SsH’)) + vMv)) (^)V(’/) dv (1800) 

I’he condition for the preservation of the equilibrium state can be written 

{all T), (1907) 

an equation valid only Avhoii r) is less than the least of r )^^ , and r )^^ . When 
7) is unrestricted the first terms in (1906) and (1906) continue to give the 
numbers of -electrons created by the switch 1 -> 2 and destroyed by the 
switch 2-> 1. There are now in addition 

ix{r))d7) 

»^-olootrons destroyed by the switch 1 2 and 

->^-0160^0118 created by the switch 2-»l. There are similar terms for the 
other two switches. The complete form of (1907) is therefore 

-< {P-f{r) - 7?ia) + PiKr) - 4- ~ Fz^irf - T^gg)} 

H-6-Wfta'{j!i\8(i^)+7?’23(,y)} = 0 {all r)). (1908) 

This is equivalent to the three equations. 

JfWr) - 7;i 3) -b Fi^{r) - « 0, 

mv) 

dl'i^ir)) '■hPM =9, 

of which only two are iiidopendenb. They reduce to 

- riJ = - - %!.) (1888) 

We can infer that equation (1902), Ff{'q)=:0, still holds for r) < 7 ) but we 
can infer nothing more as to the vanishing of tlio F*h, The assumption of only 
two stationary states is equivalent to making ^/ga iuflnito. If we were to 
exclude all switches by collision of typos 2->3 and 3->2, then 
and we oan infer that F^^r )) » 0 and F-^\ri)~0 for all t). This would be the 
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expected generalization of (1902). But it can only Be made when By some 
’means or other we can rule out the possibility of tho oyolio process 1-^2, 
2->3, 3^1. Such processes seem quite natural,* and are not inoompatiblo 
with the hypothesis of preservation. In actual fact all the Ps must vanish 
and detailed Balancing must hold to satisfy the reversibility requirements 
of quantum mechanics. 

It remains to determine the conditions under which the distribution of 
atoms between the three states is preserved. For state 1 this can be written 

j J ” q-vUCt ^ ^ q, 

and finally reduced to the form 

(““j") 

Condition (1910) is equivalent to one of the equations (1909) and gives us 
nothing new. In the same way for states 2 and 3 we get 

(allT), 

= 0 (all T), 

which are also equivalent to components of (1909), Equations (1909) are 
therefore necessary and sufficient for the preservation of the equilibrium 
state. In the general case we shall obtain on the preservation hypo- 
thesis just n—l necessary and sufficient relations between 
functions P. 

§ 17*4)1. Inelasiio and super elastic collisions between heavy systems. Owing 
to the small mass and high average velocity of the electron comxaoi’ed with 
an atom it was legitimate to ignore the momentum of the electron and the 
velocity of the atom in the preceding section . When both interacting systems 
are of comparable mass the calculations must be revised. The action must 
now depend only on tho relative velocity F of the interacting systems. 
There are now obviously two sorts of interaction possible — {a) An atom of 
type 1 may play the part of an electron and excite an atom of type 0 with 
expenditure of energy i'r}o)i^ . {b) An excited atom of type I may excite an 
atom of type 0 with the expenditure of its energy of excitation returning 
itself to its normal state. Such a collision may be either inelastic or super- 
elastic according as energy is taken up from or surrendered to the relative 
motion of the systems. 

* Id all atODis this particular oyolo might bo ruled out by aoleotlon rules, but other cycles siioli 
as 1 -»■ 2, 2 3, 3 ^ 4, 4 “>• 1 will always be possible. 



17 ‘ 41 ] Excitation Collisions between Heavy /Systems 683 

Case {a). Ordinary inelastic collisions between heavy systems > If we replace 
the TTo-jg^ of ( 1806) by the more general Si^r}) for the olfeotive target area for 
excitation j then the number of successful collisions per unit volume per 
second will be j m / , ^ a* 

S 2( (1011) ■ 

{kT)i X^TrmamJ I I '■n I '■ i 

We use to denote the concentration of systems 0 in state 1 . We recall that 


...A 

the kinetio energy of the relative motion, 'llhis is the number of collisions 
tier unit volume which destroy members' of create members of 
destroy pairs of moleoules of relative velocity V and create otlier pairs for 
whioli the energy of the relative motion is 

= ( 1012 ) 

and the relative velocity 

moWJ-i ’ 

Tlie number of reverse processes creating out of by collisions Avitli 
relative energy -t}' will be 

dv' ( 1913 ) 

27r«loWi/ ^ 

On the hypothesis of detailed balancing if rj and rj' are connected by (1912) 
the expressions (1011) and (1913) must bo equal. This gives on reduotion 

’^la) + ^la) = (1 9M) 

which is (naturally) the same relation as (1902). Here again if there are only 
two states of the system of typo 0 concerned and no other complications it 
can bo shown that, since S may not depend on (1914) is necessary and 
sulhoiont on the hypothesis of preservation only. Relations similar to ( 1 914) 
may bo expected to hold when the systems of typo 0 have a number of 
stationary states. 

We observe finally that 

(1916) 

that is Avhen the energy of the motion relative to tho centre of gravity is less 
than If momentum as Avell as energy is to be conserved, it is of course 
only tho energy of this relative motion which is available fOr excitation. It 
is moreover easy to see that simple conditions for the preservation of the 
laws of equilibrium are impossible imleas they conserve momentum as well 
as energy. 


{JcT)^' 
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Case (6). Transference of excitation, Thia case is voiy similar, bufc tlio 
dii'ect and reverse processes are now praotically ideutical. W o Htat’fc Avifcli the 
system of type 0 normal and the system of typo 1 oxcifcotl and 

end with the system of type 0 excited and typo 1 normal and 

conversely. The equation of relative energy is now 

= + (H)it)) 

and the condition of detailed balancing as before 

(rao)i (®^i)2 = (^ 0)2 (wi)i ( .1 » 1 7 ) 

subject to (1916). One or other of the j8’s will bo zero for a range of rolativo 
energies less than a definite limit depending on the relative sizes of 

(’idia • As before these relations follow from the iirosorvation by potboHiB 
only, if there are no added oomplications. 


§17*5. Practical applkaiions of the theory of inelastic collisions, »Sonm 
direct consequences of the hypotheses of preservation and detailed balatudi ig 
liave been developed in the foregoing sections. Quantitative aiiiiJicatioim 
requme exact knoivledge of one of a pair of /S’s or target areas, bu t tho inorcs 
qualitative Icnowledge that one 8 is not zero implies that tho othox' 8 i« n Iho 
different from zero, and this leads to the recognition of tlio oxistonco of 
processes which might otherwise liave been overlooked. Xu tlio haadH of 
Fmiok and others the theory, mainly used qualitatively, has boon of ilmt- 
class importance in the interpretation of a variety of phonoinona, soino of 
which we shalbinention briefly. 

The most striking of such qualitative oonfimiations of tJio thoory is 
o '* of Cario» on the excitation of epeoial linos in thospoo tm 

^yiliominating amixturo of tho vapours of tiioroiiry 
an allium or silver with the resonance radiation (A 2630) of moroury. 1 1 

thallium or silvor linos woro 

mixed vanourlnrltl, ^ moroury atoms wore present in tho 

as a coZr’n oof r "‘“y fogarclod 

a compiete proof of the process (i) of excitation disonesod in ? 1 7%1 Tt 

of momentum in the nroc ^ general way the laws of conservation 

the forsomeeuergyiBloftovorwhou 

relative kinetic energy and ^ increasing tlio 

both atoms. These studies of I' actual Idnotio energy of 

atoms such as Cd, Na, In, Sb and As!''”' extended to other 

(1923)1 ^onX'zeZ^.n,J^l /• nysih. vol, 17, p. 208 



17 * 6 ] Effects of Inelastic Collisions 685 

In addition to this it has been shown by Franck, and Cario and Franck, in 
other impors that excited mercury atoms can probably dissociate Hg . These 
authors have also accounted for many of the effects of pressure, in particular 
the effects of foreign inert gases on the resonance sjjeotra of mercury, sodium 
and the iodine molecule. The strength of the resonance radiation omitted in 
these gases is greatly reduced by too high a pressure or by tlie presence of an 
inert gas. The energy of excitation is used up in sui)orola8tio oollisions instead 
of in re -emission of the resonance line. The same autliors have also given a 
theory of the red sensitization of photographic plates by a red-absorbent 
dye. All these plienoinena are intimately connected with the foregoing 
prinoij)los.* The same ideas are of importance in a discussion of the 
mechanism of excitation underlying so-called unimoleoular gas reactions. 

§ 17*6. The p'ocess of ionization by electronic impacts. We shall again 
start with lixod atoms, equivalent to atoms of infinite mass. We know that 
processes exist in which an -jy -electron (or a-partiole) can knock another 
electron out of an atom provided that 'r}>y)Q, where is the energy necessary 
to remove this electron. This process of ionization oan certainly occur when 
7) only just exceeds rjo, so that the process oan occur without the emission 
of any radiation, nor need radiation be absorbed. The rest of the energy 
rj—rjQ oan be distributed in any manner between the two electrons after the 
collision. Coupled with this process of ionization there must be some process 
of capture which for all values of the temperature and concentrations will 
l)rosGrvo the laws of dissociative equilibrium, The only x)ossiblB process of 
capture is, after §17'1, a collision of three bodies, two electrons and one 
ionized atom in which the two electrons so interact that one of them is 
bound by the atom and the other is thrown ofE with the kinetic energy of 
both before collision and the ionization energy tjq thrown in. If the super- 
fluous energy is not to bo radiated it oan only be carried off by at least one 
other material body 1 

We again start classically. The number of impacts by -electrons on atoms 
with their line of impact botweenp and dp is given by { 1 898) . Lot us suppose 
that the only possible result (other than trivial elastic collisions) is ionization 
(provided > '>7o)> which there will be two free electrons, a new 
eleotron and the old one, now an {rf-rjQ-Q'Olooivon. It is necessary that 
Let be the probability that such an encounter 

gives rise to a new electron. If we introduce the function 

= ( 1818 ) 

* Franck, 2ci7,/. Physik, vol. 0, p. 260 (1022); Franck and Oairo, Zeit. /. Physik, vol. II, p. 101 
( 1022 ). 
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then we And that the total number of suoh collisions is 

( 1010 ) 

The total rate of production of ions in this way must bo obtained by inte- 
grating with respect to I from 0 to 77 — , and tlien with respoot to rj from 
to infinity. There is a simple physical meaning for 


It is the mean effective collision area for ionization by T^-electrons. Eq^uation 
(1919) obviously continues to hold in quantum mechanics when we can 
distinguish between the incident and ejected jjarticle, 

The reverse three-body process oan be similarlji- formulated. Consider 
fii'st of all an ionized atom in process of being hit by a ^-electron on a line 
of impact between and Pj dp ^ . There are 


fxiDdl 


of these ocourreiioes per unit volume per second. The other electron is to 
enter into collision on a path on wliich (if undisturbed) it would reach its 
apse at a time between t and r-fdr seconds after the first electron reached 
its apse. With every collision with a ^-electron there is therefore associated 
a volume j 

im) 


in which a ^-electron may lie, whose passage through its apse on a pg-line 
of impact would occur in the specified interval. The number of ^-electrons 
in suoh a volume is /ot\\ 

dT.27rpadp2.|~j 




The number of three-body collisions in which ^-electrons and ^-electrons 
onpj- andp2'^i^6s of impact and time difference r are concerned is therefore 

(1920) 

Tins number has been so specified that it disregards the relative directions 
of the line of impact of the electrons and the atomic orientation. Averaged 
over all suoh directions and orientations there will he a certain definite 
probability , ' 
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that any one of these collisions 'vvill lead to a successful interaction in which 
the ^-electron is bound and the ^-electron thrown off as a + 
electron. Writing 

Jo Jo J -00 


which will then bo a purely atomic function of dimensions [Z]** [7’], wo can 
express the number of successful triple collisions in which a ^electron is 
bound by the interaction of a ^-electron in the form 

( 1 » 22 ) 


These collisions each create a neutral atom and a (^-F- 1 “l-'>?o)'GlGotron at the 
expense of an ion, a ^-electron and a ^-electron. Equation (1922) continues 
to hold in quantum mechanics when we can distinguish between the 
l)artiole bound and the imrtiole rejected in the collision. 

The appropriate law of dissociative equilibrium is, after (470) and (1643), 


Pi Wi 


(1923) 


If the suggested prooo,sso8 form a possible mechanism they must preserve 
(1923) subject only to a purely atomic relation between which 

turns out to be very simple. On the hypothesis of detailed balancing wo 
must equate at once, subject to (1923), the numbers (1919) and (1922), with 
the proper relation between rjy ^ and lliis means that wo must wite 
^0^' V (1919) and identify the ^’s in the two expressions. We 
then And after a simple reduction that the relation between md 
must be 

(i)o + J + f)W% + M-C = ^^-“fW(W) ..,(1924) 

“ 0 {'ri<r)Q-hO. 

It is however not without intorest to see onoo again how far one can get on 
the simple preservation hypothesis, supposing that this inoooss of ionization 
is the only process of tlio typo that is acting. 

Consider first the preservation of the olootron distribution law for 
^“Oleotroiis, S < '>?o • process of ionization now ^-electrons are produced 

by 7^ -electrons at the rate (1919) and the old -electrons aro converted to 
t-elootrons when these now ones are (t^-tjo- £)- eleotrons. The combined 
rate of production of ^-electrons in ionization by t; - electrons is therefore 

+ (7?>^o + Oi 
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and otherwise zero. The total rate of creation of ^-electrons is tliereforo 




('OO 




per unit volume by the ionization process. This holds for all but when 
^ < rjQ there is no destruction of ^-electrons by this process. 

Taldngnow the capture process wo see at once that it creates no ^-eleotrons 
{^<Vq)> resulting free electron has always an energy greater than . 
It destroys each time both a and a ^-electron. The number, of ^-electrons 
destroyed by binding (^-type) is therefore 






The corresponding number destroyed by conversion into fast electrons 
(l-typo) is / 2 r\i r®°/2^\'^ 

(il) 

The total rate of destruction of ^-electrons pier unit volume is therefore 

+ ...(1820) 

for all values of I, For preservation of the distribution laws for S <'»?o 
must therefore equate (1926) and (1926). When we use the la^vs of the 
equilibrium state the resulting equation reduces to 

f " + ? + a) S + *) + + £ + «)} d<^ 

1 (I'TrtTJ'TTJ C ^ 

Jo + (S<.,o) (1927) 

This holds for all T, and it follows at once from the Lemma that we must have 
Wo + ^ + (x) + ^ + <x) + S]f{oi,7)Q + ^ + <x)} 

= i^-“4{-SoV?,«)+SoM«,D} (1028) 

for aU « and all ^ . 

It is necessary in addition that the rates of production and destruction 
of atomic ions should balance. The condition is easily obtained. It is 

which reduces with the aid of the lemma, and the laws of the equilibrium 
state, to 

-{)<«? (alU). 

(1930) 


Wo.+ «) 


0 
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This condition however is not entirely new. For if Ave Avrite a — ^ for a in 
(1928) that equation becomes 


iVo + a) H- «) + + «)} 

IGttWzDo V/ 

Wi/r 




If both sides of this equation are integrated with respect to ^ from 0 to «, 
it reduces to (1930), which will therefore bo satisfied in virtue of (1928) 
when (1928) has been established for unlimited 
It remains to consider the electron balance for ^> r } Q . Fxiwessions (1925) 
and (1926) still give the rates of creation by ionization and destruction by 
capture. There is now in addition a destruction of ^-electrons by ionization 
at a rate joyKi p?- 

■(i "‘"“I 


-1?0 






(1931) 


equal of course to the rate of formation of ions by ^-oleotrons. There is also 
creation by capture. TIio first argument of refers to the electron 

that is bound. I?h6 energy of the electron loft free on binding an oc-oleotron 
in interplay with a ^-electron is ^ + If tliorelbro + wo 

have to sum over all triple oncountei’s of tho typo 

and shall so find that ^-electrons are oroated at a rate 

t^) Vo) ~ - Vo) < > .(1 Q32) 

Tho electron balance equation now contains four terms, and equates (1926) 
plus (1932) to (1926) plus (1931). But on account of (1930) tho extra terms 
(1931) and (1932) balance by thomsolvos. For they will so balance if 

which is (1930). 

The hypotliosis of preservation therefore demands only tho necessary 
and auffioient condition* (1928) for all a and Cl the hypothesis of detailed 
balancing requires tho somewhat more restrictive (1024). But we have 
carried through the analysis quasi-olassically to this extent that we have 
all tho time assumed that the two particles (electrons) concerned are dis- 
tinguishable, WJien the two particles are both olootrons, whioJi is the case 
here discussed, this is not correct, and tire necessity for using antisym- 
metrioal wave-functions in the interaction calculation brings in all the effects 

* Tliis roflulfc AV(W flrafc given completely oorrootly by B, Boolcor, Zcil,f, Physih, vol. 18, p. 326 
(1028), oq. (84). ' 


FSM 


44 
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of electron exchanges. It is impossible to propose anyformula such as (1910) 
for the number of collisions in which an incident rj -electron knocks a 
eleotron out of an atom and itself becomes an ( 7 ^ — 7^0 — ^)-oleotron. Wo can 
only j)ropose a formula for the number of collisions in which an 77 -electron 
is incident on an atom and and — — ^)-eleotrons oinorgo. If we change 

the notation and consider collisions in which an (770 + a + -electron pro- 
duces t,- and a-eleotrons, then the number of such collisions could be written 

+ « + ^) + « + « + SA^-.ri, + « + S)] dS. 

the terms in [ ] having no separate meaning. In the same way it is not 
possible to distinguish in recombination collisions between the bound and 
rejected electron, and only the expression {iS' 2 ^(^,cc) + ^ 2 ^(a, 0 ] retains a 
meaning. When allowance is made tliorefore for the indistinguishability of 
the electrons, we shall arrive at (1928) on the basis either of detailed, 
balancing or of preservation. The really correct form of the relationship 
between the target areas for ionization and recombination is obtained by 
casting (1928) into the form 

(Vo + t + «) Sr(L>?0 + ? + «) = «£ S,1(S,«) i (1933) 

Sj2 is the target area for ionization by an (t/q -f ^ 4- a)-electron with the pro- 
duction of a pair of a- and ^-electrons; is the “ target ” for recombination 
under simultaneous bombardment by uniform isotropic streams of a- and 
^-electrons, 

After these illustrations wo shall confine further analysis to the hyi)o- 
thesis of detailed balancing, since we know that this condition is in fact 
fulfilled. The examples given suffice to show that detailed balancing is not 
a necessary consequence merely of the existence of an equilibrium state. 

§ 17*61 . Ap2)roximate form of the target areas and 77 ) . Vain es 

of /Sfi^(^, 77 ) and iSa^(^, 77 ) can in principle be derived directly from quantum 
mechanics, and many such calculations have in fact been made, It is 
however very difficult to make such calculations except to rough approxi- 
mations, andseldomthat theresults can be cast into a closed analytical form. 
It is therefore perhaps still worth while to put on record the result of the 
classical theory of Thomson* and Bolirf for and the derived result 

for jS'a^(^, 77 ) ; the classical theory is in fair accord with the observations on the 
ionization produced by jS-rays, and with /?-ray ranges. 

If for the moment p denotes the distance of the line of impact of the 

* J. J, Thomson, Phil. Mag. vol. 23, p. 449 (1912). 

t Bohr, Phil. Mag, vol. 24, p. 10 (1913), vol. 30, p. 1581 (1915). 
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■j?-olectroii from the electron, whicli is to be knocked out of the atom and 
become a ^-electron, there is (classically) a precise relation between this 
^3 and I, namely* e'W n \ 




il 


.(1936) 


This is the oiTective target area of the present theory for eacli electron 
of ionization i)otential ■>;(,. In the notation of the preceding section 
(p,^,7/)d^ = X for this area and is otherwise zero. Thus 



for each electron. For the j)rocess of caiatiire we deduce 

Wxlv^ 1 TfA 




IGimw^oc,^ 


.(1937) 


Tins makes the moan effective ‘'time-(area)2” for capture tend to infinity as 
a->0 or ^“>0. This means that very slow electrons are very good at being 
caught or at helloing the capture of others. 


§17*7. General frequency relations for 2- and ^-body e^icounters leading to 
dissociation and recombination. Wo .shall now reformulate the results of the 
preceding few sections accurately for bodies of comparable masses. We have 
already sulliciontly analysed a 2 -body encounter; wo have now to extend 
this analysis to 3-body encounters. 

The nature of any encounter can only boa function of the relative motion 
of the sy atoms, and the motion of the centre of gravity of the systems ivill 
bo unaltered by any interaction in which momentum is conserved, h’or an 
encounter of 3-bodio8 wo therefore write 


(?% + + niz) U ~ MqUq -f- Wj WjL + ’^^2 ^2 

^2 ”^2 ~ '*^0 


}, etc, 


(1938) 


Those equations can be solved at once for Uq, , u^, and wo find 


9(U>^n^2) 


(1939) 


niQUff + m^u^ -I- = (mq -h nii -f- mf) U ^ 



1 

Wo+% f mg 


{mi(m(, -f mg) 2mim2^i^a + ma(mo -f- mj 

(1940) 


* Soo, for oxamplo, R. H. Fowlor, Proc. Canib, Phil, Soc. vol. 21, p. B21 (1023). 

44-2 
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We shall use similar equations for the other ooinpononts, and 0 for tho angW 

between Fi, and 1^, (^ 2 >’; 2 )^z)* ‘ , n m » •» 

Now the number of triple combinations in whiolisystoniH of tyi)OH 0, h 

masses m, and velocity components «a> 

taneously in volume elements du>Q, c/coj, is by tho usual lorinulu. 


VqV 


(HM I) 

'■ ' (27Tj!!r)' 


where 


7j = + Wi^) “I- ^^ 2 '^ “h Wg’*). 

Using the substitutions of the preceding paragraph this reduces to 

_[ ^ [Wi(flio + ^ 2 ) oos d 

W() + Wx + 7)12 

■^m2{7riQ + mf)V^'^^d(jii^do3idio2dU ... •••••.(lihlS) 


General 3-body collisions may be classified according to tho iiosifcion <»f 
the lines of impact of bodies 1 and 2 on body 0 (asymptotes of orbitB) niul 
the time interval between the instants at which the undisturbed rolativo 
orbits of (1,0) and (2,0) would bring these pairs closest together. O.'o obtain 
the number of triple collisions per unit volume per unit time in which the 
lines of impact of 1 and 2 on 0 lie between px. and ;Pi + V'i, .iPb d” 

with a time interval between r and r -f dr wo take 


rZwo == 1 , do}x = dpiYx , = ^'np2 ( 1 Od 3 ) 

We next change (1942) into spherical polar coordinates for tho rolativo 
velocities, using the direction of fx as the polar axis from which to sxiocify 
the angles defining the direction of Then 

dfi . . . dl 2 = Fx^dFx sin xfi sin ( 1 Odd) 

We are only interested in the relative configurations of tho orbits, siiooifiod 
hy p 2 > T, 1^, 1^, and 0. The other variables may bo eliminated by iuto- 
gration. We then find that the number of oollisions so spooiflocL is 

87rVn^',v + Wx + Wg)}^ 

® 

X expf - ”^ 1 (^ 0 + Wg) Fx^ - ^mxWgFxFa 00 s 0 + ^^(mo -h m^) 

L 2(mo + mx -f hT """J 

X ^7rpxdpx^iTp^d^^drVx%HmddVxdV2de, (1045) 
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The process of capture is a triple encounter of this type resulting in a 
radiationless union of the bodies 0 and 2. The relative motion of (0,2) and 
1 is to take off the superfluous energy, If ^i) is the probability 

of this event, and 

= [ i*! f lh\ '^z^d2>^dx>^dr, (1046) 

,/ 0 Jo J ^00 


then the rate of captures per unit volume of the (T-gj^J-i) typo is 

{momiuig/ (mo + m^ + mg)}^ 


Stt^i^o rg 


(27r/<jTy 


(1947) 


In this formula y is the energy of the relative motion before the event, which 
is given explicitly in [ ] in (1946). The energy of the relative motion of the 
2-body system (0,2) and 1 after the event is where rjo is the energy of 
dissociation of (0,2). 

By analogy with (1801) the number of 2-body collisions of type (p,F) 
between (0,2) and 1 per unit volume per second is 


iTrr, 


02 n 


(?W(j+?ng)?ni 


2TThT{m^ -h 7111 + ^^ 2 ) 


I exp • 




?ni(mo + mg)P t 

(1948) 


The suffix 02 refers to the body (0,2). These collisions are effeotive if they 
result in the dissociation of (0,2) into 0 and 2. There are then three bodies 
moving with certain relative volooities and the type of collision depends 
on the distribution of tlio available energy. Let 


F.Bin (1949) 

be the probability that a body 1 with relative velocity V will so break up 
(0,2) tliat 2 is thrown off with velocity between and 1^ relative to 0, 
and in such a dirootion that the angle between and the yelocity 1^ of the 
body 1 relative to the body 0 after collision lies between 0 and Q-hdO. If Tg 
and 0 are arbitrarily spooified, then 7^ is determined by tho conservation of 
energy, which is 

1 ffll(WQ-l-fflg) 

I mi(mo 4- mg) - 2mpnaF/a cos d + Wg ( wq + m^) Fg^ . . 

'^'^■^2 Wo+mi-l-mg ^ '' 




(1961) 


Wo now write as usual 
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The number of dissociations of type (T^,i9,F) per unit volume per unit time 
is therefore 


^\2TThT{mQ‘\-m^-¥mf)) rriQ + m^ ^ ^ 

xnf - %K + Wa)F^ 1 

^ L 2(Wo + Wi + ?W2}/53TJ 


X exp 


VW.BindclVdV.dd (1952) 


Let us now assume that there is detailed balanoing. Then we must assort 
here that if the F’s are related by (1950) the expressions (1962) and (194.7) 
must be equal. The resulting relation between and refers only to tho 
process (0,2) 0 + 2, each body being in a unique internal state before and 

after the interaction. To see that the process preserves the equilibrium laws 
with a purely atomic relation between and we must consider tlio 
equilibrium laws for just such a reaction. For bodies with more than one 
internal state, including in this strictly speaking both internal oscillations 
and rotations, the equilibria of the separate states must be discussed with 
separate coefficients 8. For the bodies here considered the law of dissooiativo 
equilibrium, after (479), takes the form 


^02 


A* &l!^E!^errhltT 
(Wo + mJ ^03 


.(1963) 


Inserting this value of VqVzIvq^ in the equation balancing (1962) and (1947) 
we find 

(1964) 

\Wq i* «Jo2 

On differentiating (1960) we find 


FdF=FidFi^l- 

and, using this in (1964),' 


mo 


Wo + mgFx 


Scos^j, 


(1966) 


F^MKAF) 1 


Wa 




V 

tIoos 6 


= I y (1966) 


An important special process of this type is ionization y in which m^, is 
negligibly small compared with In that case when the body 1 is of 
atomic (not electronic) mass classical dynamics requires that < 2F, while 
and F are only slightly different. Thus V^jV^ is of the order unity at most, 
^2 = 2 and the { } reduces to unity. Thus (1966) becomes with sufficient 
accuracy 


V‘8‘{YJ,Y) = Y.Wi^SMm, 

WQ^fl 


(1967) 
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with the energy relation 






1 Wo^i 


(1968) 


2?no-l-Wi 2?)2 .o + Wi 

Tlieso equations are the result of ignoring the momentum of tlio electron in 
the equations of conservation. 

Now that 0 no longer appears explicitly in (1967) and (1968), it is possible 
and often convenient to reformulate these relations more in accord with the 
relations of the earlier sections, where both the bodies 1 and 2 were electrons. 
We recall that is the fraction of all 

collisions tliat result in capture. The derived function is the 

“target" ([X]'^[T]) for (I^,0,Ti) -collisions to bo successful, and so leads to 
the mimber of successful (T'g,^,!'^) -collisions when these are distributed at 
random in , p^, and t . If mean value of this with respect 

to 0, so that 1 {>TT 

^ 2 '*aiFi) = ^ ^ai(Ti0,Fi) sin OdQ, (1969) 

then is the “target" for successful (T'|[,T^)-collisions distributed 

at random in Pa> 'r fi’Wd 0, 

In a similar way ^^{])y^iOy)my^B\nOdV 2 dO i.s that fraction of (p,F)" 
collisions which result in (T^,0,Fi) -relative motions after causing dissociation. 

V) WgFa sin Od]^dQ 

is the [L]^ target for F-collisions distributed at random in p to have the 
result specified. If finally 

r-SAFa.O.TOsinfldO, (1000) 


then is the target for F-oollisions dtstributed at random inp to 

have (Ia,Fi) relative velocities after dissociation. The complete ionization 
target for F-oollisions distributed at random in jp is 

(1901) 

The relation between and Sy must be 

FWj«*(Fj,F) = ~2^ViV,'i^'ai*(F2.7j) ,...,.(1962) 

with the energy relation (1968). Expressed in terms of energy (1962) is 
identical with the formula (1924) for electron impact. It is easy to see that 
all the formulae of this paragraph which contain (S’s but not S’s retain 
their validity in quantum mechanics. 

It is beyond the range of this monograph to discuss the detailed forms of 
these target areas. 
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§ 17*71 . The laws of detailed balancing for general collmons. It ia jDorhapa 
wortli while in oonclnsion to consider a very general formulation of the Jawa 
of detailed balancing for collisions given by Dirac,* which brings out the 
main features better than the discussion of § 17*7. 

We start by observing tliat in its ordinary form Maxwell’s law for the 
densitj'^-in-velooity or density-iii-m omentum of systems por unit volume 
is invariant for a transformation from any set of axes to another moving 
relatively to the former with constant velocity. For relative to the old axes 
the denaity-in-momentum is 

and if the transformation is Pj' ” 3 ?i + S, then relative to the second set the 
density “in -momentum is 

which is unaltered (/=/’). 

We then consider a general encounter between n material systems in 
which the rth system has initially a momentum in a region {dpi^p^dpf^fi 
and in which as a result of the encounter n' material systems leave the 
scene of action, the rth having a momentum in a region {d'pfd/pfd'pf)^. 
A material system may be of course any molecule, atom, or ion in any 
specified stationary state, or a free electron, but not here a quantum of 
radiation. The n' systems must have the same material constituents, but 
recombined in any manner whatever. The velocity of the centre of gravity 
of the systems both before and after is C. We then transform to a frame of 
reference in which the centre of gravity is at rest, and use a zero suffix to 
distinguish quantities measured in this frame, which wo call the normal 
frame. If we assume for the present that the momenta before and after 
the enoounter are all independent, the number of such encounters per unit 
volume per second will be of the form 

{dpfdpfdpfl, (1963) 

1 Jo 1 

where is an atomic probability ooefifioient which must be independent of 
T and C and depend only on the momenta of the systems in the normal 
frame of reference both before and after the enoounter. It is unnecessary 
here, to analyse ^ further. It must be supposed to contain the velocity 
factors for the speeds with which the various systems approach the scene 
of action. In the same way the corresponding number of reverse encounters is 

Iifr'{dg)fd:p^'dpf\ 

1 

* Dirao, P/‘oc, Jtoy, Soc, A, vol. 100, p, 681 (1024), 



“1 " 

Jo 1 




(1964) 
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By the principle of detailed balancing "we may eq^uate those two expressions, 
andobtain (1085) 

Oiir provisional assumption that all the inomonta are indopendont is not 
true. There are at least sovon relations (energy, and zero momenta in the 
normal frame before and after the encounter), and there may be more in 
special oases. We can allow for this most simidy by in airing </> and tj)* zero 
except when tliese necessary conditions are fulfilled. There will then bo fewer 
difierentials in (1903), but on account of the complete reversibility the same 
difierontials will drop out of (196d;), and (1066) will remain generally true. 
If we now transform baolt to tlio frame in which the whole assembly is at 
rest, owing to the invariant property of MaxwelTs law, wo find the general 
collision relation hh:.t,A=fxft ■ (1080) 

Now if are the partition functions for the iiitornal energies of 

the oorrosp ending systems, and bhoh' total concentrations, then, 

in the equilibrium state, 


/i /a ' • • /u “• 


F ^ a 

” n{27Tl7l,Mf 
1 






with a corresponding expression fovffff • • • 7'Iiero is also the equation of 
diasooiativo equilibrium 

jq . . . Vn n I {27rmfloT)^ 

/ 1 ‘ 

and the energy equation 

Combining those equations, we find the relation 

......(1907) 

<j6 ajj >>.Wn> 

The relationships of the preceding scotions are special oases of (1907) in 
wliioh the ooofiioionts 8 have been defined somewhat difforontly from ^ 
and 1 ) 6 '.* 


§ 17*8. Laws of interaction of gaseotis molecules with solid walls. Wo can 
apply the general arguments of § 17' 12 to show that collisions of moleoulos 
witli the avails of the containing vessel must separately bo capable of 
preserving the equilibrium state. Bor the equilibrium state of the gas is 

* Dlrao, ho, oil,, proaonts tlio argumont aoinowliat difTofontly and doidvoa tho oquationa of 
diasooiativo oc[niilbriuin, do,, from tho prinoiplo of detailed balanoing by substantially tho rovorso 
of tho foregoing argiimont, Tim prinoiplo of tho invarianco of / wliioh must bo then known a jttiori 
oan, ho showa, bo doduood from tho -propor ties of tlio Loronta tranaformation. 
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independent of tlie shape of the enclosure containing the gas, and by vary- 
ing the shape of the enclosure the relative importance of the surface can be 
varied independently of all other parameters. Collisions with the walls 
vary in frequency as the surface multiplied by the molecular density and 
therefore differently from collisions between molecules ([density] 2) or radia- 
tive effects (density). 

We have already made use of this principle in discussing the relation 
between the emission and absorption of electrons at a metal surface in 
§ 11-3L It will therefore only bo necessary to generalize the analysis of that 
section here. If the gaseous phase is practically perfect, and contains a sot 
of systems (atoms, molecules or electrons) at concentration v, then tho 
number of such systems with velocities between c and c + dc which strike 
unit area of any solid surface per unit time in a direction within a solid angle 
dQ. at an angle 9 with the normal to the surface is 

c^e-mcmTQosOdcdQ. (1908) 

This is the number of such systems wliioh is destroyed in unit time by unit 
area of wall. By the same reasoning an equal number moving in the reverse 
direction must be thrown off by the wall in unit time in order to preserve 
equilibrium. 

As we are no longer dealing with single atoms and molecules "we can no 
longer argue that elementary processes must be independent of tho tem- 
perature. 

In very high vacua collisions with walls are all important in controlling 
the equilibrium state, and a series of researches notably by Knudson** 
Mdlilcant and Langmuir J have been undertaken to elucidate the properties 
of the equilibrium state and steady non-equilibrium states under suoh 
conditions. These investigations have thrown much light on the nature of 
the mechanism which we call “collision with a wall”. The conclusion is 
that in general the greater part of the molecules striking a solid surface 
actually condense on the surface (stick to it) for a limited period and are 
then thrown off again. Their direction and velocity of ejection will then 
naturally have no connection with their direction and velocity of incidence. 
If this idea of complete lack of correlation is correct, then the molecules 
evaporating must be thrown off by the wall at a rate given by (1968). This 
is a conclusion of considerable importance in the researches quoted. It 
embodies what is known as Lambert^ s law of diffuse reflection. It contains 

* ICnudBen, Ann. d, Phyaik, vol, 28, pp. 76, 990 (1009), and a sorios of othoi' papers \ip to vol. 
34, p. 693 (1911). 

f Millikan, Phya. liev, vol. 21, p, 217, vol. 22, p. 1 (1923). 

Langmuir, Trana, Far, Soo, vol. 17, pp. 607, 621 (1021). 
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liowever more information than Lambert’s law which refers only to dis- 
tribution with angle. When we study steady states in which we have no 
longer a temi^erature equilibrium, the ^ in (1968) ceases to have a definite 
meaning. The general form of the molecular emission law may be expected 
to hold good, but T becomes a parameter determined by the temperature 
of the incident molecules and the temperature and other properties of the 
wall. A great part of Knudsen’s researches deals with particular cases of 
this type. 

In other cases we have evidence, from the rate of transfer of momentqm 
to the Avails during steady states of floAv, that an appreciable fraction of the 
inoident molecules do not condense, or at least do not communicate momen- 
tum to the wall on impact. In such cases it is usual (and probably adequate) 
to describe the interaction by means of an accommodation coefficient / 
which is such that the interaction proceeds as if the fraction / of all the 
incident molecules condenses on impact and 1 -/ is reflected according to 
the laAVs of reflection of light (“specular reflection ”). It is easy to see that 
specular reflection also conserves (1968). It is usually assumed that/ is 
independent of c and 6, 

There is good evidence for condensation and consequent uncorrelated 
re-omission obeying (1968). Beside this perfectly diffuse reflection the only 
simple types of reflection which preserve (1968) are perfectly specular 
reflection and reflection by direct reversal of path. The latter is physically 
unacceptable. The former has undoubtedly been used to supplement per- 
fectly diflfuse reflection on the ground of its simplicity. A more correct 
analysis would doubtless fuse both the perfectly diffuse and perfectly 
specular reflections together into a single law with a varying correlation 
between the direction of incidence and all possible directions of re -emission. 
It would present no difficulty to formulate such laAVS satisfying (1968), but 
at present they do not appear to be of interest. 



CHAPTER XVIII 

CHEMICAL KINETICS IN GASEOUS SYSTEMS 

§18'1. General nature of reactions in gaseous assemblies,^ WJioii gasos 
which, undergo a chemical reaction are mixed, it is natural to look to tlio 
collisions between the reacting molecules for the source of the roarrange- 
ments that occur. The ideas and the formulae of theproooding chapter should 
therefore enable a satisfactory account to be given of those gasooiisroaotioiis 
which do not depend observably on radiation, i’ and proceed sufiioiently 
slowly for the calculation of collisions by the equilibrium tliooi’y to bo 
able. Classical statistics can always be used. We shall see that this oxpoofca- 
tion is in general fulfilled, but there is at least one quite oxco]>tional oxamplo 
in explaining which the theory is severely strained. It is possible that some 
other considerations may enter. 

Let us start by defining more closely what we moan by ” Bufifioiently slou' ” 
for the reactive collisions not to upset the numbers of collisions oaloulatod 
on the equilibrium theory. All reactions of course proceed to their oquili* 
brium point, at which all the considerations of tire equilibriuin theory must 
apply, But in chemical kinetics we are concerned with tho speed of tui- 
balanced reactions proceeding primarily in one diroctioii, and it is thoso 
which we try to record by observation. In order to calculate such speeds 
from the equilibrium theory we have to assume that certain typos of 
collisions are effective, and that these types occur (in spit© of the oiiG-sidod 
reaction) with a frequency corresponding to that which would bo deduced 
from the properties of an equihbrium state. It will be best to examine tho 
requirements of this condition in the various special oases disoiissed. 

In the examination of a gaseous reaction tho first point to bo established 
is that it is a reaction between gases (homogeneous reaction) and not a 
reaction occurring primarily between gas molecules oondonsod on the walla 
of the containing vessel — catalysed by the walls — (a hetorogoneous re- 
action). We shall only discuss homogeneous gas reactions hero: hetero- 
geneous reactions are more naturally discussed as part of tho kinetic theory 
of surfaces. Though catalysis by the walla dominates the great majority of 
apparently homogeneous reactions, quite a considerable number of simple 
homogeneous reactions are now known. A selection of thoso tliat are known 

* For a general account see Hinshelwood, The Kinclica of Ohmical Ohnnffe in Onacous Sf/skma 
ed. 1 (1026), ed, 3 (1033). This chapter is based almost entirely on Hinsholwoocl’a book, I do nob 
however agree with bis oonolusion that in some oases all collisions with siifllolont energy load to 
reaction nor with tho derivation and use of some of his forinulao, 

f The best known example of a piiotosensltive reaction, or pliotoolioniloal oliango, In gn «08 {ft 
the reaction H, + Clj, ->• 2HG1 under tlie itifluenoo of visible light. 
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to bo simi^lo and homogenoous, for which the velocity of a perfectly definite 
molecular event can be and has been observed, are described in detail by 
Hinshehvood.* 

Ifaving established the homogeneity of a reaction, its velocity is studied 
as a function of the temperature and the concentrations. The dependence 
on the concentration generally classifies the reactions into different orders 
of which wo need only consider two hero, namely: 

First order or unimolecular reactions, with a velocity proportional to the 
concentration so that 

= (1900) 


whore i< depends only on the temperature. 

Second order or bimolecular reactions, with a velocity proi^ortional to the 
square or product of the concentrations so that 


dv _ 
dt ~ 


2 


or 



^^2 

dt 




(1070) 


and K again depends only on the temperature. This function k is called the 
velocity constant of the reaction. These equations of course only hold before 
the products of the reaction interfere in any way such as by beginning the 
reverse reaction, But k is usually measuredf under conditions in which 
(1969) and (1970) are sufficiently exhaustive. Wo shall not discuss the 
methods by which the k of these equations is determined in practice. 

When wo compare the observed rates of reaction expressed in numbers of 
moleoules per second with the numbers of collisions per molecule per second 
wo find that at most one collision in 10® can lead to a reaction. Glaseous 
reactions cannot ordinarily be quantitatively studied if the initial concen- 
trations of reactants fall to half value in a time as short as one second, and 
the usual time to half value is of the order of at least a minute. But by (1869) 
the number of collisions per molecule per second is 



Inserting numerical values with ct = 3x 10~®, jfc— 1*37 x 10“^®, 7’ = 273, 
v = 2*7 X 10^®, m= i‘66 X where A is the ohoinioal molecular weight, 

this reduces to j ^,3 j^qio 

This is to be compared with a number of reactive oolU.sions at most of the 
order one per second. Thus reactive collisions are completely exceptional. 

* Hiiiaholwood, Zoo. ciz. In liis flrat odition ho doBoribod all tlio fclion known oxaraploB, '.L’ho 
difforonoo in proaontation between tho editions of 1920 (vnd 1083 is a roooi’d of the groat dovoloii* 
inont of tho subjoot during that period, 
f See Hinshelwood, Zoo. cil, ed, 8, pp, 08, 77, for a more genoral oaBo. 
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The clue to this behaviour is provided by the strikingly large temperature 
variation of the velocity constant k. Whereas the total number of collisions 
varies as ^T, that is hardly at all over wide ranges of tomi)erature, the 
velocity constant ordinarily doubles itself for a rise of temperature of about 
10° C. This suggests at once that the effective collisions are selected not from 
all collisions, but only from all collisions with more than a certain large 
minimum of distributable energy. 

The actual form of k which can be successfully compared with observation 
is suggested by equilibrium considerations. Consider for definiteness a 
bimolecular reaction between unlike molecules of tyi^es 1 and 2 which 
combine to form two other molecules of types 3 and 4. There is an equi- 
librium point which is given by 




(1971) 


where K is the equilibrium constant. ITor all concentrations we know from 
the velocity measurements that the rate of destruction of systems 1 and 2, 
with creation of systems 3 and 4, is /<iq Vg, By the arguments of § 17*12 the 
rate of creation of systems 1 and 2 and destruction of 3 and 4 must bo of the 
form and at the equilibrium point these are equal, so that 


Now it follows from the definition of K, by (480), (481), that 

dlogK q Q 


.(1972) 


dT 




(1973) 


where q is the excess of the average energy content of systems 1 and 2 at 
temperature T over that of 3 and 4, so that Q is the “heat of the roaotion’% 
Therefore ^^^g ^ ^ 

dT 


The form of this equation suggests putting 
(ilog/<_ ^ ci!log/c' 


where i — i'=~q 

and the known approximate constancy of q suggests that perhaps ^ and I' 
are also roughly constant. In that case we find after integration 

K = (1974) 

This is the well-known empirical equation of Arrhenius for the velocity 
constant of a homogeneous gaseous reaction. As so far presented it is purely 
tentative, but by plotting log k against IjT for observations over a sufficient 
range of temperatures, it is found that (1974) Avdth A and ^ constant gives 



18-a] Reaction Velocities in Gases 703 

an entirely adequate representation of the facts. The energy ^ is called the 
heat of activation of the reaction^ for, as we shall see, it is closely related to 
the necessary minimum disposable energy present in a possibly effective 
collision. Wo shall show in the following sections how the collision mechanism 
gives an entirely adequate account of the phenomena we have described. 


§18*2. Sim%yle theory of bimolecnlar reactions. Equation (1866) gives us 
the number of collisions per unit volume per unit time in wliioh the kinetic 
energy of the relative motion lies between 17 and 7} + dr} for simple unlike 
molooules. Let us suppose that a ( 77 ) is the fraction of these collisions that 
load to reaction. Then 


^^ 12 ^ 277 (?ai + mf} 


^co 

J a{r})e~'^^^'^'r}d'q. 


(1976) 


In order to mimio (1974) the simplest assumption is that 


0(77) ^0 a(77) = a (77 >0. 

■where a is a constant less than or equal to unity. On this assumption 

'' = 1) 

l^his is very nearly of the i)rosGribed form. It is to be observed that the 
j?’“variation of /c is so dominated by the exponential term when (as in all 
actual examples) is fairly large, that the experiments cannot possibly 
distinguish between Ae~^f^^' and 


for any moderate value of s. The same difficulty has been already en- 
countered in Richardson’s thermionic formulae, This simple assumption 
therefore yields, for fairly large values of the formula for the velocity 
constant ^ ^ ^ (1977) 

inwhioh = ( 1078 ) 

The theory thus gives us at once a satisfactory form for k, We have no 
a priori knowledge of and it must therefore be determined from 
Arrhenius’ equation. When this has been done, the theory gives us /c com- 
pletely in terms of a coefficient a which must be less than unity, and a 
“molecular diameter” 0 - 12 . Eor like molecules Wi^Wa, and the first factor 
2 drops out from any formula for the number of collisions but not for the 
velocity constant, since two molecules react for each successful collision. 
Equations (1977) and (1978) therefore hold for like or unlike molecules. 

The formula (1978) contains the product of two coefficients a and Traia®, 
neither of which (it may be argued) is precisely defined alone. There is, 
however, some virtue in not amalgamating them. One can suppose ideally 
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that has been determined (though possibly as a fnnotioii of the tem- 
perature) by viscosity measurements, when it ^vill have the physical moaning 
of the effective target area for momentum exchange in an oncoimtor, or 
from general ideas of molecular magnitudes at any relative velocity. Tlio 
effective target area for reaction at sufficiently high relative volooity> 
is then a distinct quantity, which as we shall shortly see is ju'obably 
appreciably smaller than 

To proceed further we must consider an actual example, and choose the 
decomposition of El discussed by Hinshelwood. This is primarily homo- 
geneous and bimolecular from 660® K. to 780® IC,, and its temperature varia- 
tion satisfies Arrhenius’s equation accurately with Ifk— 22,000 ((? = 44,000 
calories). With ct = 2 x10'‘®, ^1 = ^3= 128 x 1'66x lO^^'^ and this 

gives ^ g.Q ^ « == 2 x lO-Ooce-^a.oooyr . 

l?rom the definition of /< - ™ 

vat 

Therefore the fraction of molecules reacting in one second at a ooncontratioii 
of one gram-molecule per litre (v = 6-06 x lO^o) and a temperature 660° T is 

8 X lO-Oa. 

The observed value is 3-62 x 10“'^. The observed value is thus obtained* if 
a =1/23. 

This is entirely satisfactory so far as it goes, It only romains for us to 
verify that this fraction of reactive collisions is small enough for the calcula- 
tion of obllisions with energy more than I to be substantially unaffected, i.o» 
to verify that the reaction is “sufficiently slow”. A certain proportion of 
collisions with relative energy more than ^ will concern at least one moleoulo 
whose last collision was also one of the same class. This is tho phenomenon 
of the persistence of velocities.-\ In default of an exact theory of transport 
phenomena, correction for persistence of velocities was successful in re- 
moving the greater part of the numerical erroi; in tho simpler theory of those 
phenomena. In order to be certain that the equilibrium calculations ai’e 
adequate it is sufficient to assure oneself that allowance for persistence of 
velocities is unimportant here. The proportion of collisions affected can bo 
fairly high, but even if it is nearly unity only the fraction a at most will bo 
removed by the reaction and the effect on numerical values cannot possibly 
reach 10 per cent. At the same time the numerical values might begin to bo 
seriously affected if « were larger. The interpretation given by Hinshelwood 
to his result oc= 1 is therefore hardly acceptable. It is necessary for a to bo 

* Hinflhdwood, he, cil. oonoludea that approximately «=1. but ho ha« used an Jnaoourato 
formula for tho numbor of oolliaiona. 

f Jeau8,7<w. ct7. pp. 260, 276, 312. 
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small for the simple theory to apply at all. But of course the results of a more 
exact theory are not likely to be widely different, and will only differ in a 
numerical factor. 

Summing up, we may say that the simple theory of homogeneous bi- 
molecular reactions, namely that they are reactions by collision which can only 
occur in a fairly small fraction of collisions in which the relative kinetic energy 
of the molecules exceeds a certainlowerlimit determinedby Arrhenms' s equation^ 
gives a most satisfying account of the observed facts. We have discussed it 
only with reference to the reaction 


(1) 2HI + 

but the following other reactions have been shown by Hinshelwood to fit 
fairly well into the same theory: 


(2) H2-}-Ia“^2HI, 

(3) 2O3 ->302, 

(4) 2^30 ->-2N2 + 02, 

( 6 ) 2CI2O -> 2GI2+ O2, 


with other more complicated examples in which the homogeneous bi- 
molecular reaction must be disentangled from other simultaneous effects. 

It is at the same time to be remarked that there is not much margin in the 
above theory as it stands. A different form for (7(17) might at once require 
a > 1. Bor example, if a{'q) ~ the number of effective collisions is prac- 
tically unchanged, but if in conformity with some of the collision targets of 
the preceding chapter we Iiave, say, 




V U v) 




we find the number of collisions smaller by loss of the factor IjkT, The num- 
ber of collisions is also smaller if calculated as in §18*21 below. Effective 
collisions in which the relative kinetic energy of translation exceeds ^ may 
therefore be somewhat scarce, and it seems to my mind better to recognize 
even hero that there are other sources of energy as yet unexplored in this 
connection. Wo jn’ooeed therefore in § 18*3 to develop formulae for the 
number of collisions with given transferable energy in which the transferable 
energy from all sources is taken into account. 

§18*21, Bimolecular reactions, using only the head-on component of the 
relative velocity. It has frequently been proposed that in calculations of the 
number of collisions with sufficient energy only those collisions should be 
included in which the energy of the motion along the line of centres at impact 
exceeds the critical value. Though there is no particular merit in such a 
formulation from the point of view of quantum mechanics, it is perhaps 

45 


FSM 
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worth while to put the correct formulae for this proposal on record since 
incorrect ones are frequently in use.* 

In formula (1860) we have an expression for the nunibor of collisions per 
unit volume per second in which the line of centres at impact makes an 
angle 6 with the relative velocity wlioso components lie in the ranges 

I, can rearrange this in the form 

^ ^ (1979) 

We can then integrate (1979) with respect to r} and ^ to obtain all collisions 
with a relative velocity along the line of centres between ^ and 
oociirring on the selected element of surface ai^^dO, and after that integrate 
over the whole surface of the sphere of radius crig • obtain 



for the number of collisions per unit volume per unit time in which tho 
energy of the component of tho relative motion along the lino of centres at 
impact lies between rj and Tj + d?/, The number of such collisions in wluoli 
this energy exceeds ^ is 

, 2..1 (1981) 

By comparison with (1976) we see that values of k based on this use of 
head-on components only are smaller by lack of the factor (GhT+l). Tho 
loss of this factor would already lead to known difficulties in the application 
of the theory to the decomposition of HI. 

. § 18*22. The reverse reaetiona. In any discussion of a reaction mechanism 
it must never be overlooked that the reverse reaction must be able to occur 
and form a unit mechanism which will preserve by itself the equilibrium 
state, Bor a simple reaction such as X + W or X-f- Y'Z^2Z tho 

reaction is bimolecular in both directions and no now features are found in 
the reverse direction. But other reactions may not be so simple. If for 
examplef the bimolecular decomposition of ozone occurs in a single stop 
correctly represented by 203->30a, then the reverse process must be a 
termoleoular collision between three oxygen molecules. It has been 
suggested that the reaction proceeds by the stages (1) Og + 0 in equi- 
librium, the reaction being rapid, followed by (2) O3 -f 0 20a > 

* Hinsholwood, loc> cit. ed, 3, p. 123, argues as if the . velocity component of each molooulo 
along tho line of centres contributes each one square term to tho available energy, apparently 
forgetting that it is only tho single component of the nlaiive velocity that can ho ofEootivb. 
f Hlnshelwood, ioo. cii. p. 80. . , . 
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roaotiou whoso rate is moasurocl. Sinoo the ooncentrationa of O3 and 0 in 
the presence of excess of Og must ho inoportional, the measured reaction 
will have a rate proportional to the square of the concentration of O3 . If 
this mechanism is the true one, it is the first (fast) roaotiou which contains 
the termoleoular onooimtor. The ozone molecule cannot just break up 
into Oa + 0 but will require a collision to dissociate it, and the truO form of 
this reaction is j^robably 03-l-0a^:^:202-t-0. The funotion of the inert 0 ^ 
could probably bo played by any other molecule. 

Since the direct occurrence of termoleoular reactions can thus be inferred, 
it is of special interest to examine whether any such reactions can be experi- 
inontally studied, and their termolecular character established by direct 
experiment. Few such reactions are known, but 

2 NO + Og — ^ 2 ]Sf 03 

has been shown by Bodonstoin* to bo such a reaction, by verifying that its 
velocity obeys the equation 

S^Lk[NO]»[OJ. 

UMiis velocity constant k is almost independent of the teraijorature, and 
aotually falls slightly as the temperature rises. Such behaviour is reason- 
able if the activation energy is lu'actioally zero. 

§ 18 * 3 . The. transferable energy in colUsions^ including internal energy of 
the molecides. It is hardly possible to obtain simifie formulae if we consider 
the rotations and internal vibrations of the molecules as quantized. It will 
however bo sufficiently aoourato for present purposes to assume that the 
molecules are equivalent to molecules whoso Hamiltonian funotion oontahis 
s square terms (kinetic or potential) associated with such low frequencies 
that classical meolmnios applies. Then the classical partition function for 
the internal energy of such a molecule is 

where Pi , . • j • • •> are a complete set of Hamiltonian coordinates and 

8 

fx being either a p or q\ all the p’s must occur. The integration is extended 
over all values from — co to -1- 00 for any p., and with resjDeot to the other 
geometrical variables over their proper ranges. To find the fraction with 

* Bodenstoiu and Lindnor, Zeil.fs physikal Ghcm, vol. 100, i). 08 (1022), 
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energy between and rji + dr^ we have to take out that jjart of the complete 
integration wliich corresponds to 


a 

1 

The number of molecules per unit volume with this internal energy is 
therefore „ « 

J...J 

......(1982) 

By the well-known procedure of Dirichlet* this oan be reduced to 

, (1083) 

or (1084) 

rcisjU^/ kT' 1 

The number of molecules with internal energy greater than rjQ is 



which, for rfJkT large, is approximately f 



Let us now combine (1984) with (1866), We find that the number of 
collisions per unit volume per second between a moleoule of typo 1 with 
energy between and + dr}-^ and a moleoule of typo 2 with energy between 
Tja fl'Od 7]^ + dTjz and relative kinetic energy ^ is 

^vivz<=^i2^ { 27r(mi + ^»2) ) ^ 

r{Wr(K)t (;cr)4*.+i«.+i 

(1987) 

So far as energy considerations go it is conceivable that any collision in. 
which "J?! + 'i ?2 + ^ '>?o may have a non-zero probability of producing an. 
active molecule or causing a reaction. The total number of such collisions ia 

* Whittaker and Watson, Modmi Analysis, ed, 3, p. 268. 

« J 4 ? emphasized that s in these equations is tlio number of square torma in tho energy^ 

free rotrti^^r of freedom, so that any liarmonio oscillation oontrlbiitoa 2 to 8, and any- 



18 ‘ 3 ] Collisions with Sufficient Total Transferable Energy 709 

fchoreforo obtained by integrating (1987) over all Tja ^ satisfying 
"j?! + 7?3 + ^ ^ Tjo . This mimber reduces by simple substitutions* to 


2v^ VgCT 2 


la 


^ + 2) 


27r(mi + Wa) ]^ 1 


_J e-A//cT;\K+Wi-if2A, ...(1988) 


wliioli, for rjJJcT large, is approximately 


r 4- l-Sa + 2) 


) \hTj 


(1989) 


If the two molecules are of the, same speoies, then of course and 

0-^2 = cr and the factor 2 must bo removed, for every collision will as usual be 
found to have been counted twice over in all the foregoing formulae. 

The fraction of all collisions with “enough” available energy is easily 
seen to bo (rjo//^T)i«i+K+ie-Wfc 2 ’ 


r(^5^ 2) 


.(1990) 


which may bo very large indeed compared with the fraction often 

used in error in this connection. 

If it is denied (as is perhaps natural in certain applications) that the 
internal energy of the second molecule is ever available to serve towards 
the activation energy of the first, then the formulae (1988) and (1989) will 
still apply if wo put Sg ~ 0. In fact more generally we can in these formulae 
always use and for the number of square terms in the internal energy 
whose energy content is available for redistribution in the collision. 

The total number of activations can of course only be exjDressod in terms 
of a j)robability ooelhoient or(T;i,i 7 a,^). Thus on multiplying (1987) by 
i^^i^ograting, we find 


K~ 




r(Wr(W 


27r(W3^H-Wa) l^ 




(1991) 


the preceding formulae arise from putting cr = 1 when "i?! -I- ^ ^ "70 ■ 

When internal energies are taken into account a more accurate investi- 
gation of the precise use of Arrhenius’s equation is necessary. Inpraotico 
the observations are used to plot log/c against 1/T and determine a slope, 
which defines the activation energy I of the equation 


^Zlog 

dT hT^' 


* Whifctalcor and Watson, loc, cit. 
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The theoretical k derived by putting simple forms for cr in (1991) is howovor 


generally of the form 




Q-i)alkT^ 


SO that 


dlog/c_ rjQ t 


Thus the ijo of the theory and the I determined by observation are coniioofcod 
by the equation %=J+U-y, (1002) 

The apparent constancy of the experimental t in no way prevents ^ boing 
really of the theoretical form (1992), for the experiments could not do tool 
these variations, ihT being small compared with . In calculating whofclier 
there are sufficient energetic collisions to give the observed rate of reaction 
with a small efficiency « we must use the of (1992) with the observed ^ and 
a mean value of T. We thus retain the correct temperature variation of u. 

If we now examine how these considerations affect the typical honiO" 
geneous bimolecular reaction between simple molecules we see that for a 
molecule such as HI we must have at least s = 2, or for a triatoinio moloculo 
5 = 8 at least. Thxis for the reaction 2HI-^Ha4-Ia (5 = 2 say) wo havo to 
replace the factor ^ 


hT 


-KlhT 


of (1976) by the factor i (^) 

of (1989), with % «= £ + 3 AjT, C having its observed value. There are thoroforo 
substantially more collisions with enough energy than the simple theory 
indicates, the extra factor being about 13, which leaves an ample margin. 


§18*4, Homogeneous v/nimolecular veactions. There are well-known diffi- 
culties in the theory of those unimoleoular reactions which are apparently 
insensitive to radiation. The simplest assumption which wiU account in 
any way for the facts is to suppose that the reaction is not elementary but 
consists of bimolecular activation and deactivation processes, whioli by 
themselves would keep up a normal equilibrium between activated and 
inert molecules, while superposed on this there is a definite chance for tho 
spontaneous disintegration of the activated molecules. Provided this dis- 
integration is slow compared with the activation process, the eqxiUibrium 
concentration of activated molecules will be unaffected. This concentration 
will therefore be proportional to the total concentration and the reaction 
will apparently obey the xinimoleoiilar laxv. If this theory is correct, tboii 
there should come a concentration for any unimoleoular reaction bolow 
which its rate begins to fall below the expected unimoleoular rate, for tho 


18-4] Theory of Homogeneous Unimolecular Reactions 111 

underlying bimoleonlar process is then beginning to work too slowly. This 
form of collision theory for imimoleoular reactions is nsunlly associated with 
the name of Lindeniann.* 

The state of affairs according to this theory is formally very simple. Let 
X and y be the concentrations of activated and inert molecules at any time. 
Lot the total number of activations and deactivations in time dt be Z'ydt 
and Zxdt respectively. Lot Bxdt be the number of disintegrations of 
activated molecules. Tlien the differential equations which control the 
process are , 

|=-zv+&. 

On Lindemann’s theory JS is a molecular constant and Z and Z' are them- 
selves proportional to x-\-y or perhaps rather are of the form Ax-vBy-¥ Cz, 
where z is the concentration of any diluents plus the gaseous products of 
reaction. 

If wo solve equations (1993), assuming that Z and Z* are constants, the 


general solution takes the form 

X = + Lg , y~M^ , (1994) 

whore \\ and Ag are the roots of the equation 

D^^.D{Z^ Z' B) + BZ' = ......(1996) 


Using the initial condition that the equilibrium is undisturbed by dis- 
integration, which is {Z'y)Q^ {Zx)q, we find that the coefficients in (1994) 
satisfy 

2;'-Ar-2 -ZXJX^ -{Z'-X,)XJXf 

This is exact and the rate is of course not that of a unimolecular reaction, 
If now wo suppose that BjZ is small the values of A^ and A^ reduce approxi- 
mately to Xi^BZ'j(Z + Z'), X^^Z-\-Z\ 

Since {xly)^ is in general rather small, Z'jZ will also be rather small and at 
any rate loss than unity, Then LJL^ - OiBjZ) and 0{BZ' j Z^)i 

which is still smaller. T^liorefore the second terms in (1994) are negligible 
even initially and a fortiori at all later times owing to their inuoh more 
powerful exponential factor. They are still negligible initially and so always 
if {xjy)Q is altered by terms of order BjZ, The solution thus reduces to 

= = ■ 

which is of unimolecular form. 

* Llnclomann, Trana, Far, Soc, vol. 17, p. COO (1021). 
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A more exact treatment of equations (1993) or more general forms oan 
be given by treating them as of the form 


jl^f{t)y~{g{i)+B]x, 


(1997) 


the ooefftoients f{t) and g{l) being slowly varying funotioiis of the time, 'llho 
precise variation oif{t) and g{t) is only assignable a posleriori, but this does 
not affect the argument. We can then apply the general, theory of aucli 
equations, which is equivalent to the theory of the asymptotic forms of 
solutions of such equations for large values of a parameter.* It follows from 
this theory that the first approximation to the s olutions of ( 1 9 9 7 ) is of the form 


r “A 

x — L^e 




'A 




y^M^e 




where and Ag are functions of t which are the roots of (199/5) with Z and 
Z' rejilaced by /(i) and g{t). Since X^ = BZ'l{Z’\-Z')^Bxl{x-\'y)i Ai is 
independent of the concentrations, and therefore of when BjZ is small. 
The are constants to this approximation. We obtain the sanio 

unimoleoular form as before, with an accuracy dependent on the slowness 
of the variation of f{i) and g{t). The fundamental condition for the validity 
of the unimoleoular forms is that BIZ should be small, or BxjZ'y small, that 
is that the number of disintegrations in time dt should be small compared 
with the total number of activations or deactivations in the same time. 
Trom equations (1993) 

ldv_ 1 d{x-\-y) Bx __ BZ' _ 

V dt OJ+y dt x-^y~ Z+ Z‘~'^' 

Thus in this theory k is J5 times the fraction of activated molecules. If these 
are molecules with more internal energy than tjq, then by (1986) 

'‘“f(ir)(w) 

This will therefore fit the observed form of Arrhenius’s equation if 

ri^^l + {ls^l)hT. (1999) 

For the correctness of the theory there is also the over-riding condition that 
Bx or Kv is small compared with Zx or the number of activating collisions. 
The maximum number of such collisions is given by (1989), and the actual 
number should be a small fraction of this. 

* Sohlesingor, Malh, Ann. vol. 63, p. 277 (1907); Birkhoff, Trans. Amer. Math, Soo, vol. 0, 
p, 210 (1908); Fowler and Look, Proa, Land, Math, Soc. vol. 20, p, 127 (1922). 
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If WG use the exact form (1986) and define £ as usual by a 

simple jihysical moaning can be given to It is easy to show by differentia- 
tion that 


t = kT^-^\og,c = 


J Vo 


Vo 


rjh-ie-vlf^^dr) 




Thus I is eq[ual to “the average energy of the activated molecules” less 
“the average energy of all the molecules”. 


§ 1 8*41 . Numerical discussion of some unimolecular reactions. We will now 
discuss shortly, in the order of the severity of their demands on the theory, 
five reactions known to bo homogeneous and (apj}arently) unimolecular.* 

(1) Vecoinposition of gaseous diethyl ether. This reaction proceeds at a 
oonvonientrat6between700-860°K. and is homogeneous and unimolecular 
down to pressures of 200 mm. Hg. Below that pressure of the reactant the 
reaction proceeds more slowly and approximates to a biinolecular type. The 
final result of the reaction is roughly 

CA . 0 . CO -h 2CH, -h iCA , 

though of course this does not represent the primary process which is 
probably the formation of CO and two unstable hydrocarbons. Suflioient 
admixture of Ha, for example a partial pressure of 300 mm. Hg at 800° K., 
will preserve the unimolecular rate unaltered down to a pressure of 40 ram. 
Hg of the reactant. Ho, Hg and the reaction products have no marked effects. 
The velocity constant observed is 

log ic = 20-47 ~ 6^,0001 RT. (2000) 


(2) Decomposition of gaseous dimethyl ether. This is very similar. The 
final result of the reaction is 


CHa . 0 . CHj, CH 4 + Ha -H CO, 

proceeding at a oonveiiient rate in the range 700-826° K. unimoleoularly 
down to a pressure of 400 mm. Hg. A pressure of 400 mm. Hg of admixed 
Ha at 776° IC. will preserve the unimolecular rate to a pressure of 30 mm. Hg 
of the reactant. Na, He, CO and CO 2 have no such effect. The velocity 
constant observedis iog« = 30-36 -68, 600/ii!T. (2001) 

(3) Decomposition of gaseous propionic aldehyde. The main feature of the 
reaction is CallsCHO CO -h [various hydrocarbons] ; 

* TliOHo I’ofictiona ai’o fclio Hrefc fives to bo proved hoinogonootis and imimoloonlar, A largo number 
are now Itnown, but tlieeo five form a roproaonfcativo sample. Dotails aro taken from IHneliohvood, 
he. cU, 
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ifc is of convenient speed for 726-876® K., and unimoleoular down to a 
pressure of about 80 mm. Hg. JSTo effect of admixed gases has been detected. 
The velocity constant observed is 

log/< = 28'66-66,000/J7T. (2002) 

These three reactions can be discussed together. 

The molecules concerned are all fairly complicated and have a rather 
large number of degrees of freedom which might have their classical energies. 
We shall find in all these cases that Lindemann’s theory gives a com- 
pletely satisfactory explanation of the observations even if we only take into 
account the internal energy of the molecule to be activated and put -Sg == 0. 
By way of making the calculations precise we shall take crj.a— lO"’, 0, 

and determine for what value of the number of collisions given by (1089) 
falls to 100 times the value of kv for the least value of v for which the reaction 
remains unimoleoular. Since we deal with collisions of like molecules 
Wj = mg and the factor 2 falls out. 

We find that this condition is fulfilled: 

Ifor O2H5. 0 . CgHg) r= 2‘4 X 10^®, with between C and 7. 

For CHg . 0 . CH3, r = 6 x 10^®, with between 10 and 11. 

For OgHeCHO, v = 1 x 10^®, with about 8. 

These values of are all acceptable. The molecules may be thought of as 
consisting of at least three loosely bound structural units. The first of those 
gives a rigid framework to which the others are fitted. Ignoring torsional 
oscillations each of the others has 3 freedoms in this framework yielding 
6 sq^uare terms, and the rotations of the whole complex another 3. Values 
of Si up to 16 at least are thus to be expected.^ There is thus an amj^le margin 
for an activation rate slow compared with the number of sufficiently energetic 
collisions and a disintegration rate slow compared with the rate of aotivatioiij 
even when we do not admit that any part of the internal energy of the otliei* 
molecule is available. 

Ill the case of the two reactions maintained by a sufficient pressure of H2 , 
the activating collisions must be supplied by collisions between H2 and tho 
reacting molecule. There is no theoretical dififioulty in this. The difficulty is 
rather to understand why all diluent molecules do not act in the same way. 
This point lies deeper than the simple collision theory. It is likely that it is 
connected with the slow rate of transfer between kinetic arid vibrational 
energy found in tho study of the specific heats of simple gases other than 
H2 (Chapter ni). 

We now pass to two entirely different oases. 

(4) Decomposition of gaseous acetone. This reaction is homogeneous and 
unimoleoular and of convenient speed for the temperatures 780-900® IC, 
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and shows no signs of deviation from the nnimoleoular law down to pressures 
of 100 mm. Hg. No diluents tested have been found to have any effect. The 
nature of the reaction is 

CHg . CO . CH 3 -> CO + [hydrocarbons], 
and the velocity constant observed is 

log /<- 34-96- 08, 600/i2r. (2003) 

On carrying out the same calculations as before, wo find if wo talco v= 10'® 
and = 15 that there are only just about twice as many possible activations 
as disintegrations. The unimolecular law could not possibly be maintained 
on this margin. Even if we assume = 24 (24 square terms) we have only a 
marginal factor of about 30. There might well be 16 relevant square terms in 
the acetone molecule, or even so many as 24, but this is hardly onougli, and 
there is no evidence that the reaction does not remain unimolecular to still 
lower i)ressures. 


which is to bo activated in the collision. But this is arbitrary, for there is no 
a priori reason why some or indeed all of the energy in certain coordinates 
of the otlier molecule may not in certain circumstances be available for 
activation. ll?he oonsequencos of such an assumption of availability are 
considered in the next section in the light of the theory of detailed balancing. 
Suoli an assumption makes a largo difference, for the fraction of activated 
molecules in equilibrium depends only on Sj and is unaltered, but the 
number of i)ossible activating collisions is lai’goly increased. If we take 
<Si=«a= 16 there is a marginal factor of 3*0 x 10* which is probably ample. 
A conq)arativoly small value of Sg will increase the previous margin sub- 
stantially. 

(6) Deconipoaition- of nitrogen pmloxide. This, the best known and most 
exhaustively investigated homogeneous unimolocular reaction, shows no 
signs of deviation from the unimolocular law down to pressures of 0-00 mm, 
Hg but at about this pressure it has recently been shown that a distinct 
falling off in the rate sots in. 'l?he convenient temperature range is from 
273-340° K. No effect of aiiy diluent in maintaining the rate at pressures 
below 0-00 mm. Hg has boon recorded. Admixtures of numerous gases have 
been shown to be without effect on the rate of the reaction, the only positive 
effects being obtainod-Avith various organic vapours which are themselves 
attacked by N^Os and may therefore bo disregarded here. The result of the 
reaction is N,Oc^NA+}0„ 


but of course this does not represent the actual mechanism which probably 
may bo described by the following sequence of processes : (i) N 205 “>N 203 -}- 02 , 
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unimoleoular andslow determining the measured rate; (ii) NaOg-^NO +NO2 , 
very fast; (iii) + (or NOa+NaO^}, also fast. Thus each 

primary decomposition of NgOg consumes two moleoides. The NOg and 
N2O4 molecules produced may he assumed to come to dissociative equi- 
librium. The velocity constant observed is 

log/f«31*46-24,700/i2T. (2004) 

l?or r=2'13 X 101^(0*06 mm. Hg at 0° C.), (ria = 10“’ and 5i=s 10 we find a 
maximum rate of activation 10 times less than the observed rate of dis- 
integration. It is possible to suppose that at the temperatures concerned 
the energy content of NgOj is even greater than is represented by 10 square 
terras, but even an increase to 24 square terms only increases the maximum 
activation rate to twice the observed rate of disintegration. To retain 
Lindemann’s form of the theory it is therefore essential to include in the 
available energy the energy of the other molecule. If we take 5^ = 16, Sg = 14, 
we find an activation rate 10® times the observed rate of disintegration. It is 
feasible to suppose that either or Sg could bo greater so that the margin is 
probably ample. But the conditions for obtaining such a margin are extreme . 
It is impossible to obtain it, practically speaking, unless the greater part of 
the internal energy in both molecules is available for the activation energy 
of one, and such activations occur in something more than one per thousand 
of all sufficiently energetic oollisions.t 

§18*6. The requirements of detail^ balancing. In view of the extreme 
form of the theory required to account for the decomposition of NgOg 
it is desirable to examine the consequences of the assumption we have 
been driven to, that all the energy in a large number of freedoms in both 
molecules is available for the activation of one, and is actually so used 
in a fraction of all sufficiently energetic collisions which may be as large 
as 1/1000 or even possibly 1/100. Obviously not dll “collisions with 
enough energy” can be activations, for the class must include all de- 
aotivations as well. 

When a collision with the initial conditions r)i,Vzi^ 

yield a pair of molecules with energies between (771* > t/q) and 

ija*, + the rest of the energy being absorbed in The effective 
target for such an exchange, in conformity with the notation of the preceding 
chapter, will be taken to be 

Then in the equilibrium state (or other state not seriously disturbed from 

t Tho oondiMons aro extreme, but not so extreme as Avas at one time thought; see for example 
this section of the first edition of this book. 
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this) the number of oollisions per unit volume and unit time which convert 

proportional to 

(2006) 

By the same argument the number of collisions which convert 
into T^i, 7^3, ^ is 

X ^{Vi*>V2*>i*>VvV2) drjidr)^ (2006) 

By the principle of detailed balancing these must be equal. Moreover, since 
-H 1^3 + ^ = I?!* -h 7)2* + lor given Ty’s, di ~ Hence 

= (2007) 

If now it is to be possible for the number of activations to bo comparable 
with the number of collisions with enough energy, we must have 


jjs{Vx>V2>i>Vi*>V2f)fki*V 

of the same order as Tro-^a® (equal to aTrc/j^g^ ®6^y)> when 'J7 i + '>72 + ^^’?o 
7 )j* > TjQ . l^or the sake of investigating orders of magnitude we will talce S 
constant over the ranges of and i?2* in which it has a non-zero value. 
Then, very roughly, 

or S{7}i,7^2>^) - 2 a 7 rffi 32 /(^^ ^ ^ (2008) 


There is nothing unacceptable in (2008). Then by (2007) 

( 2000 ) 


To find the corresponding total collision area for deaotivations wo have to 
integrate with respect to mid 173 > the ranges being respectively 0 to 773 and 
0 to 173 or T7i* -h 173* 'h P — 171 whichever is the lesser, It is not necessary 
however to carry out this integration explicitly. Wo can see at once from 
(2009) that in certain circumstances the deactivation target must bo very 
largo compared with the activation target arrcri 2 ^. Such a molecular property 
is not entirely impossible and dismissible on a priori grounds. ITormula 
(2009) means that a very sloiv molecule or a molecule with exceptionally 
little energy finds it exceptionally easy to bring about deactivation, In the 
lirosent state of molecular theory all wo can do is to bear such possibilities 
constantly in mindf. 


t A valuable critique of tho oxbromo collision tiioory hero ptosontod will bo found in Tolman, 
Yost ami Dickinson, Proo. NaU Acaih Sai, vol. 18, p. 188 (1027). 


$ 
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§ 18*51 . Tlie reverse process for unimolecular reactions. We have accepted 
as a mechanism for unimolecular reactions a mechanism of which one stage 
consists of the sj)ontaneous explosion of an activated molecule into two or 
more, probably two parts. This stage is closely analogous to the raclioaotivo 
disintegration of an atomic nucleus by the expulsion of an a“j)article. If this 
mechanism is correct, tlien the reverse process consists of a collision between 
two particles leading to a transition which unites them into one. There is 
no difficulty in supposing that such processes can occur to the necessary 
frequency. One is tempted to argue that they can practically never occur 
because the relative kinetic energy will never be adjusted exactly to fit 
any possible value of the quantized internal energy of tlie united system, 
and no third body is concerned in the process to carry away the excess 
energy. This objection however overlooks the fact that, just because the 
combined system is unstable and able to explode, its levels cannot be i>er- 
fectly sharp, and the breadths of its levels will exactly enable the reverse 
recombinations to occur at the proper rate. It is of course also possible 
that the process of explosion involves the absorption of a quantum of 
radiation lying within a wide range of frequencies which could bo quite 
loAv. In that case the reverse process would involve the emission of a 
quantum in the same band, and no difficulty would arise even with sharp 
levels for the united system. No such explanation is necessary however, 
and any such explanation is perhaps ruled out by the recorded insensitivity 
of the reactions to radiation, though it is doubtful if the low frequency region 
has been sufficiently studied for this conclusion to bo certain. 

§ 18*6. We have confined the foregoing account of homogeneous gaseous 
reactions to the simplest collision mechanism. Interesting and important 
questions are raised by following up the subsequent liistory of the products 
, of reaction which may often contain excessive amounts of energy, esijecially 
when the reaction is thermodynamically exothermic with a large heat of 
activation. In these oases we shall expect to find the formation of reaction 
chains and explosion waves. It would take us too far afield to follow uji 
these possibilities which have been studied by numerous investigators and 
expounded in a notable work by Semenoff.* Nor have we in this chaptor 
discussed photo-sensitive gaseous reactions. Some account of these is given 
in the next chapter. It should be mentioned that the homogeneous uni- 
molecular gaseous reactions of this chapter have frequently been considered 
to be due primarily to a radiative process on account of them unimolecular 
character. It is however almost impossible to maintain such a theory in the 
face of the abnormal molecular absorption coefficients which it requires, f 

. . ; *;Scmottoff, CTiow J?eac/*t»w, Oxford Press (lOSil:), 

t Ohriatianson and ICramers, Zdt. f. ‘phyaikal. OJiem. voK 104,. p.. 461 (1933). . . 
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wliioli would have to manifest themselves in tlio absorption of external 
radiation. Wlien the attempt is made to modify such a theory by claiming 
that these abnormal coefficients are only tyi)ioal of the interaction of two 
molecules in resonance with one another,* wo are really abandoning the 
radiative theory altogether and again groping after a theory of molecular 
interaction, of, the nature of quantum resonance, wliich may just as pro- 
perly be regarded as a oollision i^rocess. This may be the direction in wliich 
an improved theory will one day bo found. f 

* G. N. Lowia and Smith, J, Amcr, Ghem, Soc. vol, d7, p. 1608 {1926) ,* G. N. Lewis, Proc, Nat, 
Acad. Sci, vol. 13, p. 023 (1027). 

I '.I'ho quantum tlioory of gns roaotioiis has rocontly made groat advances, the basis of whioli 
is dosci’ibod in outlino in §21 '8, 



CHAPTER XIX 

MECHANISMS OF INTERACTION. RADIATIVE PROOK.SSES 


§19’1. The nature of radiative processes, Tho analysis of §17*12 Wfla 
arranged to cover both collisions and radiative processes. Wo recapitidato 
the conclusions as to the latter. If and denote two different HfcatoB of 
the same system such that the equilibrium ratio of tho oonconbrationB 
[Xj] and [Xj] is a function of the temperature only, and if and 
are the frequencies with wliioh an X^ is converted to an X'a 
an Xj by interaction with equilibrium radiation alone, then 


^rad 


( 2010 } 


If the change from Xj^ to Xg is one of dissociation, so that an GXin’oesiou 
such as [Xg] [P]/[Xi] is a function of the temperature only, then 

^'rad JjQin 


,( 2011 ) 


QY'^Qy,T\\<\ ^ 

Here Qy means the frequency of interaction of an Xg and a 3:" to form an X\ 
without any radiative action, and (3y,rad of the similar intora Obion loith 
radiative action, ^ 

It is now possible to analyse this result a little further and soo that in 

In general there will be a difference of energy between tlie free X'a -f- T and 
the combined X^. Consequently no radiationless interaction bobwoon X^ 
and Y is possible, resulting in X^ and conserving energy. In general bhorol'oro 
^y = 0, and we have p rir-, 

Qy.M~ ra ■ 

In tliiB interaction of course the radiation can adjust the energy bnlanoo. 
Ve proceed to examine in detail the consequences of (2010) and (2012), Wo 

shall content ouraelves with classical statistics; extensions to quantum 
statistics can easily be made. 


Thi n • of radiation with the stationary states affixed atoms. 

hr pC ftst of such problems to he discussed in this way- 

by Einstem m a classical paper, Consider first an atom with only Lo 

rf rdlfaL ^ 2 with absorption 

of radiation and from state 2 to state I with omission of radiation. This 

Einstein, Physikol, Zeit, vol. 18, p, 121 (1017), 
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radiation will bo monoohromatic, of frequency v given by tiu~xi — X 2 > 
Bohr's freqiiencij condition; we need not at this stage consider the finite 
sharpness of the upper state. It follows from tho j)roporties of the partition 
function (Eoltzinann’s law) that the equilibrium ratio of the numbers of 
atoms in the Uvo states is ' 

We have now to specify tho dependence of the rates of emission and 
absorx)tion of the atoms in either state on the intensity of the radiation of 
frequency v. Those sx^eoifications are of course immediate consequences of 
the quantum theory, but may bo introduced a priori as natural assumptions. 
Lot I{v)dv'b<i tho intensity of radiation of frequency between v and v + rfr, 
that is tho quantity of energy in radiation of this type which crosses unit 
area normal to its x>ath per unit solid angle x)er second. It is connected with 
the density of this radiation p(v) fZv by the equation 

I{v} = -^p{u). ( 2014 ) 

We may now assume that the chance of absorption of one quantum by an 

atom in state 1 in time dt is Bi^I{v) dvdt, ( 2016 ) 

and that tho ohance of omission of one quantum by an atom in state 2 in 

{Az^-\^B^U{v)dv}dt, ( 2010 ) 

the il’s and B'b being atomic constants. They are commonly referred to as 
Einstein’s ^’s and 7i’s or Einstein’s ooefrroients. Tho form of (2016) is the 
obvious one to choose, that of (2010) is more obscure and the second term 
might a priori bo overlooked. It is necessary, as wo shall see, for tho mechan- 
ism to preserve Planck’s law for /)(v), and it can be seen to be necessary 
a priori by a deeper consideration of olnssioal’'' or quantalt radiation theory. 

In equilibrium the absorption and emission of quanta and the numbers of 
switches from 1-^2 and 2~>1 must be equal. Using therefore ( 2013 ), Lohr’s 
froquenoy condition, ( 2016 ) and ( 2016 ) this necessary and suffioient equality 
is equivalent to 

.( 2017 ) 

Solving for /(i.-) wo find 
On comparing this with Planck’s law, 

......( 2010 ) 

Viiii VIook, Phys, liev, vol. 24, pp. .')30, 347 (1024). 
f birao, Mechanics, od. 2, § 67. 


rsM 
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we see that the form is oorreot and equilibrium will be preaorvod if 

( 2020 ) 

These relations are extremely important. 

Some comment is called for on other arrangements of tho forogolng 
argument. It has been arranged here purely to derive the rolationfi (2020) 
and to verify that our assumptions formulate a possible unit nieoUanisin- 
We may note too that there is here no diilerence between profiorvatioii of 
equilibrium and detailed balancing. 

In the first place the forms (2016) and (2016), though tho only forms oon- 
sisteiit vdth classical or quantal radiation theory, are not only tho forms 
wliicli satisfy (2019). If we replace them hy f^{I{v)dv)dt Midi fe{I{v)dv)tU 
respectively, the functions /„ and R have only to satisfy the nocosHtii’y and. 
sufficient relation 

( 2021 ) 


In the next place wo have actually assumed more results of tlio oquh 
librium theory and atomic theory than are strictly necessary for tlio proof, 
Einstein, in his original presentation, assumed the forms (2015) and. (2010), 
Wien 8 displacement law (a theorem of pure thermodynamics) and Bolt'/." 
mami s law, and deduced from these promises Bohr^s freqiiozioy condition 
and Planck’s law. Eddington* has recast tho discussion and takoii na liia 
premises Wien’s law and Bohr’s frequency condition, and deduced Boltz- 
mann s law and Planck s law , These theorems howevei' are of iiitorost from 
points of view different from that adopted in this znonograph. 

The discussion extends at once to atoms with any number of stationary 
states. For each pair of stationary states whioli are connected by a racliativo 
transition there is a set of relations identical with (2020). Moreover this 
IS true whether we work on the hypothesis of preservation or of dotalled 
a aneing. The difficulty of § 17*4 does irot arise here, for in general ’WO may 

assume that every possible transition affects radiation of a diiloront 
frequency. 


§19-21, Numerical values. We can proceed to estimate numorioal values 
mthout specific reference to quantum mechanics. The connection betwoon 
ff absorption coefficient is obtained as follows. Of tho oziorgy 

I{v)dvdoiOQ%BdSdt 

thtt ‘T * of matter of aim dS and 

thickness d% at an angle d with the normal to the slab, tho fraction 

h^pdxBQcB 

* Eddington, Phil, Ma^. vol. 60, p, 803 (1926). 
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will be absorbed, p being the mass density of the atomic distribution. This 
expression defines the mass absorption ooeffioient , In terms of the 
energy absorbed is __ ,7 

affix dS X Bj^I{v) dvdt~7~x hv, 

aTT 


where is the number of atoms in the state I per unit volume. Equating 
the two amounts we find 




Bj^hvai 

47rp 


(2022) 


We can write p = ma, where m is the atomic mass and a the total concen- 
tration, Then n 

(2023) 

47rwa 


Unless affib is small the mass absorption coefficients are extremely large. 
The direct experimental evidence for the Hg line A 2036 (li>9-22P), the 
Ca''" lines //, /f, AA3968, 3933 (12^-2 ^P) of the chromosphere and the 
Na linos il (12^5?~22P), all lines for which in the conditions of observation 
1, is that h^, is of the order 10®. Einstein’s absorption ooeffioient is 
then of the order 0-1 to 0-6. 

In order to evaluate numerically wo have to know the value of dr. 
The moaning of this is of course that B^ is a moan absorption coefficient 
integrated through the lino, no lino of any set of atoms (oven if all at rest) 
being of mathematically zero breadth, The total absorption is therefore the 
moan absorption cooffioiont B-^ multiplied by the mean breadth dr, and it 

is B-^dv or more strictly a^dr which is correlated with the emission 

J l'o“» ' 

ooeffioient If we estimate on observational evidence the ordinary line 
breadth at 10“^® om., then for A = 3000, Sr~ 3 x 10®, B^dv=^ 1-6 x 10®, The 
numorioal order of then 2 x 10b There is direct experimental oonfirma- 
tion of such a value, for wo observe that IjA^ is the mean life of the atom in 
the excited state 2 before it spontaneously radiates and returns to the 
state 1, This mean life r is therefore approximately 

T = 5 X lO-® sec. 


Mean lives of this order or rather shorter are determined by exiJerimonts 
such as Wien’s on the light emitted by streams of positive rays and by the 
theory of the chromosphere. This is also the mean time of radiation sug- 
gested by classical radiation theory and confirmed by quantum mechanics. 

The stimulated emissions are often of negligible importance numerically . 
The ratio of stimulated to spontaneous omissions is 

BHlyffiv cH{v) 1 

46-3 
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For the region of the spectrum near JivjhT is about 6, so this fraction is 
negligible and a fortiori for all liigher frequeiicies. For very low frequencies 
the fraction approxiinates to hTjhv and the stimulated emissions beooino 
important. ■ ' 

The .4’s and B'b and the natural widths of spectral lines can now all bo 
calculated in principle by quantum mechanics for all systems. Coinplicati on 
prevents the actual execution of the calculation for any but the simplest 
spectra, but where the calculations have been carried out, as for hydrogen, 
helium and the alkalis,* the results are in full accord with the exiDerimontal 
evidence. 

§19*3. The j>hotoeleclric liberation of electrons from fixed atoms . Besides 
the hne emission and absorption spectrum of an atom, associated with 
transitions between stationary states, there is also a continuous omission 
and absorption spectrum associated with oa]3ture and loss of electrons. Wo 
will again consider the atoms as fixed, and at first for simplicity as j)osse8sing 
a single stationary state of negative energy y and weight Wq . The process to 
bo analysed consists of absorption of radiation of frequency v such that 
hv > y with the ejection of an electron of velocity v or energy 'q such that 

(2024) 

which is Einstein’s law of the photoelectric effeot. The relic of the atom is 
an ion in its normal (at present sole) stationary state of weight Wi. If y is 
the concentration of free electrons and Xq, Xi the concentrations of (single 
state) atoms and ions, the equilibrium state is characterized by 

^ e~xl^r ^ (2025) 

.^0 tOo 

To obtain this result we use (479) and (1643), the u/{T) being here all unity. 
The mechanism is controlled by (2012) and the reverse process is the en- 
counter of an ion and a free electron resulting in capture with emission of 
radiation. 

Let tli{v) I{v)dvdt be the chance that a neutral atom will in time di, 
under the influence of isotropic r-radiation of intensity I{y)dr, beooino 
ionized by absorption of a quantum The total number of v-quanta 
absorbed in time (it will therefore be (per unit volume) 

^(i^{r)J{v)dvdt. (2026) 

* Tho first oaloulations of this typo wore given by SobrOdinger, Ann. d. Physik, vol. 80, p. 437 
(1926); Heisenberg, Zeit.J, Physik, vbl. 30, p. 499 (1926); Sogiura, J. de Physique, vol. 8, p. 113 
(1927), and PM. ilfap. vol. 4, p. 496 (1027). ■ 

f Mibie, Phil. Mag, vol. 47, p. 209 (1924). This is the most complete original account. Soo 
also Kramers, PM. Mag, vol. 46, p. 836 (1923), and R. BeoJcer, Zdt, f Physik, vol, 18, p. 825 
(1023). * 



19‘31] Photoelectric Capture and Loss of Electrons 726 

By (1898) the number of ooUisions in time dt between 17 -electrons and ions 
in whioli the lino of impaot lies between p and p-^-dptis 

x^,%Trpdp,{^ ii{yi)dr]dt 

Let the probability that such an encounter results in capture with emission 
of r-radiation bo \ , n \ t \ 

We shall find that stimulated captures are necessary hero as for line emission 
and absorption in order to conserve Planck's law. ']l.’hen the total number of 
oaptures udth omission of r-radiation in time dl is 

*'^1 ■ . {f{p,i) + I{v) gilhxt)} j ixi'Ti) dy}dt. 

In order to conserve energy if} and v are connected by (2024) so that we have 

drj^hdu. 

Inserting the equilibrium value of {xir}) from (1863) and writing 

peo ^00 

1^(77) = 27rJ ^ pf{p,7)) dp, (7(77) = 27r I ^ pg{2h'r])dp, 

we find the total number of captures of 77-eleotrons in time di with omission 
of r-radiation to bo 



Bither for preservation or detailed balancing (2020) and (2027) must be 
equated. On using (2020), (2024) and its resulting differential relation this 

4:’nmc^ 2 ot , 


or 




Wr 


■v)F{'q) [p^hv-xY 


(2028) 

.....,(2029) 


Of course i/f(v) = 0 (r < ;^//i). 

These relations (2028) are independent of the classical formulation adopted 
in this paragraph and remain true in quantum mechanics. The ratio of 
stimulated to spontaneous captures is again 1), and is still less 

important than for line omission, since in this process we are never con- 
oornod with frequenoioa loss than xjl^* 

§ 1 9‘31 . JJJxlensions to complicated atoms. If wo consider more complicated 
atoms with more than one stationary state, then we can always write the 
equilibj’ium relation hetwoen single states of the neutral atom and ion in 

the form* (.^1)/^ ^ { 27 tmlcTf^w^)^ tp^T 




(oto)s 


.,....(2030) 


* First pointed out explicitly by Milne, Phil. Maff, vol. 60, p. 617 (102B), 
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where the ionization energy required to remove an electron from the 
neutral atom in its sth state and leave the ion in its itli state. Ihls can ho 
effected by radiation of frequency v ejecting an -electron, jn’ovided now that 

We introduce exactly the same coefficients P{7)), 0(rj) and 0(r) as before 
for each such photoelectric process. On the principle of detailed balancing 
it follows at once that the relations (2028) hold for each sot of these oooffi~ 
cients. On the preservation hypothesis matters are rather complicated and 
it is hardly of sufficient interest to discuss them in detail. The balancing of 
v-quanta and •);-eleotrons involves in general more than one set of coeffi- 
cients. Only the atomic balance involves a single set (and tlien only when the 
ion is assumed to have only a single state), and the condition of atomic 
balance for all T does not imply so much as (2028). We may be content to 
expect that, as in §17'4, preservation could be shown to demand leas 
restrictive conditions than detailed balancing. 

It is obvious that the foregoing argument applies to any two consecutivo 
stages of ionizatibn. 


§19*32. Free-free tranaitioits. In addition to radiative captures transi- 
tions from one free orbit to another are possible with emission or absorption 
of radiation. The greater part of “white “ X-radiation is of this nature. Tlio 
probability of these transitions can in principle be calculated by quantum 
mechanics, but the calculations are very complicated. In the meantime 
the laws for such processes can easily be formulated, but do not give much 
significant information, since the process and its reverse are essentially tho 
same, with change of sign of v. 

By (1898) and (1863) the number of encounters per atom per unit time 
with (ij,p)-eleotrons is j 2^^ 


277p dp 


* ,mj 


. e vl^^'rjdr}. 


(TThT)^ 

The chance of a switch to an (7/',p') -electron with absorption of r-radiation, 
hv = 1^' - is naturally taken to be 

2{v)cr{r},piir}',p')dr)\27rp'dp\ 

If = [ [ pp'(T(7},p;ri',p')dpdp', 

J 0 J 0 

then the number of switches of T^-eleotrons to i7'-eleotron8 per atom per unit 
time with absorption of v-radiation is 
2 27ry 


(i)' 


(TrkT)^ 


e'^I^I{v)r)S^{7),'r)‘)d7]dri\ (2031) 


a result which remains true in quantum meohanios. In exactly the same 
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way we must then take the number of switches of 7 ^' -electrons to 17 -electrons 
per atom per unit time with emission of (/-radiation to be 

( 2032 ) 

On the principle of detailed balancing wo must equate (2031) and (2032) 

obtaining = v'W’V) {1 + »'•/('')} (2033) 

If /(»/) is to satisfy Planck’s law, then we must have 

0L = c^l2hv\ (2034) 

(2036) 


The analogous process to this in Chapter xvn would bo merely a simple 
3-body encounter with energy exchanges between the 3 bodies, from which 
we slrould have derived little of importance. 

§ 19 * 33 , Numerical values of continuous absorption coefficients. Little is 
known ex])orimontally or from direct astrophysical evidence as to the 
numerical values of the mass absorption cooffioient which is derived from 
the \(t{v) of (2020) by the equation analogous to (2023), 



dvrwi a 

Wo do know that the continuous absorption grades off continuously into the 
massed lino absorption at the series limit and that there is no infinity at the 
limit itself. Hence Ijt rif{ni) must bo hnito and non-zero. This means that 

7;->0 

the oluinco of capture of a very slow electron must ultimately vary like I/t; 
or 1 /v®. It does not imply however that ili{v)ccv~‘^ and lc^ccv~^, and in 
fact these relations do not seem to be true, The X-ray evidence is that 
Direct calculations of f(r) and so for atoms with one 
electron, which probably apply to the absorption of X-raya and roughly 
to the optical absorption by any simide atom or ion, have now been made.* 

§ 19 * 4 . General jnocesses involving emission and absorption of radiation. 
We have considered hitherto only simple radiative processes in which a 
single quantum is absorbed or emitted. In order to generalize these con- 
siderations on the basis of detailed balanohig to apply to processes involving 
two or more quanta such as the Compton effect (scattering of radiation 
by free electrons) a convenient way is to generalize the method of § 17*7 1 to 
inoludo radiation, t at first a single quantum only. To define the encounters 

* Opponhoimor, Zcit, f. Physik, vol.’dl, p. 2C8 (1027); Siighim, loc, cU, 

i* Divao, he. cil (2). First disonssocl from tho present point of view by Panli, ZeU. /. Physik, 
vol. 18, p. 272 (1023). 
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L.stnowspee.yi.«tKe«^ 

timi is directed, and ^ are Jii'Bt rotunred in tttn 

cemed, the froquonoy range ^ „f tho rmliation Ijmng 

normal frame of reference {d%A q), , probability oooHieionta 

taken into account if it is significant. tl>oy 

^ and f are to he independent of C and an botoro 

may of oonrse depend on the t ueo ion o , tho fi'oix"®*’”.'' 

that the only simple assumption is a . i ^ froq iioncy of t'm 

of the ahBoxption dotailod balancing, «oo 

emission process to (l + ciJoli^Ql/' 1 

(1965), now reduces in the normal frame to 

[AA- • AJo ((> = {} + aA(»'o)} Ifi h • ' •/»' ]o ‘'A ■ 

Since f(v)/r3 is hiyariant under a Lorente transformation* this rodnoon, ' 
the original frame in which the assembly as a whole is at rest, to 


tt 


7/* 


^ + l|/i7a' ■•■/,/</>' 


^ \wc^I{v) , 

It is of course only this form for the ratios of the emission and abaoi-pbi n 

* See, for example, Einatein, PhijsiM, Zeit. vol. 18, p. 121 ... j. l,i w]>loh 

The proof is simple and may be repeated hero for rofoi'oueo. In ^ j ^ intonslty In 

the aasLwy as a whole ia at rest, the radiation la Isotropic in all froquonoioH ami 

a given range and direction dvdw. 

Consider a system at rest in a frame K' moving ivitJi volooity u In tlie fiaino 
A given bundle of radiation of intensity Hv)dvdw in K will belong to an Intoivnl 

' angle dw' and be of intensity r{v',6') dv'dio' 

in K\ where 9' is the angle between the .'c'-axis and dio'. Obviously in if', i' ia not iaotropio hut 
depends on 8^, not on 

Between these two expressions for the intensity or energy density of a given beam the 
obviously be the same relation as between 'the sfiuares of tlio correspond in g fi'ociwonelos, s 

r(v\0')di/dw' _ (v'Y ^ 

I(v)dvdco ""Va/ * 

The transformation equations (2060) give us at once Doppler's law and kho aberration In the foim 
■ r(l ~(p/c)oos8} QOS 0 -via 

" 1 - (vie) 008 0 

fZ/_/ fZw^ cos d' _ y )<V 

(III y* rfw doos 0 \V/ 

J{v) \v/ 

!rhe foil expression for r{/,6') in terms of v' and 6' correct to vjc ia 

t .. -in / 


It follows that 
Therefore (to all orders) 


.(20a8) 


/W')=|/(v')+^v'oo8fl'|^| ->3^C0Sd'^. , 

An alternative metliod is to apply the general theorem used by Dlrao (ace footiiofco to § 17'7b 
b 606) that for any setof ayatams (here quanta) the law of donsity-ln-niomontum is Invariant for 

p>fiuauka per unit volume in iC iA 


u( v,0,i}>) v^dvdto, 
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coeflioients which it is necessary and siiffioiont to postulate. Writing Planck’s 


law in the form 


2/1. 


JL. A. I ^Qhvlkl' 

7/ A “ ^ > 


c® I(u) 


t 

we see that, if a - — s , 

the equation (2037) of detailed balancing reduces to 


(2039) 


(2040) 

Only in this form can the relation bo satisfied with coefficients ^ and 
independent of T and C, It will bo observed that vq, the frequency of the 
necessary radiation, is measured in the normal frame and so is a constant 
of the process independent of C. The rest of the argument proceeds exactly 
as in § 17*71 except that the energy relation is 


/ij; + E I e, + ^ +l>3^)r| - S |e/ + +i?3'^)7| • 

The final result of the introduction of the equations of equilibrium is now 

(2041) 

We have oonsidered above a process and its reverse in which a single 
quantum is absorbed and omitted respectively. It is easy to generalize the 
argument to cover processes in which any number of quanta are absorbed 
and omitted with the corresponding omissions and absorptions in the reverse 
process. ]!n the normal frame the equation of detailed balancing must 
obviously take the form 

n.{/o(>'o“)}n,{l+«,/o(V'>)}[/./a-/„]o?) 

= lT,{l + «/.(.„C))}n,{/,(V»)}l7i'A'..././]o^' (2042) 


thon i« invariant. But sinoo wo aro rookoning in quanta fj,iv,0,<f>) v'^dpdw and {I(v)lv} dvdw 

ftvo proportional. Tlioioforo /(r)/i'® is invariant. 

Wo thoroforo give a proof of tliis gonoral invarianoo thooroin, wltioh is of oourao only a ro- 
arrangoinont of tlio proof above. Lot tlio four spaoe-timo momenta of tho partiolo of rest mass 
bo mx, Wi, Wj and mx oonnootod by tlio relation 


H- -h Wfl*) m(,h\ 

'I’iio donsity-lnonomontiim por unit volinno of a sob of partioles is dmidmidm ^ . This 

is tho number por unit volume of a speolfiod group of partioles and tiioroforo transforms aooording 
to tho samo law ns tlio rooiprooal of a volume moving with tlio volooity of tho iiavtlolos, that is, 
tho same law as m, , ironoo . . , , , 

/4(nti,W a,«»a) dnix d m^ 

is invariant. But by tho equations of transformation 


Vwi.Ws.Wj / 'm,, * 


Therefore dmxdinidm^lmx is Invariant, so that invariant, whioh is tho theorem. 
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which, reduces in the original frame to 




Provided tliat all the “coefficients of stimulation ” « satisfy 


equation (2043) reduces, on rising Planck’s law, to 

^ 2A(^ (2048) 

The energy equation is 


and the final relation between the ^’s, 


2hWl“ 

^ „ 2/j(v(,ffl)2!Di'... m„/' 

72 


(2046) 


It is easily seen that in no other way can we eliminate T and C from the 
equation of detailed balancing and so obtain a statistically accei>table 
relation between the ^’s. It is not necessary to take the exact form chosen 
for the various emission and absorption coefficients as functions of Po(i^o)' 
Only the ratio of each pair is relevant and determinate, If however the 
form chosen is accepted, then we must accept also the following general law: 

Any atomic process which results in the emission of one or more quanta of 
radiation is stimulated by external incident radiation of the same frequency as 
that of any of the emitted quanta^the ratio of the stimulated to the spontaneous 
emission being proportional to the intensity of the incident radiation divided 
by the cube of its frequency and independent of the nature of the process con^ 
cernedf the direction of the stimulated radiation being the same as that of the 
incident radiation. 


§ 19’41, The Debye-Gompton effect* Compton’s process of the scattering 
of radiation by free electrons is an example of a process to which the fore- 
going general theory will apply. In this case there is one material system, 
* A. H. Compton, Phi/s, Rm vol. 21, p. 483 (1923); Debye, Rhysikal Zeit. vol, 24, p. 161 (1023). 
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= = one quantum of frequency v is absorbed and one quantum of 
frequency v* is emitted, the difference between v and j/ being of course 
controlled by the lau^s of conservation of energy and momentum. The 
weiglits Wi and cji' are equal. Consequently the scattering process will 
in’osorvo the equilibrium state (Maxwell’s law for hhe electrons and Planck’s 
law for the radiation) if 


<i>WJ ' 


.(2047) 


Hero vq and vq* are the frequencies of the incident and scattered radiation 
respectively in the normal frame. Py (2042) the chance of one electron 
scattering vg-radiation into -radiation must be 


+ ^(V)} 


(2048) 


which is the result first given by Pauli. Beducod to the ordinary frame, the 
chance of the elementary soattering process must be 



I{v) /(/) 
2h ,.'3 



(2049) 


further details of the interaction are not necessary for formulating its 
laws, but it is perhaps desirable to summarize the details hero for reference. 
In the original frame wo have initially a quantum with energy JS ~ 7iv, and 
(vector) momentum V ~ hvjc and an electron with (vector) momentum 

and energy V "(TT^' 

The quantum and the electron “collide” and go off with a now frequency 
v' and now velocity v' in new directions; energy and momentum are con- 

served, so that (j+r=G'+r', ]S+U=]i!' +U'. 


Wo are not ooncorned hero with the distribution of scattering with angle. 
If the olootron is initially at rest in the ordinary frame wo derive at once 
Compton’s formula for the change of frequency of the radiation scattered 
at an angle 6 with the direction of the primary beam, 

Vv {i~QOfi0)==‘-^{v-U ), 


y-X^ — {l^oofiO), 
W{,C 


or 
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111 order to understand the nature of the iuteraotioii avo rodiico U) tho 

^ 1 /V n -i' 4 rvf^. n itrt y^i -i *■*<* 

A" -or 


in order to understand the nature oi the niteraotioii avo rocliico U 
normal frame. The transformation equations are of oourao fcypiftod by 

/i-i V rjj— CA/c^ /p s /p \ _ p P ~ A —Cl. p/,.v 

(1 - B2)i ■ ’ (b^o/e), 




(f-JP)^ 


(2050) 

ivith similar equations for G and U, In the normal frniuo there is no 
resultant momentum, so that - 

To reduce to the normal frame we choose tho .^‘~ax^8 in tho diroobiou of 
G+r and take C«c3|G+r|/(A-f- 17). 

When the total momentum is zero 

H-WoCa^o/(l“^o¥> 

and from the energy relation (A^ + I/q I'^o) 

y3_WWoC2)^-l 

It follows that , and therefore % , and thoreforo aro fixed by }K, bo tha t 
in the normal frame 

Vo = Vo, Vd^Vq', 

The nature of the interaction in the normal frame is thus simply blmt tho 
quantum and the electron make a head-on collision and rebound with 

ireo y reversed momenta. The chance of tlio scattering pi'ooGsfl in tho 
normal frame must be 






vo^ I 

of r Z c indopondont 

(2) All nZ .■ -^“itted in a definite dWi on . 

Itfixlelfs lan^ fe th™ i« §lB'i proaorvo 

Planck’s law for tie radiation systems and 

onssions of §19-2 and U9-3 and ,, “ ™ generalize the dis- 

ohangingnronrentumileyaa ^ o-^- 

up (as they must) Maxweii’a diatribution 
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Wo have arrived at these important results on the basis of detailed 
balancing and the use of very general arguments. On account of their im- 
portance it is worth wliilo to pause here and oonsidor the more specialized 
but more direct arguments by which Einstein in his original investigation 
was led to the conclusion that in the process of lino absorption and emission 
every quantum must be directed (have momentum), and that then Maxwell’s 
velocity distribution law for the atoms Avould be jn'eserved. Einstein con- 
sidered only the mean square atomic velocity. Wo shall give the discussion 
as completed by IVlilne. * Erom the present point of view this discussion may 
bo regarded as a study of the process of line absoiq^tion and omission by 
atoms free to move on the assumption of the preservation hypothesis. It is 
satisfactory to confirm all the conclusions on this narrower hypothesis in 
the simple case of an atom with one pair of stationary states, 

§ 19*5. Extensions of Einstein's argument to free atoms and the conditions 
for the 'preservation of Maxwell's law by line ahsorpiUon and emission. In a 
frame in which an atom is at rest the radiation is as wo have seen not isotropic. 
The atom meets more radiation from ahead than behind, so that absorption 
tends to slow it up while the emission (in this frame) is isotropic and without 
mean effect, ''.fhore is therefore on tlie average a deceleration to the first 
order proportional to v, so that 



The aotual value of A will bo investigated later. We might at first suppose 
that each atom, apart from atomic collisions, would ultimately come to rest, 
but tliis is not so. Superposed on the steady deceleration there will be in any 
given time interval r a not gaiii of velocity u, arising from fiuotuations in 
the directions of absorption and emission. The mean value of u by definition 
is zero, and obviorisly to the first order in v indepondont of tlio slight 
anisotropy of the radiative field — ^that is independent of v. It is then clear 
that a nooGssary condition for the equilibrium state is that 

(2061) 

which means that ^ is unaltered after time t by the two radiative effects. 
TJio further development of those ideas belongs more properly to Chapter 
XX, but may bo conveniently taken up at once . Since w = 0 and the indi- 
vidual values of u are independent of and the equation (2061) 


roduoesto - 55 = 91(1 _e-UT)_ (20B2) 

or for small T '»^e=«2/2AT. * (2063) 


* Mi] no, Pro6, Camb, Phil, Sod, vol. 23, p, 40fi (IP20). Oomparo tho disoiission of diaplaccmenl^ 
in §20-02. 
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The direct calculation of is also sini 2 )lo, but is toiu 2 H>rtvvily 2 >oBtpoUGd. 
In the foregoing, velocities may be intorijretod ovorywhoro tm \'aloc‘ity 
components in any given direction. 

When and A have been oaloulated directly from tho proi)erfcics of tlir? 
assumed mechanism is determined by (2053), and Einstoin showed tluifc 
it had its proper ectiiilibrium value. This verification is not lio’ivovor, an 
Einstein pointed out, a complete solution to tlio problem, But fnrtlier 
detailed investigation of this particular mechanisin is ronderod uiiuecoHaruy 
by the following general theorem. * 

Theorem 19*6, If the cenke of mass of the atoms moving with vdovily (»r 
velocity component) v moves accorli^vg to the equation 


dv V 


....,.(2054) 


and if in addition in any small interval r each atom acqidres a vdociiy 
velocity component) increment u, independent of suc7t Ihatu^ 0, (hen in the 
steady state the velocity {or velocity component) distribniion ftmcimi f{v) dv in 

/(v) == ' 

where v^ is given by (2063) and c is a constant, 

Tliis theorem is of somewhat wide imiiortance since it apjilios iiiiclor tlie 
conditions stated, which need not corresiiond to statistical oq^uilibrhiMU In 
the present application it justifies confining a discussion of tho 2 )n-rtiaular 
mechanism to the values of A and We take its x^roof next, oonfining fcliu 
discussion to one dimension, or one velocity component. 

Of the atoms moving with velocity v at a given instant lot tlio fraction 
4>{v,w)dw acquire increments of velocity between iv and w^\-dw dining tlm 
succeeding mterval t. Consider the atoms at tlie ond of tlvis interval whioh 
are moving with velocities between and v'+dv\ Those of them which 
were originally i;-atoms have had an increment w, whore 

w = — dw=^dv'; 

fiaotion ^v)dv' of tlio «;“atoms, which wore 


P{v)dv ->dv' f{r>)4>{V)V' ~-v)dv, 

J CO 


(2060) 

'* + 00 


- v)dv. 


....(2067) 


Wor. vhm. a, Ph}/aik, yoh 48, p. 810 
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The increment w is given by 

w = {ve~^'^ —v)-\-Uy 

or for T small to = — Ato + u. 

The funotioii - Atw + u)du is by definition the fraotion of t>-atoins which 
acquire by fluotuations inoroments between u and u + d^l in time r. By 
hyi^othesis this fraotion is independent of v, and wo therefore write 

<'^(o,-Ato + w) = i/j(w). (2068) 

The function ift{u) satisfies 

I’-l-W |» + O0 

J -CO J — 00 

r+co 

and wo shall write u^tf/{u) du = 

J — 00 

In order to make use of (2068), and this is the iioint of Milne’s proof, wo 
make the substitution v^iv' -^x)l{l-~Xr). 

Then equation (2067) beoomos 

rf >\ .f(r' — x\ Jv'-x \ dx 

and after using (2068) this becomes 





Wo oan now for small r expand / in poAvors of x and integrate term by 
term. We find after rearrangement 

-lr[i 1 y (Air) + ■••]• 

It is necessary to assume that Pi , are of a higher order in t than u^. 
Lotting noAV t-» 0 wo find that 

i/"(t'')+[/M+<’7'(«')]Lt==o 

T— > 0 

At 

Lot us nOAV put Lt “ = /a. 

T->o ii^ 

Then the oomjfiote solution of the differential equation (2060) is 

Sinoo 


.(2060) 


♦ .|.a) 

f{v^)dv'^ 

I -CO 


and the^d -contribution does not converge, we must have 

A^O, j3=(/A/7T)i 



736 

Then 

and finally 
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^ //f r ^ 

\rtj J -ao 2.fx 




§19’51. Gorollaries and extensions of Theorem n)*0. A moro exact; treat- 
ment of the theorem, not confined to small r, is of oonsidoral jlo iiitorcBt, at 
least mathematical. The iji d^ned in (2068), though indGijoiKlciit of 
depends on r, as of course does When t is no longer restriotocl to bo Biiiall 

we must every^vhere replace 1 - At by the exact Kquafciou (2050) then 
takes the exact form 

f{v') = ~ X) ,/j(.r,T) ch. (2002) 

Tills equation must hold for all v' and r and the right-hand aide numb bo 
independent of r. We can show that these conditions servo to dotorniino not 
only f{v ) but also j^(a;,T), that is both the steady distribution law and tho 
law of diffusion of random velocity among a subgroup of atomn. luoviiin 
initially all with the same velocity. 

By the study of small t we have already shown that 

Insertmg this in (2062) and changing the variable of integration wo Jind 

=J^” <H'>' - ve.-\r) civ. 

integration by part. 

r+~ fiAe-2AT 

J — CO 






in which the variable jk has the value u' - ve-^r , , . , . , 

equation thus reduces for fixed t to the form ‘florentiation, J. lit. 

j__j{v"~v)e-h^^av = 0 (allv") 

which requires that sr = 0.* We thus have 

^Ae-sAr 

(2003) 

Then from the hypothesis of the theorem to ha proved ’ -f ^ 


i typothesls of the theorem to be proved ’ 

“ ca Jo =y ^ /c 

(/!"«)«'*' .if). 
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which (on tho proper time scale) is equivalent to the standard equation of 
diffusion. It is reducible to tho ordinary form by the change of variable 


Its solution for a "point source”, that is for an initial concentration of all 
the j)articles at tho origin of a;, is, when the oonstant is adjusted so that 


j 


(-CO 






'3^T 


"cwrrj 


■nj (e2AT_i)i^ 


(2064) 


This function exhibits tho growth of tho distribution law for the random 
volooitios. Its initial value is zero excoi^t for = 0, and as t-»oo 


0(a;,T) 



Thus tho subgroup of atoms moving initially with a given velocity ultimately 
acquires a Maxwellian distribution, which is naturally indeipendent of its 
initial velocity. 


§19*52. JUinslein’s calculation of A and We proceed next to the 
calculation of A. By (2016) the number of absoiq^tiona of isotroino radiation 
per atom in state 1 i)or unit time is 

Rt^I{v)dv. 

This can bo generalized to radiation in a given solid angle, thus applying 
to anisotropic oases. The number of absorptions is then 

B^^r{v\0')dv'dco'l<iTT, 

measured in the frame K' moving with the atom. The oooffioient cannot 
dojpend on orientation unless there is a field orientating the atoms. 'l?ho 
number of absoiqitions per atom in unit time averaged over all the atoms is 


therefore 




(2006) 


We recall that Xi <wid xz ^^ro negative energies and/(7’) ™ 

Every such absorption conveys to tho atoms Z'-momentum to the amount 


c 


Tho fli’Bt Integral faotor Is ofjUial to and iiovor vaniBlioa. 'X'horoforo 

But by Fourior’a integral tlioorom (Hobson, Vwiclions of a Real VaviahU, vol. 2, p. 727) 

y{x) = - f * rfw I * ^ (7(0 eoB (t)(4 - *)} dl =0, 

IT y a j ~(o 

since tho inner integral vanleheH. 


rsM 


47 
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The stimulated emissions must also be anisotropic, for tlioy immL 
place always in the direction of the incident radiation. We have us yet noi 
considered this point, but it is required by the classical analogy 
by Van Vleok.* More forcibly, unless the stimulated emissions ai‘o in 
same direction as tlie incident radiation, they will not oonoorn light of tte 
same frequency in all frames of reference, and the whole argument t»f 
§19-4 applied to this process must break down. Due to the radialiwn 
incident in dm* there are 


7i7rt 

such emissions per atom per unit time, each contributing to tlie atoiii the 
recoil momentum 

cos d'. 

G 


In the frame IC the natural emissions must be isotropic and oontribul# 
nothing to A, . 

If now we collect these results and recall that toj ^ 1 ^ = 012 ^ 2 ^ wo liiui tliat 
tile total average momentum contributed by the radiation to each iiUmi 
per unit time is 


hv' 


I'(^\d') cos O'dco*. 

Using (2038) and carrying out the integration we And that this ral<i of 


transfer of momentum is 


— U” 


cm 




The ooefficient of — i? is by definition mA, and the formula now oontaiiiH only 
the isotropio I(y'). Usmg Planck’s law and the relation hp*~Xi’^Xu 
reduce this to ^ 

0 " /(T) 3mkT • 


We may observe that in this calculation we have for simplicity UHod ft 
frame £' and neglected the change of mass of the atom on absorbing hr. 
This is sufficiently accurate here, but the exact method is of course tliftt of 
§19-4. _ 

We have finally to calculate the fluctuational increment of voloelfcy 
in time t, to an approximation which ignores the slight anisotropy and 
treats the atom as at rest. A single absorption or emission at an angle Of 
exerts an impulse {hv'jc] cos 6^. on the atom in the X-direction. Thus for 
any atom mu^(hv' lo)\ome,, 


* Van Vleok, ho, dt. in § 19'2. 
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and averaged over all atoms w - 0, and 




(S,. oos^ + 22!^ cos d^. cos dg) . 


The average value of the product term is obviously zero. The average value 
of the square terms is Jw, whore n is the total number of emissions and 
absorjjtions in time t, that is double the number of the absorptions. Thus 


by (2066) 


and finally 


n~r- 


W) 






m 


3m^ 


T. 


Comi)ariiig (2006) and (2007) we find 

^JcT 
2At ~ m '' 


(2067) 


so that by (2063) ^7nv^=^kT, 


as required for ju'eservation of the equilibrium state. 

If wo did not assume l^lanok’s law for 7(r) in reducing (2066) and (2067), 
wo should eventually find 



§19’6. The emission and absorption of solids. A solid body, or for that 
matter a liquid or a sulfioiontly dense gas, can generally be regarded as 
omitting light of all wave lengths (o.g. incandescent filaments, electric arcs, 
the sun). In an assembly in equilibrium this is a surface offeot, and therefore 
must preserve equilibrium indeiiendently of all volume offoots. 

In unit time the energy of r-radiation whioh strikes a unit surface witliin 
a solid angle dm at an angle 0 with the normal to the surface is 

7(v) ooBOdvdo), 

In order to preserve equilibrium (isotropic radiation) the same amount of 
r-radiation must bo sent back in the reverse direction. This must hold for 
all V and all T. The surfaces of condensed bodies are usually described by 
an absorption ooefiloiont k{v,0), whioh is the fraction of r-radiation incident 
at an angle 0 that they absorb. The rest of the radiation, the fraction 
1 ~ k{v,0), is reflected in some manner, but with a definite i^haso relation to 
the incident light. The existence of a phase relation is the defining property 
of roflootion, and forces us to distinguish between tire rofleotod radiation and 
the radiation ro-emittod after absorption for whioh there is no such phase 

4 ?-* 
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1 ’ela.tion, It is this point whioli loads (at leaat on classioal tlioorios) to o 
disoussion. somewhat more complioatocl than that reqiiii’ed tbi’ tlio inipnol 
of particles on walls, If there is absorption tlioro must of covu'so bo GiniBBiaa 
as well, and the emission coefficient 6( »/,d) is so doiinod that tlio K-tadialioni 
emitted in, unit time by unit area into a solid angle dw at any anglo 0 wiUl 
the normal to the surface is 

^{Vi9)oosi Odvdco, 

The. radiation reflected from all inoicloiit beams into the same solid anglo 
may be defined to be 

The hypothesis of the preservation of equilibrium, requires that 

2{v)^e{v,e)-i-r{v,0). (20fl«) 

According to the hypothesis of detailed balancing wo are entitled to nasort 
separately the equality of the absorbed and re-emittod frnotione and of tlio 
unabsorbed and total reflected fraction, i.e, that 


rM=={l~kM}I{v), ( 2070 ) 

• €{v,$)^h{v,6} I{v), (2071) 


This is a familiar result of the classical radiation theory. It will bo true on 
the hypothesis of preservation alone if for example tho refloobion is porfoofcly 
specular or perfectly diffuse, or obeying any mixture of thoso two laws, or lf 
the surface is such that Helmholtz’s reoijorocal theorem on dofinito boainfi of 
light holds.* It does not seem that Helmholtz’s thoorom can extend to tho 
most general condition of reflective scattering oontoinplatod hero, but it is 
undoubtedly true for most reflections actually found in practice. 

A body for which A3(>^,e) 1 is usually called a blach bodf/, or, shioo 


a full radiator , A body for which h{v,e) is a constant (less than unity) is oallc 

a peybody It emits radiation distributed according to Planoh’s law, but i 
less than the normal rate. 

aotually depend on tho state of poIwiziiWon < 

noWd oemn brolcon up into two plnji 

S Ho it iLTb ' ^ of inoidonoo and t):o othor at rigj 

angles to it. The theory is easily extended to coyer this distinotion, 

o/soJ*. -The emission of oleotrons hv ool 
ite OT ome erctr' already been discussed in §b.8' 

tens equation v-Ay~x, where x is the photooteotri 
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tlireshokl or work function of the metal. Tlie converse of this effect is the emis- 
sion. of r-radiatioii when an electron of energy 7iv ~ x strikes the solid, Such 
effects have never been recorded and are perhaps too scarce and too difficult 
ever to observe, 'ifliat radiation is emitted in stopihng the electrons striking 
a metal target (X-ray emission) is familiar enough, The radiation of con- 
tinuous freciuenoy so obtained is probably almost entirely atomic in origin, 
arising from free-free transitions in the field of a single atom; the character- 
istic radiations are obviously atomic. The interest of the converse photo- 
eloctrio effect would lie in hv exceeding (by a few volts) the energy of the 
impinging electron. 

Wo shall not give the details in this case, but it follows at onoe by 
arguments now familiar and the use of (1023) that if (f} is the chance that 
a r-ciuantura striking the solid shall produce a photooleotron, and 



is tlie ohanco that an Tj-olootron (if]==hv~-x) striking the solid shall bo 
absorbed with the production of a r- quantum of radiation, then 


. me- 


(2072) 


In the region of A 3000 f/) may perhaps be numerically comparable with 
unity, but ({>' is then of the order lO^^-lO'**. The converse effect is thus very 
small. It must also be remembered that the oaloulations leading to (2072) 
refer to tlio equilibrium state, and that a solid is no longer (like an atom in a 
given state) a definite system, but itself depends on the temperature. The 
solid may bo capable at high tomjwratiiros of capturing impinging electrons 
in this way "with the oaloulatod froquonoy, but it does irot follow that the 
same solid cold, bombarded by eleotrons, will bo able to achieve the same 
fraction of captures. There may not bo the same vacant orbits for the 
eleotrons to ocoupy. 

§19‘8. Photochemical reactions and chemi-luminescence. It is a familiar 
fact that certain gaseous reaotions are initiated by the absorption of external 
radiation — usually light of the visible region or nearby. It is however 
diffioult to find simple unambiguous examples, in which we can be perfectly 
sure of what is happening, so that wo shall be oontent to discuss such 
moolianisms and their converses in gonoral terms without attempting precise 
applioations of any theoretical results. 

In the photoohemioal meohanism the primary aotion is the absorption 
of a single quantum of r-radiation. There is no known ease of dependence 
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on a newer of I(v) higher than the feat, ao that only n siiiglo (iimiitum onn 
normluy be concerned. The result of this absorption may bo oillior 

(1) An activated molecule. 
f2\ Immediate dissociation. 

In either case we may expect (and And) - 
wluch radiation is ineffective. We may obsoryo 

V > or V < V„ . v-radiation must be ineffectivo nnless it is abaor bod bj Urn 
molecule and therefore that only the lines and continuona strotolioa (if n >) 

of theabsorption spectrum of the moleoulo can ho oilootivo photoohomienly. 

This point is well brought out by the practice of sensitizing pliotognip* 
plates to red light by staining them with rod-nbsorbont dyoH . .I’ho ]>h\ aro 

normally insensitive to red light not because rjcrt < J'o booaiiso they ao 
not absorb the red light. Once absorbed the energy of tho rod light i« trans- 
ferable by other mechanisms, and the photographio roaotion oomu'a. 

In simple cases we shall expect to find with oithor niooluiiiisin (1) oi { 
that just one molecule is transformed for each quantum of elleotivo hglit 
absorbed. This is called Einstein’s law of photochemical equivalence, "I'hmti 
is however no I’eason to expect its universal validity, owing to Hoooiicbuy 
effects such as the formation of reaction chains carried on by tho prodiudB 
of the primary photochemical act, Einstein’s law is found tt) Jiold in numy 
cases, but there are marked exceptions, such as the reaction 

Ha+OIa-^SHOl, 

in which the number of reacting pairs may be many milliou bimea the 
number of fight quanta absorbed. 

The converse reactions are either 


(1) Emission of r-radiation and deactivation. 

(2) Recombination of two free atoms or moleonlos with omission of 
j>-radiation to get rid of the excess energy. 

Experiments will certainly be able to distinguish botwoon (1) and (2) 
and no doubt will do so soon, but owing to subsidiary effootfl tliis is never 
easy. In the meantime we may be certain that oxamploa of both typos of 
mechanism occur in nature. A quantum of visible light roiirosonts a boat 
of activation per gram-molecule of 60,000 oalories, more or loss, wliioli is 
just of the order of the heats of activation with which we are faniilinr in 
reactions proceeding by collision. On the other hand, examples of tho con- 
verse mechanism (2) are known, though hot in the gaseous state. This is 
the phenomenon of chemi-luminescence.* 


* Seo. for example, Noddaok, Handbuch d. Physik, vol. 23, p. <J31, art. Photocltemie (1020). 



CHAPTER XX 
PLXJCTtJAlTON'S 

§20'1. Wohave hitherto, in calculating average values and asserting 
that they represent properties of the assembly characterizing the equilibrium 
state, generally ignored the fact that at any moment the actual assembly 
will always deviate more or less from the average state. Erom the definition 
of average value the average of these deviations must of course vanish, but 
the average numerical value of the deviation will not vanish, and will be a 
moasuro of the closeness with which the assembly conforms to the theoretical 
equilibrium state. It Avas necessary for the logical develoiJment to point out 
at once, as avo did in Chapter ii, that in general these average deviations are 
inaignificant compared Avitli the average values themselves. This at once 
Justifies onr treatment of the equilibrium state and the possession of all its 
average values as a normal property of the assembly in the sense familiarized 
by Joans. Wo have also had occasion to prove certain theorems, partioularly 
in Chaiiter xix in connection Avitli Einstein’s discussion of the interaction of 
radiation and atoms, Avhicli are closely concerned Avitli fluctuation problems 
and Avill be applied fin’bhor. 

j;t is theroforo our primary object liore to develop systematic methods of 
caloulating such average deviations, {a) for the sake of the logical develop- 
ment of the Avholo subject, and (6) lor direct application where possible to 
physical observations such as BroAvnian movement and opalescence near 
the oritioal point. In taldng up those oaloulations avg find at once that the 
avoi’ago value of tlio numerical deviation is awIcAvard to handle and is 
naturally replaced by a calculation of the average of tlio square of tlie 
deviation. This is moreover the quantity ordinarily required in apiDlications, 
and wo have usually spoken of this quantity hitherto as ih-efluGimtion, If P 
is any quantity whoso average value is P, then the fluctuation in this sense 
is In devising general methods of caloulating these fluctuations, 

Avo find it almost equally simple to oaloulato (P-.P)”' for any positive 
integral value of n. Wo shall theroforo speak of all such quantities in this 
chapter as fl uotuations, and rofei.’ to particular ones as fluctuations of order 
n, the “ fluctuations ” of o ther chapters being here fliiotiiations of the second 
order. Eliiotuations of orders other than the second are not of muoli im- 
mediate physical importance, but the results are elegant and perha]DS not 
Avithout intrinsic interest. 'J?hoy generalize in many oases the corresponding 
results duo to Gibbs.*'* 

♦ Gibbfl, JSlmcnlari/ Principles in 8lalislkal Meclmnics, ohap. vn. Tlio roaults for non-difl- 
aooiating Msomblioa woro given by banvin and rowlor, Proc. Cmnb, Phil, Soc. vol. 21, p. 301 
1022), but fcbo cUaouaaion tlioro given for diaaooiating aaaoinbllca ia inadequate and ia boro roviaod. 
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Fluctuations 


[20*11 


§20*11, General fomiulae foi' a/, etc,, and Before starling 

to clisouss fluctuations it is convenient to assemble certain formulae for 
average values which are immediate generalizations of those of §2*4. Wo 
can obtain full generality by considering first an assembly of two types of 
permanent quantized systems, obeying one or other of the possible forma 
of statistics (unspecified). The results extend at once to any number of types 
of systems and the form for the classical limit can be deduced. Dissooiatiou 
is for the present excluded and considered separately later. 

In the notation of § 24 

^ = W‘) 

(lis/ll 

The last equation is easily generalized by use of the same arguments and 
we find 


Gaj!^ = 


1 


JJ.r’'+V’+V+iLl 0®/ 'J 


n,=}=,{7(a?2"0 n,firi(y«^0- 

(2073) 


A further generalization on the same lines is at once possible to 

__L- r r r _ a(xg;®r\i 

' ® (27r^)'»JJJ 


n 0 “I 

(2074) 


It is clear that any number of such factors may be introduced. 

No integral has yet been given for since Ej^ was deri ved from 
l^f,af€f. We can easily construct one, and in fact by considering (S,.a;.e,.)” 
construct integrals for The general term in this expression is of tho 


form 


n\ 


sls'ls"! 




corresponding to a general term in the integrand of (2074) of the form 

n\ , r/ dv 

slsMs'M... 




X... xr^^4,,,^y.,...g(^r^^0• 

The e,.“faotors can be absorbed by replacing the operators xdjdx by zdjdz. 
By an appHoation of Leibnitz’s theorem it is then easily seen that the last 
expression reduces to ( %\^ 

It follows that 

(2076) 
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§ 20*2. General jluctualions in the parlUion of energy. It would be possible 
to evaluate the dominant terms in directly from (2076) by the usual 
application of steepest descents, but we really req^uire the dominant term 
in — and in passing to this by expansion and use of E^y^ g nu mber 
of leading terms cancel and a more or less complete expansion of E^y^ must 
bo used. We avoid this diffioulty by first constructing an exact integral for 
G{Ba ~ ■which can be simply evaluated in the usual way. 

A change of notation is expedient. Put x = e“, y = 2 = 6 ’*’, 

g{xz^f) ~ *= exp{(?(^t ~V e^w)}, (2070) 

with a similar expression for G^’ Then 


du dvdiv oxp[ — Mu —Nv— Ew H- Gi(v + 

X j exp[S< 0{u + e,w)], (2077) 

where the contours y' are now straight linos from logA— to logA+.^V, 
log|it~^ 7 r to logjx+^TT, log-O'-^TT to logO'+w re8j)eotively. These contours 
are of course those required for the application of the method of steepest 
descents. To form the integral for G{E^i—E^iy^ wo replace by E^-i-E^ 
and again use Leibnita’s theorem; thus 


(2 


[ J —Nv~~ Eto + Sf Qi{v + 'qiw)] 


X oxp[S{ G{i(, 'H e^ic)] 


n— a 




'] 


= f I f dudvdw exp[ - Mu—Nv - E^^to -f* S/ Gj^{v + 

{2'myjjjy' 

X j oxp[Sf G{u -h eiw) - E^ytv ] . (2078) 

Tliis is the desired integral We know that elfeotively the whole value of 
this integral is provided by the immediate neighbourhood of the saddle 
point at log A, log /a, logO-. Wo therefore write ws=log A-I*m, etc,, and 0 for 
(7(log A + 6; log 0 ) , and recall tlmt in this notation 

JlogA.log/tjlogO- 

Then S/ Q{u + e,w) - ¥fiW - Mzi « S, (7 - ^log O- - log A 

— (a -y efyY' Q” — -JiS, (a + ecyf G”‘ d- . . . . 
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— The integrations 

are now with respect to «, ft y and range effectively from -ooto +oo while 

othe r terms suc h as S,(« + e,y)3 Q'" are still small Thns 

- -S^)” = eS 0 - 3 ;. 108 «-« 108 A+a Si-'Siios »-» log ,1 

jj + ^l")} 

^ (^) [e‘*^‘‘“+''>'>’‘’"{l + 0(S, (o; + 6,y)3 (?"')}], 

cTseTrotT i;7“^ the 0 t diflereiitiated. In the special 

term in the integrwhloht 

jjJ d«d/3tlye-iSi(^+i?iy)<o,"-ia(m-i,y)'9"_^ ^ (2079) 

say. Thus 

(^" + 0(S,(ft+,„y)3 

’‘(sj)) {l + 0(Sj(a + e,y)“iS'")}] (2080) 

^rfor™ OrZ!’*' oleiiriy hy writing them in 

the iurther approximation to (2080) depends on the parity of it It is 
does n “'“sthefirst differentiation of the bracket {1 +O^Jf(«+£y)«]) 

2 .” ■“"3 *- 1 ’~ 

Q~iSt(oc+£iy)iff" , , ( +^y) • oveiy time we difFerentiato 

rder L " tl^e integrand by S,(«+,y),ff^ is of 

der ^(a + oy) and inoreases its order after differentiation by JM Thus 

ndKe:™^^^^^ cmrentiating the exponential . times 

,w 1 T ‘ ^ that Ms Ugliest order term 

O^yot^en to ranish identically on integration. It does not van^r 

n even but does so vanish for it odd, when further consideration is reeiiired 


{E^-M^frJ_ry 


g-iS/ (o:+ejy)2(7"^ 
( 2081 ) 


the to shortness in 

e-to^H8a^r+(,,y.,| 3 \ Yiti«»+8rr„+o.^n 
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and tlio a- and j3-intogrations may bo carried out immediately, the order of 


tlio oj^erations Jrfoc and j being inverted, Wo aro then left with 
i^A - Kif'" = ‘”e“5(Oa-aWy='|^ j (2082) 


Lot 118 now write 

r + co f -h » 

4 = ( - )” = ( - r*' 

J —CO J —CO 

the latter form follows by relocated integration by parts, and q&i , <f)^ aro short 
for c~hOa-uV-n)y“^ Q~Uoi~vVA)y^ respectively. Then eiiico 

we find that 

On integration by parts the right-hand side becomes 


r-hco 

K-i + ( - )”-"• eiV. 

J — 00 

and by continued repetition 

J — CO 

, - (2!) 1) , , . 3 . 1 _ j;a^_g J ^ (2083) 


or 

Thus f 

and it is easily verified that 


27T 

JaI^^ 


I,^J. 


Thus r'^-TF>-f2u-^n 3 S{ 0^-yVA)io,-um j 

=={2u- 1) ... 3 . (2084) 

* (2086) 

Tliis result must now bo intGrpi:oted. The ]diysioal variables M, N, 
and Ef^ aro given in terms of A, ja, 3 and the (7’s by familiar equations which 
in the present notation take the form 
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We regard these yariahles as functions of A, and Then 

( 208 <^'l 

(2087) 


V=^J:(€iG"=^^'dMld^ = XdFJdX; (2088) 

U ^^dN/d^’^lMdl^ldiJi. (2080) 


We can now show that 



and similoiiy tliat 





dM,^ dM LdM 
dX OO/ 9A 




(2090) 

(2091) 


The iu’st equality in (2090) follows at once from the relations (2086)'-(2080). 
' For the second we note that when M is constant A varies and therefore 



Combining (2092) and (2093) we obtain the second equality in (2090). We 
thus obtain finally the relation 


(2094) 

Fluctuations of the energy of aU even orders are thus completely determined , 
We now return to the odd orders. To an equivalent approximation these 
all vanish, and they are actually of order lower by ^JM or ^JN than the 
corresponding even orders. We must retain the exact terms in S((/9 -briiyY 
and (<x + G'" in (2080), the terms (a + e^y)^ etc, and higher terms 

being negligible. We then find after simple reductions 




“ y^lJJ ^ doid^dy e-l(B^tH2u^r+Oay^j;2^ j 

X ^ e-h^a“+2ry«+Ojy»J ^ 
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It is siifiioient to consider one of these expressions. Ca-rrying through the 
a- and ^-integrations wo find for 


pJzlJfL. 
" QJ {AB)^ 


By using the identities 

ye-iVr‘= _ 1 3 (e-io,V), yae-i».'f’= r — l—Y ——le-io.Y 

^ L 0,'=\dyj 0^'‘Byy ' 

wo can reduce this expression to integrals already evaluated, and find 

LI c\+o^-d>ib-v>Ia] (0, - mjjsyr- + —i^g, - u>fB] 

, (2096) . 

The corresponding expression for is 

0=-),(2«-l) ,, S{G,-U >IB){G,-V VAn<> 


]■ 




■\A){0\^U^lB) ] 7/^)3 G'- _ 

l\-~'miB-V^IAl {C\~V^IA)^ ^^~~A{G,^V^IA) J* 

(2096) 


These expressions cannot bo substantially simplified. We observe however 
that it is easily proved that 

S,(.,-FM)»ff" = [(a-l)’'^]^, (2097) 

^,i.,-VIA)0"'IA = xl(^l, (2098) 

with the help of whioh the formal evaluation of may be 

completed. 'J-\ojDrdorj)^(P^^ - in i/ or iVis « - 1, that is - 1) ~ 

while that of - ^)a'' is |(2u). 

An important spooial ease of these formulae occurs when A > if, so that 
the M systems of the first typo A are a small part of a very much larger 
assembly. This corresponds to the physical oondition of being in a thermo- 
stat or bath formed by the P’s. The formulae then simplify. We derive at 
once from (2084) and (2004) 

( (2^; - 1) ... 3 Amd¥jd^)^y> (2099) 
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IVom (2096)-(2098) we And also 


[20-2 




X 


1^5 W I 


(2100) 


Formula (2099) (and also (2094)) is the same for all statistios. Formula 
(2100) simiDlifies farther for olassical statistios when (9^^/0ilf)j(v is in- 
dependent of A and the second term vanishes. Then 


= r B/5 9 \2 n 


Formulae (2099) and (2101) give the dominant terms of the formulae given 
by Gibbs,* which alone are relevant when M is large. 

In then* final forms these fluctuations are obviously independent of tiio 
assumption that the “rest” of the assembly is composed of only one sort of 
system. It is easy to carry through these calculations, for the extra variables 
of integration introduced by the extra systems can be eliminated by in- 
tegration before we start on the processes of this section. The only factor 
in the formulae depending on systems other than the ^Ts, 
merely replaced by 




[i] 


M.H,, 


We observe in conclusion that integrals for more complicated fluctuations 
can he set up in a similar way. It is no use setting up an integral for 
— example, in an assembly of only two types of 

system since in such an assembly E^^ — E^^ —{Ej^ — E^), Wo therefore 
formulate it for an assembly of three types when it takes the form 


0\E^~~E^f^{E^~E^r 


X I j exp[S, - Ej,x - exp[S^ G^{w + Ifs) ~ -Oio], 

(2102) 


Such integrals cannot be evaluated for general values of m and n by the 
devices of the preceding section hut for small values of m and n may be 
evaluated directly without difficulty. 


* QibTbs, he, cii, p. 78. Gibba’ foruiuko all refer to N'p- M, 
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§20*21. General fluctuaimis o/'^. Tlie determination of the general 
liuotuations of a^, can be carried out in the same way as for . Prom (2073) 
wo can at once derive the equation 


G{a,-a,r=^^^^jjj^dudvdtv 

^ ®^p[ ■“ (-^ ~ u~ Nv — Ew + G{u + 

f dy<' — 

oxp[G«(w-he,«;)-a,tt] (2103) 

In this discussion it is convenient to allow the energy values to bo degenerate, 
so that the substitution (2076) is replaced by 

[g{xz^t)]^i = oxp[(?(^4 + e^w;)], (2104) 

and we have ^-(7'(logA + e,logO-). (2106) 

Since effectively the whole of the integral is again contributed by the im« 
mediate neighbourhood of the saddle point, wo can obtain at once by the 
same arguments the analogue of (2080), namely 


— u\~n err-j-co 

(rt, - »,,)’> =-~-J I I dad|8(ily e'ta*r(w«iv)*o"-i2((f 
X {1 + 0[S,,,, (« + .,y)« 0"' + S, (j9 + ^,y)!> ff/"]} 

+ 0((«+ s,y)» ff'")}] , 


.(2106) 


The evaluation of this integral is not so straightforward as those of the 
preceding sections, as a transformation of variables must be made at once. 
Wo shall bo content to carry through the oaloulations only for the case w even, 
equal to 2v say, when the 0-torms can be neglected as before. Pluotuations 
of odd order vanish as before to this approximation, and the actual order of 
their largest surviving terms is lower than that oorresponding to the 
fluctuations of oven order by a factor of order ^(^) . 

•Por lluctuations of oven order, 2v, we liave therefore to evaluate 


(ay - a,.) 2“ 




(2107) 


The G” in the last factor is of course short for (7"(logA + e,.log'0'), To 
evaluate (2107) or any similar integral other than the specially simple ones 

of the preceding sections, where the order of f da and djdy can be inverted, 
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it is best to start by transforming a to (f! so as to rodiico tho cliJfoj.'ontiafcccl 


terms to the form 


/ d V" 
(sa'j ' 




\ ! 

We can then integrate "with respect to /8 and y. All tho oporatioiiH iiro iH" 
dependent of v and the form of the result must be 

where P and Q are independent of v. It follows at onco that 

(2v - 1) ... 3 . j (2108) 

= (2v-l)...3.l[{7,-a,)2]^ (2100) 

This familiar form therefore holds for all such iluotuatioii8> but tho explicit 
value can only be obtained by employing suffioient detail to ovaluate P. 
We will now complete the argument for this particular lluotuatiou, winch 

is most easily done by direct evaluation of (a,. as follows. 

Put «' = a - €j.y. Then 

(a, - - 1 da,'d^dy ^ 

■ 1 » 


We recall that 
J = 


C + OQ 


dc/id^dy (i8l-t/<y)*(?i"^ 


and can therefore see at once that 


{ar-a,)^^G"^2{Gy. 


8(S< (2110) 

if ./ is expressed as a function of the ooefficients of the cpuadratio in B, y 
in the last form for J, It is easily verified that 

J=-_- W* 

ns, G") (S, Gj") {S, (e,_ 5^)8 (?" + Sj - (S, ff ") ■ 

It follows at once that 

( 2111 ) 
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E quations (2086)-(2093) suffice to sliow that 

S, (c, - G'' + S, rjfQf' - (S,77,(7/r/(S, Of) - {S, (e, ~ G^"}V(S, G>') 

Wo can therefore cast (2111) into the simpler form 

(«,■ »,) -tf (S,ff'')2a{ai5/3*]j,j,, 

Since G" -XdaJdX, further use of equations (2086)-(2089) enables us to put 
(2112) in the form 


dttj. (XdayjdX)^ 

- xdi[;idxj (xsa,Y 
A0iif/aAj \ 0A ; 

0A XdMjdX 



.(2113) 


It is easy to show that 

. .8S;r, xdirjsx i 
bUu' saL' 'miidxj' 

so that (2113) can bo oast into the final form 

(a, a,) X-^j 'xSMIdX 'S[0iS/2i)]j,,^ 

Equations (2114) and (2109) together dotermine all the fluctuations of 
of oven order. 

Under bath conditions wlien F is very large compared with any quantity 
oonnootod with systems of the first typo, the last term can bo neglected 
and (2114) reduces to 


(a,-a,) -A 


(2115) 


This is valid under bath conditions for all statistics. T^he result ooramonly 
given,* though not in this general form, is 




......(2110) 


which, as wo now see, is valid under bath conditions if also is small 
compared with M, .For the Fermi-Uirao statistics, 


Wr 


and equation (2116) gives 




{a^ - = a,. - . 


(2117) 


♦ Sco, for oxivmplo, Eiiietoin, 7icr/. 8ilz, (102<1), p. 201 j (102C), j). a j Pmili, Zeii,/, Phyaik, vol, 41 ^ 
p. 81 (1027). 

PSM 
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This result was first given by Pauli. The fluctuation vanishes when Oj 
since the assembly is tlien tight paoked, For the Einstein-Bose statistics, 

— Wy 

[tty — ayY — {ay)^jTDy , ( 2118 ) 

Eq[uation (2118) was first shown by Einstein to yield the oorreot fluctuation 
of radiation when applied to a collection of light quanta (§ 20*41 ). 

Returning for a moment to the general formula (2114) let ua oonsidor the 
form it takes for classical statistics, which will hold also ofleotively for many 
ordinary assemblies. Classically G^ = exp, so that 

Equations (2113) and (2114) then reduce to the forms 




(a,.— 




J 


(2110) 

( 2120 ) 


By obvious extensions we can construct integrals for, and so evaluate, all 
such expressions as 


for given values of m and the general reduction formula of the type (2109) 
being naturally no longer available. The analogues of (2103) in these oases 
are 


0{ay-ay)”^{a^~ag)'>^==j~^j^j^dudvdw 

X exp[ - (M - o^- as}u-~Nv~Ww+ G(u + €yW) + 2^ Gx{v + tjiW)'] 

^ + CflW) - ; (2121) 

xex^[-{M-'ay)u~~{N-Fg)v-~FW'h 2^.^ 0{u + €yW) + 2;=|=a Gx{v + 

+ ^^V[Gi{vi-7),w)~b,vl ..,...( 2122 ) 

We shall content ourselves with quoting the results required in calculating 
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second order liuotimtioiis in the external reactions of the assembly. These are 




{Xda,l8X) (XdaJdX) 
X8MldX 


{a,-a,){b,-bs)^ 




.,(2123) 

,.(2124) 


These results are valid in any statistics. For classical statistics the former 
can be simplified by replacing Xda'd^X by etc, 

§ 20’3, Fkictuaiions in the external reactions. The generalized reaction of 
the systems of type A on an external body is given by 

y=S,(-|ja„ (2126) 


where y is the corresponding coordinate defining the position of the external 
body. The average reaction is 

F=S,(-^)^=£,(-^)(?'(logA+.,logO) ( 2126 ) 

The second order fluctuation of F is 




(If 


r«d-2S„.,®i^'(®,-a,)(a.-a.). 


Apiflylng formulae (2114) and (2123) we find that 




(A0F/3A)2 («[8y/aoi„)« 




(2127) 


XdMjdX 

'iPhis expi,’ession can bo oast into alternative forms. If we diilerentiate 
(2126) and (2120) with respect to y keeping A, fl' constant, we find first 

It follows that 

mt-tw ^ , 012 m 

( J ^ J ; -■ “ Tog l/F A0il//0A ^{dEjd^]^,^ 

If however wo diflorentiato keeping M and not A constant, wo find 

/07\ /aYT d€Mda,\ {da,\ , A9F/0A\ , 0^ 

I" wl%L’ \%L" ® (8l/^AaM/3A)^aA ■ 

It then follows that 


logl/S 


— X Ji y 
^0A^' 


h— a^-- 


(A07/0A)8 
Aailf/0A ’ 
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and therefore that 
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{^FIdyU-{dYldy\^ 


log l/^- 




[20*3 


(2129) 


Gibbs* gives a formula for (7- Y)^ equivalent to (2129) without tho last 
term, which is of course negligible under Ms condition that N is largo oojn- 
pared with if. Equation (2129) holds for all statistics. 

With the lielp of (2124) it is easy to sliow that (2129) is formally unaltered 
if Y refers to the total reaction due to all groups of systems instead of to the 
partial reaction of a single group. 

In (2129) all the terms except dY/dy or Yj,aj.{-~d\ldy^) have an obvious 
interpretation. This term lies deeper and is compared by Gibbs to an 
elasticity. , 

In illustration we shall apply these results to tire limiting case hr which 
the reaction is a pressure, and the mechanics and statistics are classical . Wo 
can then use the ordinary partition fmiGtion/('0'). It is sufficient to oonsidor 
the reaction with a part of the waU only, which may be taken to be jrlano 
and represented by a movable piston nr a cylinder of cross-section Jl, rvliioh 
completes tho enclosure. We caimot progress without some definite assump- 
tion as to the field of force near the wall. We shall suppose its potential is 
H/d®, where d is the distance of the molecule from the wall, and D and a ai'O 
constants. If Z) is small and s > 4, this will adequately represent an intense 
local field. If y is the length of the cylinder and a’g, 0:3 rectangular oar- 
tesian coordinates, a’l along the cylinder, then 


^ W + m{y - aJj)®], 


/(^)- 


(2TTffl)^.d 
/i.^(log l/'9')t 


rtf 


— log IZ-D- 


D 


{y-^i 


-| dx-^ , 


.(2130) 


When the field is sufficiently local, or D nearly zero, we have the usual result. 

Ay 




.(2131) 


7i^(log 

By direct differentiation of (2130) we show further that to the same ap- 
proximation 19/1 

f^^y' 

It follows at once from the usual formula 

* 


(2132) 




log l/h dy 

that 7 = Jlf/( 2 ^ 1 ogl/fi), Yy = PV=MkT. ......(2133) 

We see then that we arrive at (213,3) whatever the law of force. But when 

* Gibba, loc, cU. p. 81. 
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we come to calculate dYjdy wc find that it depends essentially on the form 
of the law. Thus 


dij 






{8+1 )M 

y 

Now Djy^ is the potential of the wall field at the other end of the cylinder, 
and is indistinguishable from zero. Therefore 

r (1 + 1/5) 

dy ~ 


(2134) 


yD^lo (logl/Df+V"'‘ 

This depends essentially on D and s and moreover must tend to infinity if 
Z)->-0 or s->co. The largeness of dYjdy and therewith the fluctuation 
(T — 3^)® is liowever then to bo expected, for in the limit the reaction of the 
boundary witli a single moleoulo must itself become infinite, although 7 
retains its usual value. In spite of this, however, if wo oaloulate roughly the 
order of (7 - 7)2/(7)2 for reasonable values of :D and «, wo find that it is 
still negligibly small. Equation (2134) and the usual form for ^ for a mon- 
atomio gaseous assembly load to 


(7-7)2=: 

(Y-T)3 


M 


sM 7(2 + 1/5) 


' 2?/2{rog (log l/f)')“-*'^/"’ 


{ly 


(p)2 


1 

'"M 


V 


^+'*^(^ + l/^)j.(/)//c2y4' 

A reasonable assumption as to the wall field is to talce 5—4 and suppose that 
{PlhT)l{y — xy is small, 10“2 say, for y~Xi^ 10”’ om. Thus 
With F= 1, /I = 1 and 2*7 x 10^® wo have 


(7-7)2/(7)2=4'7xl0“i^ 

Other second order fluctuations involving reaotions, such as 


{Y^Y){Z-Z), (7-7)(^,,-^J, 

both mentioned by Gibbs, may be similarly caloulatod. We find for any 
statistics 

..(2136) 


■ rgy 97*1 / 
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Of course, since the forces have a potential, 

07 dZ W 0^ 
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§20*31, Fluctmtions of dissociation in dissociating assemblies. We have 
so far considered only assemblies in which the numbers of oomponont 
systems are fixed, bixt the calculations can easily be extended in their 
general form to dissociating assemblies. We shall not however give the most 
general form of these calculations, and, since actual dissociating assemblies 
can almost always be regarded as classical, we shall be content to restrict 
the discussion to classical dissociating assemblies, starting with the simple 
assembly of §6*2, If we transform equation (440) by writing X, X for 

and remember that olassioally gsexp, we have at once 

X exp[ --Xu-Yd~~ Ew + e“Xi(zc) + e^F^{v }) + (2137) 


where j?’(ia) = SptOye’<'«r is the ordinary partition function in the present 
notation. On examining equation (441) we see that the extra factor necessary 
to provide an integral for GM^ is obtained by operating on the factor 
exp(e”J\) of the integrand with the operator d]du. It follows at onoo by 
obvious repetitions of the operation that 


X exp[ ~Xii-Yv- Ew + exp(e“Ji) (2138) 

Therefore by a familiar argument 




Iff 


dudvdw 


X exp[ -{X-'Wi)%-~7v-Ew+ e^F^ + ®xp(e«J’i - M^u), 


.(2139) 


We can now evaluate (2139) by the methods already developed. We shall 
not consider further fluctuations of odd order. Por fluctuations of even 
order, 2u,. it is easy to reduce (2189) to the form 

xexp[-i|i^j8^+2^y+S.^VH^(«+i5)H2^,(« + (3)y + a-^V41. 

(2140) 
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The varioiiB symbols have their uaua.1 meanings, and 9/0t) means clil?eren- 
tiation with A and [x constant. The integral for J is 


rr/’+M 

J=jjj d<xd^dy 

^ ^ y" -}- 2(^ + Fi'a) + 2(^ + ^) ya + 2^aj3|] , 

{27r)^ 


(2141) 


dE 


It follows at once from the form of (2140) that 


'W 

(2142) 


1) ... 3 . l[(i/i-iliri)2r .'.(2143) 

It is there fore again only necessary to oonsicler v~l. The extra factor in 
(jJ/j ~ J)fi)2 beyond the integrand of J is 

li-(i^«-|-^y)^ 

It follows that 

from which it follows by a straightforward rednction that 




M^M^N 

XY-m 


■^)y 

...,(2144) 

■ „ Wi + Eiq) ( + F^^) 

93 ' XY-F^ 

This is rather oomplioated and tliore is no very simple general form. The 
lost denominator can be oast into the form 




XY-N^ 


dE X{E. E,.)^ -h Y{E. 4 E, ~~ m. 






where k is the equilibrium constant FjFJF^ 2 ', und the numerator is 
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We can tlierefore write (2144) iu the form 

iFrfil*as.‘”e'V 






XY~m 


L X r - 1“^ 'V 


P0'81 


...(2145) 


This shows the type of formula We should expect in more oomplex exaitiplos. 
We note as a check that, if there is no “ inoleoiile ”, W #= 0 and the fluctuation 
vanishes. We may note also that the argument is unafleoted by the presence 
of other sets of systems in the assembly, so long as these do not combine witli 
or are not formed out of systems of the types already under discussion. The 
only residual effect of such other systems is to increase which 

will continue to refer to the whole assemhly, though it may not retain this 
simple form. When the whole assembly is large (bath conditions), wo may 
therefore simplify (2146) by the omission of tlie last term, and write 

MjM^N 




XY-N^ 


.(2140) 

® has tlio 


From the symmetry of (2145) or (2146) it follows that (M^- 
same value, as also does since in this case 

§ 20-32. Muctmtions of energy in dissociating assemblies. The fluctuations 
of the energy can be studied in a similar way. By following out the usual 
steps wo find easily that 

X exp[ -Xu ~ Tv - (F ~ w + j exp[6^Ji(w) — Jifittf]. 

^ , (2147) 

The further study of (2147) also follows the usual course. The form of (2143) 
is preserve d'. In the explicit calculations the extra factor in the integrand of 
JSff \b 

d¥^ i^dW. ^ \2 


3 




After the usual reductions we find that 

d¥, Y¥^ 
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To reduce this to a more intelligible form we use 






Then 


09’ Ml 

.3 Sg ,/Sr 

XY-nAmJ 

(.rasi"] , W, M,M,N . 3 , 1 

,rm +^1^ (a, 3 log.)' 


(2148) 


In this form the relationships of the new formula to preceding ones are 
obvious. If j??==0 it reduces to (2094). If 9‘[9^//90]ji7^5y is large, so that the 
whole assembly is largo ooiuparod with the systems under disoussion, then, 
using (2140), 

rix-W=«)p|i]_^+(J)”«-Sxr. (2149) 

liquation (2149) states that, under bath conditions, the energy fluctuation 
is equal to the energy fluctuation for fixed dissociation plus the fluctuation 
of the energy resulting from the fluctuation in the dissociation* This additive 
result is not howovoi^truo in gonoral, sinoe for less extensive assemblies 
the fluctuations in Mi and in the energy content for fixed Mi are not in- 
dependent. 


§20-33. Other fucluations. It should now be sufficiently clear how to 
construct exact integral expressions for any fluctuation such as 

{Mr-M;r{E,-E,y\ etc,, 

for the most gonoral gaseous dissociating assembly. Wo shall not write 
down those integrals, still loss attempt to evaluate them hero, as they are 
obviously complicated. It is sufficient to have established a direct method 
by which they can bo calculated if required. 

It remains however to adapt §20*21 to dissociating assemblies. When a 
molecule .dJ? is included, classical statistics are used, and the notation is 
slightly altered to conform to Chapter v, equation (2103) becomes 

(7(V - = |~7j JJJ ^ dudv dw ex - a^H} 

X oxp [ - (X -'Ctf-) u—Yv— Ew + e^^{Fi(w) ^ Ar e'^F^ito) + e" ^"*’J\ 2 (ta)] . 
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W]ie 2 i WQ o&rry through the usual calculations woJTukI that (2100) coa- 
tiniies to hold, and 152ml]y that an explicit form for ~ 

(a.^-aJ\‘=7rr^JSLl‘J ^ M, 

jffi ~^l^rrT — ^T' 

This reduces to (211 9) when =. 0, (2150) 

ooLqLoroTttTXllTomTrfS^ 

iiiay be noted here 'S* ( 2108 ), of our fluotuatioji thooi'omii 

thal if detaining only tornis of the highest order wo may aay 

tiien (F-P)>»- i^ 0(^«-i) (j + 0(iiJi)i 

si;:‘xz;‘cs?” “ “ ««■« I- ■» 

theorem due to P%a,* whiohL quotol“°'''"“°^ » 

iaconlmmu.. m 

(”>^ 0 , 1 , 2 ,...), 

art mmmtito mtiafytht conMtim that 

• n , ?W-^0 W 

*> /«(a '), miiaJiGs lfi& 

/_ ^ (m «: 0, 1, 2, . ) 

ih&n . ’ ' /> 

aaiformly in any interval. 

• ftlya, 

‘ ' P- I (1020), The inte^raJs muaf h 

west bo token »» SMoItv Jntogral,. 
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Then wo have proved that 

7»=1.3....(2»-l)|l + o(i) + o(i)|, 

Now lot Et tend to infinity in fixed ratios, which means taking larger and 
larger assemblies. The y-moments tend to the moments of the distribution 
function . 

Mdr^^^eriy'dr. ( 2162 ) 

Pdlya’s theorem ai)plies, and it follows that (2162) is the aotual limit for 
iiifinito assemblies of the distribution function of oxamj)les of the assembly, 
uniformly in any fixed interval of y. In terms of P the distribution function 
therefore tends to the limit 

/(P) (IP == e~kv-m^ dP, (2163) 

(27rju.)* 

uniformly in any fixed interval P±z ^//x. 

Tills theorem provides us with the simplest moans of completing the 
proof that the possession of P is a normal property of a sufficiently largo 
assembly. It will bo a normal property xorovidod only 

rV-\-p 

/(P)dP-l-6(p), 

whore « can bo made very small while p/P is still itself very small. But this 
equation is obviously equivalent to 

of which the left-hand side is , Tliis oan be made small com- 

pared witli unity for small values of p/P provided only (P)Vp 
whioh is the general result of this chapter. 

The elegant formula (2163), whioh we have just obtained from the purely 
analytical side, really gives no information not already contained in Ein- 
stein’s qnasi-thormodynamioal formulae (627) and (628). Taking these in 
the form (027) and comparing with (2163) we see that these two equations 
are attempting to assert the same relation and that they succeed if 

-(SAiSf)/Aj:=i(P-P)V 

In this chapter wo are only working aoourately for comparatively small 
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[ao^i 


displatjements from tJie true equilibrium. If wo fiu’fchor coiifluo our afctoiifcion 
to a small part of a large assembly, then this oquatiou is oquivulonfc to 


hdP^ 


1 

9 


,(21(SI) 


or 

It is easy to verify that (2164) is correct in the simplo casoa to which ulono 
all the calculations apply. I’m* example, if , thou in hath couditloits 

p=:i5:7’^9^j/97’and0jiS'/9J?j = l/!r, which verifies (2154), Bimilarly if 
in a gaseous assembly, then ^Sf as a fimotion of contains «'r{log[/(fi’)/«>] 'b 1 
and (2164) is again verified. A similar verification holds for 31 1 . 


§ 20*41 . Special dase^. The special formulae that are of i^rimary import- 
ance among those of this chapter refer to bath oonclitions and avo 

(G) (210(1) 

(G) f(7 — (A6 V?j./0A)^ 



(C) ( 2168 } 

(C) (2168) 

and m parti<mlar (2160), Those of the formulae true for all statistics nro 
1 ^ )> those limited to classical statistics by (C). O^Jio form talcori 

by (21 66) for special systems should be noted. 

(i) A gas of N structureless classioal atoms 

/2iflo) 

(u) A set of A Planet’s osoiUators of frequeitoy v 

(Jja ; _ 

^ ( 2161 ) 

en2vofZ'!n!!''V"'^'‘“‘’" “ ““ Bogxidmg t),to tUa 

eneigy of the correct number of PlanokoBoUWovs, so that 

^ — Ip" » 

(2162) 


we find 
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!Formiila (2162) has played an important part in the history of the theory 
of radiation. It will be observed that hvp{v)dv~hh^n{v)d,Vi where n{v)dv 
is the average number of v-quanta per unit volume. .On referring to (2168) 
we see that this term gives just the fluctuation we should get if the extreme 
light-quantum view of radiation as “olassicar’ particles could be adopted. 
On the other hand this term cannot bG'mteri:)r©ted on the classical wave 
theory, for all fluctuations by interferenoe must depend on the square of the 
energy density. .l?or the second term tlie reverse is true; classioal light 
quanta cannot account for it, while the classical wave theory accounts for it 
naturally by interference. Xheso critical remarks of course apply not to the 
result itself as a property of the equilibrium state, but only to the mechan- 
isms in’oposcd for its maintenance. 

A satisfactory alternative derivation of (2162) can be given by regarding 
i/-radiation as light quanta each of energy liv ob eying Einstein-Eoso statistics. 
It follows then from ( 2 1 1 8 ) that 

'{^(r) dv~-p{v) dvY = hh>^{n{v) dv ~'n{v)dvY — v) dv -h > 

= livp{v) dv -t- c^{p(>’)}® dvI^TTv^, 

as before. 

§20*6. The acallering of light by liqxMs and gases. Opalescence near the 
critical point, When a beam of light is passed through a homogeneous gas 
or liquid, a certain small proportion is scattered out of the beam by the 
molecules of the gas or liquid in each element of the path. The amount 
scattered is very small for a gas or a liquid not near its critical point, but 
still of measurable intensity, o.g. the blue of a clear sky. As a liquid nears 
its critical point the intensity of the scattered light inoreases, and at the 
critical point itself the liquid glows strongly with a peouliar shine known 
as the phenomenon of critical opalescence. Owing to its more striJdng 
character attention is often oonoentrated on the phenomenon of critical 
opalosoonco, but all the phenomena of the scattering of light by liquids and 
gases when the wave length of the light is long compared with the average 
distance apart of the scattering agents (molooules) form a single whole and’ 
may bo disoiissed together.* 

It can bo shoAvni* that the scattering of such light must depend on the 
iiTegular sj^aoing of the scattering centres, and that it is therefore a x^roblem 
of the fluctuations in the distribution of molecules in given small volume 
olomoiits, If the molooules were regularly spaced at their average spacing 
as in a crystal there would bo no scattering at all. Any scattering actually 
observed in crystals can be traced to imporleotions or foreign bodies. This 
* ,l.>omn, La thdoric tlu rayonnemcnl cl Ice qmrUa (1 012) j Lee prouves tlo la r6alit6 inol6oulairo" 
f Ij’oi* a shiiplo account soo Loi'ontz, The Problenie of Modern Physics (1027), § 21. 
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absence of scattering persists until the wave lengtli lulls to nioleoulftr 
dimensions, and we have a true scattering hut only in dolinito dirootioiia* 
more commonly known as X-ray reflection or diiTraofcion. 

From the statistical point of view therefore tho phoiioinona are Uost 
.approached as an example of molecular fluctiiationa in tho inannor of van 
Smoluchowski,* using the general formula ( 028 ), Wo oonsidor a Iluid \ v ) ho 1 i 
in its normal equilihrium state contains Wq moleoidoa in a volunio Vg ut 
pressure 3)0. The actual volume at any given moment oooui)iGd by tliia body 
of molecules is v, only small values of {v-~Vq)Ivq hoing imx)ortanb. '.riio rt'ififc 
of the fluid is a large volume, the whole being isothormah T'hGn by gonoral 
thermod3uiamical theorems S is the maximum work which tho assoiubly 

can do in returning to its normal eq^uilibrium state; since for any body iu an 
isothermal expansion dA = ~pdv, 


pVt 

{p-pQ]dv, 

J V 

The fraction of examples of the assembly in which wo shall And thoso 
molecules at a volume between v and vVdvm thoreforo 


where p. is a constant, fixed by the condition J Wdv=l. Wltllout Bpoolfio 
assumptions as to the equation of state, we may expand p-pc and write 

Jk 2! 31 30,8^ ,ir + 

We write also y=(v-.Vo)/v„, 

Sth order oondensation (strictly expansion). Then omitting 

_ The further deyelopment now depends on whether tho normal eqnliibrium 
T 0, and it is sufficiently accurate to take 

W(y)dy=^dyexpr^|£sl 

Ifthefluidisaperfectgas b*? 3 r J 

9^0 


> 


W{y)dy=sfxdy , 
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In this simple case we find a result which we can also obtain at once from 
(2163). Putting there P~n, the number of molecules in a given small 
volume, we have 

f{n) dn = (27j-no)’~^ e“l(n-«oWnB (2 166) 

But y-{v-'VQ)lvQ for constant n and therefore equally y = — (n — ?io)/5^o for 
constant v, so that (2166) and (2166) are identical. 

The value of y® is easily calculated from (2164). We find 

hp / 1 \ 

( =«„’ S’®/"* H 

At tlie critical point dpQfdvQ ~ d^pjdv^^ = 0, so that 

Por the sake of a numerical estimate wo may use Dieterioi’s equation of 
state (823), which yields after reduction 

7Ig , 

Ifi(y) ti!y = ju.fZy e sa'a^j 


from this wo find y3= l>0/»g^, 


(2168) 


The next step is to make use of a formula which dates baolc to Lord 
Rayleigh,* and states that if light of intensity I per unit area and wave 
length Aq in a medium of refractive index pQ is inoidont on a small volume Vq 
in whioh the refractive index is /x, the dimensions of Vq being small oompared 
with Aq , then the intensity of tiio light per unit solid angle scattered at right 

angles i» 

To make use of this formula for the liglit scattered by spontaneous fiuotu- 
ations we must combine with it a relation between p and p the density of the 
fluid in Wq . Por gases, and probably with suffloiont accuracy for liquids also, 
we may use Lorontz’s law of refraction 


l/x2~l__ 


const, y 


from whioh it follows that for small values of (p. — Po)/pq 

Po 

The intensity of the light scattered by a fluctuation to an aooidental con- 
densation y in a volume % is therefore 

+ ( 2100 ) 


* Raylojgh, Phil. Mag, vol, 12, p. 81 (1881); Sdani^c Papers, vol. 1, No. 74. 
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In unit yolume of the liquid the number of such scattering volumes is l(% 
and the average value of is given by (2167). It follows that the average 
intensity i of the light scattered by unit volume of fluid per unit solid angle 
at right angles to the incident beam of intensity J per unit area is given by 


i 

I 





) 

v^dpjdv^l 


(2170) 


§2Q’51« GoTn^arison with obaervation. We begin with some qualitative 
remarks. The great difference in intensity between critical opalescence and 
ordinary fluid scattering follows from the different orders of in the two 
cases (2167) and (2168), Roughly we may say that this factor is greater at 
the critical point than in the perfect gas state (or any not nearly critical 
state) by a factor of the order of ITor a volume small compared wdtli 

the Afl of visible light, say a cube of edge 10~® cm. , % = 1 0* for a gas at normal 
pressure and temperature and 10®-10’ for a liquid. Again formula (2170) 
allows that there is a strong selection in favour of the scattering of light of 
the shorter wave lengths. The scattered light from incident white light shoiild 
look blue. This is of course in accord with all the facts (blue of sky, etc , ), 
The fact that at the critical point the scattered light becomes white shows 
that the theory is there breaking down because the scattering elements, that 
is volumes in which the fluctuations are sensible, are no longer small oom- 
pared with the wave length. We see in fact from (2167) and (2168) that for 
a cube of edge cm. comparable with the wave length the root mean 
square fluctuation ^/(y^) in a perfect gas at normal pressure and temporaturo 
is only 2 x 10~^, whereas at the critical point it is 10"^. A 1 per cent, density 
change leads to a sensible change of refractive index. 

Equation (2170) for a perfect gas in which is very nearly unity loads to 


i ^ 



(2171)' 


This formula, generalized for intensities at any angle to the original beam 
and integrated through the atmosphere, can be applied to calculate the 
nature of tlie scattered sunlight incident on the eye at an angle a with the 
vertical and § with the sun. It is completely successful. It can of course be 
used inversely, treating h as unknown, to determine Jc from measurements 
of i, and has been so used with success.* 

A complete quantitative test of (2170) is afforded by the experiments of 
Keesom .f He studied ethylene (7J, = 11 • 1 8®C.) . He verified first that for p ^Po 
and = 13‘6° 0. the ratio of the intensities of scattered light of two wavd 
lengths was stiU proportional to finding for (Ai/Aa)^==2*13, 

so that the theory should be applioable. Eor the same wave lengths 


* PorrJn,, 7oo, , t <7. voj. 36, p. 601 (1011). 
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ijii falls to M8 at 11>43°0., showing that by that stage the scattering 
elements are, as statistical theory requires, no longer small. 

Again near the critical point, since {dpjdv)o — {d^pldv\~0^ 



Hence near, but not too near, the critical point the intensity of the scattered 
light should vary like 1/{T- Tg). This prediction is well verified. 

Table 70. 

Scattering of light by ethylene near its critical point (51^ = 11T8° 0.). 


Tomp. ° 0. ip=2^e) 

i 

i{T-(Pc) 

13'53 

O-10O 

0-44 

12' 01 

0-337 

0-40 

lh86 

0-071 

0-40 

Il-Ol 

1* 

0-43 

11 >42 

2-01 

0-03 

11 •24 

0-11 

0-37 


’** Asaumacl. 


Finally, having thus verified all the details of the theory, Keesom obtained 
ijl = 0 ' 0007 ~ 0‘0008 for the D lines of sodium at 11 • 93 '' 0. The known com- 
pressibility of ethylene gives ~VQd 2 }JdVQ, All the data are therefore ready 
for the use of ( 2170 ) for an absolute determination of Jc, which comes out 
within 15 per cent, (the aoouraoy of the measurement of ijl) of its accepted 
value. 

§20*6. Broxonian movement. The olTeots of fluotuatlons are made directly 
evident to our senses by Brownian movement as well as by opalosoenoo. 
As is now well known tlie phenomena of Brownian movement are merely 
the phenomena of moleoular agitation, exhibited on a roduood scale by a 
particle whioh is vei;y largo on the moleoular scale — so largo that the light 
it dilTraots at least can bo seen in an ultramioroscopo — and yet so small 
that its velocity of thermal agitation in the equilibrium state is suffloient 
to give it visible displacements in reasonable periods of time. This velobity 
of agitation may be regarded, as wo shall see, os inaintainod by fluctuations 
in tho collisions with the surrounding moleoiiios. dlhis identification of 
Brownian movement was finally established by the experimental work of 
Perrin, i' verifying the theories of Binstoin.J Subsequent investigators have 
added more accurate measurements in oven closer accord with the theory. 
By tho study of suitable particles suspended in a fluid, liquid or gas, 

t Poi'i’hi, L(t iMorie du rayommenl el Ics tjuunlu (1012), “ Los protiVos do la r6alit6 mol<5cH!airo ”, 
t Einatoiii, Ann, d, Physik, vol. 17, p. 610 (1006), voL 10, p. 371 (1000). 


JfSM 
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(1) we can see the molecular motions going on boforo our oyoH, (2) wo can 
check the assumptions of statistical mooli anios in a rathoi* dotailect -way by 
provhig that the characteristics of the I3^o^^u^ian movomont agree Dho 
demands of the theory, and (3) we obtain a direct, thougli not voiy acoural^i, 
method of measuring molecular magnitudes. 


§ 20-61. The ^artjeU ‘ ‘ atmosphere ”, In a liq^uid under gravity ooutai n iiig 
particles, but so few that their mutual interactions may bo neglootod, ’wo 
should find the atmospheric density la^v 

v=Vf^ e~^i'osikr ......( 2173 ) 

obeyed by the particles. The potential energy of any otlior field of foroo can 
of course replace the pavitational energy M'gz, M' is the apparel 1 1 itinss of 
a smgle grain, that is its mass less the mass of the fluid it disiilaooH . I'Jqiintiou 
(2173) IS almost intuitive, but its formal proof as a thooroin of statistionl 
mechames offers no difficulty, One has merely to oonlomplato an asHOinbiy 
consistmg of the grams and the intergranular liquid and assiinio that forces 
between the grains can be neglected and that the energy of tlio intorgramdar 
liquid IS independent of its shape, i.o. of the position of the grains. ^Mio total 
eneigy of the assembly then depends on the position of a grain only thi.'ough 
the term Jf'gz. The details are left to tho reader. 

S ^ anti 

that of the hquid, we find for sphorioal grains 

/3Tlog(i'o/v) = |77-a3(A — 8)gz. ......(2174) 

^iUe “tually counting tho gmins 

visible m the field of a miorosoope. The othoi' quontitiea luo all onsllv 

various in&eTtTnd“fadeprnto 

follow as closely a^os^WetheMr^l^'^ ” ■swfife grain. ^ If one attempts to 
out therefrom an observed "men single grain and works 

is always of theo“ttotlm^^^^^ 

the average velocity of a particle of the 1 theory for 

oaloulations however are neTes»„rii, ^ ™ Such 

thedetailsofthemoTementoftheerain^°T-^i °an never follow 

ooUision— about 10" times a second *'‘"''atoveryjnolooular 

frequently that it is ret^i^o ^n^^^ 

observe as displacements are of fhe n^“e “f 

of residual fluctuations about a 
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moan value zero, and have little direct connection with the actual detailed 
path of the grain, 'li'o our senses (pushed to their farthest limit in the form of 
a cinematograph taking 10® piotures a second) the details of the path are 
impossibly line. 'I'he path may fairly be compared in a crude way to the 
graph of a continuous function with no differential coefficient. Such a 
ourvo has not got a “length and no idea of length oan be obtained from 
any inscribed polygon- 

A more subtle analysis is necessary, Confining attention to displacements 
in one direction, let the concentration of the grains at any ifface and time 
be Of those in any interval a;, x-^dx let the fraction /^(a;'-,r) da;' bo 

found after a time r in the inteiwal a;', x'-hdx\ This fraction has been given 
its proi)er functional form, for clearly it oan only depend on x'-x and not 
on a, x' separately, By integrating the contributions found in dx' at time 
i -hr derived from all other eloinonts at time I, wo find 

r(a;',H-T)=^ I v[x,t)fr{s>' 

J — CX5 


C^'a> 


v{x'-X,t)f,[X) dX (2175) 


This equation must liold for all I and r.*" It is satisfied in the equilibrium 
state in which v is coiistant in sjpace and time, since by its definition . 


r-i'® , 

B{X)dX^l. 

J —«> 

Lot ns first suppose that r is small and expand both functions r, Then 


v{x' ,1) T^j+ 0{r^) 


(2176) 

llfiio odd ])owers of may bo assumed to vain^ on intogratioii by symmetry, 
and wo shall assume that the terms 0 (t8), 0{X^) are negligible for sufficiently 
small T, postponing further clisoiission of this assumption. We then find 


du , dhf 


(2177) 


whore 




X%{X)dX. 


(2178) 


a.'his is Einstein's diffusion equation for the displacements of single grains, 
It is easily verified that must bo a constant independent of r and 
oharaotoristio of the grain, a condition necessary to make (2177) significant. 

* Compai'o tlio similar trojvfcinoiit of volooltiosia § 10'5. ' 
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Eor if r is not too small (r > 10“^ sec. will suffice*) the velocity of the gra^« 
at the end of, the interval r will be completely independent of the 
at the beginning. Displacements in consecutive r-intervals will thniiafor*? 
be independent. This being so if r and .Tj, cCp are p 
OJ-displacements, then 

a;' 2 = 2 Xj,^ + 2S Xi Xj . 

If then we average over a large number n of grains or displace! no nlfti. Lli®’ 

product term will vanish, f and we shall find 

or {217ttl 

Unlike the true velocity of agitation the difiusion constant 

of a grain is directly measurable. It has been shown by Einstein tlm t j^iich 
measurements may be made to lead at once to a determination of k. 
apply the foregoing arguments to an atmosphere of grains in oqiiililirliiin 
in a field of force. The rate of diffusion under the concentration griulmirt 
must then just balance the dii’eoted effect of the field of force, !tf a fiuw F 
acts on the grains, assumed spheres of radius a, they acquire, by 
law, a steady velocity v, given by 


v^Fj^iriia^ 


where p, is the viscosity of the fluid. The number crossing unit in terffioc* i« 
unit time is therefore vv or 


The number crossing by diffusion in the opposite direction is Ddvjdx. If 
further the grains obey the atmospheric distribution law, we have 


or 

Combining these results 


V dx 


JL 

hT' 




2 t Qnfid 


This equation has been verified to lead to consistent satisfactory values of 
by observation of over wide ranges of IT, /a and a. 


* This estimate is made by caloulating Iiow long the viscosity of tlio liquid will taho to rotlw*:#' 
the velocity of a spljere the size of a grain to an insignificant ftaotion of its initial valuo 
Perrin, loc. cit, The generalization necessary when this condition is omitted is given In § 20*1). 

I Strictly, from the independence and the definition of/^ 
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which vanishes from symmetry* 



20 * 63 ] Random Migrations of Single Grains 773 

§20*63. Oeneralizations. Rmilier dednetions from the eqmtim (2176). If 
we may ooiitinuo to make the assumption that the terms 0{X^)y etc, are all 
O(t^), oqxiation (2175) will yield niiioh more information than we have yet 
extracted, and in fact also fixes the form On differentiating (2175) 

with resi^ect to t, we find 


dv{x\t~\-'r) 

“bi 



But as a result of the assumptions just speoified we have proved, equation 
(2177), tliat + t) _ „ 3«i-(iB',< + t) 

8« dx'^ ■ 


It follows that — v{x‘-X,t)fr(.X)dX, 

A!^-X,t)UX)dX, 

= -x,<)i)g|5 MX)dX, 

assuming the legitimacy of the various inversions of order of limit operations. 
Wo therefore find 


V - JC,!) [d MX) dX=0. 

This equation is to hold for all x', t and t, so that it must hold for any initial 
law of density distribution >^(aj' — X,0), It therefore imifiies that* 




The displacement distribution function is therefore that solution of (2181) 
whioh places all the grains near X«0 at t= 0 (the point-source solution). 
Hence i 



“ 


The displacement distribution law is therefore the error law, which has been 
exhaustively tested by observation. Perrin gives the following sot of counts 
of the displaoomonts of a grain of radius 2*1 x cm. at 30 see. intervals. 

t +<o 

* Wo may assort that / - a?) ?5(ar) dx = 0 fof any given v and all Lot 1 ^( 11 !) = 1 from - « 

y -CO 

/ « 

t/>(x) </a!«0 for all ai' and thoroforo ^(x)t=0. 
af 
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JPluctmtions 




Out of a number N of suoli observations the number of observed viiliuss 
a; 'displacements between and should be 




e-hx^Ji^dX. 


tiff 


Table 71. 

Observations and calculations of the distribution of the displacamf id^ 
of a- Brovmian grain. 


Range of 

0! X 10^ cm. 

Ist set 

2nd set 

Totiil 

Obs. 

Calc. 

Obs. 

Calo. 

Obs. 

( 'min'. 

0 - 3-4 

82 

91 

86 

84 

108 

17.1 

3-4- 6-8 

60 

70 

66 

63 

131 


0-8-10-2 

46 

39 

31 

36 

77 


10-2-17-0 

27 

23 

23 

21 

60 

41 


The agreement is satisfactory. 

We observe at this point that the derived form off^iX) is conainient 
our preliminary neglect of 0(Z'‘) and O(t^) in (2176), The asHiinutlism 
however that the terms 0{X^) are all 0{t^) is essential to thoso 
which are not necessarily true without it. The terms in X^ ... might ountiilti 
terms of order t, in which case (2177) would contain dhjdx'^, .... If the 
diffusion equation (2177) is exact, then the distribution function is Gaui^irwi:. 
and. conversely, as we have shown above. But this is not true on tho eentb 
of the eddy diffusion in the atmosphere. It is therefore hardly poBHildtn to 
dispense with appeal to experiment; Perrin’s experiments sliow that 
Brownian movement the diffusion equation and the distribution 
have their simplest form.* 

§ 22*64-. Einstein's extension o/ (2180). The argument establishing {2 1 
cati be extended to the displacements with respect to any coordinute « 
(e.g. an angular one) in which the normal equilibrium distribution is ii 1 1 1 form . 
If .4 2 is the mean square displacement in this coordinate in time r diu> to tb© 
molecular agitation, then by the old argument A^jr is constant. TJio 
tribution in a satisfies the same diffusion equation 



and the number of particles passing by diffusion across a given value « 
the coordinate in unit time is again 

Ddvjdot, 

in the direction of v decreasing. 

* Critical comment by J. A, Gaunt. 
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Now suppose that an external field of potential energy ^(«) cicts on the 
grains. In tlio equilibrium state we should have a distribution law 

Suppose further that for an individual grain under a force ^vG have a 
steady velocity controlled by viscous resistances so that 

i<da,l(U=^1), 

Then in the oquilibriiun state when 0 = - 

9v_ rf(a) 

K ‘ 

But 

V 9a hT 

Therefore D ^ hT{K (2184) 

This is the required goneralization of (2180), For a sphere rotating in a 
viscous liquid about a fixed axis 


^.Idioreforo for rotational diaplacomonts 

jif hT 

an equation oonfii’ined experimentally by Perrin. 


(2186) 


§20‘7, Effective pressure {reaclmi) fuctuatioiis. The formulae of §20’3 
give the fluc tuations (of the second order) in the instantaneous value of any 
external reaction, in particular of a pi’essure. They depend essentially on the 
law of foi’ce between for example the gas molecule and the wall, In many 
applications however it is not this instantaneous value of the pressure which 
is important, but rather the integral of the pj’essuro (the momentum trans- 
ferred) taken over a time interval wliioli is long compared with the time of 
collision hot ween a gas molooule and the wall, and short compared with* the 
time constants of any response that the wall can make. In particular it is 
this sort of quan tity and its fluctuation which is required in the study of the 
natural limitations of ultrasensitive measuring apparatus.* A typical 
X)robl6m in which the fluotiiations of momentum transfer in “physically 
short'* time intervals ai’O required—to the exclusion of fluotuations in the 
instantaneous pressure — is the study of the rotational Brownian movement 
of a small galvanometer mirror suspended on a fine wire, which has been 
completed in detail by Uhlenbeok and Goudsmit.f We shall therefore 

* Foi’ ft gonomi Biirvoy boo Barnoa and Silvorniaii, i?cy. Mod, Physics, vol. 0, p. 102 (1034), 
wJjoi'o luiinorouH roforoiiooa will bo round. 

t Uidouboolc and Gouda mik, Phys, Pev, vol. 34, p, 146 (1020). 
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obtain in tins section the underlying formula for tho fluotiiation of 
momentum transfer in given, small oloments of time to a given oloiiUMifc t» 
surface. The work is based of course on the foi’jnulao of § 20* 21 lor tlio flue inn* 
tions of the numbers of systems in given states or voliinio clotuoiilK. I 
formulae will here he needed only in hheir simidest claHsioal forma in which 

tty always satisfies ay<iM, when we liavo 

{ay~ay)^~ay^ iay-af){aQ'-ag)~0, (21H(t} 

We may start with the usual formula derived from Maxwoirs law (17'I) 
for the average number of molecules, in a porfeot gns ol N inolGOulea of 
mass win a volume V obeyhig classioal statistics, wliioh atriko au olGinoiit cif 
wall of area Ac in a time interval At with a momentum normal to tho witH 
lying between g and g+dr/. This number is tho number of moloouloa lying 
at the beg inn i n g of the interval in the correct volume olomont of oxtoiisiofl 
AoAigjm, and is given by the usual formula 

(2I«7) 

' V (2mn!cT)i 

When these molecules have been brought to rest at tho wall tho,y hav© 
communicated to it a momentum g^^ They aro tlien thrown olf again liy 
the wall -with a further transfer of momontum, but this can only bo oaloulatort 
when the exact nature of the reflection process has boon siJGoifiod.*'’ If wo 
assume for the present that the wall acts like a specular rofiootor, oticb 
molecule is reflected with momentum — g and the transfer of momentum by 
these gr-moleoules is 2gay, This is of course the average transfer by such 
molecules, actual transfer in At is 2gay and the flue t nation ii,)® 

which is ig^ay. We can now sum these effects over all values of g to obtain 
the t^al transfer of momentum 0, its average value G and its fluotuafcion 
{G- G)\ So long as equations (2186) are valid 

(2188) 

We obtain at once by simple integration 

iV 

G^pAoAt^^hTAoAt (2180) 

which is always valid for a perfect gas, and 

( G* - 0)2 = ZmcpAo At, (2100) 

which is valid so long as equations (2186) hold. The oorresponcUng fluohitt- 
won in the total force F acting on Ao is 

{F-F)^=2mcpAolAt. (2101) 

* Tliia point waa ignored by Uhlenboolc and Goudsmifc, 
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This condition of validity must bo carefully attended to. Equations (2186) 
always hold for averages over a long time for any specified types of molecule 
whose average number is small compared with the total number of molecules. 
They are however here required to hold for a physioally short time interval 
At. They can then break down if ajipliod to too large a volume element, for 
the defioienoy of one tyxie of molecule may be correlated with the excess of 
another. An assembly for which they certainly hold is a highly rarefied gas 
in which the free paths of the molecules are long compared with the linear 
scale of any volume element concerned. DifTeront sots of p-molecules and 
sets of molecules striking dilTerent adjacent elements of area are then strictly 
uiicorrolated. It is to such gases that we shall apply the resulting formulae. 

If the bombarded element is a small mirror suspended in the gas, both 
sides are accessible to the gas and the fluctuations are obviously additive. 
We then find for the momentum transfer ^ = 0 and 


(f? - G)a == (3(8 = iniepAo At, (21 92) 

and for the total force 

iiricpAolAt. (2193) 

A more useful result is the torque and its fluctuations about the axis of 
suspension of a piano inirj^or. Eor the impulse about the axis generated by 
a momentum transfer G in time At to an element of area Ao distant x from 
the axis of suspension wo have the average value 

pxAoAt 


and for the fluctuation in this impulse 

2mcpx'^AoAi. 

On summing this over both sides of the whole mirror Ave find 

(2194) 


whore 0 is tho area of the mirror and k its radius of gyration about the axis 
of Busponsion, Tho fluotuation in the average couple T exerted by tho gas is 


iiheroforo 




(2196) 


If Avo now attomjit to free those results from tlio assumption of porfoct 
spooular roflootion Ave moot witli considerable difTioulty in formulating any 
simple but more general alternative assumption, Avhioh can be consistently 
employed, d'ho folloAving assumption is free from oontradiotion and reason- 
ably simple, but not very natural physically. Wo assume that tlie inoidont 
g-moleoulos oan bo divided into two fractions / and (1—/) of Avhioh tho 
fraction (1 -/) are immediately rofleotod speoularly and the fraction/ con- 
dense on tho surface and are ro-oinitted without correlation to their incident 
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value oig, It is necessary also for the sake of comiDlete consistency to assumo 
that this fraction / is re-emitted on the average at the normal rate in. 
equilibrium with the gas pressure (with normal fluctuations about this rate) 
but that this rate is unaffected by the fluctuations in the rate of incidonoo. 
There must be sufficient storage of condensed molecules on the surface to 
prevent in this fraction any correlation between the numbers arriving and 
the numbers re-emitted. Under these assumptions we can discuss the 
momentum transfer by the fraction / by breaking up both the moident and 
re-emitted molecules into groups of p-moleoules with unoorrelated fluctua- 
tions. iPor this fraction we shall therefore have 

where is a summation over both positive and negative values of g. Wo 

obtain at once ~ 

d‘=^AoA^, ((?— 5)® = ?ncpAoAi?, 

the fluctuation having half its former value. The final correction is therefore 
to replace (2192) by 

(O' - (?)2= (?2_2mcpAo Ai(2~/) 
and to malce similar changes hi (2193), (2194) and (2196), 

§2d‘71. OcmphetVs theorem. Before proceeding to apply these theorems 
to the study of a suspended mirror system it will be convenient to introduee 
a theorem first enunciated by Campbell,* which may often bo usefully 
employed in this field, The theorem inay be enunciated as follows: 

Gcmig>bBlVs Theorem. If in any measw'ing instrument the quantity d to be 
observed is due to the linear svq)er^osUions of the effects of a number of in-'. 
dejgendent events occumng at rmdom times, so that 

where f Jt — to) is the effect of an event of type a Occurring at time and if the 

events of type a occur at random instants at an average rate F^per wiit time, then 

(2196) 

J^co 

= ......(2197)^ 

J ^ to 

A somewhat superficial analysis of this theorem may be given as folio wSj 
in the first instance for events of a single type. A single event P at t^ Iq 
causes the quantity Q^^fit-tf) to be observed. A set of such events, a,, in 

* Campbell, Proo. Gamb. Phil Soc, vol, 16, pp. 117, 310, 613 (1909).* ’ 
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number, in an interval at ^ = sliort ooini)ared with the time constants 
of the system, will produce the effect 

It follows at once that 0 = S,. a,, 

/' + 00 

^n\ 

J — 00 

If the events are molecular in nature so that (a,. — a,,)® ™ (a,, — a,,) - ^) = 0 , 

then also ^ 


’ -H co 

■N |/( 1 )|' 

*/ -» oa 


(It. 


The extension to different sots of events as in the enunciation is immediate.*^ 
A xmrtionlarly imiiortant case occurs when 


Then 




.(2198) 


§ 30*72 . 2'omona/, {Broionicm) oscilhiions of a atispended mirror in a 
rarefied gas. The suspended mirror is for our purposes a system of a single 
degree of freedom defined by its angular diaiffaoement j). If it is subject to a 
linear dainx:)ing foroo its equation of motion may be put in the form 

(2199) 

with an obvious notation. When left to itself in the gas it follows from the 
equipartition theorem that at aU gas pressures 

It is however of considerable interest to analyse this relationship in greater 
detail for a rarefied gas for which all the oaloulations can be completed. 
With this object in view wo shall require an explicit expression for r which 
we now j)roceed to obtain. 

Under the condition postulated of a highly rarefied gas the number of 
impacts in time AZ on any element of wall Ao moving through the gas with 
velooity u normal to its surface can bo oaloulated from the equilibrium dis- 
tribution laws of the gas since these are then not upset by the wall move- 

* A muoii moro in'ofonnd stmly of tlila iiitoroatiiig tlioomm is clcslrablo, but cannot bo jnoludod 
hero, Soo Rowland, Proo. Gamb, Phil, Soo, vol, 32, p. 680 (1030), 
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ment, If the wall is moving to tlie right with volocity u, the number of iniiJaots 
from the left with momentum normal to the wall between g and g'\-dg will 


be, by Maxwell’s law, 


V {27TmlcT)^ 




impacts being only possible when gjui > u. For perfectly specular reflection 
these each transfer the linear momentum 2{g—mu). The total average 
transfer of momentum to Ao is tlierefore 


Q= 


N 2/m f 


1 — — 

V{2mnhT)^Jmu 


Correct to terms linear in u this easily reduces to 


AoA^, 

or taking account of both sides of the element of surface 

Ai. 

fcT 


(2200) 


For a rotating mirror the impulse generated in A^ about the axis of suspen- 
sion by the momentum transferred to Ao is and The average 

damping couple acting on the mirror is therefore 

= ( 2201 ) 

hT 


The coefficient r in (2199) is therefore 2m^OK^lhT, 

If we relax the condition of specular reflection by the same generalizations 
as in § 20*7, the fraction (1 — /) of the incident molecules continues to give 
the same contribution to F per molecule as before. The remaining jfraotions 
/on either side are, first condensed on the mirror during which process they 
contribute half as i much momentum transfer as before. They are then 
re-emitted but at a rate in equilibrium -with the average gas pressure, and 
therefore symmetrically from both faces of the mirror giving no contribution 
to the momentum transfer. The average damping forces are therefore now 
smaller by the factor 1 -/-f and 




( 2202 ) 
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§ 20*73, Torsional oscillations. Application of GampbclVs theorem. It will 
now be of interest to verify the eq^uipartition theorem by applying Camp- 
bell’s theorem. Wo may think of the motion of the mirror as made np by 
the superposition of a number of free damped excursions each generated 
impulsively at random times. T\iq f{t) of Campbeirs theorem is therefore 
that solution of (2100) with r(^) = 0 which satisfies (^(0) = 0, ^(0) = S. This 


solution is 

g 



(j, =f{t) = - e“^^sin fxt {1 > 0), 

y- 

(2203) 

where 

A=Jr/7, 


It follows at once that 



J 

r-i-a) sa ga/a 

\-J ^^^^^'“4A(A® + /xa)“'2rX>‘ 


We can now apply Campbell’s theorem and find that 



, 

(2204) 

Now in (2204) wo may take N = l/A^ and the moan square angular 

momentum generated by the luoleoufar impulses in time Ai. Thus by § 20*7 


jaga^ (P^ P)2== 4:mcpOM. 

(2206) 

Combining (2204), (2206) and (2201) for r, we find 



(2200) 


in agreement with the eqnipnrtition theorem. The form of (2206) shows that 
this agreement persists when the factors 2 -/ are inserted. 

The equality of and can be verified at once by multiplying 
equation (2100) by </> and averaging each term over a long time r, 

§ 20*74. Further study of torsional oscillations by Fourier analysis. In the 
investigation already referred to Uhlonbeok and Goudsmit have shown that 
there is muoh of interest to bo found in a still deeper study using Fourier 
analysis. Consider a long time interval 0, t and develop V{i) in this interval 
in the Fourier series 

r(i) = S .dfc cos w/ji 4- sin o);/, (2207) 

fc-O 

V{t)Goao)fJtdti r{t) sin wjJtdL 


where 
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A particular integral of (2199) valid in this timo interval i« then given Ity 

, . k=0 

where 

n{F/I-co!,^)^+rWlF]Ui) 

= ~ o)/) - JI] cos cu/,i + [Af^rcofjl + - oj^^)] 

{22UH) 

It is sufficient to consider any particular intogral. TJio oomploiimnUiry 
unctions required to give any other initial values to r^(0) anti c/(()) iu ilimi i HJfl 
out Md Tvjll not affect the results. It follows at onoo by avoragiiig over tl. r 


Avhere 


{?!(<)}«= S{^,(()}», 

fe=0 


(220l>) 




Now 4 - 5^2 oan be expressed as the double intogral 

+ V = (2210) 

r(iO correlation hotwoon !"{/) and 

li *z‘:5- s z z s^r”« "i?; ZTZT" 

S«1K. Itfollowsthat ^ "'htiro 




We^may now put S = Al and use for r^(*) the valuo F already oalonlatod »o 

Using the formula (2201) for r, we can now put tho form 

( 2212 ) 

Ofy the nature of ItetimeTOrilttoSto '‘^though {If^ie indopontlont 
values of p the Fourier components foftvt For smallor 

more strongly marked in the^motion Such ~ liaooma more and 

observed and is weU shown in Mv 70 ftn dcpenclenoo has boon 

t mg. / J trom the work of Kappler.* 

• Kappte, Am. i. ny,a_ 
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In ooiiolusion wo may note that such observations may be used to make a 
direct measurement of h, ICappler for example determined h in this way with 
an error of less than 1 per cent. 


'a 




l^lg. 70. llogistration of an osolllnUng mirror syatom imclor identical coiiditiona except for t!io 
prossiu'B, whioli has the valuoa (b) I Atmosphoroj (i) lO-Omm. Kg} (c) 10-‘ mm. Hg. 


§ 20‘8. The shot effect. The fluctuations in the ourront from a hot cathode 
duo to the fact that the ourrent is caused by discrete oleotrons emitted at 
random intervals of time and is not a continuous flow of electricity is known 
as tlio shot efloot. It is a well-known source of background noise in tolophoiio 
circuits of high amplification, and has boon studied by a number of 
authors. It is obviously an ofteot of the same nature as those under dis- 
cussion hero, and may ho oonveniently treated by means of Campbeirs 
theorem. 

When an electron roaches the anode in the valve whose effects are to be 
amplified it will naturally alter the voltage of the anode and thereby affoot 
the anode oirouit. It is then necessary as Avas first pointed out by Pr 3 ^|* to 
make explicit assumptions about the nature of its effect on the anode oirouit 
Avhioh are somewhat diffiouit to justify. It is assumed that if (7 is the 
capacity of tlio anode system and E the resistance of the oirouit and the 
oirouit has negligible self induction, the arrival of an clootron of ohargo — c 
produces instantaneously a potential - e/(7 Avhioh dies away according to 
the law 

(^>0)^ .(2213) 

well known to bo oorroot for charges in bulk. Wo shall accept this assumption 
here ; its justification will appear during the discussion. 

* If'or inatftiico first by Sohottky, ylwji. il Pliysik, vol. 67, p, 641 (IfilS)} also by Owiatoln and 
Burgor, Atm. d, Physik, vol, 70, p. 022 {1023); Pflrtli, Pkysikal. Zdl, vol. 23, p, 364 (1022); Fry, 
■J, Franklin hiBlil, vol, 100, p. 203 (1026), 
t Fry, loa, cil, 
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The effects to ho observed are observed after amxDlification in a system of 
circuits which need not be specified more closely than by requiring that an 
oscillating anode voltage of frequency ^ shall be linearly amplified in the 
output circuit by a factor (?(^), and that voltages of zero frequency (that is 
direct currents) are not amplified at all so that (7(0) = 0. [More exactly it 
will be convenient to assume that Q{^)1^ remains finite as ^->-0.] We start 
therefore with a Fourier analysis of (2213). If 


then 




The voltage in the output circuit due to one electron arriving at ^ - 0 is then 

f 

(27r)3j-oo 

It ^vill be observed that f(t) and IF(^) (?(^) are Fourier transforms of each 
other so that /*+oo 

\M\^dt=:>\ \W{^)Oi^}\^di (221fi) 

J —CO J —00 

We now apply CampbeH’s theorem. We suppose that on tlie average N 
electrons per second reach the anode in the x)rimary valve, reaching it at 
times distributed at random. Then the average voltage in the output oirouit 


6 is given by 


^ N 


^ + ca r + co 


(27r)*J . 
N€ 


dt 


W{^) 


(2Tr)^C' 


'+ 

J — » 


+ CO <50 


dt 


m) 


-CO 




It may be assumed that it is legitimate to express this in tho form 

Lt sin^r ^ 

so that if is finite 6 = 0. The average squared voltage using (2215) is 
then 


e^: 


'’27rO\ . 


+ CO 






.(2210) 


In practice the G{^) used is only sensible for audio -frequencies, for whiolr 
Further, this out off of the high frequency components 
justifies neglecting as above the self-induction in the anode oirouit and 
the transit time of the electrons between cathode and anode. Equation 
(2216) may therefore be simplified to 


TT 


J 0 


(2217) 
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wJiero J is the aiiodo curront in the primary circuit, and 0^ the average 
squared {fluctuating) voltage in the output circuit. This equation can be 
used to determine e since all the other quantities are directly measurable. 
It has most recently been used in this way by Moullin** whose values of e 
so determined agree with the accepted value within about 6 per cent. Much 
more accurate determinations of e have been olaimed by Hull and Williams, f 
but though there is no doubt that their measurements as analysed determine 
e with high aocuracy it does not ai)poar that the theory of the efieot is 
suffioiontly rigorous to suiq)ort such accurate determinations. :f: 

§20*81. Similar phenomena. Numerous other examples of fluctuations 
ill mechanical and electrical systems have been recognized and studied in 
recent years. A full account of many of these will he found in the paper by 
Barnes and Silverman ali’eady referred to. A particularly interesting 
example, alcin rather to the shot effect, is the fluctuating voltage across any 
conductor of resistance B, duo to the thermal fluctuations of its conduction 
oloctrons, known as the Johnson § effect. A discussion of the Johnson effect, 
sufliciont to bo intelligible without auxiliary references, would require too 
long a discussion of oscillating oleotrio circuits to bo included here. The 
examples discussed in the preceding sections should suffice to show how the 
statistical calculation of fluctuations may be brought into the analysis of 
all effects of this typo. 

§ 20*9. General dislribiUion ftmeiions in problems of Broionian motion. 
In §§19*6 sqq, wo have aheady givon a complete analysis by a special 
method of the way in which a group of atoms moving originally with velooity 
Uq gradually loso.s its original moan velooity and acquires a Maxwellian 
distribution depending only on T. The moolianism discussed in those 
sections is Binsfccin’s mcohanisra of emission and absorj^tion of radiation of 
a definite frequonoy v, but the discussion of the growth of randomness is quite 
general in form. ^Tho particular mechanism only enters in the assignment of 
partioular values to the cooffioients. In § 20* 03 wo have discussed the similar 
problem of the distribution in space of a group of free particles initially in 
a givon volume element, but there the discussion was limited to long times. 

Tho restriction to long times can be removed. A general method has 
been givon by Ornstoin and van Wijk |j by which distribution functions such 
as fiUiUQyi) du or f{XyXQyUQ,l) dx can bo obtained, where f{u,UQtt) du denotes 

* Moullin, ProG. Hoy. Boo, A, vol. 1<A7, p. 100 (lOS'P. 

t Hull and Williamf), Phyn, Pgg, vol. 26, p. 147 (1026). 

i Tho assumption (2213) alToots tho numorioal vahios and Its aooumoy is partloiilnriy dubious. 

§ Johnson, Phys, Ihv, vol. .32, p. 07 (1028); Ikrnos and Silvorinan, loo, cU. 

II Ornstoin and van Wljlc, Phyaka, vol. 1, p. 236 (1034); soo also, Uhlonbook and Ornstoin, 
iyti/fl. iictf. vol. 30, p. 823 (1030). 
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the average fraction of a set of free molooiilos, all having the 

which have a velocity in the range w, u^■'d% at tinie i, jiimI 
f{Xy 9 iQ,UQ,t)dx denotes the average fraction of a sot of free luoluoiih,^, all 
having the velocity u~Uq and the position x — Xq at ^ = 0, whicli haves n 
position in the range x, x + dx at time t It is possible also to uho tlinHanii! 
methods when permanent elastic or gravitational forces aro acting on ite 
particles or when the particles in addition are subjoetto a porinanonfc j wiiimli# 
disturbing force. The problem of Brownian movement and of the 
mirror can thus be reduced to a common form. It will bo 
illustrate the method by the detailed discussion of f{u,tiQd) ii-nd 
For a hee particle subject to a viscous retardation and rajud lliutlunling 
accelerations of average value zero we can cast the eejuation of innlhui 

the form , , , ^ , 

duldt^-^u+A{t) {A{t)^0), 

This equation may be integrated in the form 

u~Uq ePU 2 a 1 U) 

Now in any mterval ^(|) will be determined by an expi’cssion of th# 
form X{aj.—ay), It follows at once that u4(^)Af will havo tho jntntioitlii 
characteristic of and given by (2109), so that with siiffioiont aooiiracy 

{^(|)A^}2«+i = 0, 

p(0A^}2n« (2w - 1) . . . 3 . 1{ Jg)~A^p'. 

These ^ are of course the moments of a Gaussian distribution and ai’O by' 
Pdlya’s theorem (§ 20-4) equivalent to a Gaussian distribution. Mbi’onvcr if 
we my furto assume that we can take small oomparod with tho fcinw 
sea e e y 1/^, but yet still so large that tho iluctuationa of ivU C}i‘<l< 9 m 

Irri momonfca of nil 

of mi ^11 v.^ n > ^ a^lditive and the moments of tho right-hand mhI® 

at Lee therefore also those of It mom 

at once from P6iya s theorem that 




fiUfUQit) du== 

fluluatioT ™l“e of *0 eooond ardw 

We have already seen that the whole contribution comes from f, ~ f , so that, 
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where G is some constant. Finally if we let i->oo we mnst have u^^hTfm 
so that ri-co 1 G 

1 




2hT 

m 




.( 2220 ) 


Tlic complete velocity distribution function in this case is therefore 


r (u—'UqG-^^) 


(1 _e-2^A 

m ^ ^ 




-2^0 j’ 


.( 2221 ) 


agreeing with the result of § 19-61. This can at once be adapted to the 
equation of motion t 

^ -h p + ^ (0 {g const.) 


by using u' = u~ gfp. 

The distribution law /(rt;,a’o,iio*0 only slightly more complicated, The 
equations of motion are now two, 

(In n , A 

and the proper solution 

...(2222) 

It follows by the same arguments that 


has Gaussian moments and thoroforo a Gaussian distribution. Therefore 
/(a!,«!o.«o.O = 7(^) (2223) 

and as before 


.i= f‘ r f’'c«+fi^l(S)X(r)df«'. 

2/^ Jojo Jojo 

Since again the whole contribution oomoa from ^ 

2/a Jojo Jo 

where G is a constant and t/* is the lesser of t) and n', "Fhe integrations are 
easily completed giving 


2/x 


G' I- 


2/3 




(2224) 

50-9 
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It reinains only to determine C", -whioli oau bo doiivod by Kiiw rtrg«« 
mente as giyen in §§20‘62j 2Q«03 which, hero load to (ft* — 

This gives Q' and the complete law is 


W|9 r 2j8 




^kT{ 3 



2/i j 


(2J125) 

Similar methods can be applied to systems for which the cqunliijri t«f 
du 


motion is 


dt 


= - /9w — + P{t) -hAit), 


§20-91. Oo7ichiding remarks. In tho foregoing discussion, in 
of the shot effect, the fundamental nature of tlio assumptions undi'rl.viiig 
(2213) and (2214) has as yet scarcely been siiflioiently ompliasi/.cd. »Sijnilaf 
assumptions are really made in tlie problem of tho galvanoniafcor Miirno#* 
in setting up (2109), and they appear to be unavoidable, or at lea-st iun*vr 
yet avoided, in such problems. In adopting thoso and similar equntuinn 
we really assume that we can divide tho wliolo ai^paratiis into fcvro 
in one of which the discontinuity of tho events Jiapponing is OHHoiititt.b 
while in the other it is trivial aixcl may bo neglootod. 'rhia part of t)i«» 
apparatus, therefore, is assumed to obey the ordinary laws of largo wuitfp 
continuous physics. In view of tlio disc on tiniii ties in all matter an rl nil 
events this divimon is a drastic assumption, whioh is made relying only 
on physical intuition, apart from a posteriori Justiffoation by suocoaa. *C/m 
cermet procedure would be of course to treat tho apparatus ns a wliojo, 
making no use of the laws of continuous physios, except in so far as tbi^lr 
use can be exphoitly justified. A particular virtue in tho use of Oamiiboirn 
leorem m such problems is that its use emphasizes tho dichotomy ft.nd 

s>lh reaw.°“ *“ n«od it my 



CHAPTER XXI 


RECENT APPLICATIONS TO COOPERATIVE 
AND OTHER PHENOMENA 

§21*1. Cooperative p^i^^'^omena. Generalities, The moafc striking recent 
advances in tlio application of statistical meolianics have been made in the 
study of cooperative p)lienomena^\ These are phenomena which cannot be 
interpreted in terms of the properties of an assembly of distinct systems only 
slightly linked to each other, but can only bo interpreted in terms of the states 
of the assembly as a whole, because the states of any distinct system are 
fundamentally influenced by which states of the other systems are occupied. 
The classioal example of a cooperative phenomenon is ferromagnetism, 
already discussed in detail in Chapter xii, We have there seen that the states 
of a would-be forromagnotio metal can be correctly described in terms of the 
total magnetization — the resultant spin of all the contributing electrons — ■ 
but cannot bo analysed into states built up out of the states of individual 
oleotrons because the energies of the spin states of any one electron depend 
fundamentally on the directions of the spins of its neighbours. The recently 
recognized cooperative phenomena which wo shall discuss here aro (1) the 
order-disorder transition in metallio alloys, (i) tho liberation-rotation tran- 
sition in certain solids, and (hi) the existence of oritioal condensation tom- 
poraturos for the deposition of a metallio vapour on a glass or other metal. 
Wo shall discuss tho first of these in greatest detail since for it the theory has 
boon most completely worked out. Idie third is perhaps the simplest of all 
and tho best adapted to form in futuro an introduotion to the subject. The 
oha];>tor closes with short disoussions of the peouliarities of crystals of tho 
paramagnotio salts, and other miscellaneous topics. 

§21*2. Order-'disorder phenomena in metallie alloys. * It has been k nown for 
a long time that many metallio alloys, which form for a small range of atomic 
ratios a dofinite solid phase with a oharaoteristio lattice structure, exhibit 
anomalous spooiflo heats and associated properties at a certain critical tem- 
perature. It has been shown more rooontly by X-ray analysis that the, under- 
lying struotural change is a change, as tho temperature rises, from ordered to 
disordered arrangements of tho two sorts of atoms in the alloy. Tho lattice 
struoturo of tlio phase undergoes no significant ohange, but the degree of order 
in tho allocation of tho different atoms to the lattice points is affected. 

* Bi'agg Mid WIlliftiiiH, Proc, Jioy, Soo, A, vol. IdS, p. 000 (103‘l)j vol. ISl, p. 540 (.1936) j Botlio, 
Proc. Hoy. SoG, A, vol. 160, p. 662 (1036)j WUllaina, Proc. Hoy. Soo, A, vol, 162, p. 231 (1036). 
Idoaa Bubskautlally adequate for a eorroob etatlatloal ti'oafcmout aoom to liavo flret boon pub forward 
by Gorfllcy, Zeil.f, Phyaik, vol. 60, p. 04 (1028). 
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(a) 





Disorder Order 


Pig. 80. Showing the arrangements of atoms In the states of comi)loto orrtor tuul comiilotu tllsimlfi'i' 
for the alloys («;) jS-hrass, CuZn, O Cu, # Zn, © iOu,iZn}(6)PoaA!, O J>'o» • -Al, © iFe» JAt|; 
(c) CujA-u, • Au, O Oil, © JAu, fCu, 

the phase, but we shall not discuss the effect of small changes in the atojiile 
ratios. In ^-brass for example, whose typical atomic formula is CuZn, tlia 
lattice is body- centred cubic, all the atoms take part in, the ordering and the 
completely ordered and completely disordered states are sliown in Pig. 80 («•)* 
In the completely ordered state all the Cu-atoms occupy one siinplo ouldct 
lattice, say the cube comers, and the Zn-atoms the other lattice, tlio oub© 
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centres. In the completely disordered state every lattice point of either kind 
is ocoiipied indifferently by either atom. In the alloy ITeg A1 on the other hand, 
Fig. 80 (6), only lialf the atoms take part in the disordering. The lattice is 
again ho dy-contred cubic, and two-thii’dsoftheFe-atoms permanently occupy 
one simple cubic lattice at all tempieratures. The remaining atoms, equal 
numbers of Fe and Al, occupy the remaining lattice points at the cube centres 
— ^in the ordered state forming a rook salt lattice, and in the disordered occupy- 
ing all this set of lattice ijoiiits indifferently, It will be seen that in this 
example a larger unit cell is required to describe the ordered state {a cube of 
twice the edge) than to describe the disordered state. The ordered state is 
therefore sometimes referred to as a superlattico and the new X-ray reflec- 
tions which reveal its existence as superlattice lines. In yet another example 
CugAu, Fig. 80 (o), all the atoms take part in the ordering. The lattice is 
face-centred cubic; in the ordered state the Au-atoms occupy the oube 
corners and the Cu-atoms the face centres, while in the disordered state every 
lattice point is occupied indifferently by any atom. 

Our problem therefore is to determine statistically the degree of order in 
the lattice, or degree of perfection of the suporlattioe, as a function of the 
temper ature. Fundamentally this should be simple. It is clear that we are 
coirceriied only with geometrical configurations of the atoms, and that, to a 
first approximation at least, wo may treat the configurations and configura- 
tional energy as indopondont of tlio lattice vibrations and other contributions 
such as electronic energy to the total energy of the crystal. The complete 
partition function for the mixed crystal can to this approximation be com- 
pounded of tAvo factors, ono, tho normal one, indopondont of the atomic 
arrangements, and tlio other depending solely on tliese arrangements. In 
more refined treatments, into which wo shall not enter here, it may prove 
necessary to admit that this indGi)ondonco is not complete. Our problem 
therefore reduces to tho construction and evaluation of the partition function 
Ibr tho configurational states of tho alloy. 

§21*21. The conslniclion of the configurational partition function for the 
approximation of Bragg and Williams. Lot us suppose that in a given speci- 
men of an alloy thoro are N atoms in all which take j)art in the ordering, rN 
of one kind and {l—r)N of tho other. Thore are then 

m 

distinct configurational states of varying energies, and the configurational 
partition function which wo have’ to construct is 

r(2') =. 2 

T»1 
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To make progress it is necessary to classify tiie states in terms of some HuUaVilo 
parameter specifying the degree of order, whicli at the same time (lotoniiinaH 
the energy of sucli states with reasonable prooision. If s is suoli a parainotor, 
then 



Provided a suitable s can be defined and 1^(5 ) and y{8) dotormiiiod with 
suflficient accuracy as functions of s, r(7’) oan be evaluated by Hoarohing fur 
the maximum terms in (2226) and tlie ooniigurational onoi’gy content tmd 
all other equilibrium properties immediately deduced. 

The parameter a proposed by Bragg and Williams is the dogreo of ordcn* or 
degree of perfection of the superlattice defined as follows, In tho state of 
perfect order there are tN lattice points ocoupiod by d -atoms and (1 — r) N 
occupied by B-atoms. These may be referred to as a-lattieo points and 
^-lattice points respectively, In any state of partial ordering thoro are, lot 
us say, a fraction p of the adattice points ocoupied by /I -atoms and tho rosti 
a fraction 1 — by -&-atoms, The fraction p goes from 1 to ?• as tho ordering 
falls from pierfect order to perfectly random arrangeinonts (comj)loto dia- 
order). We therefore define 5 by 

(2227) 

so that s ranges from 1 to 0 over the range from j)erlbot order to oomploto 
disorder, and correctly specifies the degree of perfection of tlio siiperlattico. 
The fraction p can of course always range from 1 to 0, and when p < r tho 
corresponding values of s are negative. When r = |- both signs of a may bo 
included, the negative signs corresponding equally to ordored states with 
A- and ^-atoms interchanged. When we take r<i and the states 
ot negative a as here defined do not correspond properly to a now sot of 
ordered states. No error is made by arbitrarUy excluding the states < 0 in 
the simple cases here discussed, which merely moans that wo oonfliio attention 
leading to order with atoms A on tho proselooted <x-latticQ 

approximately horv r(a) must depend on a. Starting 

f f ° configuration can be formed by tlio 

nraMrtilT'f ^ inotcnsos 

f V exchanges. Each such exchange will 

wlot rj energy. If tho state 

Sta^^ s- l aI^i 7" of energy, then tho slightly disordered 

ates 5 ~ 1 - will have an energy which can bo written As L IWJl - s«) 

of interchango of a pair 

Mhw Tf wui on the averageLolve no 

expendito of energy and .t ,s natural to assume that in the final stages the 
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energy required for the replacements causing a change As varies like sAsr. 
If therefore wo assume that 

Pr(s) = TOl-s2), (2228) 

the s-dopondenco will be correct for both sci 0 and sci 1, and it is reasonable 
to suppose that wo shall not be far wrong for all values of s. iPhis is the essence 
of Bragg and Williams’ aj)proxiraation. They assume that, for given s, W will 
bo a function of s only, effectively independent of local pairings and fluctua- 
tions, and given nearly enough by (2228). 

'Jlo oomplote the formulation of r(^’) we need only determine g(fi), wliioli is 
the number of configurations in which /I -atoms are distributed over rN 

a-lattice points and (1--^;)?^ -4 -atoms over the (1 — ^-lattice points, 
the 7i-atoms filling the vacancies remaining. It follows at once that* 


g{s)==g 




{rN)\ 


({l-r}W)] 


V{T) 


3»‘iV rN 

jU 


(pW)! ({l->}riV)I ({1 ({1 -2r+^}r} jY)! ’ 

(2229) 

^ Q-hi'ail-s^VkT ^ 


bm ({1 - P] rN)\ i{l~p] rN)\ ({1 - 2r W)! 


(2230) 


In the complete r(f/’) which we need not consider the true lower limit of tho 
summation is of course ptrN == 0. 

It is evident without calculation that we must assume that 11^ > 0, This 
makes tho state of perfect order (fl = 1) the state of lowest energy and there- 
fore the stable equilibrium state at very low temperatures. At higher tem- 
peratures the vastly greater number of disordered states will, as wo shall see, 
allow them to take ohargo of tho equilibrium. For the opposite assumption 
Wq < 0 tho state of perfect order will never be attained and our analysis of 
tho states in terms of s is insuffioionb for the discussion. It is easy to see that 
this case would really correspond to a complete separation of the different 
atoms at low tomporaturos into as far as possible distinct phases, a problem 
in solubility with which wo shall not concern ourselves, 

§21*22. The emlualion of Bragg arid Williams' partition function. The 
resemblance of (2230) to tho Woiss-Hoisonborg partition function (1383) for 
forromagnotios is at once obvious. Similar methods of evaluation may bo 
used and similar results will bo obtained. We write the logarithm of a term 
y{p) in the series (2230), using Stirling’s theorem, hi the form 

log y{p)^ N[r log r ~ rp log rp - r( 1 - p) log r( 1 -p) + ( 1 — r) log( 1 ™ r) 

- r( 1 ~p) log r(l -p) - (1 - 2r +pr) log(l - ^r-^pr)] -* ^Wo(l - 3^)jkT. 

. * WillifiiHB, loo, cit, 
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Since (^) -?')/(! —y), atatioiiEity values are determinod by the equation 




p[i — 2Y-\-pr) 


If we write 


«; = • 




(2231) 

(2232) 


'r{l—T)NhT' 

tkis equation can be reduced to 
whose relevant root is 

2y(l-y)(e^~l) 

The roots of equations (2233) and (2232) in s determine the position of the 

maximum term s=Sq or p=Po in (2230). It is thou fts usual sufficiently 

accurate to take 7 n/m* t /ir . . 

log r{T) = log (Max, term), (22S4) 


^=1- 


(2233) 


and 




.(2236) 


where is the configurational energy. The contribution to tbo free energy 

of Helmholta is , nr . v 

-hT log(]Vrax. term). ,(^236) 

Tor I equations (2232) and (2233) simplify to 

5^tanJif.r (2237) 

These are identical in form with the equations of the Woiss-Hoiaenberg 

theory and the same results can be derived. There is a critical tomporature 
T, given by 

^^WqINJc, (2238) 

such that, when T > !Z]„ while when T < is givorr by tho non-zevo 
root of (2237) shown in Fig. 81. We thus see that and therefor© 4, is 
continuous, but ds^ydT and therefore the contribution. 6'/ to the specific 
heat is not. For values of T near T 




T2 




(2239) 

ds/ 3 3 IV 

= (2240) 

fn r2“26™°’' for ^-brass is made 

Wite equation (2231) in Ae fern of Procedure ie to 

(2241) 
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and study the intersections of these two functions of a. We shall find that, as 
T decreases from large values, the first non-zero root of (2241) does hot enter 
at s = 0 and move continuously away from the existing zero root as it does 
for (2237). For that equation it was easy to show in § 12* 9 that the maxiimim. 
term in the partition function always corresponds to the non-zero root of a 
as soon as such a root exists. Here the maximum value of y(s) lies at s = 0 so 
long as that is the only root and the new stationary values when they enter 
must be smaller than y(0) and can therefore not at once correspond to the 



l^lg, 81. Showing and V AinotioiiB for according to equation (2237). 


maximum terms. The maximum of log)/(s) corresponds of course owing to 
the nature of partition functions to minimum free energy. To find when a 
non-zero value of 5 first gives the maximum value of logv(^) one must dotor- 
mine at what point in the three-root range of equation (2241) the two extreme 
roots (one of them s « 0) give equal values of y(5) or log y(5) . This can bo done 
convonionbly by applying /Ac ride of equal areas. Since the difference of the 
two functions in (2241) is proportional to 91ogy(a)/0^ the change from the 
maximum term at 5 « 0 to a maximum eut a —S q occurs when 


0 "* 


ds — 0, 


that is when the curves in the {ij,s) piano 


,,=_£2L_ 

r{l-r)NkT’ 


»=log 


1 + 


s 


796 Cooperative and other Phenomena [ 21*22 

enclose equal areas between 5=0, s — ^o 5-axis. If equation (2211) is 

transformed, for example by taking exponentials, this simple rule no longer 
can be applied. 

The ease is illustrated in Figs. 82, 83, Intersections of the curves foi 



i?ig. 82. Sliowing the interseotions of the curves cTofinccl in (2242) 
and tlie application of the rule of equal areas, 



Pig. 83. Showing 5(1 and V functions of TjT^ for »‘=J according 
to equation (2233) or (2241). 
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large values of 5 cause no difficulty andUg. 82 is confined to tlie range 5 < 0*6. 
It is convenient to compare the curves 

The second of these is shown on a large scale in Kg, 82, The adjustment of 
subtracting a multiple of 5 from both functions does not invalidate the rule 
of equal areas. The functions in (2242) have three intersections in the range 
— 0'176<a< H-0’33. The areas A and A' are equal so that the critical value of 
a is — 0*12. The critical value 7), of T is therefore given by Tlo/iY^/i!!7[;=:0'916 
and the critical value of 5 to which it jumps discontinuously from 5 = 0 is 
0‘407. .Equation (2236) shows that this corresponds to a latent heat at 
T~Tf^ equal to or 0'1007\7’/(!7’ . Corresponding values of and <s for 
values of T < and s > are easily derived by following the greatest root 
of the two equations (2242), The resulting values of Sq and 8^ are plotted in 
Kg, 83. 

Apart altogether from any success which this theory may have in ex- 
plaining the order- disorder phenomena in alloys, it is of considerable im- 
portance in statistical mechanics as the first genuinely molecular model which 
has been shovur to give an energy which is a discontinuous function of the 
tomj)Grature for a single homogeneous phase, thus leading to a latent heat 
of transition. Such latent heats are of course common-placo enough in thermo- 
dynamics where they oooiir only in systems assumed a priori to bo in two 
distinct phases; the latent heat is then of course the energy change when the 
relative extension of the two phases alters. Hero the existence of a latent 
heat is derived from the properties of the single homogeneous phase. One 
must also ask liere what happens for tire molecular model when the energy is 
fixed at some intermediate value between the extremes of the discontinuity? 
The answer is that the assembly then breaks up into two distinct phases, one 
ordered and tlio other disordered, 

§ 21*23, Iie:(inmimi8 of the ord&r>-Maorder theory due to Bethe,^ In the fore- 
going ai^isroximations wo have assumed that the configurational energy of 
tlio crystal is a function only of the siiporlattice order a as there defined— 
all the numerous arrangements leading to the same a are given the same 
energy, Tdiis assumption is however more than doubtful. It is more natural 
to expect that the atoms in the lattice act on each other with short range 
forces or even that only the interactions between nearest neighbours are of 
any real importance, 9?l]ie energy of the crystal will then be determined by 
the number of pairs of unlike neighbours in tlie lattice, that is by the degree 
of local order rather than dii’eotly by the degree of long range order a. It by 


* Botho, loo, cU, 
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no means follows that hecaiise we must assume only short raiigo foi'tfOH tir 
interactions between nearest neighbours we shall theroforo not have kuig 
range order set up. We have already seen in the theory of forroinaguotwm 
that interaction between nearest neighbours can orient ato, i.o. ordoi'i ilio 
spms of the whole crystal A theory of order-disorder oujght thorolbro l(:» Uci 
possible, based on interactions between nearest noighboiirtJ only, and nuglifc 
be expected to give a better pliysical picture of an alloy than tiro inoilol of 
Bragg and Williams. Such a theory has been successfully dovoloimd by .Uatlit* 
for the case and for the simplest types of lattice arra-iigoniont in which 
the nearest neighboiu’s of any one atom are never nearest ixoigliboui’H of oacli 
other. Simple cubic and body- centred cubic lattices are oJftliis typo wo tliiit 
the theory apphes du'ectly to ^-brass. Extensions of the theory are now in 
progress, but we shall only discuss the simplest case dealt with in JJetllo'w 
orighial paper, 


§21 '231 4 Long range order and slmi range forces in one, Itvo or three dinmn,’ 
sions. In the discussion of ferromagnetism in § 12*9, for low toiniJoratiu'OH in 
themanner of Bloch, we found that ferromagnetism can only exist iu a oryatal 
lattice in three dimensions. The short range exchange foroea from \\diiah it k 
derived cannot orientate the whole body of spins in a linear cliaiii of afcoiim 
or even in a plane array. This impor fcance of the number of cliinonsions iu aiioh 
problems is brought out even more clearly in the order-disorcter oxiimplo, fine! 
it is well to discuss it carefully for its own salce as it promises to be of afcUl 
greater importance in any advance of statistical mechanios in the diraofcion 
of a proper theory of liquids. 

We shall now show that short-range forces, whioh wo shall take iu tho 
extreme form of interactions between nearest neighbours only, cannot Orel or 
a linear lattice, but can order a lattice in two and aforliovi in more cliiiioi}'- 
sions. Consider first a linear lattice of composition AB. iPorfoot ordor 
represented by the state 


‘••ABABABABABAB 

At any non-zero temperature there is a finite chance that a state of next 
greater energy occurs in which one pair of neighbours are alike. a'’hi8 is tlio 

^"^PABA^A^BABABA .... 


Smee is irrelevant to the right of A^ the normal state will be as sho^vn 
perfectly ordered onA^; similarly the normal state to the lef b of wd I iguoro 

a an e perfectly ordered on A ^ , The chain falls then into two parts oaoli 
perfectly ordered m itself, but the long range order of tlie whole ia ooin- 
pletely destroyed by one break. 

musfcstiU bo a finite ohanco at any non-zoro 
temperature that the state of next Mgher energy will ooeur, in whioh o.io 
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atom in the army is wrong. But such a wrong atom no longer can have this 
catastrox)hio offeot on the long range order. Arrays with perfect order and 
with one wrong atom are shown below: 

ABABAB ABAB ... 

BABABA BAB^X 

ABABAB ABA^A^,,. 

BABABA BAB ... 

ABABAB ABAB ... 

BABABA BABABA, 

Wo now consider what ought to happen at X when the wrong atom is in 
place, ylg requires X to be B^ but B^ requires X to be still A, and there are 
other neighbours as well. Thus the nature of X depends on all tho neighbours 
and no longer merely on Ag, and one mistake like A^ does not necessarily 
destroy tho long range order. The possible alternatives are 

(i) The atoms surrounding AiA^ fit A^ and ignore A^, so that Jig is merely 
one wrong atom and long range order is unaffected. 

(ii) I'he atoms surrounding ylj A^ lit A^ and ignore , so that is merely 
one wrong atom and long range order is again unaffected. 

(iii) There is a real broalc in tho order as for a linear lattice and tho lattice 
falls into two parts perfectly ordered in themselves but perfectly out of phase 
with each other across an interlace, thus 

ABAB\BA 

ba\abab 

aba\ ab a 

BAB ABB 
ABAB A A 
BABABA. 

Arrangements (i) and (ii) have each four pairs of wrong neighboui’s, or 
eight if wo include somowhoro the displaced -B, and require obviously far less 
energy than (iii), which has a number of wrong pairs of neighbours of the 
order Xi At low tomporaturos therefore there will exist long range order 
with (until 7’=: 0) a few wrong atoms, and a nogligihlo chance of long range 
disorder. This conclusion holds a fortiori in three dimensions where an inter- 
face requires a number of wrong pairs of noighboius of the order Wi 

At high temperatures when energy differences no longer matter tho large 
number of ways of realizing an interface will of course tal^e charge, and we 
must ultimately pass to a state of long range disorder — ^in fact a state of 
complete disorder, short and long. We shall he able to show that long range 
order disapj>oars suddenly and completely at a critical temperature, while 
local order changes much more gradually and is only perfect when 2’->0 
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and zero when T~>co, iFor local order there is no overwhelming combinatory 
factor coming in to wipe out the effect of any energy differences that may 
smwive. We shall therefore distinguish both tyi^ea of order in the crystal, 
introduce precise functions for them, and try to evaluate the configurational 
partition functions on this basis, 

§ 21*233. Local order, or order of neiglibours in a crystal lattice. Consider 
any simple lattice of equal numbers of two types of atoms, in which in the 
state of perfect order all the nearest neighbours of any atom are atoms of tho 
other sort. In any configuration let the fraction of unlike (correct) pairs of 
neighbours be i^(H-cr) and the fraction of like (wrong) pairs of neighbours 
1(1 — a). The difference of those fractions is a and is called the local order of the 
conftguration. The parameter a ranges from 1, perfect local order, to 0, com- 
2 )lete local disorder. In these extreme oases there will of course also be perfect 
long range order and comijlete long range disorder respeotively . 

In such a configuration any atom A wfil have on the average a fraction. 
1(1 + or) B neighbours and Kl — o*) A neighbours. The same is true for B, 
with A and B exchanged tliroughout. If there are N atoms in all in tho 
lattice and each has z neighbours, the ./l>atoms will have a total of \Nz neigh- 
bours of which ^Wis(l + <r) are J5’a and |W 2(1 — cr) are A* a, with similar num- 
bers for J5-atoms. We easily deduce that there are in all pahs of neigh- 
boui’s in the lattice of which |iV 2 ;(l + cr) are AB% ^Nz(l-~a} AA*a and 
lNti{l~(T) BB'h, We can now give an expression for tho energy of the con- 
figuration. Let pahs of neighbours AB, AA and BB provide interaotion 
energies 1^,6, and respeotively. We find therefore that so far as it 
depends on a, is given by 

B, = lNz{l + a) + m 1 - cr) + V^), 


« const. + JWi!F(l -a), (2243) 

where ^ *(2244) 


We may assume that F> 0 or else the atoms A and B will tend to segregate 
at low temperatures. 

The energy V introduced here can be related to the energy Wq of equation 
(2228). Since when cr=l, 5 = 1 and when o-s=0, 5 = 0, the energy difference 
between perfect local order and complete local disorder is by (2243) - 

Or referring to (2228) we see therefore that 

......(2246) 

This relation may also be verified by a study of the effect of replacements 
when the order is nearly perfect. When s changes from 1 to 1 - As, the energy 
of the lattice in Bragg and Williams’ model increases by FgA^. Since for 
~ 1> this corresponds to a change of jp from 1 to 1 — ^As. Now 
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is the fraction of ^ -atoms on oc-lattico points, and therefore ^(1 ~p) N is the 
number of atoms on a-lattice points ► Each such replacement of an ^ by a 
B creates a i?-atom with z wrong neighbours (since cj'-'l) and requires an 
interaction energy There are an equal number of wong -4 -atoms each 
requiring an interaction energy 2 : 1 ^, „ , The total interaction energy required 
is therefore \Nz{ 1 — _p) in place of the interaction energy 1 ~p) V„i, 

necessary when all these pairs are correct. The total gain of energy is therefore 
Nz{l —p) V> or INzViiiS, On comparing this with 11^ As we verify (2246). 

§ 21*233. Long range, or superlaltice order redefined. It is convenient slightly 
to modify our former definition of long range order in terms of a for the sake 
of achieving greater symmetry. We divide the lattice points as before into 
a-lattice points and /^-lattice points, and let p be the fraction of a-lattice 
points ocouj)ied by A'&, so that 1 — is the fraction occupied by J5’s, Wo now 
define a* by the difference 

s' —p — O —p)~2p-'l. (2240) 

This retains the symmetry because both the state ^ 3 ™ 1 and the state p~0 
are really states of perfect order. In !Bragg and Williams* definition 
s = {p^r)l{l~x), but since for r = s = a' we shall not further distinguish 
them, and have merely to remember that the range of values of a is now 
— 1 , 1 , a range which, as we saw, wo could have included before in this 
special ease. 

§21*234. The form of the partition funetion in tei'ms of long and shw’t 
range order. Wo have now to form the partition function. If g(a,a) is the 
number of configurations with given a and or, and yg{T) is the partition function 
for states of given long range order, then 

yg(T) = l,„oia,a) (2247) 

aird y«= by symmetry. The complete partition function would then bo 

.....,(2248) 

This could bo summed at once if wo know g{a,a) or in fact { 7 ( 5 , 0 -) . This 
last expression is the number of arrangements of ai;oms A and B on the 
lattice points with a given number of pairs of nearest neighbours of type AB 
(actually |W ^![1 + o]). This number is known for a linear array* but not for 
any array in two or more dimensions. We are therefore compollod to adopt 
iniroot methods. TJio typo of method adopted is worthy of detailed study, 
since it is most probable that such indireot methods will become of increasing 
importance in statistical mechanics. 

Wo may start by observing that at very low temperatures the terms in 
* laing, Zeil f, Phyaik, vol, 31, p, 263 (1026), 
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T{T) have a maximum for cr=sl and a minimum Iby symmetry when (t = 0. 
This implies that then the maximum terms are yi:i{T) and the minimuin 
term yoiT), since a=l, 5 = ±1 and cr = 0, s==0 correspond uniquely. As 
increases the long range order s must decrease, so that the maximum terms 
must shift to lower and lower values of s until hy symmetry they coalesce at 
5 = 0 . Provided this coalescence occurs before T-^co there must be a critical 
temperature, above which the long range order is permanently zero. These 
arguments do not of com’se constitute a rigorous proof of tlio existence of Pq , 
or that the maximum terms move continuously in towards s = 0, but they 
suggest that we may start by trying to find conditions for the onset of a 
critical behaviour in tliis region of 5 . 

If by any method we can determmo tTg the corresponding value or 
values of Sq , whiohgive (perhaps only approximately) stationary values to the 
terms of r(jP), we can derive all the equilibrium properties that we require 
without oonstruoting and evaluating r(jr) duectly. Por given ctq we know 
that the conflgui’ational energy is l^NzV{l ~(Tq). Wo know moreover that 
for the corresponding Sq logy^lT) must be stationary for variations of s. 
Bnt by the thermodynamio properties of a partition function this implies that 

dSf, _ 1 

dsQ T 05o ' 

Since we know for perfect order Sq = 1 , we know both and ^ as functions 
of 5o , and we can therefore follow the changes in the free energy as Sq varies, 
thus pioldng out that value of 5^ (when there are more than one) which gives 
the free energy its absolute minimum, and fixing the oritioal temperature. 
The reliability of such indirect methods which do not actually construct and 
evaluate r(^P) eannot be direotly ohooked. One can only demand that the 
condition they set up for determining oq and Sq shall be a plausible approxima- 
tion to the direct method. 

§ 21 *34 . Indirect evahmiion of o-q and Sq . The indhect method proposed by 
Bethe is to construct partition functions for the configurations in limited 
regions of the crystal in such a way that the (Tq and 5 ^ they determine should 
be adequate approximations to the true ag and 5 q for the complete eon- 
figurations. 

Let us start by considering one lattice point and its z nearest neighbours, 
Por a square lattice 21 = 4 and the configurations of perfect local order are : 

B A 

BAB ABA 

B A 

We know that on the assumption of short range forces the. configurational 
energy depends only on F= + T^t,) . For simplicity we shall assume 
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hero that = Vfia = Vii,~V . As a first approximation wo shall construct 
the j)artition function for configurations on one lattice i>oint and its neigh- 
bours ignoring all efieots of more distant atoms. The atoms in the first shell 
are not nearest neighbours of each other, and have therefore no interaction 
energy. Lot 


for shortness. Then the configurational partition funotion for all the 2^ 
configurations with a given central atom A , say, is 

(2249) 

Similarly /t, = (.'u -h 1)®. 

Moreover the number of wrong (A) neighbours of a central A or wrong (B) 
neighbours of a central B is obviously 




zx 

1 "H X 


But on the average this number is known to be ^^(1 — c), It follows that to 
this apjii’oximation 

= (2260) 

This gives the degree of local order as a funotion of T to this approximation. 
It is a smoothly varying funotion of T and shows no critical behaviour. This 
however is to be expected owing to the crudity of our apt>roximation, whioh 
ignores the ordering ofieot in the first shell of the second shell and still more 
distant atoms. 

T’he obvious next improvement is to take into account the second shell 
explicitly and ignore the third and more distant shells. This api^roximation 
has boon worked out in detail by Bethe lor a plane square lattice. It yields a 
value of (To of the same general oharaoter as (2260) but with a sharper varia- 
tion. It is oloar that repeated stops of this type will eventually solve the 
desired problem accurately but already the third approximation is very 
laborious and one must turn to the indiroot attack. 

Wo take account of the ordering effects of distant shells on the last shell 
explicitly included by inserting a factor e in each term in the 2 )artition function 
for every wrong atom in the last shell. Tins e will take care of the ordering 
ofieot of the noglooted distant atoms to a very good approximation. Taking 
merely explicit account of a central atom audits first shell of 2 neighbours (tlie 
first approximation above) we shall now have, for a lattice point whoso 
central atom should be A, partition functions /„ and /& corresponding to 
central atoms ri. and given by 

fa^{l + €xr, A-(a•^-e)^ ...,..(2261) 

Of those configurations the average fraction witli central atoms is 

/&/(/« +A)» 


5i*a 



804 Cooperative and otlie^r Phenomena [21 

and the average number of A (wrong) atoms in the first s holl is 

6^i0g(/a+A)- 

We can now determine e by a reflexive argument, For there ia no tiling Uj 
distmguish the central atom from the atoms of the first shell in the lattice 
as a whole and therefore the fraction of wrong atoms at oaoh j)oinb must ho 
the same, or fid 

(22B2} 

leading to (e + af 5=£a;(l + e.i;)®-» + 6(£ + a!)«-i, 

(22B3) 

A similar calculation can be cai'ried through at this stage of the secoiicl 
approximation. 

The parameter determined as the proper root of (2263) will obvioualy 
serve m place of Sq. For we have defined s as the fraction of a-lattico polnla 
occupied by A-atoms less those ocoupied by jS-atoms. Thoroforo 

^ = (A -/&)/(/„+ A), (2261) 

from which it follows by using (2263) that 




: = tanh 


'A 


¥ . in 

--log-- . 


(2266) 


i^ain a„ can be expreaaed simply in terms of 6„ . For the average number of 
ong neighbours of the central atom is obviously a B/dsi [1ok(/„ + /',)! nnd 
also by definition i.(l - .), Therefore after a simple 

1 - J — ^^'^0 I 

“ 1 + .reo 1 + * ...... (2260) 

l/i"ls=°+ of values of «, namely s' and 
changed throughout™* Ji^ve boon inlor- 

The state for whiohV=o mlyaerl? ™ distonoo order. 

astationary valueoftheterma of the ? ““med always to oorrospond to 

maximum or minimum remains to beSei 


(m) If € 1 , we can assume e < 1 and write 
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It is easily docliiced from this equation that x is raoiiotonic increasing as e 
increases and therefore never gi’eater than its limit as c->- 1; that is that 

x<Xq^{z-2)Iz {€^1), (2267) 

If therefore a? > .Tq so that >{z — 2)jz, or 

T>T)—Vjh log{zl{z - 2)}, (2268) 

then 6 = eg = i is the only root, Sq = 0, and there is no long range order. 

(iv) When eq ~ 1 equation (2266) shows that gq reduces to its value for the 
first approximation given in (2260), namely 

= + {rr>a;o), 

while as eo 1 

<yQ~>a- f«o)/(l + = 1/(2 - !)• ■••••• (2269) 

(v) The roots of equation (2253) not equal to unity enter continuously 
witli the root unity at the critical temperature, the non- zero value of Sq 
starting continuously from the zero value. Wo may assume therefore without 
further discussion that the non-unit root of (2263), Avhenit exists, corresponds 
always to the true maximum term in the partition function,* 

§21* 241. The configurational specific heat. Q?he calculation of 0/ presents 
no particular difficulties though it is somewhat lengthy. Since does not 
vanish for finite T Gy^ is never zero, hut there is a strong discontinuity at 
T^T,. Wo find 

(T-^T. + O). 

Thus the ratio of the limiting values is Bz - 2, which is already 1 0 for a simple 
cubic lattice. 

The limiting values of £?/ according to these equations can easily be 
calculated for various values of «; re.sults are given in Table 72. 

Table 72. 

Limiting values of configurational specific heat near the critical temperature 
according to Bathe's theonj. Values given are for one mole of atoms partahing 
in the ordering. 


No. of 
iioighboui’fl 

Lattioo strucbiu'o 

a/(!r„~o}/i2 


2 

Linear chain 

0 

0 

4 

Plane quadratic 

2-14 


0 , 

Simple cubio 

I'SO 


8 ^ 

Bocly* con tree! oubio 

1'78 


12 

— 

1-08 


00 

— 

1-60 

0 


* 'riiis point haa boon oxamlnod inoro oloaoly by Williama, loo, cU. by oaloulaling tho ontropy 
ami froo onorgy. 
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§21 ‘243. Gomparison of the two theories. It is infcoroHfcing to obscr\^o fclmt 
the results of Betlie’s theory (ih’sfc approximation) roduco to tho rcHultH of 



AT/V 

Pig. 84. Local order for r=i and simiilo onbio lattices 2 =r() aceoi'tling to (rt) and (d)j 
first approximation without and with long range ordoi’} (i) and (e) tho same, Hocoiicl apimixi* 
mation; (c) according to Bragg and Williams. 

Bragg and WiUiams when z^oo, This is what one should oxpoot, for when 
any atom has infinitely many neighbours” tho ooncoj) lions of local and long 



Kg. 86. for r _ J and simple oubio lattices ? = Q aocofdlng to (d) and (c) 13oUio’ii 

first and second approximations and (a) Bragg and Williams, 


fmml ^ equivalonoe will bo 

BubstMon be reoonBtruoted by (i) iisbig tho 

e =s g-2S/(e~l) 


and observing tliat, when 


z~^co, zB remains finite in the important ranges } 
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(ii) recalling the relation between and F, namely — zV must 

therefore be assumed to remain fixed. 

The results of the two theories for r = | and simple cubic lattices z=Q are 
shown in the three accompanying diagrams, which include also the results of 
Bethe’s second approximation in which the e-factor is brought in in the 
second instead of in the first shell of atoms. 



hTJV 


Kig. 80, Tlio oonflguvational flpooiflo lioAt for iind aimplo oubio lattioos according to 
(ft) and {(1) Botlie’s It rat approximation without and with long rang© order j {h) and (e) tlio 
aaine, aocoml approximation; (c) Bragg and Williams, 

li'ig, 84 shoAvs the local order or configurational energy content. Curve {a) 
shows (To according to equation (2260) ignoring any e-faotor and ourvo (d) 
shows (To according to (2266) inoludiiig the ^-factor. These curves give 
Bothers first approximation. Curve, s (6) and (e) give similarly Betho’s second 
approximation, Curve (o) gives accordmg to Bragg and Williams as shown 
in Fig. 81. It represents local order in this theory for comparative purposes 
in the sense that the energy content is proportional to 1 - Sq®. 

Fig. 86 shows the long range order Sq according to the same theories. 
It. will be observed that the onset is most sudden for what is presumably 
the best of the theories, Bothe’s second approximation. 

Finally Fig. 86 shows the configurational specific heat. The same tendency 




808 Cooperatim and other Phenome7Ut 181*842 

will be observed for tlie presumably best theory to givo the sharpost and 
most concentrated variation of the speoilio lieat notvr the critical to»i- 
peratiire. 

An important point of comparison of these theorioB, whioh is alsv) \\\\ 
important point for comparison ■with observation, is blio rolation botwenn 
the complete change of configurational energy and the oriilcal toniporatiuxs, 
since this relation contains no adjustable parameter. On 3i*agg and AVilliiunH'' 
theory the complete change is ^NJcT^; according to Botho’s first apprt ixiii wi- 

WKPl\z\og{zl(z-2)]]. 

This lioweverincludes the change in the energy due to local disordering 1 * 0 - 
inaining to be achieved above the critical teraporaturo. ^^tviebly ono nlio\ikl 
subtract this term particularly for comparison ■^vith obsoi/vation. 'I\i Dm 
first approximation at the critioal temperature Hoikso the 

energy change below the oritical temperature is just I — ctq or («-2)/(3;“~ 1) 
of the complete change. I'orr= | and a simple cubic lattice 0 tlio ooinploLo 

change is in Bragg and Williams' theory, 0'd80 Nh'l\ and fhJH 

in Bethe's first and second approximations respootivoly. 'i^lioso nnin1,)ni’« 
hardly differ significantly, 


§21*26. Comparison with obs&t'vation, The configurational onorgy coiitont 
during the order-disorder transition can be determinod GX])oriinGiitally by 
suitable calorimetric experiments. Tlie great difficulty in aucb oxporimentH i» 
to be sure that the time scale of the experiment is long onougli for the ocjuili" 
brium state of order to be reached at each stage. This danger is j^arfcioularJy 
great in this field; it is of course well known that by suffioiontly rai)id cooling 
(quenching) most alloys which possess an ordered equilibrium form at low 
temperatures can be brought to low temperatures in a more or loss com- 
pletely disordered state and retained in that state indofinitoly in a sort of 
me astable equilibrium. It is moreover probably corroot to Jiold tliat many 
other alloys, not known to occur in an ordered state at low tomporatures, ai-e 
really ftozm m a metastable disordered state, because tho temperature at 

Ee ordei-disorcte transition. 

&Z rfw n '^‘Wnment of order hare boon dwoueaod by 

andSfr rrr*' “ » energy contorvt of f brw {r 1) 

Bragged anddisoussod by 

. rass is particularly suitable experimental matox'ial 

Bragged (1035) and unpubliahod oxporJmont« dcaorilnid by 
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as its relaxation time for atomic rearrangements in the lattice is nn- 
u^ally s^rt. Fig. 87 compares the observed and calculated values of 
[^(1%) “ functions 9 f TjT^ for (i) /S-brass (CuZn) and (ii) CugAu. 

The agreement on the whole is very fair, T^ho theoretically more abrupt 
changes near the critical temperature for | are well seen in the observed 
values. There is however a distinct tendency for the energy changes to be 
more closely concentrated towards == 1 than is allowed for by the theory. 



IHg. 87. Obaorvocl ami oaloulatocl valnoe of for (i) GuZn (r=i), 

{ii) GiiflAu (r=!^), 'I’lio values mai'kod (c) are oaloulatocl aooordiug to tlio tlioouy of Bragg and 
Wllliainsj tlioso marked (b) aboording to tlio theory of Botho (sooond approximation). The 
vahiGs inavlcocl (a) aro from Sykos* observations) those marked I for rising, II for falling 
tompornbiires, 


For ^-brass Betho’s theory gives a more abrupt change tlian Bragg and 
Williams' but the observations are more al^rupt still, and it is unlikely that 
the observations here are greatly in error, as in /5-bi’as8 the atoms still move 
freely in the lattice near the critical temperature. In CugAu the observations, 
wliich were made witli a rising bomporature, must give somewhat too great a 
value of .^o(^c) owing to the lag in attaining the equilibrium order. It 

is also likely that Bragg and Williams’ approximation is not very close to 
the true partition function in this unsymmotrical case, and that the true 
will change moi’o abruptly* iiear = Making all allowances however, it 
is not fail' to claim more than that existing theory is a decent first approxi- 
mation; it seems likely that some omitted effect, suoh as interaction between 
the o],’dering and the lattice vibrations, is of importance in sharpening up the 
variation of jS/q, 

* Tills appears to bo homo out by tho oaloiilations of Poiorla, Proc* Jioy. Hoc, A, vol. Ifid, p, 207 
(1030). 
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§21-3. notations of molecules in solids. Other solkla hosiclos lUofcalUtnilloyw 
—notably halogen hydrides and ammonium salts — presont tho plumonKsiion 
of a critical temperate and a discontinuous speei lie lioat, which oiin runv bti 
associated with some confidence with tho rather sudcloii onset of lioo i otatmii** 
of the ions or molecules forming the crystal lattice. Tho general intorjn’otath>n 
of these phenomena was fu’st given by Pauling,* Xii conforiuity h’utt 
views the anomalous specific heat of these substaiice.s must ho £i9SO(3iiitod willi 
a transition from libration motions to almost free rotations for bho ions or 
molecules iii question. The transition may even bo closcribocl as robiitiointl 
melting.f Qualitatively this explanation seems ooinplotoly satisfactory. 
A tentative quantitative theory has been proposed, which is not yot piirticvi- 
larly successful, but is perhaps worth discussion as a suggestion for lli» 
direction in which a better description should be sought. 

The description we shall give hero treats all libra fcions and rotations ns 
classical. This limitation is perhaps not serious for any of tho actual sub- 
stances with which the theory is here compared, but i t probably provonts a ny 
application of the theory to the interesting ease of solid mothano (O.ff.j) for 
which a quantum version should bo used. Wo mush suppose that at 
temperatures, before the anomalous specific heat develops, tho axis <,)r the 
molecule can librate about a direction or directions of oquilibritnn. Suoll 
preferred directions for the molecular axis must bo imxJosod therefore by a 
directional field of force. We shall only attempt to disouss tho simplest pos- 
sible model for the molecule and the field in which its angular motion takes 
place. We shall therefore assume that the energy associated udth this motion 
is that of a symmetrical rigid rotator without axial spin in a field of foreo 
— W cos 6, where 6 is the displacement of the axis o f figure from a singlo 
preferred direction of equilibrium. The total energy in Hamiltonian form 
is then / a 

At sufficiently small amplitudes, and therefore at low tomxieratui'OH, 
hbrations of the molecular axes will not be distinguishable from any other 
small oscillations and will form part of the body of normal modes of tho 
lattice. As the liigher states come into play the oscillators will cease to be 
simple harmonic, and become gradually (for constant values of W) more and 
more like free rotations with a smaller contribution to the spooiflo heat. 
These effects may be followed at once by calculating tho partition function 

♦ Pauling, Phya, Mev, vol. 36, p. 430 (1030). 

t Prenkel, Todes and Ismailow, Acta Phyaico^Ghem. U.S^S.Ji. vol. 1, p. 07 (1034). 
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wliero B is given by (2260). This leads at once to 

irrUhT 


811 






glF'cos OikT 


SMIoTlcT , W 


.( 2201 ) 


If jS?rot inolndes the energy of orientation in the Held — TF cos 0 and there are 
N such rotating systems in the crystal, whose rotations do not affect each other, 

r w ivn 

(2262) 


a 


.(2263) 


sinhs WIk 

If the curve for the rotational energy or the sx^ecifio heat is lilottod, it will 
bo found of course that it is jaerfectly smooth and gives no sign of any violent 
variation when hT and W are of the same order of magnitude' Wo have, 
however, following Pauling, no reason to expect that the rotations of one 
molecule are independent of those of the other molecules or in short that W 
is constant, but rather every reason to ex^^eot the contrary. The directional 
terms in the field to which any one molecule is subject, specified by — W cos 9, 
are of course mainly duo to the lack of spherical symmetry in the combined 
fields of the surrounding molecules. This lack of symmetry will be greatly 
weakened and might in fact be almost destroyed by a sufiicient degree of 
rotation among the surrounding moleoulos, Thus W itself cannot be a constant 
but must depend on the degree of rotation already present among tlie mole- 
oulos. An approximate partition funetion for the whole body of libration- 
rotations for the N systems can therefore in theory be constructed in the form 

BnUhT 


\ogL{T)==mog 


r thT sl'Ei 

log sink 


ds, (226(t) 


whore g{8) ds is the number of systems which are effcotively subject to the 

field ~ 511^008 0, and J^£/(fi)dfi = iV'. If g{s) could be formulated, logIf(!P) 

could at once be evaluated by searching for the maximum of the integrand 
in (226d). 

No satisfactory method of evaluating g{3) has yet been proposed and 
roundabout methods must again bo adopted. 

§21 '31. A fo 7 'inula for determining the equilibrium value of s. It has been 
proposed to determine a by an approximate equation based on the following 
arguments.* We specify a degree of non-rotation among the molecules by 

* R, H. Powlov, Proc, Itoy, Soa, A, vol. 149, p. 1 (L03B). 
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regarding as not rotating all those molecules for whioli 

a + ^ 0 ) < (2266) 


The inequality (2266) asserts that such molecules have at any d less than jS 
times the kinetic energy required to allow the axis of the molecule to reach tho 
pole 6 =^TT. We can easily calculate the fraction of all molecules “not rotating ” 
according to this definition. It i8/o(T)//(!2^), where /( 5^) is given by (2261) and 

< 2vl/3rF{l + 008 0) 

By obvious substitutions this can be reduced to 

Afn^AhT . r|5rr(i+ooBO)//i:r 

from which it follows that 


m= 


^TTUhTVhT . , 


hT 


1 — sinh •— 

/,2 Iw kT W(l-^) 


sinli 


kT 




We therefore find that 

MT) e-MiTsinhWa-mV 

f(T) {l-fi)smhWlkT ' ' ' 

It is now suggested tho,tfQ{T)lf{T) may be used as a measure of the strength 
of tile orientating field. The simplest assumption is to take s=/o(^)/f(^)» 
W =s so that (2266) becomes an impMoit equation for s of the form 

sinh 5110(1 — ^)lhT 
(1 - ^) sinhsllQ/jfcir 
The special case j8 = ^ is particularly simjile, since then 

s^tmhlsWJkT, (2268) 

For all values of j8 equation (2267) gives a critical temiierature above 
which 5 s 0. Assuming that (2267) gives an adequate rejiresentation of tho 
behaviour of the maximum term in (2264), it follows that 


5=1 — 


(2267) 


i?„,=«y[2-|Sooth^«] ,.(2269) 


kT kT 

O 1 WQM5ogr coaha!sinha;-.-r ~| 

L sinh*a;J 2kT dT[^ ajsinh^a; J’ ** * 

in which 5^ is the correct root of (2267) sknd x=SQWJhT. If ^ ^ both 5^ and 
ds^fdT are continuous through the critical temperature. If P = Sq is con- 
tinuous but ds^jdT is discontinuous, so that (7roj; is discontinuous. In this 
familiar cose the discontmuity is easily calculated, since 


3TV p\ 
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It follows that 

and the discontinuity is 4tNh, If /3 < |, we j)ass over to the case in whicli the 
new roots of (22G7) enter discontinuously at values of greater than zero, 
and cannot immediately represent the equilihrium state. TJie exact critical 
value of Sq must then ho determined by tJie method indicated at the close of 
§ 21 *23. There is now a finite latent heat at tlio transition point. 

§ 21*32. A generalized model. A slight generalization of the model whioh is 
not pliysically impossible loads to a libration-rotation transition with even 
more violent properties. If we may assume that the field of potential energy 
in whioh the molecule rotates is not simply — W oobO but —alK— ITcosO, 
there is an extra term — in and N(xWQ{ — dsQ[dT) in Gf^i. It is 

easy to sliow that when ^ ^WJk, and that when j3 > -J- 

nT( T\ ^ ds^ 3 ^ 1 

“"~nr 3|,/2J3-1’ 6,T~^-IT; 

It follows that, if j8 > |, Cjoi o. finite discontinuity whioh tends to infinity as 
yin*- Wo shall not however give any further details for any of these models, 
since we shall see on comparing the theory with observation that it is still 
too far from giving an adequate explanation of the facts. 

§ 21*33. Comparison of theory and observations. Typical observed values of 
specific heats and energy contents are shown in l?igs. 88, 8fi for tho halogen 
hydrides and for some ammonium salts. We see in Pig. 88 that tho curves for 
tho halogen hydrides are of the general form that one would expect to be 
accounted for by such a theory as we have projjosed, but that there are for 
HI two similar breaks, for HBr one single and one double one and for HCl 
such violent variations that the specific heat was not recorded, but only a 
latent heat. It aj)j)ears therefore that tho rotational degrees of freedom do not 
sot in together, but that perhaps rotations about the different crystal axes set 
in sex)arat6ly. This of course makes strict comparisons impossible. It seems 
reasonable liowover to assume that these breaks refer to one rotational 
freedom, and therefore to abstract from the observed curve the abnormal 
part of the specific heat, oall this and comj)are as a function of 

T/2’ with the tlieorotical values of GjQ^{(Pf(l].)fB. Points derived in this way 
from the two breaks for HI are shown in Pig. 90 and compared with j)os8ible 
theoretical curves. One sees tliat no very good agreement is obtainable. The 
distinctive feature of the disagreement is that the abnormal specific heat duo 
to tho term ds^jdT is much more sharply confined to tho neighbourhood of 
the critical temperature than tho theory suggests. Since the breaks in the 
speoifio heat curves for HBr and HCl are still more sharply confined to the 
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Fig, 88. Observed vorluos of the speoiflo boat for the halogen hydrides at lo^v toinporatures. 
[Giauquo and Wiobe, J, Ainer, Ohm. Soo. vol. 60, pp. 101, 2193 (1928); vol. 61, p. 1441 (1920),] 
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Fig. 89. Observed values of the spooifle heat and energy content for tho ammonhiin Baits, 
NH 4 N 03 andNH 4 Cl. 

[For NH4CI, Simon, Simson and Ruheinann, Zeit.f. phi/aikal. Ohm. vol, 129, p. 339 (1927)} 
for NH4NOS, Crenshaw and Ritter, Zeit.f. physikal. Ohm. B. vol. Ifl, p, 143 (1932).] 
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noiglibourhoocl of tho critic£il tGinporatuTG, tho prcsoiit comparison will fail 
still more badly for thcsG substances. 

For tliG aminoiimm salts and gvgh for HBr and HCl speoilio heat compari- 
sons are really out of tlio question, and one must compare energy contents 
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instead. Thotlieorotioal curves shown in Fig. 01 show liT ^ plo feted against 
TjTg for various values of Tho curves for are not aoonrate ns the 
preoisQ oritioal value of Sq has not been properly determined. The theory 
however is liardly suffioiently successful to make this worth while, The 
observed values for NH^NOg and NH^Cl have been reduced to these variables 
and adjusted arbitrarily to agree with tho theorotioal curves when 
T/Tq-^I + O. It is evident that, while tlioro is general agreement in form, the 
abnormal variation .of is again much more closely restricted to tho 
neighbourhood of the oritioal temperature than tho theory can be made to 
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indicate, Nevertheless the theory proposed goes some way towards inter- 
preting the facts and is perhaps not enthely valueless. 

§21*4, Dielectric constants of solids and liquids containing dipoles. It is 
well known that Roolielle salt NaKC 4 H 40 o . IHgO, for a limited range of 
temperature, may for practical purposes be said to have an iiilinite dieleotrio 
constant analogous to the infinite susceptibility of iron in its ferromagnetic 
state, another clear example of a cooperative iDheilomenon, The cooperative 
(polarized) state in Rochelle salt is limited by an upi^er critical temperature 

(or Curie point) such that for T>T^^ the susceptibility though largo is 
finite and decreases rapidly as T increases. Unlike the ferromagnetics 
however there is also a lower critical temperature 5] such that when T<1\ 
the susceptibility is again finite and decreases (at least initially) as T decreases . 
It is probable* that these phenomena are to be explained by the orientation 
of the water dipoles present os water of crystallization. The cooperative state 
and the upper critical temperature can be explained by an exact analogy 
of the Weiss-Langevin theory of ferromagnetism expounded in §§12*9«(jf<2'., 
and no difficulties are raised here by the strength of the necessary molecular 
field. The interaction energy of electrical dij)oles is so large that it supplies 
precisely the necessary energy term which it fails to do for magnetic dipoles. 
The explanation of this part of the phenomenon requires the polar water 
molecules to orientate ffieely under the influence of the effective applied 
electric field. The lower critical temperature 2] must then be explained, it is 
believed, by a failure of the free orientations at lower temperatures, due to 
the growth of local constraints which can so severely out down the response 
to the effective field that the material is no longer self-polarizing.f We shall 
attempt in the following sections to present a quantitative theory of this tyjae 
basedonthe theory oflibration-rotationtransitions developed in the preceding 
sections. We cannot hope to explain in this way in detail the properties of 
any actual substance such as Rochelle salt, which are really far more complex 
than we have described. | We can hope only to succeed in showing that suoh 
properties as we have described may be expected to find a natural explanation 
by the application of normal statistical methods to models of the proposed 

type- 

Again the dieleotrio constant of water or ice is finite at all temperatures, 
and falls to low values even for low frequencies as the temperature is decreased 
below 160® K, This can only be understood, assuming that the H 2 O molecule 
in ice or water carries approximately the same dipole as in steam, if its 
orientations are not free but severely restricted by the fields of its immediate 

See o.g. Kobeko and KurtaohatOAv, ZtiU f. Physik, vol. flC, p. 102 (1930). 

t B. and I. Kurtschatow, Phyaikal, Zeil, d. Sowjeiunion, vol. 3, p. 320 (1933). 

X Muoller, Phys, Pev, vol, 47, p. 176 (1936). 
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neighbours oven at the highest temperatures for which the dielectrio constant 
of water lias been investigated, Tlie water dij)ole8 are so numerous and so 
strong that water would bo in a cooperative state of self-polarization at all 
such temperatures if the dipole carried were oven approximately free. 
Somewhat similar phenomena ocour for other polar liquids such as some of 
the alcohols and nitrobenzene, which possibly are explicable in the same 
way. There is probably general agreement about those qualitative explana- 
tions, but we are still far from a satisfactory quantitative one. In the fol lowing 
sections a discussion will ho given on tho basis of lib ration-rotation transitions, 
which though still far from adequate, indicates that a satisfactory explana- 
tion can perhaps ho found in this way. 


§2141, The iheoi'y of the dielectric comlant of material composed of or 
containing Ubrating-rolaiing dipoles. We discuss an assembly of N systems in 
volume V {n — NjV), carrying dipoles of moment ft, each subject to a restrain- 
ing field “ W cos 0, Wo must not assume that tho equilibrium directions of 
orientation are all tho same, or the assembly at low temperatures would bo 
permanently polarized in this direction in tho absonco of any applied field 
and would scarcely polarize in any other. For a starting poii\t we must thore- 
foro divide the systems at least into two equal groui)s whoso natural equili- 
brium orientations are in opposite directions. We shall therefore start by 
assuming that tho assembly consists of systems each in a field — W cos 0, 
and systems each in a field W cos 0, An ofieotive fiold P' acts on tho 
systems in the direction 0 — 0, so that thorn total potential energies are 
~(W -I- fiF") cos 0 and {W — ixF') cos 0 respootively. "IMiis simple arrangement 
will be generalized later, Tho partition funotione/i and /a are then 


Ti® 'F-h/iJ!''' kT ■’ W”' kT ’ 


respootively. By equation (1204) the polarization (induced dipole strength 
per unit volume) is given by 


P=|«M'j 5 ,-(logA+log/,), 


from whioli it follows that 


P 


=-nJcTfj, 


m\\\2pP'jhT 


Ifa _ cosh 2 W//c2' - cosh 


. .;....(2272) 


Assuming that W this reduces easily to 


P V 1 

r ^ It sinh2 W/hTJ * 


.(2273) 


F3^t 


53 
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wliicli has the expected limiting form niPjBhT when IF-?- 0. For further study 
it is convenient to write (2273) in the form 



so that g{x) is a reducing factor which the binding imposes on the eifectivo 
value otnfp. As a;-^ 0, (/(.r)-?- 1 ; as a;-?-co, g{x) - 0. 

To deduce the dielectric constant 17 we have to use the standard relation- 
ships of Chapter xii, namely, in the present notation, 

77=H-47rP/F, P' = !P-j-^7rP. . 

The second of these holds only (with the coeflicient Itt) for those media for 
which Torentz's Lemma applies. This lemma does not apply to Rochelle 
salt and we shall use this equation therefore in the general form 


P' = P-hyP, .,....(2273) 

where y will depend on the direction of P in the crystal. Wo shall only con- 
sider principal directions for whioli P, P and P are all parallel. It follows that 

4:vnfPg{x)lZhT 


= l -h 


.(2276) 


l-Y)ilx^g{x)l3hT’ 

provided that P' and therefore P can be regarded as small. We can therefore 


write 


’1 = 1 + 7?%;, (2277) 


provided that T > 7^. liT<T^ then the approximation leading from (2272) 
to (2273) is illegitimate. We have then to solve (2272) and (2276) for P as a 
function of P. It is easy to see that in this case the equilibrium state, or 
greatest value of the partition function ■^^’{log/L + log/a}, corresponds to a 
root P of (2272) which does not vanish with P and that we are then concerned 
with a cooperative state of self-polarization in zero field, which may be 
regarded as a state with an iirfinite dielectric constant. 

The binding IF in g{x) must not however be thought of as a constant. To a 
fii’st approximation it will be governed by the rotations of neighbouring 
molecules and have the effective value fill^ , where 5 is given by (2267) or some 
more accurate equation of this type. The complete behaviour of the dielectric 
constant as a function of T is therefore governed by the set of equations 


7-1+ y 


with 




g{^) 


yn^v 

"W 


= « = «(!) (2278) 


1 

\jc^ sinl] 


sinh^aj * 


.(2279) 


It can be seen at once that when P 0, s-?- 1, 00, 7^ — 0(7’^). Hence at low 
temperatures we certainly have P>Pd and ->7-^1, For large values of T, 
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and T^l assumes a constant value, so that behaves according 
to tliG ordinary dijDole theory of Chapter xii and ultimately At inter- 
mediate temperatures t) will increase to a finite maximum and then decrease 
again provided that always T>T^, But if ever T<Tfi then we must have a 
range of temi^eratures within which 7} is infinite, bounded by upper and lower 
critical temperatures and This is exactly what is observed for Bocholle 
salt along the a-axis, but the assembly clisoussed hero is still rather too 
specialized for actual applications. 


§2142. liandorn mienialions of the natural dircclions of equilibrium. We 
have so far only considered a polarizing field P' parallel to the natural 
directions of equilibrium of the dipoles. Lot us now consider the same 
assembly when P' is perpendicular to ± IT. In either case the two iDotentiai 
energy terms combine vectorially so tliat all the dipoles are in fields of 
potential energy — ( H- cos 0', O' being measured from new j)08itions 


of equilibrium. Tliorelbre 

^u^AhT JcT . , {W^+fJi,^r^)^ 

m = -7^ — w — 

It follows that 

P r coth(iyHM<^ii’-^)*/M' 1 

Assuming that iiP' TT this reduces to 


(2280) 

(2281) 


P niP^VkT W 
r~‘'kTlw'^^^ IcT W^J 


(2282) 


It is now j)ossible to combine (2273) and (2282) to give the relation for 
the more general case in wliioh the equilibrium directions of the dix)oles are 
distributed at random in space, It is easily verified that, for any set of 
dij)ole3 whose equilibrium directions are lialf and half in oi)posito directions, 
the effects of inqjosed fields parallel and x)orx)ondioular to the equilibrium 
direotions are indej)ondonb of each other to the order of accuracy of (2273) 
and (2282), Moreover instead of averaging the response for all equilibrium 
directions we can equally well average for all directions of P'. It is then clear 
that this average will be obtained by taldng for PjF' two-tliirds of (2282) 
ifius one-third of (2273), since there are two independent oomponents of P' 
normal to 0» 0 and only one parallel. Thus in general 
P I 

r~m\ W kT Wiki 



. It is ju’obably therefore correct to discuss the dielectric constant of liquids 
or of solids of high symmetry using equations (2278) but with 


(7(a;) = 2 


ootlirw 1 
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X 


® sink®®’ 


(2284) 


sa-a 
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in place of (2279). Por Rochelle salt itself wo shall see tliat (2279) is H til I 
probably the more appropriate. The functions g{x) are shown in Mg. 92. 

A greater variety of behaviour is now possible as T 0. Equations (227 8) 
and (2284) do not require that 1 as 0, and do not even roqniro ■>? to 
remain finite. When 1/a; is small 

2 hT\ 

2sWj’ 

We may wite ^vhere = § when but is BOinewIiab 



Fig. 92, Curves showing ff(x) na a function of a for 

, coth X 


I. j?(a;)=2- 


1 


1 


a: w* ~8inh* ®* 


greater than ^ when ^ The parameter ^ was defined in § 21*31, Wo inny 
also in this region put 5 ~ 1 . Then 



47r 


.( 2280 ) 

.( 2280 ) 


There are two critical temperatures in this formula, the critical tenai 36 m~ 
ture for the vanishing of s and the onset of free rotations, and ( = yiniPj^ih) 
the critical temperature for the cooperative state of self-polai'ization among 
these freely rotating dipoles. We see from (2286) that t) steadily iuoreaaos 
as T diminishes and remains finite if and only if 

A variety of possible curves for rj is shown in Mgs, 98, 



8 ( 


J?ig. 03 rt. Curves showing 7/ as a funofclou of ^727, using tho {/(a-) shown in I, Fig. 02. Curves 
aro drawn for ^=.^' = 1, and I, 2'„ = 27 j II, 2', = 227; HI. 2>2'ir75 IV. 3'<, = 2'22'/s 
V, 2'fl=.n7; also for ^ = = and I + IIa, 2’, = 27; I + Ilia, = 1.0037; I-l-IVa, 

3(, — 2’o = l*C2*^®, Tito socoiid sot of oiirvcs aro shown brokon only wlioro thoy 
aro disfcinoii from tlio corroapondhig parts of those of the first sot. 


liil 


JTlg, 036. Curves showing 7; as a funotlon of y/37 using tlic {f{x) shown in I, Fig. 02 for 
^'kO' 4'I, and I + III, 27=^27; I+II, 2’, = M2’7; IflV, 2>0.927) I + V, 
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Kg. 03 c. Curves showing v) as a function of using tJio fir{aO sliown in II, Fig. 02, for 

;8=i3' = i and I + III, I + II, 2’,=0'0r/; I + IV, I + V, 

§21'«. MoclielU salt. The observed value of rj for Boohelle salt along the 
a-axis may be described by saying that 7;-^oo as T decreases to remains 

infinite until P falls to 0‘86BP^^ = d}, and then decreases raihdly reaching 
ordinary values by about 0‘83iJj. The observed values at right angles to 
the u-axis are normal. We shall only attempt to give a general description 
of this behaviour in terms of the present theory.* In order to compare the 
observations with the theory wo must assume that the water of crystalliza- 
tion provides the orientating dipoles and that If their dipole 

moment is equal to the moment of the H^O -dipole in steam, then would 

have the value 650° It. for and a proportionately greater value if y 

is greater. We shah see that y must be appreciably greater than so that 
for the water of crystallization must be some 2|- to 3 times smaller' than 
the value for steam would lead one to expect, The possibility of such a 
change in this direction can hardly be excluded a priori^ but the need to 
postulate it unfortunately makes the application of the theory still less 
precise. 

The source of the anisotropy must next be considered. The two curves for 
g{x) in Ilg. 92 show that it is always easier to polarize a medium by deflecting 

* Mueller, be. ciL; ho also gives a nmoh more detailed analysis of the observations. 
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tlie dipoles by a force at right angles to their natural dirootions of equilibrium 
tliaii by a force parallel to these directions, This result must bo generally 
valid. Thus any anisotropy in y combined with special natural directions of 
equilibrium must make it easier to jDolarize a medium in a piano, whereas 
it is actually easier to polarize it normal to a plane. The anisotropy can in 
short only bo referred to y, and can be shown by y, if the dipoles are suitably 
arranged in the crystal. The actual arrangeineiit of the water molecules is 
not yet known. It is easy to show that if the dipolo carriers are arranged in 
strings parallel to the a-axis, being separated by a shorter spacing along 
these strings than the separations of the strings thoinselvos, theny( |i)>y(l). 
The natural dirootions of equilibrium of the dipoles may then be assumed to 
lie along the strings. Wo must then use the (/{x) of equation (2279) for 
polarization along the a-axis and a g{x) derived from (2282) for polarization 
at right angles, 'fhis <7((r) does not differ greatly from that of (2284). Tlio 
Tj-curve.s of Fig. 93 c therefore apj)ly along the a«-axis and those of Figs. 
03 a, 6 at right angles. If for example = and 2’ ~ 0*07[jO(||) while 
2^= 1*52 Jj®(.l), the observed oharaotoristics of r) for Roohollo salt are remark- 
ably well reproduced by the theory. This requires a ratio y( f|)/y( J.) == l-OOC. 
iSnoh a vahio does not require anything extreme in the ratio of the spaoings 
of tile dipolos along and across the a-axis, tiiongh the ratio is difficult to 
compute exactly. It remains to ho seen whotlier sucli spaoings are confirmed 
by X-ray analysis. 

§21 ’44. Polar liquids. Curves sliowing as a function of 2' for a luunbor 
of substanoes are shown in Fig. 94. At first sight these curves look not unlike 
the ourvos of Fig. 03 c, Those oaloulated curves however are based on tlie 
g{x) of oquation (2279) and cannot apply to liquids, wliich must bo reasonably 
isotropic. (Similar peaks near 2^—2^® are sliown by the ourvos of Figs. 93 
a, b but these are followed at low tomporaturos by another rise of r) to high 
values, and of this tliero is experimentally no sign. On the evidonoo it is 
clear therefore that the complete curve of v) lor a substance such as ice-water 
cannot be accounted for as a whole by any simjilo form of tho present theory, 
'fliero is another difficulty iii such a comparison, namely that the calculated 
values of 2’/ using (2278) ivith y = are in all cases higher and in some oases 
muoh higlior than tho temperatures of the observed r^-poaks as is shown in 
Table 73. Before tliorofore wo attempt to interpret ^ for those polar liquids 
in terms of the present theory, wo must see whether some further important 
factor may not have been overlooked. One sees at once from Fig. 94 that 
these temperatures of maximum t] though nob identical with melting points 
are certainly closely associated. It seems therefore that tho fall of for low 
temperatures should bo associated rather with an iucroasod binding due to 
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Table 73. 

Temperatures of maximum dielectric constant rj and values of Tf for various 
polar liquids. The values of Tf are calculated from (2278) imlh y = Itt and 
the value of ix found for the same molecule in vapour or clihitc solution. 


Substance 

Ta^ 

Temporatiu'o of 
maximum °K. 

H^O 

1200 

273 

C'gIIgN02 

920 

203 

CH 4 O 

410 

103 

CH^Oa 

376 

286 

CgHiaO 

186 

147 
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remain legitimate to apply it in detail to the form of the »;-curve on the high 
temperature side of the peak. 

No satisfaotoi^y aiialysis can be made by assuming that Tp is modified 
so as nearly to correspond to the temperature of the observed peak, because, 
if such an identification is made, the greater part of the observed curve must 
bo correlated with part of Curve I, Fig, 93a, namely 

and no such correlation fits the facts for constant Fairly satisfactory 
analyses can however bo made by retaining more or less unmodified and 
correlating the observations with parts of the low temperature branches of 
the curves of Fig, 93a, The discussion is as yet too tentative to record in 
detail here,* As an example we may mention the analysis for water, The 
range of values of T is 0*23 < 0-31, so that (2286) can bo used with 

y=|7r. This formula then contains the single parameter so that jS and 
are scarcely relevant. If 2336, the observed values o fi) are reproduced 

fairly well, the caloulatod values ranging from 7^(273) = 01, 7^(373) = 63. 
This sliglitly too groat variation of?/, if significant, could be removed by 
somewhat reducing and using a suitable value of jS. For other substances 
similar slight modifications of 'Lf appear to be essential to a satisfaotoiy 
analysis. 

It will be appreciated that the whole theory is extremely tentative 
and little bettor than a suggestion of the typo of theory required to ex- 
l)lain the offeots of the libration-rotation freedoms of molecules in liquids 
and solids. 

§21 ‘6. p/icnome«a. Properties of adsorbed fUms, Wo have as yet 

made no reference in this monograph to the equilibrium states of surfaces 
or surface phases or to the oaloulation of surface tension, except for a passing 
reference for crystals in Chapter x. It does not seem possible to hope for 
much jn’ogress in the statistical tlaeory of surface tension for liquids, which 
is an im];)ortant field, until the theory of liquids themselves is considerably 
further dovelopod. Wo shall inake no attempt to discuss this problem here. 
But there is an allied problem, the pquilibriuin theory of an adsorbed film 
on liquids or solids with which some progress can bo made by regarding the 
liquid or solid as providing a given field of foi'ce in which the two-dimensional 
adsorbed phase is established. The equilibrium properties of such adsorbed 
phases can bo discussed by statistical mechanics, and wo proceed to do so 
now. ]!n fact it is not always realized that Langmuir’s adsorption isotherm 

* Sco 11, H, Fowl or, loc, cit, p. 811, 
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for examplo is strictly a theorem on the equilibrium state, for it is almost 
always derived by Idnetic arguments.’** 

In general tlie adsorbed phases to be discussed consist of a layer at most 
one molecule thick of adsorbed molecules attached to the surface of a solid, 
or to the surface of a liquid in v^hich the adsorbed molecules are practically 
insoluble. Such a layer may he conveniently referred to as a monolayer for 
shortness. On a liquid the molecules of such a monolayer must be supposed 
to be freely mobile except in so far as they got in each other’s way or form a 
condensed or two-dimensional crystalline phase. On a solid they may or 
may not be freely mobile depending on the temperature, An adequate model 
for the liquid surface or the solid siu’face at high temperatures is to assume 
that some point in the adsorbed molecule (for example its centre of mass) is 
more or less rigidly bound to the geometrical surface of the liquid but with 
complete absence of any binding forces in the two directions in the surface. 
An adequate model for the solid surface at low temperatures when the 
molecules of the monolayer are immobile or nearly immobile on the surface 
is to assume that there are definite points of attachment on the surface 
capable of accommodating just one adsorbed molecule, and that, when so 
attached, the adsorbed molecule has the usual series of stationary states 
possessed by any quantum system in a prescribed field of force. It should 
not be impossible to find a satisfactory mathematical technique for tracing 
the gradual change over from the immobile to the mobile monolayer, but 
little work as yet has been done on this problem and we shall not attempt to 
discuss it hero. 


§ 21 '51 , Equations of state of mobile monolayers . The i^erfect gas film. It is 
at once evident that the mobile monolayer can be discussed as a two- 
dimensional gas by methods identical with those used for ordinary gases. 
When the cross-sections of the adsorbed molecules and the forces between 
them can be neglected, the molecules are each confined to an area A, the 
area of accessible surface, and to the stated approximation they do not 
interfere with each other. They each possess therefore the classical partition 
function 




e i W j. jkT ^ 

J J J J 


in wliioli IT is a boundary field confining t,he particles to the area A. It 

follows at once that ^ ^ 

Q{T) = 27mkTAIh^ (2287) 


If E is the surface pressure (negative surface tension) in dynes/om, for 

* See for ox ample Langmuir, J, Avier, Ghem, Soc, vol, 64, p. 2798 (1932), TJhis paper oontalns 
much valuable material on all types of adsorbed layers. . 
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an assembly of M adsorbed molecules, then in the usual way it follows 
that ^ 

- MkT ™ log Q{T) = MhTjA . (2288) 

dlhere aro also the obvious formulae for the kinetic energy content and 
velocity distribution given by MaxwolVs law for two dimensions. 

§ 21*62. The im 2 )erfect gas film. The equation of state of an imperfect gas 
film correct to terms in IjA^ can bo obtained simply by the method of the 
virial, when wo may assume that the interaction energy of two adsorbed 
particles is sufficiently nearly fixed by the distance apart of their points of 
attachmont tt) the surface, or at least that we may use a mean value for 
their energy of interaction which is a function only of this distance.* 

The method of the virial given in § 9'7 may be adaj)ted to the present case 
as follows; wo shall not include any frictional resistance term here. The tv'o 
surviving equations of motion for any particle are 

mx ~ X, mi] = Yy 

which, if r'^ = x^-\~y^y = + may bo combined to give 

1 f/a 

Yy), (2289) 


On summing (2280) for all the particles on the suriaco and averaging over 
a long timer, wo find (2290) 

This equation applies to the whole surface phase or to any portion of it 
contained within any geometrical boundary line on the snrface. The stress 
across any such boundary is by definition F per nnit length of boundary, and 
the stress corapononts —llJ'dSy —mYds are part of the forces acting on the 
particles near the line element ds due to the retaining wall or the particles 
outside the boundary. They contribute to — (Xo; -i- Yy) the term 


{lX’-imy)ds. 

K 


The remaining contribution conies from the interaction of every pair of 
moleoules wilihin the boundary. If M}{t) is the potential energy oi a pair of 
adsorbed moleoules at a distance apart r, then the interaction of this pair 
contribu te as in § 9 ■ 7 
We find thoi’oforo that 

= {lx^my)d8 + lYiI,rdJiJjdr, 

% 

the double summation being a siiniination over all pair’s. This reduces 
easily to p ^ ^ _ issTaMr. (2291) 


Ji'A=-MhT-^I,^rdJI!ld7'. 

* Mitoholl, 'J'rana. Faraday Soc, vol, 31, p, flSO (10.36), 
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Now the average number of pairs at a distance apart botwoon r and f , 
by an argument analogous to that giving (876), is 


P/2 




Q-mikT ^ 


Therefore PA=^MhT-~ f" ......(2202) 

Jo dr 

TrhP 

l)rc;r (2203) 

A Jo 

Tills can be checked by a direct evaluation of the pai.’tition fiiiiction for tbo 
complete two-dimensional configuration in the manner of § 8* 31. 

It is unfortunate that the range of validity of these formulae is too small 
to reach a region in which they may be adequately eoinparod with experi- 
ments such as Langmuir’s or Adam’s on the expanded phase of a inonolayor 
on a liquid. The problem of extending (2293) to higher powers of 1/A is a 
problem of difficulty comparable to the similar problem for an ordinary gas. 
It is also theoretically possible to cliseuss the equilibrium of a two -pirns o 
system consisting of the mobile monolayer and an ordinary gas of the same 
molecules ; we can also discuss a system of two surface phases, one orystallino 
and one a gas as above. But such discussions are of little or no praotioal 
value at the moment. We pass on therefore to the immobile monolayer on a 
solid for which the theory can be successfully compared with experiment, 


§21*53. Langmuir's adsorption isotherm, Molemlar adsorption. The 
feature of primary interest for the immobile or almost immobile monolayer 
on a solid is the fraotion of surface covered in tlie monolayer in eqtiiUbrium 
with gas at a given density. We have therefore to study this two-phaso 
equilibrium. It is commonly studied by kinetic methods. Xho present 
discussion will serve to show that the results have the usual independonoe 
or the mechanism by which equilibrium is attained. 

Let us suppose that the states aooessible to the adsorbaWs systomfl ato 
(i) he ordinary states for such free systems in the gas phase, that is a sot of 
states of weights ro, and energies and (ii) states of attaohmont to any ono 
of the surface atoms (or other suitable location) of the adsorbing soUd. Wo 
SrlT ■ “f f the molecule is attaolied as a whole to a 

s2s of? it possesses a 

that each one can only aoeoinmodate one adsorbed moleoule, The adsorbed 
surrounding locations ate holding adsorbed nioleoulea or not. It wiU not 
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matter wliat statistics the gas molecules are assumed to satisfy. We shall 
use tho iinspocifiocl generating function g{q) for them. 

bupposo that tho assembly contains ilf adsorbable systems in all, with a 
total energy E. Then tho total number of complexions can bo written down 
at once as tlie coolHciont of in the product of 11,. [gixz^ryX^r for tho gas 
states, and v «iv 

for tho adsorbed states. The factor for the gas states is that already given in 
§ 2*4. Tlio factor for tho adsorbed states contains Ng factors so arranged that 
tho occupation of any quantum state on one partioular point of attachment 
puts out of action all states on that point of attaohment for further adsorbed 
systems. This is what wo require. We find therefore that 


a- 


1 rr dx dz 
(277i)8jj 


00 


riaO 


(2294) 


Having thus composed G the rest of the derivation is siinple. Wo have at 
once by tho usual arguments 

9 w 

= A 'Zvj^ log g{XQ~^rm') ^ (2296) 

3/. = A|ji^log[l+A».(y)] = (2296) 

whore find jif„ are the equilibrium numbers of systems in tho gaseous 
and adsorbed phases respectively. Since the gas will bo effectively olaasical 
we may simplify (2296) to 




(2297) 

(2298) 


In (2298) X energy step from the lowest adsorbed state, assumed to be 
of energy zero, to the lowest free state in tho gas — the heat of adsorption 
l)er moleoulo at the absolute zero—and bg{T) h the partition function for 
tho rotations and vibrations of the Ireo molooule. Its term of lowest energy 
is a constant since tho energy of this state has already been taken account 
of in X' remaining faotor is the usual one for free translations in a 
volume V. 

It is usual to write MJNg = 0, so that 0 is tlm fraction of a complete mono- 
layer hold by the surface. We have also MJV=plhT, Combining these 
relations witii (2290) and (2208) we find 


^~l-0 W v,(T) 


(2299) 
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for tho relationsliip botA^'^eoii p and 8. This is often writ ton ui tlio form 

®“TTTj, 

and known as Langmuir’s adsorption iaotherm. Curront proofs of this 
important formula are usually based on explicit ass vi^np lions as to tho 
mBchanism of deposition and re-evaporation. We seo lioro that uo Huoii 
assumptions are necessary. This isotherm (2300) must liold whatever the 
kinetics of the processes, provided only tliat the inolooulos are adsorbed us 
wholes, independently of each other, on a fixed number of dofinito locations 
on the sohd surface. The use of (2300) is familiar from Langmuir's writings 
and we shall not examine it here. 


§21*54. Langmuir^ s adsorption isotherm. Atomic adsorg^Lion. A somowhat 
dilierent isotherm is obtained if for example the adsorb able systems are 
atoms X, while the gas phase consists overwhelmingly of molooulos Xg . 
We can apply all the formulae of the ^^receding section if wo assumo they 
refer to the atom X and add to the gas phase an extra set of states tiocossiblo 
to the atoms in the form of molecules Xg. These states require an extra 
factor 00 

r=0 

in the integrand of C, if the molecules Xg have a set of states of oiiorgies 
and weights Besides the equations (2296)^(2298) for tho oquilibdum 
state there is now the extra equation 


.J27rm'h!rfiv, 

p-^ bJ{T)e~x'i!cT^ 


.(2301) 

.(2302) 


In (2302) m , ^ and {T) refer to the free molecule Xg in tho gas phase in 
which the equilibrium number present is and x' is the energy stoi) 

from the lowest adsorbed state for two atoms X to the lowest free state for 
the pail* as a molecule Xg in the gas. Since the number of free atoms in tho 
gas may be assumed to be negligible we have now {M 2 )„fV~plkT. Ooni- 
hining this with (2293) and (2302) we find 


P 






or 




MW 


e-x'/fc'r 


.(2303) 




(mi) 


Whatever the mechanism of deposition and re-evaporation Laimmuir's 
as wo independent atoms X requh-ing two points of attachment. 
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These formulae are in common use, but it should be remembored that tht'y 
both have the weakness tliat they depend essentially on the assumption that 
the fields holding the adsorbed moleoulos, and thorofore Va{T) and x* 
dex:)eiid on the temperature (except in the usual explicit mannof) or* on tlio 
presence of other adsorbed molecules, and that all locations arc equally 
efficient adsorbers, Any or all of these assumjjtions may be in error. 

§21*56. Adsorption of competing molecules. It is .simple to disouaa by tho 
same methods the equilibrium of an adsorbed layer formed out of two or 
anore competing adsorbablo molecules in the gas phase.* The fuiidainontal 
assumi)tion here is that any location on the surface can bo ocoupiod l)y any 
one of the available molecules from the gas pliase, but not by more than oiio 
of any kind. For doflnitonoss wo will first consider molecular adsorption an in 
§ 21-63, for two competing gases. The generalization to more gases is obvious. 
We liave to use selector variables aq, .Tg for the two types of systems and li iid 


C 


1 ff 


dxi dx^ dz 


+ (2i)()r>) 

The factor [ allows for no molecule or one molecule of eithor kind but no 
more to be attached to each location on the surface. From this oqtTaffion it 
follows at once by the usual arguments tliat,if ^p^ are the partial press uroH 
of the two constituents in the gas phase and 0^, 0^ the fractions of the Burfuee 
covered by the two constituents in the adsorbed phase, then 

Ai V(g') . _V_ wm 

id "'a 




( 2300 ) 

( 2307 ) 


= Aa ?■) e-ftfti' ( 23 UH) 

The superior affixes in these formulae of course distinguish the diffororit 
inolooulos and do not denote powers. From these equations it follows that 

0, {27,7n,)HhT)<‘b„HT) 


or 


0. 


0 , 

1 -0,-0, 

APi 






{2mn^)HhT)^bf(P) ^ 
Az2h 


...( 2300 ) 

>...( 2310 ) 


i-MiiPi + AaPa 


{A^^A^{TIA^^A^{T)) ( 2311 ) 

* KquntioiiB equivivloub to fcliOHO of Hub booHoii oi' Llioii' goner alizatioiia wore Jlrst clctlvotl by 
Jtlnotlo argiinienta by 3). 0, Homy, Phil, Mag, vol. 4‘i, p, 080 (1022). 
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Thos© formulao can bo extonded as in §21*64 to atoiuio adHorptiou of 
molecular gases. A case of particular interest is the competing adsorption of 
light and heavy hydrogen. Equations (2311) then contiimo to hold it pi 
and pg denote the partial pressures of H-atoms and D-nttuns in tho gas 
phase. These partial pressures must then be converted into niolooulai* partial 
pressures by the usual equations of dissociative equilibrium (Ohaptor v). 
In such a case of course the molecular gases Tig, Pg and H.D must all bo 
present in concentrations in full equilibrium with each ofchor. If tho gas 
phase is not in full H 2 -P 2 'HP equilibrium it cannot be in fcriio oquilibrinm 
with an atomic monolayer. 

Still more complicated cases can be handled hr which tho sooond systom 
can also be attached to an already adsorbed first system and so on, This 
particular case can be dealt with by using in G the factor 

+ + (2312) 

The assumptions underlying such formulae are however probably not a 
sufficiently good representation of the physical conditions to warrant further 
discussion at present. 


§21*56. Generalizations of the adsorption problem. Critical adaorplion. 
At the close of §21*64 we noted certain important rostriotioriH on which tho 
adsorption isotherm of those sections are based. One of these a8Bnm^3tionM^ 
that all adsorption locations are equally efficient, can of course bo quite 
simply removed, by postulatmg a distribution law for adsorbing looatioiift 
over a range of values of It is now convenient to take as hho energy zero 
for a molecule its energy in its lowest free state in the gas; its energy in its 
lowest adsorbed state is then — ^ variable dej^ending on the particular 

location of adsorption. It is clear that the result of this gonoralization is 
merely to replace the factor [ in (2294) by 


[1 + a;2!-?f(S,.p,«’?r)]fl(xWx; (2313) 


we have here assumed that the energies ‘r)y of the excited adsorbed states aro 
substantially unafiected by x> and that g{x) numboj.’ of locations in 

which the maximum adsorptive binding energy lies betwooii x and x "I" 

We find at once by the use of (2313) in (2296) that 


=j“iix)dx. 




(2316) 
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RemembDi’ing (2298), equation (2314) can bo reduced to 

( 2310 ) 

Equations (2316) give 0 { = MJNg) as a function of ^ and replaco (2330); 
A{T) is independent of p and x* No systematic use of siioli equations 
appears to have been made at present, but tlioir further study might be 
profitable . 

A quite distinct and much more important generalization of (2300) can 
be obtained by abandoning the assumption that the energy of binding to 
any location is independent of the presence of other adsorbed atoms, 
A,dsorption immediately becomes a typical cooperative phenomenon. 
Instead of the regular {O^p) relation at constant T or {0^1) relation at con- 
stant p given by (2300) we find critical conditions, and are able to give a 
satisfactory account of the existence of the well-known critioal conditions 
for the deposition of metallic vapours on a dielectric surface such as glass 
or mica, or on the surlaoo of another metal. Alternatively, when the inter- 
action of adsorbed molecules loosens instead of strengthens the binding, wo 
obtain formulae, showing no critical conditions, which arc api>licablo to the 
formation of caesium layers on tungsten and similar phenomena.* We shall 
not discuss their further applications here, 

§21 *57. Grilical adsorption phenomena. The critical conditions just 
referred to are usually studied kinetioaliy. In the experiments a stream of 
metal vapour falls on a plate at a given temperature, the metal vapour 
making a given number of impacts per om.® per second. It is found that if 
T > Tq the mofcal is not deposited, but that if 5P < the metal is deposited in 
bulk. What is observed has therefore nothing directly to do with fcho forma- 
tion of an equilibrium monolayer, but it is clear that there is an underlying 
equilibrium problem. Metal vapour at pressure p is in equilibrium witli an 
adsorbed phase. If 7* > the fraction 0 of tho surface covered should be 
small, ollootively zero, but if T < 7J, tho fraction oovored should rise efi’oo- 
tivoly to unity. In suoh a case further layers of adsorbed atoms will actually 
bo deposited on the fii’st layer once it forms and the stable equilibrium state 
corresponds to the deposition of the metal in bulk. This further stage how- 
ever can perhaps be ignored in a first discussion, and attention oonoentrated 
on the oritioal behaviour of the first adsorbed layer, because the formation 
and reasonable completion of the first layer is obviously essential for the 
later layers to be formed at all, 

The existence of suoh oritioal conditions has been, discussed previously by 

* Langmuir, loo, cti. 
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Langmuir* and Frenkel,! from a more kinetio standpoint than that 
adopted here. They have shown how suoh critical conditions can arise if the 
energy of binding of two atoms of the vapour on adjacent locations on the 
surface is more than twice the energy of adsorption of a single atom. It is 
only necessary to incorporate the idea of a dependence of the heat of adsorp- 
tion on the number of adsorbed neighbours in order to be able to construct 
a partition function for the adsorbed layer showing typical critical phono- 
mena for the equilibrium state of the monolayer for given vapour pressure. 

In §21*63 we assumed effectively that the energy of adsorption of Mg 
atoms in their lowest states on similar locations was independent of 
their arrangement on the surface. This assumption we must now abandon. 
Instead it wiU be reasonable to suppose that the energy of adsorption of any 
atom in its lowest state will be determined by the number of neighbouring 
locations occupied by other adsorbed atoms. This energy may not vary 
exactly linearly with the number of adsorbed neighbours but we cannot 
commit any great error in making this assumption. On making it we can 
express the energy of adsorption of Mg atoms in the form 


where X is the number of pairs of nearest neighbours. The partition function 
of an adsorbed layer of Mg atoms all in their lowest adsorbed states can 
therefore be put in the form 

(2317) 


heats of adsorption are of course negative energies. The coefficient 
g{Mg,Ng,X) is the number of arrangements of Mg atoms on a lattice of Pg 
points with X pairs of nearest neighbours occupied, If we complete 
Q{MgyNgyT) by allowing for a set of excited states for each adsorbed atom 
which is unaffected by the presence or absence of neighbours, we have 


Q{Mg,NgyT) = 'Z^y^giMgyNgyX) ...... (2318) 

The coefficient g{MgyNg,T) cannot be evaluated exactly except for a 
hnear array. To proceed further from (2318) we can make an approximation 
similar to that made by Bragg and Williams, or to that made by Bethe, in 
,the order-disorder problem. We shall develop here the consequences of the 
Bragg and Williams type of approximation, f We assume that a fair approxi- 
mation to the energy MgXo + Xxi for the values of X tliat matter is to take 


it equal to 




* Langmuir, Proc, Nal, Acad, Sci, vol. 3, p. 141 (lOlC). 
t Frenkel, Zeit.f, Phyaik, vol. .20, p. 117 {1024). 

i For Befche’s methods applied to this problem see Peierlg, Proc, Oamb, Phil. Soc, vol. 32, 
p. 477 (1030), 
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This xi ^8 the same as tlio former xi no confusion will arise. Wo can 
then evaluate Q{Ms,N^,T)i for 

and therefore, with sufficient acouraoy, 

\ogQ^NAogN,~MAogM,-{N,--M,)\og{N,~M,) 

(2319) 


§21*68. Ddcrminalion of the equilibrium stale. The present assembly 
consists of the tAvo phases, adsorbed and gaseous. According to the general 
rules of Chapter vi wo can at once write clown the free energy of Helmlioltz 
, for tlio assembly,* namely 

i.;=i;+ i-i= -ifiog 


“1 


W +1 


.(2320) 


The formula for Ig follows at once from Theorem 6*31, Equilibrium is 
attained when 'F^^ has its least possible value, which is tlierefore given by 
ono of the roots of the equation 



Xo-^'h i 

IcT 


(2321) 


In forming this equation, wo remember that 0=MJNg and that 
const. Provided that the root for 0 is correctly ohosoii, it follows 
at once from (2321) that 




J_ bj^') 

l-T %{T) 




(2322) 


an isotherm identical Avith (2299) except that Xo Is replaced by yob Oxi> the 
"ollootive” value for the next increase in 0. Equation (2322) is valid for xt 
of either sign. 

Equation (2321) can bo put in the form 

log/lp = logj~-’^-»-^ = P(<»,n (2323) 


whore A {■=A{T)'\ is a slowly varying fiinotion of the temperature , If Xx > 
tliis equation exhibits the critical phenomena wo AA'isli to establish. The 
behaviour of tlie function P{0,T) for Xo = 0 shoAvn in Pig. 05. Wo sec at 
oncG that, if T> ]:0, the function P(0, 2') is a moiiotonio function of 0 and 
critical conditions cannot occur for any value of p. If T lias any smaller 


* Tho arguniont is given hero in torma of tlio froo energy. It could of oourso bo given equally 
Avoll diroofcly in torma of tlio complete parfcltioJi for tlio nssoinbly ns In § 21-22. 
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value then, when p is sufficiently small, there is still only ono root of equation 
(2323) and one j)ossibIe (rather 
small) value of 6 for the given 
p. But as ^ increases we reach 
a value p~p{T) above wliioli 
for a limited range of p there 
are three intersections. It is 
obvious that the central in- 
tersection represents an un- 
stable state and need not be 
further considered. For higher 
pressures there is again only 
one root, for which 6 I, 

To determine the value of 
p at which the change over 
occurs from the smallest root 
giving the least value of 
to the root nearly unity giving 
the least value of we can 
again apply the rule of equal 
areas. For the condition is 
that if 0o> Q-re the critical 
extreme roots of (2323) then 


or 


L 







1 * 0 ^ 


P{d,T)d9 

^{\ogAp]{di~eQ), 

(2324) ”10 

This implies that the critical 
adsorption isotherm for a _i 2 
given pressure is that isotherm 
in Fig. 96 which outs the hori- 
zontal line log.4p in three -14 

points in such a way that the iig. 96. The function P(0//') for 

omitted term can be incorporated in log 

wbioh might diustrate the oondenaation of Cd vapour, eo far ae orders of 
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magnitude are concerned. We combine with A in (2323), and the 
explicit expression for is then 


{27T7n)HJcTfl>oi^) 


eXoik2\ 


To illustrate the case of Cd-atoma we can take 


bg{T)mli 100 X 1’6 X 10~^^gm., and Vg(ir) ci(/(;!7’//j.iVo)^c^(7*/60)^, 

taking the excited adsorbed states to be those of an isotropic three-dimen- 
sional oscillator. Then if p is in atmospheres (10® dyne/om.®) and T oi 100® K., 
wo have a 

log Ap xojhT cs: ~ IbS + log^j + Xo/^^^^* (2326) 

Tl>e exact value of T must be retained in the last term. The value chosen 
for Vg{T) is not very important. Wo can then see at once from Tig, 96 that 
the horizontal for 1 atmosphere outs off equal areas from the P(0,7’) curve 
for 7^ « ^0, if 7*6. The energy requhed to remove one atom from the 

monolayer is then k{0-U+e) 0, 

and the critical temperature at one atmosphere pressure is ^0. The dis- 
continuity is a jump in d from the value 0'03 to the value 0*98. 

More extreme conditions are provided by the curve for T=^&. The 
horizontal for one atmosphere outs off equal areas from this curve if 
X^ifhT ^ AB, The energy required to remove one atom from the monolayer 
must then be ifc(O'32+9)0, 

and the critical temperature at one atmosphere pressure ^0. The dis- 
continuity is a change from 0=0-001 to 0=0*999. The disoontinuities as 
here presented are primarily discontinuities on the isobar iox one atmosphere 
as T passes through a critical temperature. They can equally -well ho 
jarosontod as discontinuities on the adsorption isotherm as log^ {p in atmo- 
spheres) passes through the value zero. 

The oinwes of Tig. 96 show that there is a true critical tomporaturo 
iT= J0 above which critical conditions never arise for any inesauro. But 
the critical temperatures below ^0 which wo have discussed above are in no 
way absolute but are of course of the form 7],=2J,(^). By examination of 
Tig. 96 wo see that an increase ofp by a factor 2-7 raises the horizontal lino 
exactly l imit. The corresponding deoroaso in IjTffp) is almost exactly 2/0, 

In attempting to compare the theory with observation some care is neces- 
sary. The theory applies to equilibrium states and the observations to the 
impact of a vapour stream with volooitios oorresponding to an oven tem- 
perature Tq on tlie condensing surface fit temperature 7’, If we comiiaro the 
actual vapour stream with gas in equilibrium at the temperature of the 



I6'0 


15*0 
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condensing surface and at such a pressure that the number of atoms 
striking unit area in unit time is the same, then the theory would apply 
strictly if the reflection coefficient of the impinging atoms is not greatly 
altered by the change in their velocities of impact. Such changes do of 
course lead to errors in any comparison of theory and experiment but it does 
not seem likely that they will be large. 

Accurate experiments which can be compared Avith the theory on this 
basis have been made by 
Cockcroft.* His results for 
the condensation of Cd on 
Cu are shown in Fig. 90 as 
a relation between logjo^J", 
where n is the number of 
impacts per cm.® per second 
made by the vapour stream 
on the plate Avhere it is to 
condense, and where 

Tc{n) is the critical tem- 
perature for condensation at 
that impact rate. We see at 
once that the linear relation 
predicted by the theory is 
well satisfied. Coming to 

details the observed linear ^'',7'"® ‘7 7°“; ‘■“7“°” 7™™ 

\jTj(n) and logio?i for onfcical coHcloiisation of ud atoma on 

relation is a copper surface, 

log^n = const, -2S4:0lT^^{n), (2326) 

If Ave transform this to equivalent pressures by the relation 

n = lvG^pl{2mnk(r)^, (2327) 

we have loggP = cows^, - 2840/7J,(p), The equivalent pressure for the ob- 
served impact rate of 2*4 x 10^^ at 160'^ K. is 10““ atmosphere. Wo obtain 
the right theoretical slope for the logp, l/?i(p) relation from Fig. 95 if 
0 = 2100. We obtain the correct value of the equivalent pressure for 
!7^(p) = 160 = 3^0 if ^q/I 60/3 = 26*2. The observations are therefore well 
reproduced by the theory if the binding energy for a Cd atom on a copper 
surface is /3(a.8O + 0)0, 0 = 2100. 

§21*6. The attainment of very low temperatures by adiabatic demagnetiza- 
tion, We have already mentioned that crystals of the paramagnetic salts, 
of Avhich the classical example is gadolinium sulphate Gda(S 04 ) 3 . 8 H 2 O, 
* Coelcoroft, Proc, Rotj. Soc, A, vol. 119, p, 293 (1928), 
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exhibit special properties of peculiar interest at extremely low t( 
properties wliioh enable those substances to be used in the efiective attain- 
ment of temperatures of tlie order of 0-l°K. and probably considerably 
lower. The lowest tomperaturo yet claimed is of the order O-Of^K. but the 
theory used in the analysis of the observations is as yet too inaccurate for 
the establishment of a reliable temperature scale. The establishment of 
such a scale however will no doubt shortly be achieved. The special pro- 
perties of those salts arise of course from the orientational states of the 
paramagnetic ions (ld+‘* * * § "'' {etc.) which in general when unperturbed have 
a normal state which is an 8 state of high multiplicity {Gd+++, Such 
ions contribute an extra orientational factor to the partition function of the 
crystal, since their orientations are to a high degree of accuracy independent 
of the lattice vibrations, and therefore make an additive contribution to 
tlio entropy and free energy and so to the specific heat and other properties. 
Their contribution to the entropy as a function of temperature and magnetic 
field is of partioular importance, since a knowledge of this function enables 
the adiabatic cooling by demagnetization to be calculated. This effect was 
first explicitly formulated by Debye* and Giauquef and has since been 
successfully realized, notably by Giauque,! do Haas,§ and Simon.|| It has 
not however as yot been rigorously disoussed using partition functions, and 
therefore entropies, of a form which agrees in detail with other knowledge 
of the pro] )Gr ties of these paramagnotio ions. The discussion given hero is 
still incomplete, but it is based on work by Van Vleok^ in which all details 
known about the partition iunotioiis are taken into account. We shall 
discuss only gadolinium sulphate, but the methods to be used are the same 
for all the paramagnetic salts. 

§ 21 ’61 , The stales of Gd ’ ion in crystalline and magnetic fields The ^8 
normal states which the Gd*"'“*" ions would possess in the free state are affected 
in the orystallino salt in the following ways. The field of the neighbours in 
the lattice, if it is composed effectively of fourth order terms with cubic 
symmetry, splits the ^8 state into the throe states of the partition function 

2-1- (2328) 

The splitting intervals CS and 38 might he inverted and the partition 
funotion booomo 2 ^ 4 .Q~m'r (2329) 

* Doljyo, A)m. d. Physih, vol. 81, p. IIM (1020). 

t Qiaiu|UO, J. Amcr, Ohm. Soc. vol. 40, p. 1804 (1027). 

I Giaiiquo awl MaoDoiigall, Phya, Pev, vol. 43, p. 708 j vol. 44, p. 2315 (1033). 

§ do Haas, Wlorama and ICramorfl, Phyaica, vol. 13, p. 175; vol, 1, p, 1 (1033). 

|[ KUrfci and Simon, Proc. PQy> Soc. A, vol, 149, p, 152 (1936), 
it Van Vioolc, llobb and Piirooll, in conrao of publication. 
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There is as yet iiisuffloient evidence to prefer one or other form a priori and 
we shall use (2328), Crystalline fields of lower symmetry can split the middle 
state into but no further splitting is possible due to 

this cause. 

Magnetic fields can cause a further splitting of the terms and in fact 
will completely resolve the multiplicity without help from the crystalline 
splitting. When there is an effective magnetic field H' acting on each ion and 
hjhT the orientational partition function is as usual 

n'tkT ^ E'ikT ^ ^ ^ g- ioiijt apii\ (2330) 

In (2330) is Bohr’s magneton and g Land6’s splitting factor (here p = 2). 
The corresponding value of the small field susceptibility is 


^hT 2 ’ 2 ’ 


(2331) 


where n is the number of ions per unit volume. 

If this were the whole of the perturbation of the states of the ions, that is 
if wo could identify H* with /f, the applied external field, and neglect entirely 
all other possible magnetic energy terms (spin-spin interactions), matters 
would be comparatively simple. We shall give such an elementary disoussion 
in the next section where we shall see that for practical purposes a knowledge 
of these limiting forms of the partition function is then almost suflicicntj 
without a complete knowledge of the dependence of the partition function 
on both H and T for the region h^hT, The formulae above can then be 
supplemented by a more accurate formula than (2331) for the small field 
susceptibility, valid for all values of ZjhT on these assumptions, This for- 
mula is*’’ 


' IcT 


U s 8 / Us ^13S 8 j 


70 £2' 
27 S 


)r.. 


(2332) 

Unfortunately the magnetic energies omitted above are not trivial. At 
the actual concentration of Gd++'*' ions in Gd 2 (S 04 )g . SHgO the spin -spin 
interactions are so large that tliey should contribute about a third of the 
whole anomalous specific heat. Any analysis which is made neglecting these 
terms must therefore be regarded as merely provisional. As yet there are 
hardly enough observations for well- determined tempieratures below 1“K, 
to enable a proper analysis to be satisfactorily completed. It is also 
necessary to remember that, before any analysis of the dhservations can 
he made the correct demagnetizing factor must he used to calculate H 
inside the specimen. From this H H’ must then be derived by using the 

* Van Vloeic, in course of publication. 
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fir factor. A forromagnotio state with a very low critical temperature may 
be reached, but whether or not this occurs appears to depend on the shape 
of the spooimon. l^rom a classical point of view of the interaction of 
magnetic dipoles the eventual attainment of the ferromagnetic state for 
bodies more prolate than a sphei’e appears to be certain. However the true 
spin interaction states are spread out into something like the Gaussian 
spread assumed by Heisenberg in his theory of ferromagnetism, and this 
spread may bo sufficient to j)rovent a ferromagnetic state from ever being 
attained for T>Q, At this stage of the development of the theory it is 
therefore not possible to do more than men tion these diffioulties. No attempt 
will bo made hero at any analysis of experiments beyond a preliminary one 
ignoring S 2 )in-spin intoraotions. Wo may however quote for future reference 
Van Vleck’s first aiijiroximation to the extra factor in the partition function, 
which arises from sjun-spin intoraotions. It is in fact to this aiDproximation 
an extra factor independent of the factor due to the orystalline splittingjand 
in the form hero given should be valid when E-O and the temperature is 
high compared with the expected Curio point of the spin-spin interactions. 
l?or N atoms in zero field wo have by (2328) the partition function 

[2-h4e“68/*i' + 2e-85/W]y 

The fi,r6t apjn’oxiiuation for spin-sijin interactions in the gadolinium sul- 
phate oj’ystal rejfiaoes this by 

[2 -h 2e~88/0']2? ( j ^ (2333) 

whore w is a numerical oooffioiont of the order of 1*3-1 -6, n (as before) the 
number of Gd * ^ ions per unit volume ( « NjV), and* 
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(2334) 


§ 21*62. Preliminai'y skidy of the specific heat av4 the cooling by adiabatic 
demagnetization for Qda(S 04 ) 3 . ktlgO, neglecting spin-spin interactions. Using 
(2328) for the partition function, the iireliminary value of the speoiflo heat 

is given by .2 / 8 \ 

G8=N/<J(72-g™log[2-|-4e-®‘'-f-20-«‘'] ......(2336) 

a^[50S-^<^-h646-«^+18g:^j<^3 

* The linitb of (283d) as 5 -»• 0 (froo atoms) has also boon derivod by Waller (unpublishod). 
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This value fits Clark and Keesom’s* observations fairly well with 8//(3= 0*170, 
as shown in Kg. 97, but no serious test can be made until reliable 
observations are extended to lower temperatures. 

Equation (694) determines the entropy contribution. Using the value 
§/&== 0*170 just determined, the continuous curve in Fig. 98 shows the 
entropy for one gramdon of gadolinium sulphate contributed by tlio 
crystalline splitting with the partition function (2328). This is therefore the 
entropy m zero magnetic field omitting spin-spin interactions. If spin-spin 

l'0| 1 1 i 1 i i 
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Fig. 07. Tlio specific heat O^fR according to (2336) for ouo half molo ( = 0110 grain-ion) of gntto* 
linium sulphate with 8/A! =0>170; tho observed values of Clark and Kocsom are shown tlma ©, 
after tiio normal lattice apoolfio heat has been subtrooted. 



interactions are included, the entropy will be modified to a form something 
like that shown by the broken curve. The sharp break at the bottom will 
occur if the crystal becomes ferromagnetic. If it does not, the entropy chrvo 
will he higher and be rounded off like the curve for the crystalline splitting 
only. 

Perhaps above 2‘’K. and certainly above 3°K. hjlcT is sufficiently small 
for the crystalline splitting to be ignored in caloulatmg the entropy in tho 
effective magnetic field On any vertical on the right-hand side of the 
diagram we can therefore calculate the entropy as a function of IP by using 
the partition function (2330). The entropy according to (694) takes the form 


S , l-e-®y r 1 8 “1 / 

jS “ l~e~Y 1 ” e8y- 1 J “ 


kT 



* Clark and Keesom, Physka, vol. 3, p. 1076 (1936). 


(2337) 
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On inserting numerical values for 

g ( = 2), ( = 9*22x10-21), and /c {= 1*372 x 10-i«), 

we find ir = 7*43 x 10^ (2338) 


The calculation of the li" scales is then easily completed. The scale for 
T = Z° K. is shown in ITig. 98, 
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Fig. 08. Tlio oufcropy SfR for ono grain-iou of gadolinium sulpliato us a fiiuotion of H' lor zoro 
flokl li' and aa a funotion of TI' for suilioioiitly largo T, in partioular for 2' = 3“ K, 

The method of using such a diagram to study cooling by adiabatic de- 
magnetization is now very simple, Equilibrium is set up lor an initial state 
of say 5’==3°K., = 20,000 gauss. The state of the sjjeoimen then oorre- 

siJonds to the point A in the entropy diagram, or if allowance is to he made 
for the residual entropy of the lattice vibrations of the gadolinium sulphate 
and any other systems in thermal oontaot with it, to the somewhat higher 
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point The systems are then heat insulated and after insulation the field 
H' is removed. The entropy remains constant and the state of the system 
therefore changes to the point B of ec[ual entropy on the curve H' — 0. If 
the form of this entropy curve has been accurately caloulated, the resulting 
temperature can be read off the diagram and checked hy comparing the 
observed susceptibility in the final state with the caloulated value for this 
temperature. Calculations by Toller suggest, however, that the temperatures 
of the spin state distributions so reached wifi not be reached (in reasonable 
times) by the lattice vibrations. This may affect experiments in which 
the exact state of the lattice vibrations is relevant. 

Accurate temperatures cannot of course be determined in this way with- 
out an accurate theory of the entropy curve in zero field.*** It is possible 
' to determine correctly the absolute temperature attained in such processes 
witliout a molecular model by combined calorimetric and susceptibility 
measurements, just as it is possible to set up the absolute temperature scale 
from the reading of the constant volume gas thermometer combined with 
measurements of the Jorile-Thomson effect. We shall not enter further here 
into this purely thermodynamio problem. 

§ 21*7, An appendix to Chapter xni, A theory of '‘the rectilinear diameter ” 
for liquid and vapour densities. An important advance in the theory of 
liquids appears to have been inaugurated by Eyringf in remarking that a 
theory of holes, similar to that which we have already applied to explain 
the electronic properties of metals and semi-conductors, should be applic- 
able also to liquids. By its application he has shown that one obtains at 
once an explanation (in first approximation) of the well-known empirical ■ 
relationship between the densities of a liquid and its vapour in equilibrium 
with it, and the critical density of the same liquid, called the law of the 
rectilinear diameter or the law of Cailletet and Mathias. | Eyring has also 
shown that the idea is of great value in advancing the theory of the viscosity 
of liquids, but these applications lie outside our field, 

We observe first that if y is the work required to extract a molecule from 
the interior of the liquid, and leave behind a hole in the liquid into which that 
molectile fitted, then the work required to evaporate a molecule and leave no 
, extra hole behind- — that is the ordinary heat of evaporation — is just . For 

we may regard the work required in the first process as that required to 
break a number of bonds between the molecule removed and its neighbours, 
nC compensating formation of new bonds being allowed. The work required 

* do Haaa and Gortor, Physica, vol. 2, pp. 336, 438 (1936), have avoided somo of tho un- 
certainty' by using ions with doublet states, such as Ti+++. 

t Eyring, J , Glmn. Physics, vol. 4, p. 283 (1936), giving also a valuable study of viscosity, 

t For the most recent experimental study of this law see B. Matbiaa, Onnea and Croiuraolin, 
Free. jS'ecii iS^ci. j'lwjsierdflj/i, vol. 16, p. 980 (1913). 
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is therefore given by summed over all types of bonds or pairs of 

neighbours in number % that contribute effectively an energy to the 
binding of the imrtioular molecule. If however the whole liquid of N mole- 
cules is evaporated then the work required ia since each bond is 

then coxnited twice over. But by definition this work is N times the normal 
heat of evaporation per molecule, wliich is therefore same result can 

bo reached by considering the energy restored when the hole is allowed to 
Iveal itself by the formation of new bonds. The result is exact so long as the 
binding can be correctly analysed into interactions between pairs of mole- 
cules only. It implies that the energy required to form a molecule in the 
vapour in its lowest state (-^x) equal to the energy required to form a hole 
in the liquid in its lowest state (x — ^x)* 

Now consider the partition function for the motion of the hole in the 
liquid. So long as the temperature is not too low and the molecules move 
fairly freely the hole wiU “move “ freely tjy neighbouring molooulos occupy- 
ing it, so that the hole takes their places in succession. When there are only a 
few holes, therefore, they do not interfere with one another and a first 
approximation to their states of motion will be to take tliem as the jsame as 
those of a free molecule of the same mass, Tins should be a good approxima- 
tion for monatomic molecules — probably less good for more complex mole- 
cules and “holes**, bub even for these the ax)proximation of taking the 
partition lunotion for the hole equal to the jjarfcition funotion for the free 
molecule should be reasonably reliable. Moreover any associated molooulos 
in the vapour and assooiatod or multiptle holes in tlio liquid will XDOssess 
similar j)artition functions and therefore be jirosent to similar oonoontrations 
in the vapour and the liquid respeotively. Since therefore both the lowest 
energy required to form a molecule in the vnxjour and a hole in tlie liquid are 
equal and also the j)artition funotions for the states of higlier energy and the 
degrees of association are the same, it follows that the equilibrium density 
of the vai^our must bo equal (to this apiiroximation) to the equilibrium 
density of tlio holes in the liquid. Expressed in symbols this implies tliat 

Pd 4 jO/ =* cowsi, (2339) 

where and pi are the mass densities of the vapour and the liquid and p^ is 
their common density at the critical point. 

At lower temperatures the partition funotion for the holes will inevitably 
be less than that given by the above first approximation, and for more 
complex moleoiiles than monatomic ones may be expected to be somewhat 
less at all temperatures, The binding of the liquid molecules to each other 
makes them not entirely free to move in to oooupy the hole and the hole if 
“diatomio” will not be entirely free to “rotate**, The next approximation 
which wo shall not attempt to develop quantitatively will give a value of 
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hole-density” in the liquid less than that above and less by an amount 
which increases as the temperatm’e falls. The liquid density pi will bo that 
much the greater, and a more accurate version of (2339) will bo 

Pv'^Pi~^Po‘^p' (p'^^)> (2340) 

where p' 4 pel p' increases as T diminishes, and is greater the more comx>lox 
the molecule. The empirical law of the rectilinear diameter is that 


p^+Pi^2p, + a + ^{l~^{riai), (2341) 



Pig. 99. Shelving the empirical law of the rootilinoar diainoter for a numbor of aubatancoa. 'f’Jio 
ratios of the liquid and vapour densities and of thoir moan to tho oritioal density avo-plottod as 
functions of 

where Tg is the critical temperature and the correcting terms are both positive 
and small compared with 2p, at least until TfT, has fallen to 0*6. Equation 
(2340) is thus a long first step towards the successful explanation of (234 1 ). 

Fig. 99* shows the experimental results for a number of substances, wJiich 
are just of the form which the theory requires. It will be observed tliat 
(2339) IS most nearly obeyed by helium and then by argon, and that tlio B 
term is greater the more complex the molecule. Further study of liquids 
from this interesting starting point appears most likely to be profitable. 

§21*8. An appendix to Chapter xviiL An improved formulation of gaseous 
reaction rates, pariicularUj bimolecular. It has recently been shown by .Eyring 

* E. Matliias, Onnea and Crommolin, loc, cil. 
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and his collaborators in a series of papers* that a formulation of reaction 
rates for bimolecular reactions can now bo made, which depends on equili- 
brium theory to just the same extent as the formulation in terms of collisions 
given in Chapter xvin, but is much more intimate and illuminating than the 
older formulation and has already almost superseded it. The importance of 
the new method appears to be groat, and we shall devote the closing sections 
of this monograph to a short account of its foundations. 

The ideas underlying the new formulation are as follows. The forces 
between the atoms of the molecules in reaction are due to the motion and 
distribution of their eleotrons and the charges on their own nuclei, These 
forces can be calculated by quantum mechanics and even in the most 
violent collisions, at least for many reactions, the relative motions of the 
nuclei are slow and the forces are those corresponding to the same static 
configuration of the nuclei. Tins means of course that wo may then assume 
that the action is roversiblof and that no electronic transitions ooour with 
any appreciable probability. In the configuration sx^ace of tlie reacting 
corai^lex wo can therefore sot uj) a potential energy function which defines 
the configurational energy of the complex at every stage of any collision 
and from which the forces acting may bo derived by difierentiation. In this 
potential energy field the relative motion of the various nuclei must be 
treated by quantum meohanios when noeossary; there may bo vibrations 
of too high a froquenoy for a olassioal approximation, but in general all 
tunnelling effects may bo neglected and the treatment of the nuclear states 
of motion may at least be taken to bo quasi- classical It is however a doflnito 
assumption that the potential energy function is unique and that no 
oleotronio transitions ooour. If any such ti’ansitions ocour reaction rates 
of a different oi;dor of magnitude may be found. Wo shall not consider 
Buoh reactions here. Since at least three atoms, say q, are concerned 
in any reaction, configuration space is of dimensions. But since 
the x^osition of the contre of gravity of the complex is irrelevant, and 
since the jxotontial energy function is also independent of the rotation 
of the complex as a whole, the configuration space required for the 
rexu’esontatioii of the potential energy lunotion and the essential details 

* Soo for oxamplo fCyrliig, J, Ghm, Physics, vol, 3, p. 107 {1OU0){ Hiraolifolclor, Eyring niul 
Toploy, J. Olmn. Physics, vol, <1, p, 170 (1030), whoro many fiirlhor roforoncos will bo found. 
London, Problonc dcT modcfncn Phyaih (Sommorfold Poateoliriffc), i). 104, Loipzig (1028), first 
auggc8tod tliivb many roaotiona muaf; prooood rovoraibiy In tho manner boro invostigatod. Eyring 
andl’olaiiyi, ZcAL J. fhysikal Ghevu B, vol, 12, p, 270 (1931), constiruatod the potential energy 
aui'facoa in configuration apneo for auoli roaoUng aystoma. Polzor and Wignor, Zcil. /, phijsikul. 
Ghcm, B, vol, 15, p. 446 (1032), ualng the potential energy aurface of Eyring and Polanyi, oal- 
oulatod tho rato of H Hj + 11, Wignor, ZcH, /. physiknl, G}ici)i> B, vol. 19, p. 20,3 (1032), 
fonmilatcd tlio quantum corrootiona required by tlio earlier olaaaical oaloiilations, 

t Tltat ia “adiabatio” in Ehronfost’a eonao. 
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of the relative motion reduces to 3g' — 6 dimensions, or — 6 if tlio complex 

is linear. 

Let us now consider the nature of the potential energy fuuotion more 
closely, For certain configurations the potential energy will bo low. These 
regions correspond to the separation of the reactants or resultants to great 
distances. These regions will be separated by a potential energy mountain 
range and the lowest pass in this range, owing to the factor 
affecting the probability of occurrence of any configuration, will be the route 
by wliioh the reaction occurs. When the combined pair of reactants is in a 
configuration near the Jjass and in a state of motion in which its reproson- 
tativepoint in configuration space can cross the pass, the combined pair may 
be called an activated complex. The calculation of reaction rates by applica- 
tion of equilibrium theory proceeds by calculating the equilibrium number 
of activated complexes present in the gas at any temperature and the rate 
at which any activated complex gives rise to an effeotive reaotion^ — the 
method will be explained more precisely in a moment. The whole method is 
therefore stiU based on the assumption that the reaction rate is not fast 
enough to upset the equilibrium calculation of the number of activated 
complexes. This necessary assumption naturally survives from the cruder 
coUision theory. 

The lowest pass separating the two regions in wliioli the ropreaentative 
point mustbe, to represent the separatedreaotantsor the separated resultants 
respectively, may be a simple pass, but more usually is not. It then leads first 
from the region of separated reactants to a limited high level basin in 
configuration space, points in which correspond to the formation of the 
associated complex. There must then be a second lowest pass in the rim of the 
high level basin leading from the basin to the region of separated resultants. 
When there is no high level basin, the rate of reaction is merely the rate at 
which activated complexes reach the pass in such a direction that (regarded 
as classical particles) they can posg over and through it. When there is a 
high level basin, then this rate is merely the rate of entry to the basin, and the 
rate of reaction is this rate of entry multiplied by the probability that the 
associated complex breaks down by exit over the second pass and not over 
the pass of entry. 

It is now possible to give the equilibrium calculation of the number of 
activated complexes, and hence the rate at which the representative points 
of the complexes cross the pass of entry, for a volume Fof the reacting gas in 
which there are and molecules of the two reactants respectively. 
Every pair of molecules (1,2) is a complex for which the complete partition 
^notion to a sufficient approximation is A(!r) A(2’), the separate factors 
being tht usual partition functions for the two reactants. There are 
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suoli complexes in all. We now require the fraction of such complexes which 
are activated, that is to say the fraction in the neck of the pass wliose 
position and momentum in a suitable coordinate corresponding to motion 
across the pass lie in the range all other coordinates and momenta 

having any values wJiatever consistent with these. This fraotion will be 
calculable if we can construct the partial partition function for such activated 
configurations. Lot us now consider the nature of the potential energy 
function for the complex in this region. By definition of the pass the poten- 
tial energy in this region will be a minimum for variations of any other 
configurational coordinate, except the special one corresponding to passage 
across the range for which it is a maximum, We shall assume tlois maximum 
to be so flat that motion across the pass is practically a free translation. We 
can therefore set up a partition function for the activated complex by 
integrating or summing over all types of motion of the complex in the other 
variables consistent with the specified values ofp* and thus constructing 
a quasi-partition funotion/*(T) in 3<7 — 1 configurational variables and their 
corresponding momenta and multiplying it by the partition function corre- 
sponding to the possession of the specified values of p* and themselves. 
This latter factor is of course 

g~E*ikT 


where W* is the energy in this coordinate which must satisfy Uq 

being the heiglit of the i^ass. The equilibrium number of these activated 
complexes is therefore 

„ .,.,..(2342) 




h 


The energy zero for the calculation of /*(T) is now reckoned as at the top 
of the pass. 

Representative points corresponding to these activated complexes cross 
the pass at a number per second obtained by replacing dq* in (2342) by 
for if in* is tlie effective mass of the complex for relative motion in 
this coordinate, p*jm* is then the velocity of approach of the representative 
point to the pass. The total number of crossings of the pass in unit time in 
volume V is therefore 






Lf 

T)}. 


If, as will usually bo aoourate enough, we put = then this 

rate of crossing reduces to 

N,N,- 


Pi'P) 




,(2343) 


7i(^)A(^) h 

If the fraotion k of these crossings results in reaction, or in such a reaction as 
the system of measurement will detect, for example in the ortho -> para 
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hydrogen reaotion, then the reaction rate or number of reactions occurring in 
unit volume in unit time at molecular concentrations n^ and n^ is 

r rf*m -ycT 

A ' ' 

The partition function ratio in [ ] does not depend on F. In many simple 
reactions k can be adequately estimated and the success of the method then 
depends merely on ability to caloulate/*(T). 

Without going into details for any particular reaction the general nature 
of the factors in /*(2^) can be made evident at once. From the potential 
energy function in 3<?-6 or Sg'— 6 variables, assumed known, the con- 
figuration of the atoms when the representative point is in the neck of the 
pass can be derived. This configuration being fixed, the complex as a whole 
is free to move in the volume F. Thus/*(y) contains the factor 

{2TT[m^^m^]hT)^V 

h^ 

The complex is also free to rotate as a whole in this configuration; if the 
configuration is linear, /*(^?’) contains the factor 

if the configuration is non-linear, then by (1{16) f*{T) contains the factor 

a*¥ 

The coordinates p*, have aheady been allowed for. The configuration is 
stable in the remaining 3g^— 6 or 3y—7 freedoms, and they may be taken oaoh 
to supply a normal mode of definite frequency with a coimsponding l^lanck 
factor in/*(!Z’) wluoh can be deduced from the potential energy surface. In 
this way/*(ir) may be completely constructed and the reaotion rate (2344) 
calculated a pi'iori, so far as equilibrium considerations allow. 

§ 21*81. The ortho-^para transformation in the reaction Hg + H H -h Hg 
and the rates of the reaction and other reaetiom involving 

heavy hyd/rogen. Hirschfelder, Eyring and Topley have shown that the 
various hydrogen reactions conform closely to the theory just developed and 
we shall describe their results shortly as the simplest illustration of the theory 
which has already been widely applied. All the reaction rates observed can 
be successfully interpreted in terms of a single semi-empirical potential 
energy surface. For the reactants Hg-f H (or the corresponding sets in 
which any number of H’s are replaced by D’s) the activated complex is 
linear. The potential energy can therefore be represented in a configuration 
space of 3 X 3 — 6 = 4 variables, but the reiu’esentation is simplified by the 
symmetry of the surface. If the distance apart of the Hg nuclei is fixed at 
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any valuo, then the equipotential surfaces are surfaces of revolution about 
the line of the Hg nuclei. Pig, ZOO shows a section of them when the Hg nuclei 



■I'lg. 100 i Showing a aot of oquipotoiitlaZ Biirfaccs for tho llii'oo ft to ms in tlio coniplox ITj-tH 
wlioii tho iiuoloRV sopfirfttion of tho Hg fttoms is flxocl ftt its noi'iiial value. 


are fixed at their ordinary equilibi’ium seziaration, Jlhese curves combined 
witli the curves of Pig. 101 showing the equipotential surfaces for tiie 
straight configuration and variable nuclear distances are sufficient to enable 
all tho features essential to the oalculation of reaction rates to be deduced, 
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Tile trajectory shown in Fig, 101 is of some importance. Its considerable 
complication, combined with the fact that the passes of entry and exit to 
the high level basin are in this case of identical level and form, shows that 
we may safely assume that exit from either is equally likely. Thus for any 
reaction of the form + 1) HD + H, « = Tliis estimate must be modified 
when the passes are different, or the activated complex has a different zero- 
point energy in the two passes — refinements wliich we shall not 25aus0 to 
describe. For the ortho para transformation by Hg -h H H + Hg however 
we must take k-^, or for para ortho /< = |; the conversion can only occur 
if the representative point emerges from the otlier pass than that of entry, 
and even if it does so, at these temperatures ortlio and para molecules will 
be formed in the ratio 3:1. 

Having sufficiently indicated the methods of calculation wo shall not go 
further into details but shall close this account with Table 74 showing the 
agreement between theory and observation wliioh has been thus obtained. 

Table 74. 


Reaction rales {in moles llUrejsec, when the concentrations 
of the reactants are one motejlUre), 



Reaction 

2’°K. 

283° 

300° 

0 

0 

0 

0 

900° 

1000° 

1, 


(Calo.) 
(Obs. 1) 
(Obs. 2) 

8-6 X 10* 

7-3 X .10* 

7-3 X 10’ 

9-2 X 10® 
1-6 X lO® 

1*6 X 10® 
2-2 X 10® 

2. 

D + Da-^ Da+D* 

(Calo.) 
(Oba. 1) 

— 

3-Ox 10* 

3-6 X 10’ 

4-4 X 10® 

7-0 X 10® 
1-2 X 10® 

3. 

H+DH-»HD+I-I 

(Calo.) 
(Obs. 1) 

— 

2-2 X 10* 

2*0 X 10’ 

3-2 X 10® 

6-2 X 10® 
0-8 X 10® 

4. 

D + HD-»DH + D 

(Calc.) 
(Obs. 1) 

— 

2*4 X 10* 

2-4 X 10’ 

2-6 X 10® 

4-4 X 10® 
1-0 X 10® 

6. 

H+HD-J-Hg+D 

(Calo.) 
(Obs. 1) 

— 

Mx 10* 

1-8 X 10’ 

2-6 X 10® 

4-6 X 10® 
9-6 X 10® 

6. 

D+Ha~>DH+H 

(Cnlc.) 
(Obs. 1) 

— 

7-1 X 10* 

6-2 X 10’ 

7-1 X 10® 

1-2 X 10® 
2*6 X 10® 

7. 

JJ + DJri Da 4 1'i 

(Calc.) 
(Obs. 1) 

— 

3-Ox 10* 

2*6 X 10’ 

3-0 X 10® 

6*0 X 10® 
7-9 X 10® 

8. 

H+Da-s-HD+D 

(Calo.) 

— 

1-6 X 10* 

2-8 X 10’ 

4-3 X 10® 

7-4 X 10® 


(Obs. 1) 

— 

— 

— 

— 

1-2x10® 


Observed values by (1) Earkas and ITarkas, Froo, Roy, 800 , A, vol. 162, p, 124 (1936). (2) Golb 
and Hartook, Zdt.f, physikal, Ohm. (Bodonstoin volume), p. 849 (1031). 

With this sketch of some recent developments we end this monograph. 
Since the last sentence of the first edition was written statistical mechanics 
has changed greatly, Then it was the general theory which was emerging 
clarified from quantum mechanics. This process seems now to be complete, 
and further developments likely to consist mainly of more complicated 
and more widely ramifying applications, similar to those treated here. 

* Comploto reaction rates derived from tho measured rates of tho pava->- ortho oliango for H 
and tho ortho -»• para for D. 
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Zwioky, 200 
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Absorption Spectra, Stellar, 693-619 
Abundance lines for Nuclei of oven mass 
number, 067 

Aooossiblo states, Defined, 9 
Enumerated, 23, 29 

Aotivatod complexes, number of, for Di- 
moleoular Reactions, 840-860 
Adiabatic ptoeossos, 74 
Adsorbed Wms on Surfaces, 826-838 
Adsorption isothonns. Atomic, from diatomic 
gases, 830-831 

of Competing molecules, 831-832 
Critical, 833-838 
GenoraliJiations, 832-833 
Langmuir’s, 828-831 
Molecular, 828-830 
Antiaymuietrical states, 27, 42 
Arrhenius’ equation for Reaction rates, 702 
Assemblies, of Classical systems, 60-66 
Defined, 8 

of Dissociating gases, 157-188 
of Electrons and positive ions, '674-683 
of Elooti'ons with Rolativistio ouorgles, 048- 
660 

Evaporating, 108-172 
General, of Crystals and vapours, 178-174 
of Harmonic oscillators, 30-36 
with Nuclear transformations, 665-667 
with Positive eleotrons, 063-064 
Atmospheres, of Brownian particles, 770 
Free paths in upper, 026-020 
Ioni7.od, equilibrium of, 686-693 
Planetary, Escape of raolooulos from, 020- 
630 

Atomic Ions, Overlap and van der Waals 
• energies of, in Crystals (<7.11.), 820-328 
Paramagnetism of {q,v,), 404-400, 840-841 
Partition functions for, 601-662 
Struoturo of, described, 602-671 
Weights of states of, 600 

Borthelob (D.), Equation of state of, 270 
Bimoleoular Reactions, Actiisated complex for, 
848 

in Gases, 703-700 
Quantum theory of, 847-862 
Binary mixtures, of Imperfect gases, 281-283 
Virial coefficient (second) for, 300-308 
Boltzmann’s Constant, 189 
Distribution law, 63 
Equation, 009 
fi -theorem, 600-069 
H-thoorom, general form of, 670-671 
H-tboorem, quantum form of, 676-877 
Hypothesis, 200-201, 206-206 
Boundary density in Imperfect gosea, 291 


Brownian movoments, 709-776 
Distribution laws, gonoral, for, 786-788 
Random displacements of any typo, 774-776 
Rotations of mirror in a gns, 779-783 

Campboll’s theorem on Phiotuations, 778-770 
Characteristic Function, for Assoinblios of 
Electrons and positive ions, 074-683 
for Imporfoofc gases, 257-269, 283-284 
Method of oxohidod volumes, 674-670 
Method of Planok, 679-683 
Planok’s, dofinod, 102 
Chemical constant, defined, 200 
Chomiluininosconco, 741-742 
Clu‘omosphoi’0, Calcium, (130-037 
Fully supported by radiation, 032-036 
Classical Rotations, 02-63 
Classical Statistics, 43 
Approximated to, 66 
Classical Systems, Assemblies of, 60-00 
Collisions, Classical, mimbor of given typo in 
gases, fl03-fl()5 

Classical, preserving equilibrium, 060 
First and second Icind of, 077-082 
of Gas molooules with Surfaces, 097-099 
General 2* and 3-body Dissociating, 091-006 
Iiiolastio, applications of, 084-686 
Inolastio and suporolastio, for Electrons and 
atoms, 677-082 

Inolastio and suporolastio, for heavy particles, 
082-084 

Ionization by eloobton, 086-090 
Quantum reformulation of gas, 072-074 
Target areas for Ionization, 090-091 
Transforablo Energy in, 707-710 
Complexions, Defined, 0 
Enumerated, 23 

Enumerated for Assemblies of complex 
systems, 163-167 

Total number of, for Classical systems, 47 
Total number of, evaluated, 37 
Comprossibilitios, of Crystalline salts oaloulatod, 
328-332 

of Isotropic solids, 140 
Compton offoot, 730-782 
Condensation of cadmium on copper, 837-838 
Configurational Partition funotion, Botho’s 
approximation, 797-800 
of Bragg and Williams, 791-797 
Specific heat, 806-809 
Contaot potential, of Metals, 302-304 
of Semi-conduotors, 401-403 
Contact transformations, 16 
Oontaots, Metal, 429^32 
Metal Somi-ooncluotor, current-voltage rela- 
tion for, 432-433 
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Ltaotfl, Motal Somi-concUiotor, of high trans- 
pni’oiicy, 433-434 

Total Somi-condiiotor, of low transparency, 
436 

trongly roctifying, 420-436 
ibhuuty of path, hypothesis of, 8 
itinuum, Norjnnl inotlca for, 112-116 
iling, by adiabatic Doniagnotization, 470- 
471, 841-844 

iporatlvo piionoinona, 780-838 
respondonco principle, 19 
;ical point, for Iinporfoot gases, 278-280 
stallino salts, properties calculated, 328-332 
Btals, Cubic, Potential energy constants for, 
319 

lasy dii'cotions of Magnetization for, 602 
Jntropy of, 10 1-192 
Jxtoriml reactions of, 138 
'orroinagnotio, Magnetization curves for, 
611-610 

tenoral, Equations of state for, 141-160 
Free energy of, 147 
IToinogoneons displacements in, 143 
tixod, 170-182 

irdor of neighbours in, 800-801 
ivorlap and van dor Waals onorgics for 
Atomic ions in (g'.v,), 320-328 
ai'tition functions for, 118-160 
'otontinl energy per cell for {q.v.), 312-319 
pooiflo boat of {jq.v.) 

trongly anisotropic, properties of, 140-160 

urfaco forces outside, 336-337 

'apour prcBsnro of, 172-173 

oro-j)oinb Energy of, 123 

io point, Eoflnod, 478 

honoinona of, 491-490 

ton’s distribution law, 04 
pnoracy, Relativistic, 661-062 
ionorato Assomblios of Electrons, 71-73 
pnorate matter, Equation of state of, 060- 
662 

pnorato systems, 46 
•Istrlbution laws for, 46-40 
nagnotization, Cooling by adiabatic, 470- 
471, 838-844 

isity, groat, of Stellar material, 047-048 
ailed balancing, 060-000 
i General Collisions, 000-007 
.oquiromoiits of, in gas Reactions, 710-719 
magnotisra, Absence of, for olassioal free 
Electrons, 472 

f Elootron gas (quantum theory), 473-476 
loctrio oonstant, Classical theory of, for 
Gasos, 447-^161 

onoral theory of, for gas of ooniplex 
molooules, 468-469 

lotropio property of, 460-467,’ dOO-'lOl 
tr Llbrating-rotating dipolos, 817-822 
)r Rigid rotators, 466-'160 
f Solids and liquids with polar molooules, 
810-826 
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Dioloctrio constant, for Symmetrical topdilce 
inolooules, 457-468 
Thoriuodynamio theory of, 463-'164 
diotcrioi’s Equation of state, 270-277 
diflusion, of Brownian particles, 770-771 
Dipolo momonts of moloouloa, 461 
dipolo and quadripole Energy of Magnetization, 
603-604 

diBsoointion, by Collisions O'f heavy particles, 
691-006 

Fluctuations in, 768-700 
Dissociative equilibrium, in External fields, 
186-18G 

in Iinporfoot gasos, 266-200 
in Magnetic fields, 476-477 
in Perfect gases, 167-108 
distribution laws, Boltzmann’s, 63 
Boltzmann’s, for free ifijlcotrons, 04-06 
Dalton’s, 04 * 

for Degonorato systems, 46-46 
for Electrons, free, in Metals, 340-343 
for Electrons in overlapping bands, 304-300 
for Electrons, free, in Soini*conduotora, 307- 
401 

in External fields, 07-09 
Fluotimtions in, 761-766 
for Ilarmonio oscillators, 33-36 
Maxwell’s (y.®.)* ^8 

Maxwell’s, with mass motion, 68-00 
Molecular, for Imp9rfoot gases, 263-266 
for Quantum statistics, 44-46 
Diilong and Petit’s law for Solids, 124 

Ein&toin’Boso Statistics, 43 
Einstein’s law of Photoohemical oqulvalonco, 
742 

Blootrical conduotion in Metals, Change of, on 
Molting, 620-627 
Formal tlicory of, 404-418 
in Somi-oomUiotors, 418-421 
Elcotcolytos, strong, aoo Strong olootrolytos 
Elootromagnotio theory of Snsooptibilitios {q,v,), 
437-447 

Elootrons, Aesomblics of, with Relativistic 
on orgies, 048-060 
Atmosphoros of, 30‘4-378 
Degonorato Aescmblics of, 71-73 
Distribution laws for, in overlapping bands, 
394-300 

Distribution laws for, in Somb conductors, 
307-101 

Emission of, by cold metals, 360-367 
Emission of, cooling olToot of, 367-868 
Emission of, tlio Sohottlcy olToot, 366-360 
Freo motallio, defined, 378-381 
Froo motallio. Distribution laws for, 840-343 
Para* and Dia-magiiotism of, 471-476 
Partition fimotioii for, near nucleus, 672-674 
with Positive ions, Cliaractoristio funotion for 
Assomhlios of, 67'4-688 
Spooiflo heat of, In Motals, 348-844 
Spooifio heat of, In Niokol, 391-807 
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Electrons, States of, in Periodic fields, 379-388 
States of, in Periodic fields; simpio bands, 
383-388 

Theory of Metals, 338-436 . 

Tliormionio emission of, by Metals, 347- 
358 

Tliormionio omission of, by tungsten, 361 
Vapour pressure of, for Metals, 34-4-340 
Elements of even mass number, Abundance 
linos for, 067 

Emission and absorption of Radiation by fixed 
atoms, 720-724 

Emission of Positive ions by Metals, 370-373 
Energy, of Orystallino salts, caloulatcd, 328- 
332 

of Crystalline salts, from Porn’s oyole, 333- 
336 

Eluotuatiohs of, 746-760 
Fluctuations of, in Dissociating assemblies, 
760-701 

Intoratomio {q.v.) 

of Magnoti?sation, Dipole and quadripole, 
603-604 

Transferable, in Collisions, 707-710 
Zero-point, of Crystals, 123 
Ensemble, Gibbs’, 7, 10 
Entropy, Absolute, 204, 231 
Change of, in Reactions at zero tomporaturo, 
233 

Comparisons of, observed and caloulatcd, 
234-236 

Contributions, 191-102 
Defined, 188-189 
Increasing property of, 103-104 
Limit of, for zero tomporaturo, 231-233 
of Magnetization, 460-470 
of Radiation, 116 
Statistical definition of, 203-206 
and Tliormodynamio probability, 200-206 
Equation of Mass action, 100 
Equation of Moan values, 000-070 
Equation of state, of Dogonorato matter, 660- 
662 

for General Crystals, 141-160 
for Iraporfoot gases, representation of iso- 
thermals, 297-298 
for Isotropio Solids, 139 
for Monolayers, 820-828 
Reduced, 278-280 

with Relativistic Degoneraoy, 660-662 
for Simple gases, Bortliclot’s, 276 
for Simpio gases, Dieteriol’s, 276-277 
for Simpio gases, van dor Waala’, 274-276 
Equilibrium, Indopendonco of moobaniama of, 3 
State, nature of, 668 
Bquipartition theorem, 00-62 
Escape of molecules from Atmospheres, 020- 
630 

Bttinghauson effect, defined, 422 
Evaporation, Assemblies with, 108-172 
Exclusion principle, 28 
External fields, Distribution laws in, 07-71 


External reaotions, 73-76 
of Crystals, 138 
Fluctuations in, 766-767 

Pormi-Dirao Statistics, 42 
Ferromagnetics, Block struoturo of, 601-603 
Speoiflo boat of, 402-494 
Siiseoptibiiity of, above Curie point, 480 
Forroinagnotism, 477-621 
Bloch’s approximation for, 400-601 
Heisenberg’s tlieory of, 484-494 
Fluctuations, 109, 741-789 
Defined, 10 

in Dissociation, 768-700 
in Distribution laws, 761-766 
in Energy, 746-760 

in Energy, in Dissociating assemblies, 700- 
701 

in External reactions, 766-767 
Formal consoquoncos of, 702-704 
in Momentum transfer, 776-783 
Simpio spooial oases, 704-706 
Forces of long range, in imporfeot gases, 260- 
266 

Forces of short range, in Imperfect gases, 240- 
246 

Forces, Surface, outside a Crystal, 336-337 
Free energy, of Crystal, 147 
of Intormolocular forces, 207-209 
Free path, moan, Defined, 022 
of Electrons in Motals, use of, 400-408 
in Uniform or non-imifonn gas, 021-023 
in Upper Atmosphere, 026-020 

y-Pliasos, Humo-Rothoiy’s rule for, 382 
Gases, Dloleotrio constants, olassical, for, 447- 
461 

Dipolo moments of molooulos in, 461 
Entropy of, 101 
Imporfeot (7.'u0> 230-291 
Baramagnotism of, 403-404 
Perfoob ((?,«.)> 77-94 
Roaotions, ohomioal, in 700-719 
Scattering of light by, 766-769 
Generating funotion, defined, 43 
Gibbs’ Enaomblo, 7, 10 
Phase integral, 06 

//•theorem, Boltzmann’s {q,v.), 600-000 
Hall onoot, Defined, 422-423 
in Semi-conductors, composite, 428-420 
Statistical theory of, 423-424 
Harmonio osoiliators, Assemblies of, 30-36 
Partition functions for, 40 
SohrOdinger’s equation for, 18, 20 
Henry’s law, for ideal Solutions, 627 
Holomagnetization, Defined, 601-603 
Partition funotion for growth of, 604-607 
Homogeneous displacement in general Crystals, 
143 

Homonuolear molooulos, defined, 84 
Humo-Rotliery’s rule for y-phasos, 382 
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Hydration of Ions, 530"ff'i0 • Long range order in a lattice, 792-801 

Hyfltoresis loop, for It'orroinagnobics, <177 Lorentz’s Formula for Snacoptibility, 441 


Image flolda, EfTootH of, 375-378 
of Motalo for IClcotrons, 360 
Imporfoot gaaon, Binary jnlxtiiroe of, 281-283 
Boundary donaity in, 201 
Charaetomtio function for, 283-280 
Critical point for, 278-280 
Dissociative equilibrium in, 265-200 
Distribution law, moloonlar, for, 263-266 
Equations of state, simple, for, 276-280 
Long range forces in, 200-200 
I’artition function for Potential energy in, 
237-240 

First ai)proximation to, 240-245 
General tiioory of, 246-263 
Potential energy constants for, 300 
Hod\icod Equation of state for, 278-280 
Short rnngo forces in, 240-245 
Stress per unit area in, 288-201 
Thomson* Joule oJloot in, 280-281 
Virial, use of, for, 280-288 
van dor Waals’ Equation of state for, 244 
Insulators, Somi- conductors and Metals, do* 
ilnod, 388-300 

Intonsivo paramotors, defined, 62 
Interatomic energies in Crystals, olassiftcd, 202- 
203 

Overlap energy, 206 
van der Waals’ energy, 206-297 
Internal Stresses, 182-180 
lonwation, by eleotroii Collisions, 086-000 
Equilibrium, Langmuir's tost of, 372-373 
Ions, Assooiation of, In Strong elootroly tos, 662- 
657 

Gd' +'>', states of, in orystallino and magnotid 
fields, 830-841 
Hydration of, 630-640 

Isotopes, mixtures of, in Dissodativo equili- 
brium, 104-108 

Isotropic Solids, Equation of state for, 130 
Johnson effoct, 786 

Langovin’s formula for Susceptibility, 401 
Langmuir’s Adsorption isotherm ((jr.u.), 828-831 
Last multiplier, 14 

Lattice constants, of Crystalline salts, calou- 
latod, 328-332 
Limiting principle, 10 
luouvi lie’s theorem, 11-12 
Liquids, Densities of, Bootilinoar diameter for, 
84‘l:-840 

Dioloctrlo constant of polar, 810-826 
ITossuro olToots on, 620-631 
Puro, approximate Partition functions for, 
622-626 

Scattering of light by, 706-700 
Struotui'O of strongly polar, 461-463 
Local order, 800-801 

Looaliisod systems, Partition funotlona for, 30 


Lemma, 440-4‘ll 

Magnotio deviation effect, 607-611 
Magnetic fields, Dissociative equilibrium in, 
476-^177 

Magnetic fields, Transverse effeots of, in Metals, 
421-420 

Magnetic plionomena, Tliormodynaaiics of, 481- 
483 

Magnetization, of Oiystala, (/-//) curves for, 
611-610 

Dipole and quadripole Energy of, 603-604 
Easy dirootions of, in Crystals, 602 
Entropy of, 409-471 

of Forromagnotics, ideal {1-H) ourvosfor, 478 
Magnetostriction, 610-621 
Mass action, Equation of, 100 
with Solid phases, 174-176 
Maxwell’/ Distribution law, 3, 68 
General form of, 071-072 
with Mass motion, 68-00 
Pi'csorvod by Emission and absorption of 
Radiation, 733-730 

Molting, Change of Bleotrioal conduotivity of 
Metals on, 620-627 
Elementary theory of, 626-620 
Metals, Contact potentials of, 302-304 
Contaots of, 420-432 

Elootrical and Tiiormal conductivities of, 
404-418 

Electron EmisBlon of, 347-368 
Electron .Spooifio licat of, 343-344, 301-397 
Electron theory of, 338-430 
Electron theory of, elementary, 338-304 
Electron Vapour piossuro of, 344-340 
Emission of Positive ions by, 370-373 
Free Electrons in, defined, 378-381 
"Impurity”, 390-301 

Insulators and Somi-eonduotors, defined, 
338-800 

Photoolcotrio offoot for, 368-302 
Potential energy stoi) at surface of, 364-356 
Therm ooleotrlo effects in, 411-418 
Transverse effeots in, 421-'! 26 
Wioclormann-Fraiv/- law for, 410-411 
Moleonlca, classified by last Collision, 024 
Momentum of Radiation, 732 
MomonMnn transfer, li'lnotuations in, 776-783 
Monolayers, Equation of state for, 820-828 
Virial, use of, for, 827 

Koriist offoot, defined, 422 
Nornst’s heat tbcorom, Enunoiated, 228-220 
Sbatistloal basis of, 230 
Neumann and Rognault’s law for Solids, 124 
Normal modes, for Continuum, 112-116 
Einstein's approximation for, 118 
for Linear lattice, 132-133 
for Square aud cubio lattices, simple* 183-138 
Normal properties, doflnod, 11 
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Nuclear transformations, Assemblies with, 666- 
C67 

Nuclei, Symmetry rules for, 160 
Abundance lines for, of even mass number, 
667 

Opalescence, oritical, 765 
Order- disorder phenomena, 789-809 
Order, of Neighbours in a lattice, 800-801 
Superlattice, 792-801 

Ordering effect of Short range forces, 798-800 
Orthohydrogen, 85 

Orthohydrogen-ParahycU’ogen transformation 
rate, 860-862 

Overlap Interatomic energy, in Crystals, 296, 
320-328 

Parahydrogen, 85 

Paramagnetism, of Alkali metals, 476 
of Atomic ions, 464-469 
of Electrons, free degenerate, 471-472 
of Gadolinium sulphate, 839-841 
of Gases, 463-464 
of Nickel above Curie point, 480 
Saturation of, 407-469 
Parameters, Intensive, defined, 62 
Partial potentials, Thormodynamio, 194 
Partition functions, for Adsorbed Monolayers, 
834-836 

for Atomic ions, 681-662 
Blooh’s for Perromagnetics, 496-601 
Configurational, of Bragg and Williams, 
791-797 

Configurational, Bethe’s approximation to, 
797-806 

for Crystals, Debye’s approximation to, 119- 
128 

for Crystals, Einstein’s approximation to, 118 
for Electrons near a nucleus, 672-674 
for Harmonio osoillatora, 40 
Heisenberg’s, for Porromagnetica, 486-491 
for Holomagnetization, process of, 604-607 
for Localized systems, 39 
Long and short range Order in terms of, 801— 
806 

for Mixed Crystals, 176-182 
for Potential energy of a gas, 237-240 
for Badiation, 116-116 
for Rotations, rigid, 41, 79-82 
for Rotations, rigid, asymptotic formulae for, 
81-82 

for Vibrations of diatomic gases, 89 
Pauli’s Exclusion principle, 28, 293 
Peltier effect, Defined, 412 
Statistical theory of, 413-418 
Porfeob gases. Equation of state of, 77 
Specific heats of {q.v,), diatomic, 79-94 
Specific heats of (q.v.), morfatomio, 78 
Specific heats of (q,v,), polyatomic, 94-106 
Periodio field, Electron states in {q.v.), 379-388 
Permeability, 438; see Susceptibility 
Persistence of velocities, effect of, 704 


Phase integrals of Gibbs, 65 
Photoohomioal offoobs, 741-742 
Photoolootrio offoot, for Pixocl atoms, 724-720 
for Metals, 368-302 
for Solids, 740-741 

Photon theory of Badiation, 117-118 
Planck’s, Gharnotoristio function, 102 
Law for tompornturo Badiation, 112, 110 
Oscillator, see Harmonio osoillator 
Poisson-Boltzraann equation, Establishod, 203 
Solved for Strong eloobrolytos, 640-662 
Polar Liquids, Diolcotrio proper bios of, 823-826 
Polarizing forco in matter, 439 
Pdlya’s theorem on Pluotuations, 702 
Positive elcotrona, Assoinhlios wibli, 063-064 
Positive ions, Emission of, by Metals, 370-373 
Potential energy, of Crystalline salts, 312-310 
Partition funotion for, of gases, 237-240 
Potential energy oohstants, for Crystals, ouhio, 
310 

for Imporfoot gases, 300 
for Imperfect gases, from viscosity, 808-312 
Pressure, 76 
of Radiation, 110 
Pyroolootrio offoot, 148-140 

Radiation, Entropy of, 11(1, 101 
Momentum of omitted, 732 
Partition funotion for tomporaturo, 116-110 
as Photons, 117-118 
Planck’s law for tomporaturo, 112, 110 
Presaiii'o of, 110 
Stefan-Boltzmann law for, 110 
Radiative processes, Emission and abeorption, 
by Fixed atoms, 720-724 
by li'rco atoms, 733-730 
• by Solids, 739-740 
Freo-freo transitions, 720-727 
General nature of, 720, 727-730 
Pliotoolootrio effect for fixed atoms, 724-720 
Raoult’s law for idoal Solutions, 627 
Reaction isobar, Isotopic offoots on, 220-227 
Statistical theory of, 226-228 
Thermodynamic theory of, 226 
Reaction isoohore, 100 

Reaction rates for hydrogen and donfcorluin, 
860-862 

Reactions, ohemioal, Arrhenius’ equation for, 
702 

Bimolooular, Eyring’s theory of, 847-862 
Bimoleoular, simple tlioory of, 703-700 
General nature of, in gasoa, 700-702 
Order of, 701 

Reverse reactions, offoot of, 700-707 
Unimoleoular, 710-710 
Reactions, Pliotookomical, 741-742 
Rectification, gonoi'al discussion of, 436-<43fl 
Rectilinear diameter for Liquid densttJoa, 844- 
840 

Rolativistio energies, Assombllos of Electrons 
with, 648-060 

Riohardson-Einstein-do Haas offoot, 484 
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,-Lcduo eltoct, defined, 423 
olio salt, properties of, 823 
fiand’s tlicoroin on Stellar interiors {q,v,), 
038-030 

bionnl freezing, 824 
bionnl Spooiflo heat, 81-82 
tions, rigid, Oloasieal, 02-03 
Molooiiles in Solids, 810-815 
rtition functions for, 41, 70-82 
fights for, 21 
of equal areas, 705 

;oring of light by Liquids and gases, 706- 
700 

tbky offeot, in Electron omission, 366-358 
lldingor’s equation, for Ilarraonio oscilla- 
tors, 18, 20 

' Struoturoloss particles, 63 
ook ciToot, Defined, 412 
atistical theory of, dlS-'llfi 
noyor’s formula, 441 

i-conduotors. Composite, general theory of, 
426-420 

mtaot potentials for, 401-^103 
ootrical conductivity of, 418-^121 
npurity, 300-301 

otals and Insvdators, defined, 388-300 
lormooleotrio ofiocts in, 418-421 
ork fiinotions for, 401-403 
•b range forces, Ordering olToot of, 708-800 
i offeot, 783-786 

Is, Diolootrio constant of polar, 810-826 
mission and absorption of Eadiation by, 
730-740 

iiotocloctric olToot for, 740-741 
otations of molooulos in, 810-816 
tions, ideal, 627-633 
Ktromo dilution of, 632-633 
feezing point lowering in, 620 
onry’s law for, 627 
smotio prosani'o of, 631 
aoult’s law for, 627 
aro heat of dilution for, 681-632 
Ltions, porfoot, 632 
itions, a-rogular, 633-630 
ltions, of Strong olootrolytos (y.v,)i 630-600 
00 charge offoots, 304-378 
ith Eositivo and negative ions, 373-878 
oific heat, of Aebtylono, 00 
r Air, high tomporaturos, 04 
f Ammonia, gaseous, 06-00 
f Carbon dioxide, 07-98 
onfigurational, 806-800 
f Crystals, Blaokinau’s theory of, 130-138 
from Elasbio constants, 127-128 
E6ratorling*s formulae for, 128-120 
Law of corresponding states for, 126-120 
if’®-law for, 126 
Jlootronio, of Motals, 843-344 
of Nickel (motallio), 301-807 
f Ethylene, 90-101 
Jxoitational, of Gases, 101-100 


Spoolfio heat {cont,) 

Exoitational, of Nitric oxide, 102-103 
of Oxygon, 104-108 

of Eorromagnotios near the Curio point, 402- 
404 

of Gadolinium sulphate, 841-842 
at High tomporaturos, 02-100 
of Hydrogen at high tomporaturos, 01-02 
of Lithium (motallio), 131 
of Methane, 08-07 
of Nitrous oxide, 08-99 
of Oxygon at higli tomporaturos, 94 
of Porfoot gases, 77-107 
Eotational, of liydrogon, 82-80 
of Eotatioiis, rigid, 81-82 
of Vibrations, for diatomic gases, 00 
of Water vapour, 07 
Spectra, Stellar Absorption, 693-010 
States, non-oombiuing groups of, 20 
Statistics, ClaBsioal, 43 
Classical, approximated to, 66 
Einstoin-Boso, 43 
Eormi-DIrao, 42 

Stoopost (IcBconts, method of, 30 
Btofan-Boltzmaiin law, 110, 200 
Stefan’s constant, 110 

Stellar Absorption linos, Decay of, part maxima, 
018-019 

formation of, 610-017 
Marginal appearance of, 017-018 
Maxima of, 606-697 
Statistical theory of, 697-010 
Stollar interiors, llossoland’s theorem on, 038- 
030 

Stollar materia!. Groat donsltios of, 047-048 
Moan molooular weight of, 043 
StrOnigion's oaloulntion of, 044, 040 
Nature of, 030-040 

Stollar tomporabui'o soalo, Eussoira, 616 
Stresses, in Imporfoot gases, 288-201 
Internal, 182-184 

Strong olootrely toB, BJorrunl’s theory of, 662-667 
Debye and Hiiolrors tiioory of, 209-274, 641- 
649 

Dissociated in solutions, 630-639 
Heat of dilution of, 640-648 
Osmotic cooITlciont of, 641, 648-649 
Poisson-Boltzmann equation solved for, 640- 
662 

Specific ionic intoraobions in, 667-600 
Striiotiu'DloBs partiolos, SohrOdingor’s equation 
for, 63 

Suporlatfcioo Order, 702-801 
Sprfacos, Adsorhod layers on, 826-838 
Gas Collisions with, 007-090 
Susceptibilities, Darwin’s theorem on, 447 
Eloolromagnotio theory of, 437-447 
of irorromagnobios above Curio point, 480 
Langovln’s formula for, 401-403 
Lorontz’s formula for, 441 
Polarizing force for, 439 
Sollmoyor’s formula for, 441 


864 : Index of Suh^ects 


Symmetrical atfttes, 27, 43 
Symmetry mimbor, 8fl 

Synunotry rules, (lorivod, for Complex systems, 
163 

for Nuclei, 150 
Systems, Doflnecl, 8 
Degonorato, 46 
Indopondonoo of, 10 

Temperature, Absolute, dolinecl, 188-189 
Empirical, defined, 187 
Low, readied by DemngnetiKation, 838-844 
Radiation, Idanok’s law for, 112, 110 
Thermal condiiotion in Metals, formal tlicory of, 
404-118 

Thermal expansion, coofiloieiit of, for isotropic 
Solids, 140 

Tliormionics, see Electrons, Epiisaion of 
Thermodynamic, Partial potontiala, 104 
Probability and Entropy, 200-200 
Thormodynamioa, ofMagnotiam, 481-483 
and Statistical mcohanica, 187-207 
Third law of, 228 

Thermoolcotrio offoota in Motala, 41 1-418 
in Sorai-conduotora, 418-421 
Third law of Thormodynaraiea, 228 ; see Nornat’s 
heat tliooJ'om 

Thomson-Joide ofloot, 280-281 
Thomson’a Spooifio heat of Elcotrloity, Defined, 
412 

Statistical theory of, 413-418 
Torsional oaoillationB of suspended mirror, 779- 
783 

Eonrior analysis of, 781-783 
Transferable Energy in gaa Collisioiia, 707-710 
Transmission cooifioionts for Elootrons, 340- 
361 

Transvotae efFoots of Magnetio fields in Metals, 
421-426 


Unimoleoular gas Reactions, 710-710 
Unit inoohanisins, 060-663 

Vapour pressure, Elootronio, of Metals, 344- 
346 

Constants, Defined, 209 
Diatomic, 220-224 
Monatomic, 218-220 

Monatomic, from dissociation equilibria, 
217-218 , 

Polyntomio, 226 
of Crystals, simple, 172-173 
Equation, Statistical, 210-216 
Thormodynamio, 208 
Vibrational Spooifio heats (y-v.) 

Virinl of Clausius, 280-288 
Virial coofiioient (second), for Binary mixtures, 
300-308 

for Iinporfoot gases, 802-806 
for Monolayers, 827 
Theoretical, 298-302 

van dor Waals’ Equation of state, 244, 274- 
276 

van dor Waals’ Intoratoniio Energy, 296-207 

Weights, Analysis of, 10-17 
of Atomic states, 600 
of Classical systoms, 18 
Doflnod, 10 

Derived from Spooifio boats, 107-200 
Invariance of, 196-107 
of Isotroplo osoillators, 19 
of Rotations, rigid, 21 
White dwarf stars, 648 

Wiedorinann-Eranz’s law, for Motala, 410-411 
Worlc function, Tliormionio, for Metals, 348 
for Semi-conductors, 401-403 

Zero-point Energy, 123 
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